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PME17  PROCEEDINGS 
Edited  by  Ichici  Hirabayashi,  Nobuhiko  Nobda,  Kciichi  Shigcmatsu  and  Fou-I^  Lin 


PREFACE 

The  first  meeting  of  PME  took  place  in  Kaiisruhc,  Germany  in  1976.  Thereafter  different 
countries  (Netherlands,  Germany,  U.K.,  U.SA.,  Belgium,  Israel,  Australia,  Canada,  Hungary, 
Mexico,  Italy)  hosted  the  conference.  Jn  1993,  the  PME  conference  will  be  held  in  Japan  for  the  first 
time.  The  conference  will  take  place  at  the  University  of  Tsukuba,  m  Tsukuba  city.  The  university  is 
now  twenty  years  old.  It  is  organized  into  three  Clusters  and  two  Institutes.  There  are  about  11,000 
students  and  1,500  '  t:ulty  members.  The  Institute  of  Education  at  the  Univcrsiiy  of  Tsukuba  has  a 
strong  commitment  to  mathematics  education. 

The  academic  program  of  PME  17  includes: 

•  88  research  reports  (1  from  an  honorary  member) 

•  4  plcn:iry  addresses 

•  plenary  panel 

•  11  workmg  groups 

•  4  discussion  groups 

•  25  short  oral  prc^ntations 

•  19  poster  presentations 

71c  review  process 

The  Program  Committee  received  a  total  cf  102  icscarch  proposals  that  encompassed  a  wide 
variety  of  therncs  and  approaches.  After  the  propoficis*  research  category  sheets  had  been  matched 
with  those  provided  by  potential  reviewers,  each  research  report  was  submitted  to  three  outside 
reviewers  who  were  knowledgeable  in  the  specific  research  area.  Papers  whi(3i  received  acceptances 
from  at  least  two  external  reviewers  were  automatically  accepted.  Those  which  failed  to  do  so  were 
then  reviewed  by  two  members  of  the  International  Program  Committee.  In  the  event  of  a  tie  (which 
sometimes  occurred,  for  example,  when  only  two  external  ireviewen?  returned  their  evaluations),  a 
third  member  of  the  Program  Committee  read  the  paper.  Papers  which  received  at  least  two  decisions 
"ugamst"  acceptance,  that  is  a  greater  number  of  decisions  "againsf*  acceptance  than  "for",  were 
rejected.  If  a  reviewer  submitted  written  comments  they  were  forwarded  to  the  autbor(s)  along  with 
the  Program  Committee's  decision.  All  oral  communications  and  poster  proposals  were  reviewed  by 
the  International  Program  Committee. 
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HISTORY  AND  AIMS  OF  THE  P.M.E.  GROUP 

At  the  TJiini  InicmatiGnal  Congress  on  MaUicmatical  Education  (ICME  3.  Karlsruhe.  1976) 
Professor  E.  Fischbcin  of  the  Tel  Aviv  University^  Israel,  instituted  a  study  group  bringing 
together  people  working  tn  the  area  of  the  psychology  of  mathematics  education.  PME  is  affiliated 
with  the  intcmational  Commission  for  Mathematical  Instruction  aCMI).  Its  past  presidents  have 
been  Pit)f.  Efralm  Fischbcin.  Prof.  Richard  R.  Skerop  of  the  University  of  Warwick.  Dr.  Gerard 
Vcrgnaud  of  die  Centre  National  de  la  Recherche  Sclentifiquc  (C.N.R.S.)  in  Pmis,  Psof.  Kevin  F. 
CoUis  of  die  University  of  Tasmania.  Prof.  Pearla  Nesher  of  the  University  of  a-tifa.  Dr.  Nicolas 
Balacheff,  C.N.R.S.  -  Lyon. 

Tfte  major  goals  of  the  Group  are: 

•  To  promote  inlcmational  conuncts  and  tiic  exchange  of  scientific  information  in  the  psychology 
of  mathematics  education; 

•  To  promote  and  stim\ilatc  intcrdisciplinaiy  rcsouxih  in  the  aforesaid  area  witii  the  coojienition  of 
psychologists,  wiathcmaticians  and  mativcmatics  teachers; 

•  To  further  a  deeper  and  better  understanding  of  the  psychological  aspects  of  tcacliing  and 
learning  roaihcmadcs  and  the  implications  thereof. 


Mcmbcrstdp 

Membership  is  open  to  people  involved  in  active  research  consistent  witii  tlic  Group's  aiias.  or 
professionally  interested  in  die  results  of  such  research. 

Membership  is  open  on  an  annual  basis  and  depends  on  paymait  of  the  subscription  for  die  current 
year  (January  to  December). 

The  subscription  can  be  paid  togcUicr  witii  die  conference  fee. 
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201  Kohpo  Okarnoto 
3-11-25  Okamoto 
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AUSTRALIA 
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Dept.  of  Mathematics 

National  Taiwan  Normal  University 

88  SEC5.  Din-Jo  Road 

Taipei  704  867 

TAIWAN 


Nohda.  Nobuhiko 
institute  of  Education 
University  of  Tsukuba 
Tsukuba-shi,  Ibaraki,  305 
JAPAN 

Schroodcr,  Thomas  i. 
Faculty  of  Education 
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University  of  British  Columbia 
Vancouver.  BC.  V6T  iX4 
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USA 
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School  oi  ftducation 
Tel  Aviv  Univorsity 
TOl  AVfV  699/8 
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HOW  TO  LINK  AFFKCTIVE  AND  COGNITIVE 
ASPECTS  IN  MATHEMATICS  EDUCATION 

Fou  -La  i  Lin  ((;l'a  i  r ) . 

Chiudi-  Comiti.,  Nohuhiko  Ndlula. 

Thomas  L.  Sclirocdcr ,  Diiia  Tirosh 


Worldwide  mallu'inal  Ics  IcariiinK  mid  tt'acliinfj  arc  wry 
ofUMi  not  saLisfaclory.    Many  children  continnc  lo  c x pe- 
ri eiicc  a  Kri'al  deal  of  difficuliy  with  nuilhcnial  ics.    Ma  • 
Iht'tiialics  rducalors  thr  wnrld  over  arc  conlinnally  scar 
chin^  for  ways  to  ri'medy  I  his  siliialion. 

■■  Ma  y  bo  it  is  not  useful  to  t  h  c  in "  s  o  i  rui  u  i  r  i  c  s  t  a  k  e 
place  t(i  ident  i  fy  the  needs . 

"Maybe  the  children  don't  enjoy  it"  il  is  said,  so 
Ihc'ie  are  st  rat  ok  ics  to  make  ma  1  hema  t  i  es  fun. 

"Maybe  it's  loo  hard  fo)"  theiii'",  so  attempts  aie  made 
to  c r e a t e  easier  experiences. 

"Maybe  they  don't  see  the  point  of  it",  so  the  search 
1 s  on  lor  '  re  I  evanee '  . 

Maybe  it  is  biased  towards  merely  finding;  the  answer" 
so  the  focus  is  towards  the  process. 

1 t  seems  that  mathcmat  ics  educatoi s  has  been  taken 
l)iith  affective  and  coKnilive  varial)les  such  as  attitude 
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inoLivallon,  feeling,  belief,  undctsl and i ,  abilities  .,, 
otc,  into  account  in  their  researches.      However*  most  of 
researches  were  studied  either  affective  or  coRnitive  af- 
fect separately.    Students  who  perform  well  in  mathematics 
may  dislike  mathematics.    The  situation  of  mathematics 
learning  and  teaching  is  still  not  satisfied  in  almost  all 
societies.    Thus,  the  tnpic  :  How  to  Link  Affective  and 
CoKnilive  Aspects  in  Mathematics  P.ducation,  is  proposed  lo 
be  the  theme  of  this  panel . 

N.Nohda  shall  show  one  example  of  toaching  in  linking 
bnlli  affective  and  coKnitive  aspects  in  mathematics  class- 
room . 

C.  Comili  shall  present  a  lesearch  work  fjorti  practical 
leachltiK  and  learning  mathematics  point  of  view  to  show  the 
linkage  of  affective  and  coKnilive  aspects, 

1).  Tirosh  shall  present  some  variables  in  the  affective 
domain  and  describe  some  major  reseat ch  findings  related  to 
the  relationship  between  affective  variables  and  understan- 
ding maihiiiiat  ics,  particularly  from  students'  perspectives. 

T.L.Schroeder  shall  speak  on  Affective  and  Cognitive 
variables:  Teachers'  perspectives. 

After  opening  statements  by  the  panelists,  there  will  be 
opportunities  for  them  to  react  to  each  other's  viewpoints 
as  well  as  to  comments  and  questions  from  the  floor. 
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PRACTICAl/niACHING/IJ-ARNING  MATHS : 
AH'KCnV]'  AND  COGNmVU  ASPKCIS 


Claude  C'oinili.  I.U.F.M.  de  GuMioblo  ci  L,S,D.2,  Uiuvci\sil(^  Joscpli  Fourier 


In  her  Mntly  nbuui  iiUclIinoiK'o  and  nlTcciivity  in  youiu'  childnMi  LCiODlN  DHCARIM  shows  the 
nc'.'.-  uiy  (0  lake  into  account  coniutive  priKcsscs  when  study ini;  affective  phetiomcna  and  alTectivc 
mo^..  lies,  svhcn  studyinp.  intelleeliial  phenomena.  She  cnrielude.s  ihai  ti)o<.c  iv/u  aspcets  of  the  personality 
arc  i:..:.:;'iu'able.  It  may  be  asked  whether  u  is  not  the  s;une        for  tiie  maihs  leaehcr. 

AC  first  step  of  our  reseanHi  work  (IMAT;  we  studied  maths  teachers'belicfs  about  llicir  diseipUne. 
the  \y\\  -.if  malheinaties  ihey  have  to  teaeh  and  other  phenomena  such  as  the  conditions  under  which 
knowicu  ;e  is  iransniitted  and  Icanunft  is  acquired  by  dieir  students.  We  also  asked  them  what  image  they 
had  of  ti.eir  matlis  teacher  when  they  llicmselves  were  students.  The  analysis  of  their  answer.s  send  back 
the  irnnije  of  somebody  vanisbinf.  beliind  an  abstract  subject : "  He  had  the  power  that  confers  knowlal^e. 
lie  wax  ntUoiu  hohle,  w  e  were  in  two  ,sefhirute  iit\ivcr\ei,  he  wax  {neci.se  just  and  rifiourous,  he  taught  a 
)](>hU'  std>ject".  The  choice  of  ilie  job  ot  maths  teacher  is  explained  by  the  encounter  witli  a  subject  in 
which  the  personality  seems  not  to  be  concerned  ;"/  (mi  c  onvinced  that  maths  are  a  means  not  to  e.xpow 
\our  petwtutlity."  There  is  even  an  obliteration  of  the  teacher  us  a  subject  since  it  is  the  validity  of  the 
llieories  that  commands  in  classroom  situations  :"/\  job  in  which  you  are  not  involved  personaly  since 
\(m  set  forth  tht'otifs  that  have  been  fuund  by  others"  One  chooses  this  joli  for  the  sake  of  niaihcnuuies. 
Wc  rejoin  heie  ibe  sitmification  of  the  dl^c!pllnaIy  elioice  that  J.NIMIHR  (lOHi)  bas  described  as  u 
possibility  ttf  isolation,  of  an  individual's  step  back  due  to  the  exieiioiity  of  tlie  validity  of  his  leaching. 

Yel,  when  asked  which  part  of  their  training  was  the  most  helpful  for  them,  nearly  half  of  those 
teachers  niuniion  the  bio!o[Mcal  process  of  pannithood  as  the  most  direct  means  of  uiulcrsUutdinf!  what  a 
child  actually  is  :"  (nh  ^rade  students  (II  years'old)  were  ail  quvstion-niafh  for  me  ...The  ^lood  recipe 
consi\ts  in  hfivin^  children  of  one's  one  first  and  to  see  their  way  of  reasoning  ".  "As  I  have  my  two 
^^ms,  I  realize  that.wme  thin\^s  worked  well  with  the  first  and  not  with  the  other.  You  have  a  personality 
haven't  ytnt  .  Your  explanation  are  ^ood  for  some  and  bad  for  others.  You  have  the  same  mode  of 
thinking,  or  ynu  do'nt.  You  don'l  always  understand  the  difficulties  of  every  one,  there  is  no  universal 
tecipe." 

What  is  apparent  here  is  an  illuminating  analogy  :  you  have  to  e.xpeiienee  in  your  own  life  what  is 
the  taic  nature  of  a  child  in  order  lo  better  understand  what  a  student  is!  A  disturbing  i-ecognition  of  a  lack 
of  prepaiation  where  good  will  is  not  enough  :  if  there  is  in  bodi  Cdses  a  relationship  between  an  adult  and 
children,  il  is  not  interchangeable,  according  whether  you  are  the  teacher  or  the  father  or  the  mother!  Also 
a  recognition  ol  dcv-p  affecli\e  aspects  hidden  behind  the  job  of  the  maths  teacher,  since  only  lb  rough 
bccommg  a  parent  can  one  have  access  to  the  understanding  of  students.  A  recognition  of  the  link 
between  the  job  and  the  desire  which  underlies  the  leacher-siudent  relation.  That  furtlier  confirms  the 
connection  l\!t',veen  the  very  personal  history  of  the  subject  and  his  role  as  a  teacher  (G.LAPII-KWv). 
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When  we  asked  teachers  about  their  ly^liefs  on  the  ways  students  leam,  a  lot  of  answers  sent  back  to 
students'  abilities  first :  learning  is  possible  only  if  students  have  a  background,  intuition,  if  they  are  able 
to  listen  to  the  teacher,  to  organize  their  work,  if  they  understand  what  they  are  doing  and  if  they  work 
hard  enough.  But  a  mathematieal  background  capacities  for  doing  maths  and  hard  work  are  not  enough  : 
students  may  be  prompted  by  internal  dynamics  described  in  terms  of  motivation,  suriving,  desire, 
pleasure  :"//  all  depends  whether  the  students  are  motivated  or  not".  Teachers  also  attach  great 
importance  to  students'  self-confidence  and  to  the  quality  of  students'  communication  with  themselves.... 
We  can  sec  here  that  if  they  denie  the  importance  of  affective  factors  for  themselves  they  concede  it  for 
students. 

In  the  last  few  years  a  lot  of  studies  have  stressed  that "  The  teacher  is  a  person"  (A. ABRAHAM)  As 
the  teacher  doesn't  only  talks  about  mathematics  to  his  students,  he  just  talks  :  in  each  matliematical 
utterance  he  his  present,  he  conveys  something  of  himself.  The  teacher  interacts  with  his  students  through 
his  tone,  through  his  choice  of  the  moment  for  bringing  some  information  (too  soon,  too  late  or  at  the 
right  lime  for  the  student),  of  the  proposed  methods  (working  groups  or  collectif  work,. .),  of  the  focus 
of  his  attention  (results,  reasoning,  presentation..,),  through  the  atmosphere  that  he  creates  (serious, 
humourous,  playful,  steadily  dramatric) .  His  own  fantasies  projected  on  mathematics,  his  desire  to  use 
this  object  for  one  point  or  for  another  are  involved  in  this  communicative  process  , 

C.DLANCUARD-LAVILLE  shows  that  the  teacher  is  subjected  to  compulsive  internal  forces  rcstraining 
themselves  -  internal  constraints  -  which  unconsciously  prompt  him  towards  some  behaviours  and  some 
decisions  he  had  not  planned  when  preparing  the  lesson. 

The  researcher  s  problem  is  to  determine  among  the  situations  in  which  the  cognitive  the  affective 
and  the  social  interact  the  ones  that  can  be  acted  upon.  Therefore  he  will  attempt "  to  understand  how  the 
subject  tums  the  mathematical  object  into  an  object  that  can  be  used  in  his  own  psychic  dynamics  thus 
giving  rise  to  love  or  hate  towards  it  among  other  feelings."  (english  translation  of  J.NIMIER,  1988), 

Let  us  take  the  example  of  errors.  For  the  teacher  the  error  is  the  result  of  an  inadequate  action  of  die 
student  -  lack  of  attention,  false  reasoning,  calculating  error  Trying  to  make  the  causes  of  each  of  those 
types  of  error  explicit  quite  naturally  refers  to  the  authors  of  such  actions.  In  his  explanations  llie  Uiacher 
sfcms  to  apprehend  teaching  problems  by  putting  forward  elements  other  than  the  characteristics  of 
mathematical  knowledge  -  for  instance,  students'moiivalion,  capacity  for  work,  absent-mindedness...-  in 
other  words  he  doesn't  take  into  account  the  specificity  of  the  subject  he  teaches.  Let  us  consider 
students,  starting  from  an  analysis  of  16  to  17  year'old  students'remarks  (11th  grade). 

"  fn  mathematics,  there  are  too  many  ways  of  being  mistaken,  ton  many  places  where  you  can  make 
mistakes,  sometimes  only  because  of  lack  of  attention. "  "You  rruiy  have  studied  very  well  and  still  make 
lots  of  mistakes!"  "In  maths  a  mistake  conjures  up  something  grave  because  one  error  can  make  a  result 
false  ev^r  if  your  reasoning  is  right."  "Sometimes  a  mistake  on  a  sign  is  enough  to  make  a  whole 
reasrning  false,  it's  unfair!"  Maths  are  perceived  by  students  as  a  subject  in  which  it  is  very  difficult  to 
prev-ni  eiTors.  Students  refer  to  mistakes  in  maths  as  to  contagious  diseases.  This  fact  generates  a  feeling 
of  fatality  of  poweriessness  and  of  injustice. 
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"A  mistake  is  never  pleasant  to  admit  because  your  self-esteem  is  hurted  when  the  teacher 
pronounces  the  word. "  "Often  we're  afraid  because  teachers  are  not  so  passive  as  they  claim  sometimes 
they  lose  their  self-control  they  shout, "  "Very  often  when  we  make  a  mistake  for  teachers  we're  just  daft 
even  if  it  is  a  small  mistake  I"  For  the  students  the  teacher's  image  seems  very  remote  from  that  of  a 
being  taking  refuge  behind  his  subject.  As  far  as  pointing  to  errors  is  concerned,  it  is  not  felt  as  neutral  by 
the  student  who  perceives  it  as  directly  linked  to  the  teacher's  emotion,  in  term  of  loss  of  identity  of  loss 
of  power  of  incompetence  mingled  with  fear. 

"  Mistakes  :  I  have  a  bad  mark  and  it's  terrible  !"  And  so,  the  error  docs  not  exist  in  relation  to  a 
field  of  knowledge,  but  as  an  element  of  social  relationships  -  a  judgement,  a  punishment  -  and  with 
social  consequences  -  a  bad  end-of-term  reports  can  affect  orientation  -. 

"/  stop  short  I  am  stuck  I  do  not  dare  to  go  on,  I'm  sure  I'm  to  make  a  mistake  again  !" 
Making  maths  is  a  dangerous  situation  you  are  frightened  you  are  at  a  loss, 

"What  appears  on  paper  is  my  stupidity,"  The  student  adds  his  own  judgement  to  the  teacher's. 

Many  students  account  for  their  errors  in  terms  of  lack  of  attention  or  absent-mindedness  •  by 
definition  something  that  escaped  them  and  iJius  that  is  beyond  reason 

"When  I  hove  made  a  tnistake  I  feel  bad  even  s^uilty."  If  errors  are  inherently  irrational  how  can  you 
prevent  it  from  occurring  again  unless  you  blame  yourself :  incompetent  or  guilty  ! 

That  example  shows  that  something  which  seems  to  be  objective,  like  detecting  errors  or  giving 
marks  refers  to  echos  full  of  affectivity.  The  teacher  is  caught  in  a  process  of  proclaiming  enors. 
AiTectiviiy  interfere:  with  ilie  serene  analysis  iliat  would  be  required  for  students  to  improve. 

The  teacher  has  to  create  conditions  for  the  students  to  be  in  a  position  to  learn.  No  doubt  it  is 
necessary  for  the  teacher  not  only  to  master  mathematics  hut  also  to  control  his  own  emotions.  This  is  a 
necessary  condition  for  him  to  become  conscious  of  the  value  of "  the  compromise  achieved  in  himself 
between  the  way  he  personifies  his  role  and  his  deep  inclinations.  ...  The  role  is  not  an  "En-moi"  which 
svould  be  dictated  by  institutional  requirements  but  a  compromise  be'ween  the  axiuiremenls  of  the  task  the 
expectations  of  the  group  and  the  emotions  of  the  individual  which  he  reveals  and  conceals  at  the  same 
time."  This  (juotaiion  from  A.MOYNI-:  will  end  my  coniribiiiion  to  this  plenary*  panel. 
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HOW  TO  \.m  .\FFBCriVIi  m  OOGNITIVF  ASPRCTS  in  MMHRUTICS  CiJ\SS 
Coflipftrison  of  Two  Teaching  Trials  on  Problem  Solving  — 

Di-.  Nobuhiko  Nohda 
IMiversity  of  TSUKURA 

Foi-  about  a  hijrxh>od  years,  iX)fr|Tutatlonal  skills  in  (natlietnatics  have  Ixjen 
highly  cfnphasized  in  the  elwnentary  and  sewndar-y  sehool  rnothcffntics  cui^riculum 
in  JaiMO.  Ctxiijwtfltional  skills  have  been  emphasized  in  rltssroom  Uissons  and 
solutions  by  paper  pencil,  abacus  and  nxintal  computation  hove  been  used  to 
solve  problems  in  the  olassi<)oo>  act i vi t ies.  Jaj^nese  students  have  good  skills 
in  conniutational  pwblerrft.  It  was  a  well  known  fact  tl\nt  the  .laponesc  students 
(^ot  higher  sof>iK»s  in  the  international  tests  durinc  the  first  and  sf;oond  IF\ 
study  of  mathematics,  and  recently.  International  Mathewtical  Olympiad, 
flowevcr,  the»<'  ai-e  still  many  Ja|)nnese  sliKlents  in  Junior  aiKi  Mtnioi-  hif+i  school 
UiO  (k)  i>ot  like  motheniatics  and  felt  lots  of  anxiety  about  it. 

\^  woulrl  like  to  assert  some  tentative  conclusioiis  on  tl)e  effectual  link 
bf!tween  affective  and  cognitive  as|Xicts  in  the  use  of  corrputational  tools  in 
par't  i cul ar.  the  pocket  calculator  Pocket  ral dilators  seem  to  be  a  rnore 
efficient  wa>  bringing  student's  tinnking  into  the  matharuit i cal  pi-oblem  thart 
im|>er  pencil  This  iH^|K)rt  on  the  use  jxtcket  calculator  In  the  pr-oblem  s^ilving 
lias  smnc  effectual  outcomes  in  tiie  teaching  methods  uith  affective  iwul 
ctigiii  I  i  vc  asj>;cts 

c<inclixk^  ill  tissecting  tj»e  value  in  the  use  (if  pocket  calculator  in  the 
ptKiccss  of  iinde7'Stftndlii(^.  snUing  and  ix^tension  of  the  effect.  This  M^soarch 
suggests  tliat  hi(^^icr  nxk^r  thinking  of  nmtJietixitical  prxiblem  solving  is  fk^vcli)(»ed 
f-.lieeiall)  ii>  the  use  r>f  the  jx)cket  calciilatcn-.  It  is  easier  foi-  students  tf< 
np(»ratc  on  the  cnmplev  number  given  lising  the  |K»ci<ct  calculator  since  it  is 
ti-ansfc)»ii>f»ri  itfto  a  inor<*  siirf)1e  one.  Ti)e  valtie  in  liie  t»sc  of  ealculatoi-  piocess 
Mil  iiofk^rstarKling.  solviii^^  inw)  extcwling  the  pinblcjn  lies  in  its  usefulness  fm- 
the  students  to  gr't  t!K»  slincluie  r»f  tlK*  pi^fiblein  W)!^"  cjisiIj  \1so.  it  is  useful 
fnf-  the  stiKlcnts  U\  fot<^c;v,t  '.olutioits  am!  to  nttl.c  •.imihir-  ami  gc'x'^''!  pr^hlcrrts. 

IhobUau  i»S(Hi  in  liic  li*ss<»»s  /  \ 


If  we  tin  n  Kijie  (hk'  ni'tee  aljove 

Uk*  cfpiator  of  the  cai*th.  wiuit  is 

tlM»  dlffcK'nce  betvivn  tin-  ori|',in.'»l 

r  i  rctMiifcK^ru'C  and  the  Ictii^lii  of  tii.il  mpc'^ 


liuigine  tl>e  eai*th  as  a  big  globe. 
It's  riuHi)s  Is  alx)ut  filHR.  IlifiKm 
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StiidoiSts*  impi'P?Aiorv»  on  the  Irsvm'  At  thn  star  t  of  the  lesson,  lots  of 
students  in  th<^  pojxip  jxinoil  olnss  hnvo  good  forlinp,  nod  few  stiidrnts  in  the 
oomiwt^tion  rln<is  ai-c;  sntlsfird  wi  rh  iho  l»sls  Diu-ity^  ibn  lesson-  i  o  duidnc 
t\\ct  p?<^blefn  solvirif^  pi<HH^ssos.  all  classes  wer-e  in  onnfiiwioiL  U  the  end  of  the 
lofisoa  the  Calrulntoi-  class  luis  the  e\reHenl  feeling  to  the  It^ssdn  hut  Paper 
|)enril  rloss  was  not  siitisfie<l  with  the  lr<iSoa  (See  itcin  (6)  in  Check  I,isT) 

ii)  Vs  *.oon  as  the  lesson  was  fini sited,  tlie  tej»che»-  di^.ti-ihutcvl  the  Cheek 
list  of  Fooling  about  the  Task  pwhlem  and  tlie  lesson  to  stjjdents. 
Cheek  list  aivl  Kjsjionses         as  follows" 

Cheek  list  of  Student's  Feeling  f]^^^^  Io5Aon 
Ploasfj  i-ead  the  followiiig  sentences,  tlKjn  trtu-k  the  choice  fitting  your-  feelin^r. 
At  the  bocianinc  of  the  lesson.  5  3  [ 

(1)  Do  you  like  mothemnti(>s  Ves       p  c 
lof-ison  evoj-jday?: 

After-  i^adinf^  the  task, 

(2)  Did  >nij  ijiKlerstJUKl  the  task?'  Ves         p  r  No 

(3)  Old  yon  it  irttcr<^t in(^?'  Yes         ^  <^  No 

(4)  Do  you  think  y(ju  can 

v)lve  tlie  prohlofii'*:  Ves    C  V  No 

(5)  Ow  you  for<»cast  the  attswer'^  Yes       p       p  Vo 
While  you  a?<»  solving  tltc*  task, 

(6)  Plc^Tse  cnfo-k  the  itetfi  fittinf;  youi-  iriit)r<»<;sirn  of  tlie  fol  lowinjj- (Orrmited) 

(a)  Vou  can  solve  tlw>  task  xW^  saine  waj  as  yoni*  for<icasl 

(b)  You  cliangod  tfK-  way  of  task  solvinfj  whiU;  solving  it. 

(c)  Voij  failed  to  solve  th<'  task  tlK'  sanp  w^y  as  youc  foixvast.  l>ence  luivc;  :i 
har«d  time  iloing  It. 

(d)  othet-*;'  pla^se  wflte^  bviefly. 

\t  the  en(1  of  the  tc^chin^^,  5  [ 

(7)  1>)  you  have  rnnny  ways  of  solving  it?'  Y(«»  ('  j'  \o 
(H)        yon  satisfied  with  the  lcsv)n'>'       Ves       C  V  No 

(9)  Can  you  ui>*letstaiKl  the 

e\i)laiwt.io!»s  by  the  tcjichec:  Yes       (*  p  \'n 

(10)  Mwf  kiiKK  of  ft»jtl»e(nat  i(S  kV\  jou  like  in  Wsmmi? 
If  >nu  have  vwne  Idejis  or*  lopies  of  tlH^ 

pT^iblcfo,  please  wiite  it  hi'iefly  V(»s       i",  p  No 
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Pr-jict  M-:il  li  ijiK  to  tnach  lW-  hrswwv;  in  prohlwn  soU  hj^  ornitoxt 

(1)  Tofli'l>o»'  o\p]{nnod  rh<»  (jni  th  piohlnn  a  hi^^  tm-cstrial  globe 

Stmlcnts  vor^c  oskod       rm*ccnst  tho  diffcr-onco  of  the  longths.  Thoi!- 

f m<or-;ist (u-c  show»»  in  Tnhlc  I    Tflbic  ?  stiows  <ittxlnnts  nnswpr-  nftor-  oanputntion. 

Thrif   ufviv  36  studonts  in  each  rln^s.   (''tolo  18,  Ferwlc  18) 

Tnblf  I.  STiKlont's  foi<ornsi  (%)  Tabic  2.  Students  cocnputnd  arvi\icv  {%) 


C'lloiilfltor-  ]\\\x>v  Pencil 
:0  obout  fiOOOKm        0.  5  .T  7 

b)  Alx»ut  lOOflKm      22  9  31.4 
r)  nbout  innflrn        31. 4  113 
n  (\)  ahr.iit  fwfi  37  1  48  fi 

f)  Wo         t  jniovs     0  fl 


Cal  nil  atop  Paper  Pencil 
f)  nvpr-esslon         60.0  25.7 
C)  oaloulation  1  14.  3 

a  h)  oor-r-eot  ans.       68.6  11.4 


SfiKlonts'  ffn-eoa.st  in  t!ic  pn|W!-  ijenoil  class  wor-e  gond  but  othcre  did  not 
dn  wfl  1  (Soc  Table  I.  ) 

(2)  th)  stwlents  sIiowckI  fltoir  forecast  in  each  olaf^smodv  they  u-ore 

asKcd  tn  vilvc  tl>e  pu)hlwa  Tliis  tiw.  fhey  tfiwilled  Ihe  foitiula' 
C     2  ^       R    (C:  Cirruftfor^nre.  R:  Radius,      [\'  3,  14). 
Oiloulatop  rlnss  got  g(X)d  soor^^s  in  ilonis  a)  to  h)    The  Paper  Pencil  cla.ss 
did  not  undoistand  the  problem,  henee  thej  did  not  get  the  expression, 
ealcuhit  ion  ;ijk1  wrr^et  aiYswer  to  tljo  pioblcm   (Se<;  Table  2.  ) 

The  teaehefs  are  \\h)  orjes  who  dcteMiiitKi  tlte  eor-r^et  answer  ineluding  both 
tlK"  cxpi^sirm  }«k1  rnl c?iilat  ion  of  piohlem  solvinjj  rn  Japnii   Tl>e}  eni|)tyisi  ;'ed  the 
oNpi-ession  of  etpiations  of  the  pr-oblwiK  Students'  e\pr<^siorts  ver-e  as  follows: 
Table  3   flLU-arteri 7iit ion  of  stiid(»nt's  e\pr<ission(%) 

StiKteiit' s  e\-j)i<essioM  Cnlenlatoi'  Pa|x^rPenei! 

\)  s>T)thesis  ev  SI.  4  114 

j)  arwlysis  ev  n  7  B  6 

k)  :      \  evpr-e.  2.9  2.  9 

1 )  sjKjcial  nun  0  2.  H 


\ot  0 :  Synt  h'Tsi  s  evpr-ess  i  oti :  ( fi.  000,  000  ^  1  )  ^  2  X  3.  1 4     6,  000,  000  X  2  x  3.  1 4 
Analysis  expi-ession'  6,  000,  001  x2  x3.  14    37,  680,  006.  28 
6.  000.  000x2  xa  14  -  37,  680.  000 
37,  680.  006  28   37.  680.  000     6.  28     ,1  6.  28m 
letter  lise^l  e\pr<^ssion:  (X<  1  )  x2  xa  14     \x2  x3.  14  6.28 
Sjieeial  miT<x>r^lOm         (10  i  l)  y2  xai4    10x2  xai4  6.28 
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AFFECTIVE  AND  COGNITIVE  VARIABLES:  STUDENTS'  PERSPECTIVES 


Dina  Tirosh 
School  of  Education 
Tel  Aviv  University 

Research  in  mathematics  education  has  shown  that  students'  performance  on  mathematical 
tasks  does  not  solely  depend  on  cognitive  variables  such  as  intelligence,  memory,,  intuition, 
learning  style  and  knowledge  of  requisite  conter.t.  Other  variables,  including  affective  ones  (e.g., 
confidence  in  one's  ability  to  perform  well  in  mathematics,  motivation  to  leam  mathematics, 
emotion  during  work  on  mathematical  tasks,  beliefs  held  about  the  nature  of  mathematics)  also 
influence  students'  performance.  It  is  impossible  to  completely  separate  the  effects  of  these  two 
types  of  factors. 

In  the  last  decades,  considerable  attention  was  paid  by  sociologists,  psychologists  and 
mathematics  educators,  to  the  issue  of  affect  in  connection  with  mathematics  education.  These 
researchers  suggested  different  definitions  for  the  affective  domain  and  its  various  aspects  (see  for 
instance  Hart's  1989  review  on  this  issue),  described  allcmative  theoretical  frameworks  for 
research  on  affect  (e.g.,  Fenemma,  1989;  Mandler,  1984;  Mcleod,  1992),  and  analyzed  the 
relationship  between  socio-economic  variables,  gender,  affect  and  achievement  (e.g.,  Hembrec, 
1990;  Lcdcr,  1987;  Usicr,  Garofalo,  &  Kroll.  1989;  Schoenfeld,  1985),  Growing  efforts  have 
also  been  directed  towards  developing  quandtativc  as  well  as  quantitative  research  metliods  to  be 
used  in  such  research  (e.g.,  Fenemma  &  Sherman,  1976;  Mcleod,  Cravioito,  &  Onega,  1990). 

In  ihe  panel,  I  shall  present  some  definit.ons  of  the  affective  domain,  discuss  the 
importance  of  affect  in  mathematics  education  and  describe  some  major  research  findings  related  to 
the  relationship  between  affective  variables  and  understanding  mathematics.  Then  several 
suggestions  for  themes  to  be  discub^ed  in  the  panel  will  be  made.  One  of  these  themes  is  briefly 
discussed  below. 

The  nature,  role  and  interrelations  of  specific  and  global  affect  in  lp?niing  maihcmatigS 
Learning  mathematics  at  school  involves  studying  different  mathematical  topics  (e.g.,  algebra, 
geometry,  calculus),  addressing  different  types  of  tasks  (e.g.,  computations,  non-routine 
problems),  dealing  with  various  related  activities  (e.g.,  preparing  routine  assignments,  independent 
projects),  experiencing  different  instructional  methods,  and  exposure  to  different  conceptions  of 
the  nature  of  mathematics  and  ways  by  which  knowledge  is  acquired. 
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It  is  most  probable  that  a  student  develops  differential  beliefs  towards  various  topics  ("I 
believe  geometry  is  important  but  calculus  is  not")  and  different  feelings  as  to  his  abiUty  to  perform 
different  types  of  tasks  ("I'm  quite  confident  I'll  succeed  in  computing,  but  Vm  not  sure  about 
word-problems;  probably  HI  fail  them").  It  is  possible  to  describe  this  particular,  student's 
beliefs,  attitudes  and  emotions  toward  mathematics  in  terms  of  "specific  affects",  namely,  his 
reactions  and  feelings  toward  specific  mathematical  topics,  specific  tasks  and  specific  activities. 
However,  when  it  comes  to  more  global  attitudes  students  have  with  regard  to  mathematics, 
questions  like  the  foUov/ing,  naturally  arise:  Would  it  be  meaningful  to  discuss  this  student's 

beliefs,  attitudes  and  emotions  towards  mathematics  in  general  term?  How  can  these  be  measured? 

Would  his  responses  be  mainly  determined  by  his  positive  feelings  or  experience,  or,  on  the  other 

liand,  by  tiieir  negative  counterparts? 

This  issue  will  be  discussed  in  light  of  research  findings  tiiat  show  that  students  often 

report  different,  specific  feelings  toward  different  mathematical  topics  and  different  tasks  (see,  for 

instance.  Brown,  Carpenter,  Kouba,  Lindquist,  Silver  &  Swafford,  1988;  Corbitt,  1984). 

Interview  data  w:ll  be  presented  in  which  secondary  school  students  claimed  they  could  not 

seriously  answer  global  questions  such  as  "I  enjoy  mathematics",  "I  am  good  at  mathematics" 

because  "the  answer  depends  on  tiic  specific  topic,  aixi  die  specific  task." 
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CONFIDENCE  IN  SUCCESS 
Kalhleen  Hart 

Shell  Centre  for  Mnthcmaticnl  Edticalion,  Univcrsily  of  Nottingham 
It  is  a  tradition  of  P.M.E.  that  the  retiring  President  be  asked  to  give  a  plenary  lecture.  The 
17th  annual  meeting  has  the  theme  of  linking  the  cognitive  and  affective  domains,  so  I  will 
seek  to  wriie  with  that  in  mind. 

I  have  been  involved  in  mathematics  education  research,  either  as  a  researcher  or  a  user,  for 
many  years  and  1  take  this  opportunity  to  describe  my  own  work  over  that  time  and  to 
express  some  opinions  on  the  place  of  researchers  in  mathematics  education  generally. 

My  most  recent  experience  has  been  to  produce  mathematics  material  for  teachers  and 
children,  aged  1 M6  years,  (of  all  attainment  levels).  Wherever  possible  the  content, 
progression  and  pedagogy  have  been  informed  by  research  results,  so  I  have  been 
considering  very  seriously  the  question  of  what  our  research  can  give  to  teachers. 

Teachers  in  Training 

In  Great  Britain,  during  my  entire  career,  there  has  been  a  shortage  of  mathematically 
qualified  school  teachers.  In  the  secondary  schools,  the  intention  has  been  to  employ 
mathematics  graduates  who  have  been  trained  as  teachers.  There  has  been  the  need, 
however,  to  employ  others  who  are  qualified  in  allied  subjects,  or  who  simply  show  an 
interest.  At  present  30  per  cent  of  those  employed  as  secondary  mathematics  teachers  in 
Great  Britain  have  no  discernible  qualificatiorus  in  mathematics. 

In  primary  schools  (from  age  5  to  11)  we  have  generalist  teachers  whoso  training  involved 
less  than  a  year's  course  of  mathematics  and  teaching  methods  in  that  subject.  There  was, 
until  1980,  no  requirement  that  they  pass  the  school-leaving  certificate  in  mathematics  (at  age 
16).  The  majority  of  the  members  of  P.M.E.  work  with  teachers,  during  their  research,  as 
teacher-trainers  or  on  in-service  courses.  They  will  be  able  to  compare  the  mathematical 
qualifications  of  their  country's  teachers. 

Some  teachers  will  learn  a  great  deal  of  mathematics  whilst  they  are  teaching  it;  from  *he 
books  they  are  using  with  the  children,  from  their  colleagues  and  from  in-service  courses  of 
various  lengths.  These  are  the  facts.  Mo.it  of  our  teachers  of  mathematics  have  not  studied  a 
great  deal  of  mathematics.  This  does  not  mean  all  mathematics  teachers,  of  course,  but  we 
must  not  be  led  to  generalise  from  the  exceptional  members  of  the  profession.  The  fact  that 
these  are  able  to  display  certain  attainment  and  expertise  does  not  mean  that  others  in  their 
profession  are  similariy  capable.  Added  to  this,  is  the  important  question  ot  whether  the 
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attainment  and  expertise  leads  to  more  children  learning.  The  basic  premise  from  which  we 
must  start  is  that:  schools  are  for  educating  children  and  mathematics  lessons  are  for 
educating  children  in  mathematics. 

Student  Teachers  with  a  Fear  of  Mathematics 

Future  teachers  say  thcxf  have  alwayt>  had  a  menial  block  against  mathematics 
My  first  piece  of  research  concerned  the  attitude  towards  mathematics,  of  future  teachers. 
Amongst  the  intake  of  a  College  of  Education  in  1970,  training  for  a  teaching  career  in  a 
subject  other  than  mathematics,  but  nevertheless  qualified  to  teach  mathematics  in  a  junior 
school,  were  40  young  people  with  no  discernible  scho<il-leavers'  qualification  in 
mathematics.  They  had  advanced  school  qualifications  in  other  subjects  but  not  even  an 
ordinary  pass  in  mathematics.  They  described  themselves  as  having  "a  mental  bUKk  towards 
mathematics".  This  is  an  expression  more  swially  acceptable  than  "failure  in  mathematics". 
Of  more  interest  however  was  the  fact  that  they  felt  this  block  had  always  been  there  from 
their  first  days  at  school.  In  response  to  a  questionnaire  (Hart.  1973),  given  to  all  students 
three  months  after  their  arrival  at  College,  (n=:239  returns),  99  students  felt  that  they  had  been 
weak  at  mathematics  at  some  time  during  their  school  career,  shown  in  figure  1. 


Weak  at  Mathematics 

Weak  at  Mathematics 

in  the  Junior  School  / 

/f\               \  in  the  Secondary  School 

1  4 

13    i  \  / 

V/    2  I  / 

Weak  at  Mathematics 

in  the  Infants  School 

Figure  1:  Answers  to  mathematics  dllainment  questions 

In  1973,  <in  attitude  questionmiire  involving  stateir.  -nts  concerninf;  a)  tlie  liking  of  tlie  subject 
of  mathematics,  b)  attitude  to  teachers  of  mathematics  ard  c)  attitude  to  the  teaching  of 
mathematics  was  given  to  1.S4  of  these  students  who  had  entered  in  1970.  By  now  they  had 
chosen  their  main  area  of  study,  had  taught  in  schools  and  those  who  had  opted  definitely  to 
leach  children  younger  than  11  years  had  so  declared.  The  answers  were  scored  on  a  Likevt 
scale  of  1  to  5  and  there  was  no  significant  differences  between  the  scores  of  the  77  who 
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intended  leaching  in  n  junior  school  the  77  wl»o  did  not  tind  17  prnctisin^>  junior  schools 
teachers  from  UkmI  schools. 

To  pursue  the  point  of  whether  it  was  possible  for  a  seven-yoar-old  to  display  a  mental  block 
against  mathematics,  the  students  and  teachers  were  asked  to  express  their  opinions  on  this 
in  the  questionnaire.  The  teachers  from  schtxils  agreed  overwhelmingly  that  such  a 
phenomenon  existed.  I  therefore  sought  out  such  children  by  visiting  seven  schools  in  South- 
west London.   The  teachers  of  seven-year  olds  in  each  school  were  asked  to  identify  any 
child  who  was  'good*  at  reading  and  'poor'  at  mathematics.  (Attainment  records  kept  for 
children  of  this  age  predominately  concern  performance  in  English  and  Mathematics.) 
Twenty  throe  children/  aged  seven  yeai*s,  from  six  schools  were  chosen  by  their  class  teachers 
as  fitting  this  category.  Rich  group  within  each  class  was  compared  with  a  randomly  selected 
group  of  ten  students  from  the  same  class,  on  a  standardised  mathematics  test.  In  no  case  did 
the  chosen  group  have  a  significantly  worse  mathematics  score  than  the  random  group. 
When  the  performances  on  different  types  of  mathematics  were  compared,  for  example  on 
computation,  there  were  three  differences  of  note.  In  two  cases  the  '.poor'  group  was 
significantly  better  than  the  comparison  group.  Intlividual  scores  showed  six  children  with 
below  average  mathematics  scores  but  they  were  also  only  average  readers.  Only  one  child 
could  be  classed  as  a  very  good  reader  antl  poor  at  mathematic  s  and  she  was  very  often 
absent  from  school. 

Two  years  later,  21  of  the  23  were  interviewed  twice  on  a)  their  attitude  to  learning 
malheniatics  and  b)  the  amount  of  time  they  spent  on  the  subject.  Their  replies  showed 
marked  similarities.  All  but  one  (Sarah)  liked  reading  and  most  liked  it  very  much;  they  read 
at  home  and  belonged  to  the  library.  All,  except  Sarah,  stated  that  they  had  disliked 
matliematics  at  some  time  in  their  school  career.  All  mentioned  that  mathematics  was  'hard'. 
All  equated  liking  mathematics  with  being  'good  at  it',  unlike  other  subjects,  for  example 
Simon  said  that  his  favourite  subject  was  games  even  though  he  was  not  'gotxl  at  it'.  Most  of 
those  interviewed  at  nine  years  of  age  now  disliked  mathematics.  The  children  were  not 
convinced  that  mathematics  would  be  useful  to  them.  Asked  how  useful  to  the  world  an 
adult  who  was  gtK>d  at  mathematics  would  be,  the  only  suggestion  was  that  he  could  help 
those  who  were  not  good  at  it,  particularly  his  children.  They  were  asked  if  they  would 
support  a  law  to  abolish  mathematics  in  schools.  There  was  no  support,  although  Ellen 
thought  future  pop-stars  should  be  exempt  from  the  subject. 

Although  out  of  school'  time  was  spent  on  reading,  very  little  leisure  time  was  given  to 
mathematics.  Almost  all  the  child's  mathematics  was  done  in  school.  When  the  school 
careers  of  the  children  in  the  chosen  group  were  analysed,  13  of  the  23  had  been  in  that  school 
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for  three  ycnrs  educnlion,  when  I  snw  them  first.  But  five  of  the  snmpU^  had  changed  schools 
and  another  four  had  betm  proiiK^ted  to  hip,her  classes,  even  though  they  had  been  iu 
education  for  less  than  three  years. 

The  great  majority  of  these  children  were  leaders  in  their  classes  and  enjoyed  a  degree  of 
superiority  because  of  their  ability  in  English.  Although  at  the  age  of  seven  they  had  not  been 
poor  at  mathematics,  by  the  time  the  children  were  nine  years  old  they  felt  they  had  been,  or 
in  many  cases  still  were,  poor  at  mathematics  and  they  certainly  did  not  like  the  subject 

Improving  Young  Children's  Altitudes 

Make  it  more  exdlmg  aud  they  tvifl  like  it! 

In  1975,  the  vogue  was  very  much  'discovery'  learning  and  research  which  involved  the 
measurement  of  a  child's  liking  of  mathematics  was  beginning  ( Ailkea  We  were 

starting  to  differentiate  among  different  types  of  attitude  to  mathematics,  for  example,  to  the 
subject,  to  the  teacher  and  to  school  in  general,  or  among  thinking  the  subject  was  useful,  a 
favourite  topic  in  school  or  one  in  which  the  child  thinks  he  is  successful.  There  was 
conflicting  evidence  20  years  ago  on  the  correlation  between  attitude  and  achievement 
although  we  all  hoped  that  children  who  like  mathematics  would  automatically  achieve  at  the 
subject!  In  1975  (Hart,  WB),  I  made  a  study  of  the  effects  of  mathematical  games  on  the 
achievement  and  altitude  of  14^)  nine-ten  year  olds  who  had  attended  school  for  five  years. 
Four  schools  and  six  classes  were  used.  In  each  class,  children  were  randomly  assigned  to 
three  groups  a)  those  who  were  given  mathematical  games  and  puzzles,  b)  those  who  were 
given  computational  practice  and  e)  those  who  were  given  non-mathematical  puzzles  - 
anagrams,  opposites  and  punctuation  exercises.  The  materials,  supplied  by  the  researcher, 
were  regarded  as  leisure^time  activities  and  not  part  of  the  timetabled  mathematics  lessons, 
■Leisure  time'  for  the  experiment  was  defmed  as  those  times  during  the  school  day  when  the 
teacher  was  occupied  (usually  with  administration)  and  wanted  the  children  to  occupy 
themselves  in  an  unsupervised  way.  All  the  children  in  a  class  spent  the  same  amount  of 
lime  with  the  materials.  The  experiment  lasted  five  weeks  and  the  amount  of  time  spent  on 
the  materirl  varied  from  a  total  of  3.5  houn^  to  7.5  hours.  Normally  during  such  spare-time 
the  pupils  would  have  been  expected  to  read  a  book. 

All  comparisons  were  done  within  classes  as  the  influence  of  the  teacher  was  considered  to  be 
important  in  the  formation  of  attitudes.  The  attitude  variables  considered  in  the  study  were 
a)  general  attitude  towards  mathematics,  b)  self-concept  in  mathematics  and  c)  interest  in 
mathematics.  A  typical  statement  of  type  a),  to  which  the  child  was  asked  to  agree,  disagree 
or  omit  was,  "Most  mathematics  is  too  concerned  with  ideas  to  be  really  useful".  Whereas  a 
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'self-CDnccpl'  slnlomonl  was  "I  like  to  be  .^skid  questions  in  Maths  lessons",  'Intorost  in 
malhcmntics'  was  measured  by  statcnu'nls  sucli  as  "1  wish  wc  spent  longer  each  day  on 
niaths".  At  the  pie-test  stage,  the  correlation  c<Hjfficienl  between  achievement  ami  all  three 
measures  of  altitude  was  significant  at  twtter  than  the  .tX)l  level.  By  looking  at  the  values  of 
r2,  however,  it  could  be  seen  that  a  very  small  part  (IH-lf)  per  cent)  of  the  variance  of  attitude, 
self-concept  and  interest  could  be  predicted  from  the  variance  of  achievement.  The  incidence 
of  a  child  with  a  low  rating  on  any  of  three  attitude  variables  being  a  high  achiever  was  very 
small.  Analysis  of  covariancc  was  used  to  test  improvements  after  the  experiment  with  the 
covarianls  being  the  pretest  scores  on  the  variable  for  which  the  comparison  was  i.md<«  \fler 
the  experintcnl  it  was  seen  that  the  different  treatment  groups  compared  classwise  and 
altogether  did  not  differ  in  measures  of  achievement,  'attitude*,  'self  concept'  or  'interest'.  The 
-laterials  had  had  no  obvious  effect.  The  only  significance  recorded  was  that  high  achievers 
aliempled  nuiro  computations  than  others,  but  all  classes  of  attainment  attempted  the  games. 
Nob  uly  ilisiiked  the  games  and  puzzles  because  they  were  easy,  but  six  liked  them  for  that 
reason.  Three  liked  these  activities  because  they  were  'hard'  at\d  three  disliked  them  for  the 
same  re,is')n. 

Interviews  with  Older  Children 

Atv  vwthoJtr  mvi'u^cd  by  children  net  c^ninih/  ^^ood? 

The  ain\s  ol  the  pn^jecl  'Concepts  in  Secondary  Mathematics  and  Sciei\ie'  (CSMS)  were  to 
1)  give  information  to  eMchers  on  the  levels  ot  difficulty  in  several  secondary  school 
mathem.itics  topics  and  2)  provide  them  with  forms  of  assessment,  Durli\g  the  interviews  we 
were  able  to  identify  and  de^icnbe  methods  children  used  to  solve  word  problems.  Very 
often  these  methods  were  invented  by  the  child  or  catne  from  some  out  of  school  source.  In 
some  cases,  they  h.id  been  learned  many  years  previously  and  were  insufficiently 
sophisticated  for  the  level  of  problem  being  set.  In  many  cases  (particularly  in  Ratio  and 
Proportion)  these  methotis  greatly  limited  what  the  child  could  accomplish.  They  were, 
however,  the  means  by  which  the  child  had  success  on  at  least  some  of  the  problems  he  had 
been  asked  to  solve. 

I'or  at  least  twenty  years,  there  has  been  a  tendency  for  leacher-trainers/educationalists  to 
decry  the  use  of  algorithms  and  formal  methods  in  mathematics  classes.  Teacheis  were 
asked  to  encourage  children  to  invent  methods.  This  may  be  useful  if  a  teacher  has  the  time 
and  sees  the  need  to  keep  track  of  the  child's  methods  and  to  help  the  move  to  greater 
sophislicalioi^,  but  consider  the  effort  expended  here  by  Peter,  who  is  told  that  the  volume  of 
a  cuboid  is  42cnv'^  and  two  sides  of  it  are  3  cm  and  2  cm.  He  is  asked  to  find  the  third  side. 
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(I:  Interviewer;  P:  Peter) 

P:  I  think  that  would  be  5  and  3,  so,  urn, ...  three  fives  are  fifteen. 

I:  True. 

P:  And  two  fifteen's,  um...  make  30  so  that  wouldn't  be  really  the  answer. 

1:  Why  wouldn't  it  be  the  answer? 

P:  Because  that's  42  centimetres,  it  should  make  up  to  42. 

I:  Oh  I  see,  so  what  are  you  going  to  do? 

P:  Oh,  I'll  just,  you  see  these  2  make  30,  so  I'm  trying  to  get  higher  than  that,  so  ..  um,  I 

think  that's  11. 

I:  Well,  why  don't  you  try  that? 

P:  Weil  it  can't  be  11  because  if  you  had  two  32s  makes  64,  so  it  can't  be  the  answer, 

could  it? 

I:  32  ...  where  did  32  come  in? 

P:  Well,  um  ...  1  got  11  and  three  lis. 

I:  Ah,  three  lis  are  ... 

P:  32. 

I:  I  sec,  and  two  of  them,  you  said  ... 

P:  64, 1  think 

I:  Yes. 

P:  And  well,  1  don't  think  that  could  be  the  answer. 

!:  Why  not? 

P:  Because  it's  42  centimetres 

I:  I  see,  well  it's  somewhere  then  in  betwc:*n  which  numbers? 

P:  So  it  must  be  about  six. 

You  might  say  the  immedi.ile  problem  could  be  solved  if  he  had  been  given  a  calculator  but  is 
that  really  the  solution?  Skills  without  meaning  are  no  more  preferable.  In  1928,  Brownell 
was  condemning  this  approach.  However,  possessing  inadequate  skills  does  not  engender 
confidence. 

CSMS  provided  us  with  written  data  in  the  form  of  completed  tests  for  10,000  children  and 
interview  data  on  300.  From  these  it  was  possible  to  identify  errors  to  questions,  which  were 
widespread  within  the  British  secondary  school  population.  Some,  such  as  the  'incorrect 
addition  strategy'  had  been  previously  identified  in  other  populations  (Piaget,  Karplus).  This 
error  occurs  when  the  child  adds  a  fixed  amount  in  order  to  enlarge  a  figure  such  as  in  figure 
2,  in  which  the  unknown  side  of  the  enlargement  would  be  4  units  because  2  +  3  =  5  and 
2  +  2  =  4. 
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enlarged  to 


2 


7 


3 


5 


Figure  2;  Incorrecl  addition  strategy 

A  longitudinal  survey  in  which  200  children  were  tested  at  age  13, 14  and  15  years  using  the 
same  questions  showed  that  the  incorrect  addition  strategy  was  persistent  and  likely  to  be 
used  on  difficult  questions  each  time  the  child  was  tested.  The  class  teachers  were  informed 
when  this  error  appeared  but  we  have  no  information  on  whether  they  intervened  at  all.  The 
study  of  identified  widespread  errors  and  the  formation  of  possible  strategies  for  their 
eradication  were  the  bases  of  the  research  'Strategies  and  Errors  in  Secondary  Mathematics', 
(Booth  1984,  Hart  1984,  Kerslake  1986).  The  Algebra  research  (Booth,  1984)  identified 
different  types  of  error,  some  of  which  were  more  susceptible  to  treatment  than  others.  In 
each  case  the  structured  intervention  proposed  produced  better  performance.  This  is  the 
same  story  as  that  obtained  by  Swan  and  Bell  (1985)  in  their  diagnostic  teaching  experiments 
when  the  teacher  used  an  erroneous  answer  to  instigate  conflict  and  discussion.  The  teachers 
in  all  these  studies  had  a  particular  part  to  play  and  were  not  observers  or  simply  managers. 

The  Teachers 

Do  teachers  take  notice  of  research  findings? 

It  is  a  continually  lamented  fact  that  research  findings  do  not  find  t^^eir  way  to  teachers.  Are 

teachers  interested  in  research  findings?  Who  interprets  and  disseminates  research  findings 

so  that  they  can  be  of  use  to  teachers?  Do  teacher-trainers  have  a  responsibility  to  keep 

abreast  of  research  and  then  to  pass  it  on  to  young  teachers  in  training?  In  the  USA  the 

Standards  (1989)  produced  by  NCFM  exhort  teachers  to  change  their  attitude  to  mathematics 

and  their  ways  of  teaching. 

This  constructive,  active  view  of  the  learning  process  must  be  reflected  in  the  way  much 
of  mathematics  is  taught.  Thus,  instruction  should  vary  and  include  opportunities  for  - 


appropriate  project  work; 

group  and  individual  assignments; 

discussion  between  teacher  and  students  and  among  students; 
practice  on  mathematical  methods; 
cxpositioit  by  the  teacher. 
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Our  ideas  about  problem  situations  and  learning  are  reflected  in  the  verbs  we  use  to 
describe  student  actions  (e.g.,  to  investigate,  to  formulate,  to  find,  to  verify)  throughout 
the  Standards. 

(From  Standards,  p.lO,  1989,  Reston:  NCTM) 

In  the  UK,  mathematics  educators  and  the  government  seem  to  be  giving  opposite  and 
conflicting  advice  on  what  change  is  needed.  Very  little  evidence  is  produced  by  any  of  these 
agencies  on  why  teachers  should  charge.  Why  should  they  change  when  the  reasons  given 
by  mathematics  educators  are  seldom  based  on  inaeased  child  performance  or  on  greater 
numbers  volunteering  to  shidy  mathematics  at  a  high  level.  For  example,  the  merits  of  group 
discussion  in  classrooms  has  long  been  extolled  by  those  giving  advice  to  teachers.  There  is 
some  British  research  which  showed  very  increased  performance  measures  in  primary  school 
mathematics  classes  when  the  focus  of  the  lessons  was  discussion  but  an  extra  teacher  was 
hired  to  specifically  listen  and  to  instigate  discussion  in  a  classroom.  Compare  this  with  the 
situation  when  one  teacher  is  tr/ing  to  encourage  and  initiate  discussion.  As  Desforges  (1989) 
says: 

Discussions  are  generally  considered  to  be  an  important  part  of  a  child's  mathematical 
experience  and  particulariy  so  in  respect  of  the  development  of  skills  associated  with 
reflection  and  applications.  Despite  the  exhortation  of  decades,  fruitful  discussions  are 
rarely  seen  in  primary  classrooms.  This  is  so  even  in  the  classrooms  of  teachers  who 
recognise  and  endorse  their  value.  When  discussions  are  seen,  they  are  mainly  teacher 
dominated,  brief  and  quickly  routinized. 

It  has  been  suggested  that  the  sheer  information  load  a  teacher  must  process  in  Oider  to 
manage  her  class  and  conduct  a  discussion  makes  the  successful  appearance  of  such 
work  an  unlikely  prospect.  Whilst  there  have  been  reported  sightings  of  this  rare  event, 
its  existence  remains  to  be  confirmed. 

What  are  the  implications  of  this  argument?  Certainly  there  are  few  implications  for  the 
teacher.  It  would  be  futile  to  write  out  advice  to  the  effect  that  teachers  should  try 
harder.  Nor  will  teachers  be  convinced  by  demonstrations  of  discussion  given  on  a  one- 
off  basis  by  a  lavishly  prepared  and  equipped  virtuoso  and  involving  half  a  dozen 
children.  Even  when  these  extravaganzas  are  impressive  as  performances,  they  say  little 
about  what  the  children  learned. 

The  implications  of  this  chapter  arise  in  the  main  for  those  who  dictate  how  classrtxims 
are  resourced  both  intellectually  and  materially.  If  discussions  are  to  be  standard 
practice,  then  quite  clearly  the  time  will  have  to  be  made  to  conduct  them  in  an 
undistracted  fashion.  This  entails  reducing  drastically  the  breadth  of  the  curriculum  that 
teachers  feel  obliged  to  rush  over.  Secondly,  it  entails  having  more  adults  in  classrooms 
to  ease  the  teachers'  management  concerns.  These  are  the  very  minimum  requirements, 

(Mathematics  Teaching:  The  State  of  the  Ari,  p.l49,  P.  Ernest  (Ed),  1989,  Falmer  Press) 


ERLC 


43 


1-25 


Researchers  should  tease  out  the  variables  which  produce  the  change  rather  than  give  advice 
which  is  a  generalisation  of  a  minor  piece  of  research  or  in  some  cases  just  'a  good  idea'. 

Using  Manipulalives 

Sums  is  siwis  and  bricks  is  bricks 

Mathematics  educators  who  are  interested  in  cognition  have  been  greatly  influenced  by  the 
work  of  Piaget.  His  theories  have  been  criticised,  interpreted,  generalised  and  often  the  result 
has  little  to  do  with  the  original  theory.  One  such  adaption  of  the  theory  has  been  the 
fostering  of  the  'cull  of  the  concrete*  or  'manipulatives  are  good'.  Intcipreted  in  the  Cockcroft 
Report  (1982) 

For  most  children  a  very  great  deal  of  practical  exploration  and  experience  is  needed 
before  the  underlying  mathematical  ideas  become  assimilated  into  their  thinking.  We 
emphasise  again  that  discussion  both  with  the  teacher  and  with  other  pupils  is  a 
necessary  part  of  this  process.  A  few  children  pass  through  the  various  stages  of 
mathematical  development  in  rapid  succession  and  need  to  advance  to  more  challenging 
and  more  abstract  work  before  they  leave  primary  school.  For  the  majority,  however,  the 
transition  from  the  use  of  concrete  materials  to  abstract  thinking  takes  place  slowly  and 
gradually;  and  even  those  children  to  whom  abstract  thinking  appears  to  come  easily 
often  need  to  undertake  practical  exploration  at  the  beginning  of  a  new  topic. 


This  and  other  similar  advice  (Standards,  HMI  reports  for  example)  led  one  to  believe  that  the 
tactile  aspect  is  the  most  important.  The  suitability  of  the  material  to  model  the  mathematics, 
its  limitations  and  whether  the  use  facilitates  the  leaning  of  mathematics  is  as  important.  The 
issue  is  really  much  more  subtle  than  'Concrete  is  Good*.  In  'Children's  Mathematical 
Frameworks'  (Johnson,  editor,  1989)  we  investigated  one  use  of  concrete  materials.  Teachei-s 
in  Britain  have  been  advised  for  many  years  that  an  effective  introduction  to  some  formal 
pieces  of  school  mathematics  (algorithms,  rules,  generalisations)  is  through  experience  with 
concrete  materials.  Thus  a  teacher  who  wishes  the  pupils  to  understand  and  use  the  formula 
for  the  area  of  a  rectangle  might  provide  the  experiences  shown  in  table  1  (from  Nuffield 
Maths  3  Teachers*  Handbook,  Latham  and  Truelove,  1989). 

Table  1:  Steps  in  Teaching  Area 

-  Fitting  shapes  together:  3-D  and  2-D  shapes 

-  covering  surfaces  (irregular  and  regular)  with  3-D  objects  leading  onto  2-D  objects  so 
there  are  no  gaps 

-  Developing  conservotional  aspects  of  area  through  for  example  tangram  activities. 


(Mathematics  Counts,  Committee  of  Inquiry  into  the 
Teaching  of  Mathematics  in  Schools,  p.87, 1982) 
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-  Comparing  surfaces  (irregular  and  regular)  leading  to  notion  of  need  for  same  sized 
unit  to  be  used  for  covering  surfaces. 

-  Recognizing  need  for  a  standard  unit  of  measure  of  surface  and  for  this  to  be  based  on 
unit  of  length  leading  to  introduction  of  square  centimetre. 

-  Measuring  area  of  irregular  and  regular  shapes  by  counting  squares. 

-  Using  grids  of  squares  for  measuring  area. 

-  Begin  to  calculate  area  of  a  rectangle  on  the  basis  of  the  number  of  squares  in  a  row  and 
the  number  of  rows. 

Advice  for  teachers  often  as  here  is  accompanied  by  expressions  such  as  "Now  children 
realise  that ..."  Our  research  was  with  mathematics  teachers  of  children  aged  8  - 13  years. 
The  teachers  were  pursuing  a  master's  degree  part-time.  The  research  involved  interviews  of 
teacher  and  children  together  with  observation  of  the  teachers  in  their  classes  carrying  out 
their  lesson  plans,  as  shown  in  table  2: 

Table  2:  Research  Methodology 

writing  of  a  scheme  of  work  or  teaching  plan,  in  some  detail  by  the  teacher  (these  were 
discussed  with  the  researchers); 

interviewing  of  six  children  in  the  class  to  be  taught,  before  the  specific  teaching  of  the 
topic  took  place 

reporting  by  the  teacher  of  any  change  to  the  lesson  plan  and  the  provision  to  the 
researcher  of  work  cards,  assignment  sheets,  etc.,  used  in  class; 
teaching  of  the  topic 

interviewing  of  the  six  children  immediately  before  the  formalisalion  experience  was 
planned  to  take  place; 

observation  and  tape  recording  by  the  researcher  of  the  formalisation  lesson(s); 
interviewing  of  the  same  children,  three  months  later 
Table  3:  Topics  Explored 

Nature  of  rormalisalion 
Decomposition  (changing  the  values  in  units,  lens,  etc.) 
Able  to  generate  a  set  of  equivalent  fractions  (ascertain 
whether  two  fractions  are  equivalent) 
pi  as  a  constant  ratio  and  the  formula  C  =  nrf  or  Im 
The  formula  V  =  /  x  /j  x 
The  formula  /I  =  /  x  ca 

Method  of  solution  -  'doing  the  same  to  both  sides' 
Using  a  method  for  producing  an  enlargement  (using  scale 
factor,  centre  of  enlargement,  and  'pattern  lines') 


Topic 

Place  value:  subtraction 
Equivalent  fractions 

Circumference  of  a  circle 

Volume  of  a  cuboid 

Area  of  a  rectangle 

Equations 

Ratio:  enlargement 
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Notable  results  were: 

a)  Success  rates  in  understanding  and  remembering  the  forma Hsat ions  v/ere  low. 

t 

b)  The  provision  of  materials  and  the  subsequent  lessons  did  not  produce  the  same  effect  of 
learning  with  all  the  children  being  taught,  even  in  a  class  of  eight! 

c)  Some  three  months  after  the  practical  experience  only  one  child  remembered  that  it  led 
up  to  the  formalisation,  most  of  the  participants  did  not  connect  the  two  experiences 
(practical  and  formal). 

d)  On  some  occasions,  although  the  teacher's  intention  was  to  lead  to  the  formalisation  the 
material  given  to  the  children  did  not  facilitate  this.  For  example,  the  best  way  to  use 
bricks  which  are  easily  separated  from  each  other  (such  as  Unifix)  to  solve  65  -  29,  is  to 
remove  the  two  'tens*  then  another,  break  off  one  unit  and  count  what  is  left. 


65 
-29 

□ 

□ 

□ 

□ 

□ 

Figure  3:  65-29  with  bricks 

This  is  completely  at  variance  with  the  algorithm  which  was  the  objective  of  the  scheme.  In 
this  the  'Ones'  column  is  dealt  v/ith  first  and  when  there  arc  insufficient  'ones'  for  removal  to 
lake  place,  a  'ten'  is  broken  down  into  'ones'. 

Before  we  recommend  to  teachers  that  they  use  manipulatives  we  should  advise  them  to  view 
the  appropriateness  and  limitations  of  the  materials  for  the  purpose  of  leading  to  and 
authenticating  a  part  of  formal  mathematics. 

e)  The  time  spent  on  the  scheme,  sometimes  as  long  as  nine  weeks,  was  often  heavily 
weighted  to  the  practical  work  and  very  little  time  was  given  to  the  articulation  of  the 
formula  or  rule. 

f)  Sometimes,  with  children  who  had  difficulties  in  applying  the  rules,  the  teacher  would 
advise  them  to  return  to  the  concrete  aids.  This  advice  presupposed  that  they  could 
remembers  the  connection  and  that  they  could  re-invent  the  model.  This  is  extremely 
difficult  and  in  some  cases,  such  as  the  demonstration  of  equivalent  fractions  ^  =  you 
need  to  know  the  rule  before  you  can  select  the  appropriate  amount  of  material. 
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We  need  to  research  when  manipulatives  are  appropriate  as  well  as  the  balance  of  time 

given  to  different  activities  within  the  same  scheme. 
An  interested  observer  might  have  asked  of  each  teacher  "Vlhj  are  you  doing  this?".  A 
participant  child  might  have  asked  the  same  question.  No  teacher  explained  why  one  might 
prefer  to  have  a  generalisable  method  for  solving  problems.  Only  two  teachers  gave  partial 
reasons  1)  "You  do  not  want  to  carry  bricks  around  all  your  life"  and  2)  "Let  us  find  the 
volume  of  this  room.  Can  we  fill  it  with  cubes?"  Do  we,  as  adults,  embark  on  large 
commitments  of  time  without  having  a  reason  for  so  doing?  Do  we  continue  to  attend 
classes,  (language,  car-driving,  ski-ing  or  pottery),  if  we  do  not  know  the  intended  outcome? 
Do  we  not  leave  the  class  if  we  are  unsuccessful? 

A  follow-up  piece  of  research  (Hart  and  Sinkinson,  1988)  also  involved  observation  of 
teachers  in  the  same  situation  as  described  in  CMF.  However,  in  this  additional  research  the 
researcher  and  teacher  discussed  and  planned  a  possible  'bridging'  activity  to  forge  a  hnk 
between  the  concrete  materials  and  the  formalisation.  This  activity  was  to  be  of  a  distmctly 
different  type  from  those  used  in  the  concrete  and  formalisations  stages.  It  could  be  a  link 
with  graphs,  tabulation  or  diagrams,  or  through  child  discussion.  Again  the  sample  was 
composed  of  teachers  stiidying  for  a  master's  degree  in  mathematics  education;  the  methods 
used  for  collecting  data  were  from  classroom  observation  and  interviews  with  both  teachers 
and  children.  The  analysis  showed  that  the  concrete  nature  of  the  materials  was  not  taken 
seriously  by  the  teachers  -  for  example,  using  pieces  of  wood  but  suggesting  a)  they  could  be 
cut  and  b)  that  the  children  pretend  a  piece  was  5  units  long,  then  17  units.  Children  know 
that  rods  in  the  mathematics  classroom  cannot  be  broken  and  are  made  in  multiples  of  other 
rods  so  cannot  be  5  units  and  then  17.  Of  great  importance  was  the  lack  of  pre-requisite 
knowledge  apparent  in  the  pre-test  of  many  child  participants.  The  time  taken  for  the  'bridge 
activity  was  very  brief  and  in  one  case  was  set  as  homework.  It  seems  that  more  work  on 
useful  'bridging'  activities  needs  to  be  done. 

Putting  Research  Into  the  Teachers'  Hands 
Most  teachers  use  lexllmks  most  of  the  time 

There  are  few  pieces  of  research  concerning  how  teachers  use  textbooks  or  how  they  choose 
the  ones  they  will  use.  The  research  community  has  tended  to  look  at  other  activities  in  the 
classroom  rather  than  al  the  activity  which  predominates.  Is  this  because  we  feel  there  is 
nothing  we  can  do  about  textbooks  or  that  they  should  not  be  used  anyway?  A  popular  belief 
in  many  countries  is  that  teachers  should  write  the  materials  they  use  in  class  and  lhat  they 
need  to  be  working  towards  this  goal.  Some  teachers  do  write  some  material  and  its 
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effectiveness  very  often  depends  on  them  being  in  ihe  room  to  explain  and  amplify  the 
mathematics  contained  in  it.  Nuffield  Secondary  Mathematics  (Hart,  1992)  was  a  curriculum 
development  project  which  was  to  produce  materials,  using  available  research,  for  the  age 
range  11-16  years.  The  initial  plan  was  that  teacheis  should  write  it  in  their  spare  time!  Fifty 
teachers  sent  material  as  examples  of  their  work  and  expressed  an  interest  in  writing  for  the 
project.  The  work  of  seven  was  coherent,  clearly  explc.'ned  and  useful,  even  without  the 
author's  presence  to  teach  it.  If  a  teacher's  job  is  to  fc';ach,  possibly  we  should  not  expect  them 
to  be  writers  as  well?  All  materials  were  tried  by  teachere  in  their  own  classrooms  and  it  is 
here  that  their  expertise  is  so  valuable.  There  were  three  sorts  of  Nuffield  material,  a)  topic 
books  on  five  different  mathematical  strands  (Number,  Algebra,  Space,  Probability  and 
Statistics  and  Measurement),  2)  books  of  problems,  projects  and  investigative  situations  and 
3)  guides  for  teachers.  The  intention  was  to  match  the  topic  book  to  the  attainment  level  (in 
that  topic)  of  the  child  and  so  enable  progression  to  be  made  going  from  one  success  to 
another,  It  was  thus  of  great  importance  that  one  should  not  overestimate  the  child's 
knowledge  and  provide  him  with  material  on  which  he  was  bound  to  fail.  Teachers  were 
provided  with  questions  for  interviewing  pupils,  written  questions  and  clues  on  what  seemed 
to  be  essential  prerequisites,  so  that  they  could  make  a  sensitive  assessment  before  assigning  a 
book.  They  were  asked  to  group  together  the  children  using  the  same  book  so  that  the  task  of 
leaching  did  not  become  impossible  and  so  that  they  could  introduce  new  content  and 
respond  to  problems.  I  discounted  suggestions  that  the  children  should  be  always  'stretched' 
since  this  implies  that  they  will  always  find  mathematics  hard  and  often  a  cause  of  failure. 
The  expression  'stretch'  reminds  one  of  the  theory  that  the  brain  is  a  muscle  which  must  be 
constantly  exercised  to  keep  it  in  good  repair.  A  theory  destroyed  by  the  research  evidence  of 
Thorndike  in  the  nineteen-twenties. 

The  intention  was  that  the  investigative  work  (in  the  other  set  of  books),  be  attempted  by 
everybody  and  therefore  in  many  tasks  there  were  problems  requiring  a  minimum  of 
computational  skills  as  well  as  those  assuming  a  higher  order  of  these.  Investigative  tasks 
are  designed  so  that  children  can  demonstrate  thinking  skills  and  be  involved  with  processes 
rather  than  facts.  How  does  the  child  come  to  know  that  this  is  needed?  We  assume  often 
that  'the  c'.^ild  will  come  to  realise  that'  there  is  a  pattern  to  be  found  or  an  hypothesis  to  be 
formed.  In  our  experience  children  could  work  on  eight  such  taskc  and  not  realise  that 
'looking  for  a  pattern'  or  'isolating  and  listing  the  variables'  were  general,  useful  strategies. 
Why  not  encourage  teachers  to  point  these  out?  Building  the  child's  co!ifidence  so  that 
he/she  can  reflect  on  her  own  resources  and  plan  an  approach  to  solving  a  problem  using 
mathematics  is  of  paramount  importance.  Similarly  providing  sufficient  reference  material  in 
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each  classroom  for  the  child  to  feel  supported,  is  surely  worthwhile.  That  is  the  way  adults 
work. 

Confidence 

1  dare  suggest  that  most  mathematics  teachers  have  studied  mathematics  at  a  high  level 
because  they  considered  they  'were  good  at  it'  for  most  of  their  school  careers.  In  Britain, 
teachers  do  not  encourage  children  to  pursue  the  study  of  mathematics  after  the  age  of  16 
unless  they  are  considered  to  be  very  successful  in  learning  it.  At  University,  those  who 
survive  the  course  are  mathematically  talented. 

Making  decisions  based  on  a  personal  estimate  of  success  and  expected  future  success 
requires  confidence.  Confidence  is  based  on  feeling  and  good  experiences.  It  is  not 
dependent  on  constant  challenge  and  likely  failure. 

According  to  the  Oxford  dictionary,  confident  means  finn  trust;  assured  expectation;  self- 
reliance;  boldness;  impudence. 

When  discussing  attitudes  and  achievement,  or  the  affective  and  cognitive  domains  we 
should  be  aware  of  the  part  played  by  confidence.  You  do  not  become  confident  through 
liking,  but  you  do  like  a  task  because  you  are  confident  that  you  are  in  control  of  it.  My 
opinion  is  that  in  teaching  mathematics  to  children  one  should  strive  to  provide  them  with 
enough  mathematics  so  that  they  confidently  apply  and  use  what  they  know.  I  say  'provide' 
because  it  is  the  teacher's  responsibility  to  foster  this  confidence  and  to  see  that  the  learner 
meets  with  success.  This  is  not  to  say  that  the  child  is  always  given  tasks  which  are  found 
very  easy,  but  that  whatever  he  is  set  to  do  is  within  his  powers.  We  must  not  set  teachers 
and  children  tasks  on  which  they  will  fail.  This  is  cruel  and  time-wasting.  The  child  has  only 
so  many  years  in  which  to  prepare  for  adulthood  and  a  lifetime  of  work.  What  he  does  in 
school  is  of  vital  importance.  What  his  teacher  does  plays  a  large  part.  Is  his  teacher  trying  to 
put  into  practice  theories  which  seldom  work  as  intended  and  which  are  adjusted  (in  many 
different  ways)  to  suit  the  circumstances? 

P.M.E.,  in  my  opinion,  should  be  in  the  forefront  of  providing  evidence  for  teachers  on 
effective  ways  of  learning,  on  misconceptions  children  have,  and  we  must  start  acquiring  data 
to  support  the  theories  we  espouse. 

Remember,  if  you  are  being  fed  by  a  'plain  cook'  it  might  be  best  to  have  the  food  he  can  ct>ok, 
everyday,  rather  than  starve  until  he  is  able  to  produce  a  single  gourmet  dinner. 
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Practical  Requirements 
to  Psychological  Research 

In  Mathematics  Education 

Ichici  HIRABAYASHI 
(  Kogakkan  University,  Japan  ) 

Resume 

The  main  purpose  of  this  lecture  is  to  ask  more  attention  to  the  hng-lasting 
effects  of  mathematics  education  and  to  stimulate  those  psycholo)^ical 
researches  which  could  contribute  to  produce  ,suc/i  educational  efficiencies. 
Because  t}\e  co-operation  between  psychologists  and  mathematics  educators 
of  this  country  is  not  so  close  and  most  results  from  psychological  laboratories 
have  not  been  so  useful  to  class-room  practice  as  they  might  be,  Oie  more  we 
wish  to  ask  psychologists  to  co-operate  with  us  and  to  make  more  efforts  in 
promoting  such  researches.  Especially  we  wish  to  develop  the  research 
from  the  viewpoints  of  constructivism  rather  than  formalism,  because  it  may 
be  believed  that  the  former  might  be  more  promising  to  produce  long-lasting 
educatiorml  effects  in  the  cultural  formation  of  pupils. 

I.  Some  of  My  Concerns  to  Psychology 

At  the  beginning  of  my  lecture,  I  should  like  to  talk  about  my  relation 
to  PME.  In  the  conference  of  PME  in  Sydney  1984,  I  happened  to  be 
elected  as  a  member  of  international  committee  and  since  then  I  have  had 
some  concerns  to  academical  activities  of  this  international  study  group. 

Among  others  it  was  happy  and  exciting  for  me  to  have  many  new 
acquaintances  of  many  countries  and  in  various  professional  fields: 
psychologists,  mathematicians,  educators  and  teachers  in  each  school  level 
In  this  group,  all  of  them  could  be  gathering  in  a  room  to  discuss  common 
problems  and  each  could  have  something  useful  to  develop  his/her  own 
theme.  In  this  country  there  is  not  yel  established  such  a  place  like  this 
where  not  only  mathematicians  or  mathematics  educators  but  also 
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professional  standpoints. 

Since  long  before  I  have  sincerely  expected  various  supports  from 
psychology  to  problems  practical  and  theoretical  in  mathematical  education. 
I  myself  had  some  of  psychologist  friend,  but  when  I  asked  to  one  of  them 
to  work  with  me  on  the  problem  of  psychological  nature  in  our  field,  he 
coldly  refused  my  propose  only  saying  that  he  was  too  busy  in  his  job  to 
think  over  other's  problem  and  more  than  that,  because  he  was  weak  in 
mathematics.  And  at  that  time  he  argued  that  mathematics  educators  should 
be  psychologist  and  develop  their  own  problems  by  themselves  from  the 
available  psychological  viewpoints  and  using  psychological  methods  if  they 
need. 

Since  then  I  have  studied  some  of  psychology  by  myself,  but  still 
now  I  wonder  if  !  have  become  psychologist  enough  to  be  able  to  develop 
the  psychological  problems  in  the  area  of  mathematics  education  by  myself. 

Such  being  the  case,  I  was  very  happy  to  be  a  member  of  PMB  and 
could  enjoy  the  opportunities  to  have  many  instnictions  from  there.  But 
still  I  often  wonder  if  I  really  understand  the  aims  of  the  establishment  of 
this  study  group  at  the  first  time  by  Prof.  Efraim  Fischbein  in  1977.  Some 
years  before  I  had  an  opportunity  to  read  the  proceedings  of  the  earlier 
international  conferences  of  this  group,  but  I  could  not  find  more  detailed 
description  on  the  requirements  of  its  foundation  than  what  we  can  read  in 
the  constitution  of  PME. 

One  of  my  psychologist  friend,  who  has  a  sharp  tongue,  once  cited 
a  famous  Japanese  word  originated  from  olden  Chinese  to  express  the 
nature  of  PME.  That  was  DOUSHOU-IMII  which  is  literally  translated  as 
"different  dreams  in  the  same  bed".  He  meant  that  in  PME  mathematics 
educators  would  expect  something  useful  to  their  teaching,  while 
psychologists  wish  to  find  something  suitable  to  demonstrate  their 
psychological  theories  using  mathematics  as  an  experimental  material 
because  mathematics  is  very  simple  and  easy  to  treat  with. 

To  my  regret,  the  connotation  of  this  Chinese  word  is  not  so  good 
and  often  it  is  used  to  underestimate  other's  behavior  or  achievement.  But 
in  our  case  of  PME,  I  should  like  to  give  it  a  good  meaning.  We  are  in  the 
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same  bed  and  never  mind  if  wc  dream  different  dreams  if  the  dreams  are 
happy  and  encourage  us  in  our  scientific  activities. 

I.  A  Brief  Htstorical  Survey 

Roughly  divided,  class-room  practice  depends  on  two  sorts  of 
philosophy:  formalism  and  constructivism,  both  of  which  wc  can  trace  its 
historical  origin  in  this  country. 

The  aims  of  this  lecture  is  to  have  a  grasp  of  interrelations  between 
class-room  practice  and  psychology,  and  to  ascertain  the  place  where  our 
co-operation  Is  required  and  to  develop  a  new  horizon  of  the  research  in  the 
teaching  of  mathematics. 

Before  going  into  the  main  consideration,  it  would  be  advisable  to 
give  a  brief  information  ul'  the  history  of  education  of  this  country  in 
focusing  on  the  methodological  philosophy  in  teaching  arithmetic  because 
we  have  inherited  and  still  now  we  have  maintained  at  least  some  parts  of 
these  traditions. 

As  Prof,  von  Olascrsfeld"*' said  in  one  of  his  articles,  "changes  of 
thinking  and  of  attitude  one  has  to  make  are  formidable"  much  like  a 
change  of  the  physical  habits,  every  teacher  in  each  generation  taught 
pupils  as  he/she  was  taught  by  his/her  teacher.  Even  if  a  teacher  admits  in 
the  mind  a  new  thought  as  a  promising  one,  it  is  scarcely  possible  to 
change  his/her  method  of  teaching  actually  along  with  that  thought.  Under 
these  circumstances,  some  old  methodological  thoughts  are  still  surviving 
even  in  today's  schools,  and  it  would  be  admitted  and  reasonable  to  retrospect 
the  old  state  of  affairs  of  class-rooms. 

Soon  after  the  beginning  of  Westernization  (1867),  In  the  new  school 
system,  the  modern  methods  of  teaching  were  introduced  by  the  strong 
leadership  of  the  new  government.  It  was  called  'developmental  mode  of 
teachii-"'  which  was  imported  from  the  United  States  of  America  and,  as 
widely  known,  it  was  originated  in  Pestalozzi's  educational  thoughts.  But 
this  mode  of  teaching,  perhaps  contrarily  to  the  founder's  orighial  intention, 
v/as  badly  formalized  in  the  class-room  practice,  and  curiously  enough, 
there  are  some  signs  that  this  was  theoretically  systematized  by  the  English 
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empiricism,  philosophy  of  tabula  rasa.  I  believe  tliis  was  tlie  origin  of 
formalism  as  the  methodological  thought  of  class-room. 

Afterward,  around  1990,  though  this  method  was  replaced  by  the 
"formal-stages  method"  of  Herbart,  the  nature  of  formalism  itself  was  still 
more  strongly  fostered  in  tlie  mind  of  teachers.  Rven  today  we  can  often 
clearly  recognize  traces  of  Hcrbartian  formalism. 

Contrary  to  a  notorious  philosophy  of  formalism,  the  origin  of 
constructivism  of  this  country  is  not  so  clearly  identified  even  among  Japanese 
teachers.  But  1  dare  say  that  it  was  J.  Dewey's  book  "Psychology  of  Number"'^' 
written  with  his  colleague  J.  A.  McUllan  in  1895.  This  book  was  introduced 
arounri  1900  but  it  was  severely  abused  and  rejected  by  the  then  top-leader 
of  mathematics  education  Prof.  R.  Fujisawa  as  a  careless  and  faulty  book. 

Sonic  years  ago,  1  happened  to  read  this  book  and  was  very  much 
impressed  to  sec  there  the  fundamental  conceptions  of  J.  Piaget's 
epistcmology.  I  still  clearly  remember  some  passages  that  struck  me  intensely; 
it  was  almost  as  follows: 

"Number  is  not  a  property  of  the  objects  which  can  be  realized  through  the 

mere  use  of  the  senses  ,  but  objects  are  not  number.       docs  the 

bare  |)erccption  constitute  number."  (p.  24) 

"Number  is  a  product  of  the  v/ay  in  which  the  mind  deals  with  objects  in 
the  operation  of  making  a  vague  whole  definite."  (p.  32) 

1  had  also  become  acquainted  at  that  time  with  some  of  Piaget's 
books.  But  it  was  felt  to  me  a  little  strange  that  Piagel  didn't  mention  any 
reference  to  Dewey  so  far  as  I  read.  As  is  well-known,  Piagct  v/as  the 
author  of  hooks  of  enormous  volumes  and  in  somewhere  he  might  have 
referred  to  Dev/ey.  I  should  be  very  much  obliged  if  someone  knows  the 
place  and  tell  me. 

1  was  heard  that  this  Dewey's  book  was  highly  evaluated  as  the 
origin  of  his  'instrumentalism'  a  unique  aspect  of  his  magnificent  philosophy. 
However,  the  direct  influence  of  this  book  to  our  country  was  very  small, 
while  all  his  thoughts  was  strongly  and  widely  influenced  as  a  general 
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philosophy  of  education. 

Including  Dewey's  thoughts,  many  varieties  of  educational  and 
methodological  philosophy  were  introduced  around  1920  from  Europe  and 
America  under  the  name  of  New  Education,  and  the  main  features  of  them 
were,  I  could  say,  constructivistic  and  stood  against  Herbartian  formalism 
which  had  been  long  reigning  with  authorized  theory  of  teaching. 

Under  these  historical  circumstances,  various  kinds  of  educational 
philosophy  have  been  permuting  in  the  school  practice  and  become  to  be 
main  features  of  today's  class-room.  But  I  should  like  to  divide  them  roughly 
into  two  sorts:  formalism  and  constructivism.  But  rather  than  to  say  so,  it 
may  be  more  appropriate  to  say  that  we  can  have  a  line  of  spectrum  of 
methodological  philosophy,  one  edge  of  which  is  formalism  and  another  is 
constructivism  and  in  some  position  between  these  two  edges  each  philosophy 
may  be  posed.  In  the  extremity  of  one  edge  is  situated  the  so-called 
'aamming  system',  and  in  the  other  may  be  the  current  'radical  constructivism', 

1  would  not  assent  to  vanish  other  philosophy  in  favor  of  one;  every 
philosophy  has  both  merits  and  demerits,  and  for  the  practitioners  a  matter 
of  importance  is  not  the  theoretical  consequence  but  the  practical  efficiency. 
And  it  is  my  requirement  from  practical  viewpoints  for  psychological  research 
to  examine  more  closely  the  actual  teaching  and  learning  phenomena  and 
pioposing  teachers  with  psychologically  sound  suggestions  so  that  they 
could  improve  their  lessons  and  produce  more  effective  and  valuable 
educational  results. 

3.  Some  Examples  in  Class-room 

Now  in  the  following,  I  will  show  some  examples  of  class-room 
events  which  I  myself  have  experienced.  The  aims  of  this  is  to  expose 
some  psychological  implications  which  may  be  concealed  in  these  examples 
and  to  have  the  suggestions  on  the  possible  improvement  of  the  ways  of 
teaching  from  there. 

1  have  read  the  lale  Prof.  H.  FreudcnthaU^'  in  some  of  his  papers 
saying  that,  it's  important  in  the  research  of  mathematics  education  to  examine 
'paradigmatic'  examples  and  scrutinize  them  carefully  before  generalization. 
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I  cannot  say  whether  the  following  examples  are  really  paradigmatic  or  not, 
but  they  were  very  much  impressing  or  even  shocked  to  me,  and  1  hope 
they  will  stimulate  some  of  your  interests. 

I  have  begun  my  professional  life  as  a  mathematics  teacher  in  a 
secondary  school.  One  of  the  examples  which  I  wish  to  show  you,  happened 
at  that  time.  I  had  taught  how  to  solve  'linear  equation'  in  the  8th  grade 
class  and  gave  pupils  some  of  exercise  problems.  A  pupil,  who  was  rather 
able  in  mathematics,  was  noticed  to  me,  because  he  seemed  not  to  do 
exercise  diligently  but  was  doing  something  wrong  to  his  neighbour  friends. 
I  went  to  him  and  asked  "Did  you  finish  all  the  exercises?".  "Yes  sir, 
aheady."  he  replied  and  certainly  he  had  done  all.  Then  I  asked  again  "Did 
you  examine  the  answer  by  substitution?",  but  he  was  somewhat  hesitating, 
so  I  urged  him  saying:  "Substitute  your  answer  into  the  left  side  of  the 
equation  and  calculate."  He  did  it  correctly  and  speedy.  "And  next,  to  the 
right  side.",  I  said.  He  obediently  did  the  same  thing  about  the  right  side. 
He  had  solved  the  equation  corcectly  and  his  numerical  calculations  were 
all  correct,  and  so  it  is  natural  the  answers  of  the  two  sides  were  equal. 
Then  I  said  "So  you  see  that  the  two  sides  are  equal,  don't  you?"  At  this 
moment,  this  pupil  cried  "Arah,  honto  daV  in  Japanese.  I  don't  know  how 
to  translate  this  Japanese  into  the  suitable  English,  and  asked  my  friend 
English  teacher.  She  put  it  like  this:  "Oh!  marvellous,  I've  not  come  up 
with  it."  He  seemed  as  if  he  did  not  expect,  or  didn't  know  that  the  two 
sides  come  necessarily  to  equal,  though  he  solved  the  equation  correctly. 

This  young  teacher,  that  was  I,  was  also  very  shocked,  far  more  than 
that  pupil  cried.  Certainly  he  taught  how  to  solve  the  equation,  and  all  his 
pupils  came  to  solve  equation  correctly,  but  he  did  have  forgotten  to  teach 
what  does  it  mean  to  solve  equation.  Never  the  less,  it  would  be  sure  that 
this  pupil  succeed  in  the  entrance  examination  to  the  upper  school,  because 
for  the  paper  test  it  is  enough  for  pupils  to  have  an  ability  more  or  less  to 
solve  equation  or  the  like  correctly,  even  if  he  didn't  know  what  it  mean  to 
solve  it. 

In  this  country,  the  competition  in  the  entrance  examination  is  very 
severe  and  most  of  it  is  done  through  the  paper  test,  but  it  will  be  very 
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difficult  for  this  kind  of  test  to  measure  the  degree  of  understanding;  in  this 
kind  of  tests  it  is  only  possible  to  estimate  overt  abilities  and  for  the 
learning  of  these  the  formalistic  method  of  teaching  will  be  the  most 
promising.  And  here  is  the  reason  why  the  'cramming  system'  is 
welcomed  by  not  only  pupils  but  also  parents  and  often  by  teachers 
themselves.  But  this  is  rather  a  superficial  problem.  The  more  serious 
problem  of  psychological  nature  is  that  pupils  are  seemed  to  be  intrinsically 
fond  of  learning  under  the  formalistic  method  of  teaching. 

If  it  is  the  case,  it  may  not  be  a  good  policy  of  teaching  to  recommend 
exclusively  constructive  mode  of  teaching  for  the  real  understanding  of 
mathematics.  It  seems  that  the  constructivism  is  the  main  current  mode  of 
teaching  and  formalism  is  often  imprudently  rejected,  but  the  good 
compromise  of  them  or  'complirnentalization'  of  them  would  be  the  most 
real  resolution,  which  is  expected  not  only  for  the  practical  but  also  for 
psychological  research. 

Another  example  that  I  wish  to  show  you  is  very  simple.  It  also 
surprised  the  young  teacher  in  teaching  'simultaneous  equations'  in  the 
same  class  as  above.  He  noticed  a  girl  who  was  in  trouble  to  solve  an 
equation,  and  I  went  beside  her  and  suggested:  "You  had  better  vanish  x 
instead  of  y."  But  to  his  great  surprise  she  vanished  x  by  rubber  eraser. 

1  am  not  talking  to  you  a  comic  short  stoiy.  I  seriously  beg  your 
notice  to  the  fact  that  in  the  formalistic  teaching,  mathematical  object  is 
often  treated  as  if  it  were  physical  object  which  is  possible  to  move,  carry, 
connect,  separate  or  vanish.  In  mathematics  we  express  mathematical  ideas 
or  operations  in  words  analogically  to  physical  things  or  actions.  And  we 
should  notice  that  a  word  is  Ihc  most  formalistic  object  convenient  to  treat 
as  if  it  were  physical  objects,  and  often  be  taken  as  its  denotation  itself. 

It  may  be  also  psychological  problem  to  research  how  mathematical 
notations  or  technical  terms  are  'really'  interpreted  in  the  mind  of  pupils 
and  what  role  they  arc  playing  in  pupils'  mathematical  thinking. 

Like  examples  that  I  mentioned  above,  in  the  class-room  we  can 
often  take  a  quick  look  of  the  phenomenon  which  deserve  more  detailed 
psychological  investigation.  I  believe  that  to  catch  it  quickly  belongs  to  the 
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sensibility  of  teacher  or  even  to  the  quality  of  teacher.  And  psychologists 
would  be  able  to  have  many  challenging  problems  from  such  teachers. 

4.  Aspects  of  Mathematics  Classroom 

It  may  be  an  unique  scene  of  this  country,  1  believe,  that  the  research 
of  mathematics  education  has  a  close  relation  with  teaching  practice  of 
daily  mathematics  class-room.  And,  many  of  leading  teachers  are  actively 
joining  in  the  research  activities  and  they  have  their  own  national  or  regional 
meeting  including  some  of  university  professors. 

However,  perhaps  because  of  immaturity  in  methodological  technique 
and  the  complexity  of  problems,  most  of  class-room  informations  coming 
from  these  meeting  have  been  left  without  scientifically  sound  inspections 
especially  from  the  psychological  viewpoints.  In  order  to  organize  these 
enormous  accumulation  of  informations,  I  believe,  it  will  be  the  most 
necessary  to  classify  them  into  some  categories.  As  such  categories  1  wish 
propose  a  tentative  division  of  teaching  scenes  which  is  referred  as  "aspects 
of  class-room  lesson".  This  idea  conies  to  me  in  regarding  mathematical 
thinking  as  a  kind  of  "model  thinking".  They  are  as  follows: 

1)  Understanding  Aspect 

Here  pupils  use  models  to  understand  new  mathematical  knowledges 
and  skills  and  these  models  are  usually  given  by  teacher  from  among  what 
seemed  to  be  well-known  to  pupils;  especially  in  primary  schools,  they  are 
often  topics  from  daily  life  familiar  to  children:  playing,  buying,  games, 
school  or  social  events,  etc.. 

2)  Application-exercise  Aspect 

After  they  have  well  understood  mathematical  contents,  pupils  go 
into  the  exercise  using  that  mathematics  as  the  model  to  solve  new  problems; 
in  case  of  arithmetic  these  problems  are  often  called  'application-problem', 
'practical  problem'  or  'real  problem'. 

Here  we  should  notice  thai  in  this  aspect  the  learned  mathematical 
knowledge  come  to  be  model  and  the  new  problem  is  so-called  "prototype" 
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which  is  to  be  solved  using  this  mathematical  "model".  In  the  first  aspect 
mathematics  was  prototype  and  daily  topic  was  model,  while  in  this  second 
aspect  the  role  of  the  two  is  reversed.  1  have  often  observed  that  the  teacher 
didn't  well  understand  this  important  reversal,  especially  in  arithmetic  class- 
room, because  there  appears  seemingly  the  same  daily  topic  as  a  model  in 
one  aspect  and  as  a  prototype  in  another. 

3)  ProMem-solving  Aspect 

The  most  characteristic  feature  of  this  aspect  is  that  pupils  should 
make  a  mathematical  model  by  themselves  which  is  suitable  for  solving  the 
problem  they  are  confronted  with,  instead  of  only  using  the  given  models. 
Often  pupils  are  required  to  combine  several  models  that  they  have  learned 
or  to  invent  a  new  model,  but  anyhow  in  this  aspect  there  is  a  fundamental 
difference  from  the  second  in  that  the  models  themselves  should  be  made 
by  pupils. 

Fundamentally  and  psychologically,  it  should  be  the  most  serious 
problem  to  reflect  "what  is  model  and  what  role  does  it  play  in  scientific 
thinking?".  Exclusively  on  this  problem,  I  know,  an  international 
colloquium^^^  was  once  held  and  as  such  this  problem  is  too  comprehensive 
to  discuss  hastily  in  this  place.  But  it  should  be  important,  though  it's  a 
matter  of  course,  to  understand  clearly  that  "model",  whatever  it  may  be,  is 
a  well-known  something  while  "prototype"  is  an  unknown  thing  to  be 
investigated,  and  our  thinking  goes  from  the  known  to  the  unknown. 

Among  these  three  aspects,  the  second  and  the  third  were  actively 
investigated.  The  second  aspect  (application-exercise)  is  the  counterpart  of 
calculation  exercise  and  has  been  closely  studied  since  Thorndike  and  his 
colleagues,  mainly  from  the  formalistic  standpoints.  The  third  aspect 
(problem-solving)  is  the  hottest  field  of  research  in  today's  mathematics 
education  and  is  developing  mainly  from  constructivistic  standpoints.  But 
the  first  aspect  is  the  most  crucial  especially  from  the  constructivistic 
viewpoints  and  is  still  left  without  conclusive  means  of  teaching.  So,  1  will 
mention  some  examples  of  this  aspect  which  show  how  difficult  it  is  to 
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select  models  suitable  to  pupils*  well  understanding  of  mathematical  concepts. 

The  first  example  happened  in  the  class  of  the  6-th  grade  in  a  primary 
school.  The  teacher  wished  to  introduce  the  concept  of  'ratio'  for  the  first 
time.  At  the  beginning  of  the  lesson,  he  asked  pupils: 

"In  which  they  feel  more  narrow  between  5  men  in  6  mats-room  and  7 
men  in  8-mats  room?" 

Perhaps  as  you  know,  in  this  country  we  often  express  the  width  of  a 
room  by  the  number  of  mats  called  'tatami'  and  this  is  a  well-known  situation 
for  pupils.  A  pupil  immediately  hold  up  his  hand,  and  answered: 

"  It's  the  same,  because  in  both  cases  everyone  has  one  mat  each  and 
one  mat  is  left." 

A  very  much  reasonable  answer  it  was,  but  for  the  teacher  it  was  a 
very  much  troublesome  answer  which  disturbed  him  to  introduce  the  concept 
of  ratio. 

The  next  example  was  in  the  same  grade  of  another  school.  Soon 
after  learned  the  addition  of  two  fractions,  a  pupil  came  to  the  teacher  to 
argue  that  "  3/4  -f  5/6  is  equal  to  8/10  ".  The  reason  which  this  pupil 
explained  was  almost  as  follows: 

"In  one  basket  there  4  apples,  3  of  which  arc  red,  that  is,  3/4  of 
which  is  red.  In  another  basket  there  arc  6  apples,  5  of  which  arc  red,  that 
is,  5/6  of  which  is  red.  If  we  add  together  these  two  baskets  of  apples  and 
make  a  new  basket,  we  have  10  apples  in  it,  H  of  which  arc  red  ,  that  is, 
8/10  of  the  new  basket  is  red." 

These  two  examples  give  us  a  common  advice  to  teaching:  in  the  first 
aspect  when  we  introduce  a  new  concept,  we  should  deliberately  select  an 
appropriate  model.  In  reality  "appropriateness"  of  a  model  is  the  most 
crucial  in  the  first  aspect,  most  of  which  research  arc  committed  to  the 
co-operation  of  practitioners  and  researchers  including  psychologists. 

5  .  Residue  of  Mathematics  Education 

In  our  research  we  are  apt  to  turn  our  attention  only  to  short-term 
results  instead  of  the  long  lasting.  For  instance  we  often  say  we  have  had  a 
good  results  in  mathematics  education  on  the  base  of  the  children's  good 
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marks  in  the  test  immediately  after  the  teaching.  But  the  real  achievements 
of  education  as  such  should  be  estimated  fairly  long  after  leaving  schools. 

In  connection  to  this,  1  am  tempted  to  talk  about  an  anecdote  which  I 
myself  experienced.  Many  years  ago  1  was  working  as  a  lecturer  in  a 
women's  college  to  teach  girl  students  majoring  in  home  domestic  science 
some  technique  of  statistics.  At  the  first  lesson  1  wished  to  know  how  much 
they  were  keeping  high  school  mathematics  and  give  them  some  written 
questions  on  it.  Among  them  I  asked  to  write  down  Pythagorean  ITieorem, 
not  the  proof  of  it,  only  its  description.  The  ratio  of  right  answer  to  this 
question  was  only  1/4  or  1/5, 1  remember.  One  of  the  students  wrote  to  me: 
"I  am  sorry  I've  completely  forgotten  because  in  these  days  1  didn't  do 
math."  Another  student  wrote  only  a  formula:  a^  +  b^  =  c^.  I  called  her  to 
me  and  asked  what  a,  b,c  mean.  She  only  replied  "1  don't  know."  as  if  it  is  a 
matter  of  no  concern  to  the  answer. 

It  was  only  three  months  after  they  had  left  high  school  and  their 
mathematical  abilities  might  be  considered  to  have  decreased  to  one-fifth 
of  the  beginning.  If,  at  this  rate,  the  mathematical  knowledge  disappears 
from  their  heads,  it  would  be  the  most  probable  that  it  rapidly  tends  to  zero 
soon  after  leaving  from  school  and  going  out  into  the  world.  It  may  not  be 
the  psychological  problem,  but  it  is  certainly  a  serious  political  problem: 
why  should  we  pay  so  much  money  to  mathematics  education  which  produces 
only  such  a  poor  result. 

Someone  said  that  it  will  be  sure  that  the  residue  of  mathematics 
education  seems  to  be  very  small  but  it  is  on  the  superficial  knowledge  and 
skill;  we  have  surely  achieved  much  in  cultivating  mathematical  ways  of 
thinking  or  attitude.  We  will  be  happy,  if  it  is  true,  but  how  could  we  prove 
that  it  is?  Is  it  possible  to  prove  it  psychologically  so  as  to  persuade 
politician  to  issue  more  financial  support,  and  give  a  good  psychological 
suggestion  to  teachers  so  as  to  promote  much  more  result  in  this  domain? 

In  schools  of  this  country,  perhaps  in  the  same  way  as  other  countries, 
we  keep  a  record  of  each  pupil  on  his/her  achievement  of  each  school 
subject  and  improvement  of  behavior,  which  is  called  "Student  Record". 
There  we  can  read  items  of  "evaluation  view -points"  of  each  school  subject. 
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It  was  newly  revised  last  year  but  in  arithmetic  section  of  the  former 
edition  they  were  four  as  follows: 

1.  knowledge  and  understanding 

2.  skill 

3.  mathematical  thinking 

4.  interest  in  and  attitude  to  quantity  and  figure 

In  these  four  items,  the  former  two  ( 1.  and  2.)  seem  to  correspond  to 
the  short-term  achievement,  and  the  latter  two  ( 3.  and  4.)  have  comparatively 
long  lasting  effect  and  need  a  long  time  for  their  formation. 

In  connection  of  this  division,  I  should  like  to  refer  to  an  article  of 
Dr.  Kratzf*^  in  Germany,  who  divided  mathematical  contents  into  two  sorts: 
"Aufbaustoff  (constructing  materials)  and  "Entfaltungsstoff"  (fostering 
materials).  And  I  believe  this  division  corresponds  respectively  to  that  of 
our  evaluation  items  mentioned  above.  The  former  may  be  constitution  or 
frame  of  mathematics  and  the  latter  may  be  said  to  be  flesh  or  muscle  of 
mathematics.  The  former  is  easy  to  teach  but  easily  forgotten,  while  the 
latter  is  seemed  to  be  not  so  easy  to  form  but  have  a  long  duration.  To 
which  should  we  give  the  prominence  of  education? 

The  moderate  answer  would  be  "to  both",  but  we  should  notice  that 
every  material  has  more  or  less  both  two  characters  in  each  and  it  is 
difficult  to  cut  them  out  and  to  favor  the  one  exclusively  to  the  other. 

Nonetheless  until  now  in  this  country,  we  had  to  make  a  great  favorite 
of  the  former  (1.,  2.)  because  teachers  have  an  urgent  requirement  to  train 
pupils  for  the  entrance  examination  in  which  mathematical  achievements 
are  mainly  evaluated  in  knowledges  and  skills.  But  on  the  other  hand,  it 
was  true  that  various  educationally  ill  effects  appeared. 

1  am  not  sure  it's  because  of  these  circumstances  or  not,  however,  the 
evaluation  viewpoints  of  the  Student  Record  were  changed  in  the  new 
revision  last  year  as  follows: 

1.  interest,  v/illingness  in  and  attitude  to  arithmetic 

2.  mathematical  thinking 

3.  representation  and  processing  of  quantity  and  figure 

4.  knowledge  and  understanding  of  quantity  and  figure 
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An  attention  should  be  paid  to  the  order  of  description  of  the  items, 
though  the  order  may  not  be  the  order  of  importance.  Roughly  speaking, 
the  order  of  first  couple  (1.  and  2,)  and  the  last  couple  (3.  and  4,)  of  the 
former  edition  seems  to  have  changed  in  this  new  revision.  In  fact  some  of 
members  who  concerned  themselves  with  this  revision  said  that  they  had 
intended  to  show  the  change  of  importance  of  items  in  changing  their 
description  order,  and  it  is  happy  if  it  was  the  case,  I  think. 

During  my  lecture,  some  of  you  would  remember  the  famous 
distinction  of  mathematical  understanding  according  to  Dr.  Skemp: 
instrumental  and  relational  understanding^^\  1  think  this  is  also  the  same 
division  in  understanding  as  I  showed  above  in  other  researching  areas  of 
mathematics  education.  Dr.  Skemp  also  emphasizes  the  educational 
importance  of  relational  understanding  for  its  duration  in  one's  life. 

6.  Concluding  Remarks 

In  this  lecture,  perhaps  some  of  you  are  aware  that  I  am  always 
standing  on  a  fairly  loose  dualism  which  may  be  a  common  conception  in 
the  division  of  formalism  and  constructivism  as  the  educational  thought, 
Dr.  Kratz's  division  of  teaching  materials,  two  kinds  of  evaluation-viewpoints 
of  Student  Record  in  this  country  and  Dr.  Skemp's  division  of  understandings. 

In  the  last  I  like  to  introduce  here  one  more  division  of  the  same  kind 
which  is  implied  in  a  Japanese  word  KYOUIKU  which  means  'education' 
in  English.  This  word  is  originated  in  Chinese  and  composed  of  two  words: 
KYOU  and  IKU,  which  means  'teaching'  and  'fostering'  respectively. 
Education  is  indeed  composed  of  this  two  activities,  and  1  am  very  proud  of 
the  implication  which  is  shown  in  this  Japanese  word  KYOUIKU. 

'Ihese  two  activities  in  education,  have  an  opposite  feature:  the  one 
is  teacher-centered  and  the  other  is  children-centered;  the  one  has  a  nuance 
of  physical  movement,  something  like  cramming  things  into  a  box,  the 
other  has  a  biological  analogy,  like  watering  and  fertilizing  to  plants;  the 
one  may  produce  an  immediate  results,  the  other  needs  a  long  time  to  sec 
its  real  effects. 

In  the  feature  of  'teaching'  we  have  been  given  already  much 
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information  from  psychological  researches  since  Thorndike,  but  in  the 
'fostering'  feature  we  have  still  now  rather  few.  As  a  requirement  from  th*'. 
practice  of  mathematics  education,  we  intensely  ask  to  psychological 
researchers  to  give  us  more  abundant  information  to  the  ways  of  fostering 
young  pupils  in  learning  mathematics  as  their  real  properties,  and  show  us 
more  promising  method  with  the  persuasive  proof  so  that  not  only  teachers 
but  also  parents  and  politicians  cannot  but  recognize  the  necessity  of 
mathematical  education  as  having  essential  and  good  effects  in  their  children's 
future  lives. 

References 

(1)  Dewey,  J.  &  Maclellan,  J.  A,  (1985)  :  Psychology  of  Number  Its 
Application  to  Methods  of  Teaching  Arithmetic  (New  York,  D.  Appeleton 
and  Company) 

(2)  Frcudenthal,  H.  ed.  (1961):  The  Concept  and  Role  of  the  Model  in 
Mathematics  and  Social  Sciences  (Dordrecht,  D.  Reidel  Publishing 
Company) 

(3)  Freudenthal,  H.  (1981):  Major  Problems  of  Mathematics  Education  ( 
Educb.  nal  Studies  in  Mathematics  12,  pp.  131  - 150) 

(4)  Kratz,  J.  (1978):  Wie  Kan  der  Geometrieunterrieht  der  Mittelstufe  zu 
Konstruktiven  und  Deduktiven  Denken  Erziehen  (Didaktik  der  Malhcmatik, 
Jg.  6,  Heft.2,  SS.  87  - 107 

(5)  Skemp,  R.  R.  (1976):  Relational  Understanding  and  Instrumental 
Understanding  (Mathematics  Teacliing,  No.77,  pp.  20  -  26) 

(6)  von  Glascrsfeld,  E.  (1990):  An  Exposition  of  Constructivism:  Why 
Some  Like  It  Radical  (Journal  for  Research  in  Mathematics  Education, 
Monograph  Number  4,  NCTM,  pp.19  -  29) 


I-4B 


RECONCILXNG     AFFECTIVE     AHD     COQKITIVE     ASPECTS  OF 
MATHEMATICS  LEARNINQ:  REALITY  OR  A  PIOUS  HOPE? 

Gilah  C.  Leder 
Moncish  University  -  Clayton 
Victoria,  7\ustralia 

INTRODUCTION 

I  hated  doing  that  maths  test..  .  .  I  was  so  tense  about 
the  whole  thing  I  can't  ev^n  rememher  the 
^Istions,,..  Feeling  dreadfuJ  I  tried  to  put  thxngs 
into  perspective  ^hen  I  ^ot  home.  (Rosemary,  a  inature 
student) 

Affect  is  a  term  used  to  denote  'a  wide  range  of  concepts  and 
phenomena   including  feelings,    emotion,   moods,    motivation,  and 
certain  drives  and  instincts'    (Corsini,   1984,  p.   32).  Much  has 
been  written  about  the  distinctions  between  attitudes,  beliefs, 
moods  and  emotions.   Useful  discus£=ions  with  reference  to  this 
issue  in  mathematics  education  can  bo  found  in  Hart   (1989)  and 
McLeod  (1987;  1992).  The  former,  for  example,  designated  beliefs 
^to  reflect  certain  types  of  judgements  about  a  set  of  objects' 
(Hart    1989,  p.  44),  attitudes  'to  refer  to  emotional  reactions 
to  the  object,  behavior  toward  the  object,  and  beliefs  about  the 
object'     (p.    44),    and   emotion    'to   represent    a    hot  gut-level 
reaction'    (p.   44).   In  this  paper  I  do  not  wish  to  explore  these 
distinctions,  despite  the  importance  of  ensuring  that  terminology 
facilitates,     rather     than     hinders     or     clouds,     debate  and 
discussion.  Reference  to  a  commonly  used  definition  of  attitudes 
serves  as  a  partial  justification  for  this  decision. 

Attitudes  involve  what  people  think  about,  feel  at)o"t, 
and  how  they  would  likl  to  behave  toward  an  attitude 
oSjec?    Behavior  is  not  only  determined  by  what  people 
wouJd  likG  to  do  but  also  by  what  they  think  they 
should  do?  that  is,   social  norms,   by  what  they  have 
usuaUy    done,     that    is    haMts      and    the  expected 
consequences  of  behavior.   (Triandis,  1971,  p.  14) 
This  conceptualisation  of  attitudes  suggests  that  an  individual's 
attitudes    towards    mathematics    can    be    inferred    from  her/his 
emotional   reaction  to  mathematics,    avoidance  or   selection  of 
mathematical  activities,  and  beliefs  about  mathematics.  Previous 
patterns  of  behaviour  and  anticipated  consequences  of  the  path 
considered  may  also  influence  the  course  of  action  ultimately 
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undcrtakon.  A  journal  entry  iUustratos  the  different  factors 
highlighted. 

Thinking  bcick  to  thope  first  few  lectures  way  back  in 
Septomber,  ...  I  thought  of  math  ac  a  scriea  of  Dtcpc 
that  followed  one  after  the  othor.  If  the  steps  were 
taught  well,  math  was  easy.  If  a  teacher  skipped  some 
stops  then  math  was  hard.  I  had  a  very  narrow  view 
about  math  and  my  own  personal  fear  further  restricted 
that  view.  1  always  felt  that  a  person  could  cither  do 
math  well  or  couldn't  do  it  at  all  and  that  when  you 
did  math  it  was  either  right  or  wrong,  Thi«  course 
certainly  changed  my  mindl 

My  first  attempts  at  working  from  the  book  Thinking 
Mathomatically  were  disastrous  and  frustrating.  ^1 
can't  do  this'  wat;  my  common  complaint  and  I  began  to 
experience  again  the  agony  of  math  classes.  It  wasn't 
until  well  into  the  cour«e  that  I  began  to  put  one  and 
one  together  ...  By  personally  attacking  the  problems 
it  became  clear  that  there  were  no  right  or  wrong 
methods.  Math  was  personal  and  1  could  use  which  over 
approach  suited  me  best.  Often  problems  involved 
sowG  thinking,  figuring  out,  and  rcattacking  the 
problem....    (Brandau,   1988,  p.  197)' 


In  V-hio  paper  T  trace  the  work  on  affect,  in  its  broadest  sariso, 
presented  at  PMK  conferences  in  the  last  ton  years,  and  examine 
its  themes,  strengths  and  wcakncsMt'w.  A  brief  comparison  is  also 
made  between  this  work  and  research  activities  and  trends 
reported  beyond  PME.  Finally,  1  describe  some  of  my  own  work 
involving  a  new  approach  to  tho  measurement  of  attitudes  and 
related  factors  towards  mathcmaticy. 


AFFECT  AND  MATHEMATICS  EDUCATION:   A  OKCADE  IN  PME 

The  major  goals  ot  tho  Group  are: 

.  To  promote  intornational  contacts  and  tho  exchango 
of  nciGntific  information  in  tho  psychology  of 
mathematics  oclucntion; 

.  To  promo t a  and  st i mu late  i nterdiscipl i na ry  research 
in  the  aforesaid  aroa  with  the  cooperation  of 
psychologists,  mathematicians  and  mathematics 
teachers ; 

.  To  further  a  deeper  and  better  understanding  of  the 
psychological  aspects  of  teaching  and  learning 
mathematics  and  tho  imp] i cations  thereof.  (Extract 
from  the  History  and  Aims  of  tho  PMK  group) 


'Articles  which  appeared  in  PME  proceedings  are  not 
referenced  separately 
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That  rO!50arch  reports  on  affective  issues  worn  presented  at  each 
PMF.  conference  hold  between  1993  and  1992  is  no  doubt  a 
reflection  ol  the  increasingly  widespread  recognition  among 
mathematics  educators  that  under  st  binding  the  nature  of 
mathcwatics  learning  requires  exploration  of  affective  as  well 
as  cognitive  factors.  The  substantial  body  of  research  reported 
over  the  years  is  not  readily  categorised.  The  space  restrictions 
rigidly  enforced  in  the  Conference  Proceedings  severely  limit  the 
amount  of  material  and  information  able  to  bo  presented  by 
authors,  and  increase  the  pos^jibility  of  misinterpretation  of 
their  work.  Ac  McLcod  (1987)  has  noted?  ^It  seems  to  me  that 
short  papers  like  these  may  constitute  a  form  of  projective  test; 
readers  are  likely  to  see  in  the  papnr  roflcGtions  of  their  own 
interests'  (p*  170).  Undoubtedly,  my  own  interests  have  affected 
the  choice  of  articles  reviewed  and  the  material  highlighted  and 
summarised-  For  ease  of  presentation  and  discussion  I  have 
selected  the  following  groupings:  mensuromcnt  of  affective 
factors  -  with  qondcr  being  a  further  variable  of  interest  in 
some  of  these  studioo,  descriptive  studies,  and  comparisons  of 
affective  and  cognitive  variables.  Tt  scarcely  needs  to  be  said 
that  these  divisions  are  somewhat  simplistic,  overlapping  and 
certainly  not  unique. 

Meaaur^mant  of  aff«ctiv«i  faotorn 

An  interesting  feature  of  the  research  that  falls  most  readily 
into  this  category  is  the  variety  of  settings,  educational  and 
geographic,  in  which  the  work  reported  was  carried  out-  Most  of 
the  studies  used  primarily  self -report  measures.  A  small  number 
compared  self -report  measures  with  observational  or  physiological 
data-  Details  of  the  samples  and  instruments  used  in  selected 
studies,  as  well  as  the  affective  variable (s)  of  primary 
interest,  are  given  in  Table  1- 


3ja^la_JtJ  OverviQw:  ineasurGment  of  affoctivc  '-'actors' 
Author (9)     Y«ar  flampla 


Abrcu , 
Bishop,  & 
Pompcu 

Amit 


liarboza 


Bchario  & 
Noidoo 


Pompcu 

Crti moli , 
Bc>n- 

Cha  i  HI ,  & 
Fronku 


Evanu 


Evanc 


FrcBko  & 
13  en -Cha  im 


1992     8-16  year  old 

students ;  teachors , 
Brazil 

1988     univeraity  students, 
Icrael 


1984     grade  10  t^tudents, 
Austi'dlia 


1989  DtudcintG  in 

gradca  7,  8  and  9  at 
a  multicultural 
nchool  in  ^iouth 
Africa 

1989      toacherB,  Brazil 


198<)      junior  hi(jh  riohool 
clariiiior,  and 
toachi^ri:,  t^rac?! 


1988     prc-Dorvico  primax-y 
school  teachers,  the 
U.K. 


198/      adults,  U.K. 


1991     mature  atudonts.-., 
U.K. 


198b     olcraontary  toachors, 
Israel 


Af  f  •.ativo 
var.-iabl«( 

intorvirtw  ■  , 
quc.stionn  irt;. 
(bcliofs,  ittiiudDs) 

tJolf-roport:  .'.ikurt 
sc a Ic.is  (a t: ttinutions 
for  ,\niccQaii  aid 

aolf-roport. :  )..lkc) 
f.calGa  (at'.titudos  ^ 

inter  v'iowii 

(attitudei^  -  ,i\at}  if, 
signiticai  t  oihcnf, 
iichonl ) 

quGBtioMnciice  iter  s; 
ronkinqsi  (attitude 

oe If -report:  4  point 
Likort  Gcalc, 
quoBtionnaire  itomy 
(porcQptionE  of 
cia'jisroom  Xoarning 
environment) 

Kelf-roport ;  Likert 
Gcalc  and 
observations 
(ctttitudo,  liking, 
confidonco) 

self --report:   7  point 
rJ-kert  Gcalo; 
interview  (mnths 
anKioty) 

quectionnaire  itema, 
interview  (maths 
anxioty) 

Golf-report:  4  point 
Likert  scales 
(contidcnco) 


list 


'The  entries  in  this  table  are  not  included  in  the  reference 
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Author  (fl)     Year  Sainpl« 


Gentry  &       1987      liberal  arts 
Underhill  students,  the  U.S.A. 


Glencross     1984     high  school 

students ,  Z  imbabwe 


Hadass  St 
Movsho- 
vitz- 
Hadar 

Kuyper  & 
Otten 


Kuyper  & 
van  der 
Werf 


Legault 


Leder 


Leder 


Lucock 


1989      high  school 

students,  Israel 


1989     secondary  students, 
the  Netherlands 


1990     teachers  and 

secondary  school 
students ,  the 
Netherlands 


1987      6th  grade  students, 
Canada 


1939     students  in  grades  3 
and  6,  Australia 

1992     grade  7  students, 
Australia 


1987      junior  high  school 
students,  U.K. 


MoLcod , 
Metzger, 

Craviotto 


1989     undergraduate  and 
research 
mathematicians, 
U.S.A. 


HcLeod,         1990  undergraduate 
Craviotto  students,  U.S.A. 

&  Ortega 


lnstr\ments  6 
Af f«ctivo 
variabiles) 

self-report,  paper- 
and-pencil 
questionnaire  and 
e lect r ony og  raph 
(math  anxiety) 

self-report; 
semantic 

differential  and 
sets  of  true-false 
statements 
^attitudes; 

self -report:  4  point 
Likert  scale  (test 
anxiety) 

se3f -report:  6  point 
Likert  scales 
(satisfaction  with 
academic  choice) 

self-report:  Likert 
scale  items  and 
observations 
^expectations; 
attitudes; 

projective 

technique:  Rorschach 
and  Thematic 
Apperception  Test 
(math  anxiety) 

seJ  f -report; 

interview 

^attitudes; 

self-report  measures 
(various) , 
observations 
('attitudes; 

self -report: 
interview; 
observations 
^attitudes; 

interview  ^emotions; 


self-report: 
interview  and  graph 
(emotions) 
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Author (s)      Year     Sample  Instrument*  fi 

Aff active 
variable (s) 

Miller  1987      students  in  grades  1     self-report:  Likert 

to  12,  the  U.S.A.  scale;  ?  second 

self-report  scale ; 

interviews 

(attitudes) 


Minato  & 
Kamada 


Moreira 

Mukuni 

Noss  fit 
Koyles 


Oprea  & 
Stone- 
water 


Otten  & 
Kuyper 


1992      students,  Japan 


1991     primary  teachers, 
Brazil  &  the  U.K. 


1987      high  school  students 
in  Kenyan  schools 

1991     secondary  maths 
teachers,  U.K. 


1987  expcjrienced 

teachers,  the  U.S.A. 


1988      14-15  year  old  high 
school  students,  the 
Netherlands 


self-report 
measures;  semantic 
differential  and 
Likert  scales 

self-report:  5  point 
Likert  scale 
(attitudes) 

sslf-report :  Likert 
scale  (attitudes) 

interviews,  written 
work,  observations 
(attitudes) 

self-report :  Likert 
scale;  open  ended 
items  {belief 
systems) 

self-report 
questionnaire  items 
(attitudes) 


Ponte 


Ponte  et 
al 


Relich 


Relich 


Schif ter 


1990  mathematics 

teachers ,  Portugal 


1992      7th  and  lUth  grade 
students,  Portugal 


1984      grade  6  students, 
Australia 


1992      teachers,  Australia 


1990 


mathematics 
teachers,  the  U.S. 


questionnaire  items 
(attitudes, 
particularly  to 
aspects  of 
computers) 

documental  analysis, 
interviews, 
observations 
(attitudes) 

se] f-report 
questionnaire  items 
(learned 
helplessness) 

self -report:  8  poin- 
Likert  scale, 
interviews  (self- 
concept 

self -reports  journal 
entries  (feelings) 
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Author <s)      Yaar     BmmpXo  Instruments  4 

Aff«ctiv« 
varlabls (a) 

Schroeder      1991     grade  4  students,  self-report: 

teachers  questionnaire  items 

-  some  Likert  scale 
(attitudes  and 
beli&fs) 

Scott-  1990     practising  interviews 

Hodges  &  mathematicians  and  (attitud&s) 

Lerman  math  educators 

UndeiThill      1990     district  and  school       interviews  (?) 

staff,  the  U.S.A.  (beliefs) 

Visser  1988      7th  and  9th  grade  self-report:  Likert 

students  &  their  scales  ^'attitudes  - 

parents.  South  11  scales) 

Africa 

Yackel,  19  89      2nd  grade  students,  observations 

Cobb,   &  the  U.S.A.  {emotions) 

Wood 

The  entries  in  Table  1  illustrate  the  range  of  axfective 
variables  explored  and  terminology  used.  Those  studies  which 
included  gender  as  an  iinportant  independent  variable  (e.g.  Amit, 
1988;  Evans,  198  7;  1991;  Jackson  and  Coutts,  1987;  Kuyper  & 
Otten,  1989;  Kuyper  &  van  der  Werf,  1990;  Leder,  19  89;  Lucock, 
1987;  Mukuni,  1987;  Otten  and  Kuyper,  1988;  Visser,  1988) 
generally  reported  more  functional  responses  from  males  than 
females . 

The  data  in  Table  1  also  confirm  the  popularity  of  Likert  scales 
as  a  tool  for  eliciting  attitudes  towards  and  about  mathematics. 
Interviews,  journal  extracts,  and  observational  data  have  become 
more  prevalent  in  recent  research.  While  multiple  measures  were 
generally  seen  as  an  opportunity  to  optimise  data  gathering, 
contradictory  findings  obtained  from  different  techniques  have 
also  been  reported.  Thus  in  the  one  study  in  which  self -report 
and  physiological  data  were  compared,  the  authors  concluded  that 
there  was    insufficient   evidence  to   indicate   that  a 
linear   relationship  exists  between  paper-and-pencil 
(MAI)  and  (EMG)  physiological  measures  of  mathematics 
anxiety,    implying   that   the  two   instruments   may  be 
tapping    different    dimensions    of    the  mathematics 
anxiety  construct.   (Gentry  &  Underhill,  1987,  p.  104) 
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D«sorlptiv«  studies 

Among  the  research  reports  that  included  affective  factors  as 
variables  of  interest  were  a  number  which  presented  limited  data 
on  this  aspect  in  their  report  of  more  extensive  work  carried 
out.  Of  those  who  included  teacher  factors,  Grouws  et  al  (1990) 
noted  that  teachers  generally  did  not  expect  students  to  perform 
well  on  problem  solving  tasks  and  planned  their  teaching 
accordingly,  Nolder  (1990)  described  difficulties  perceived  or 
experienced  by  teachers  wishing  to  introduce  innovative 
practices,  while  Noss,  Hoyles,  and  Sutherland  (1990)  examined 
teachers'  views  and  attitudes  about  mathematics,  mathematics 
teaching,  and  computers  before  and  after  special  in-service 
activities.  Turning  to  those  )nore  concerned  with  students, 
Bassarear  (1987)  speculated  whether  students'  attitudes  towards 
learning  mathematics  might  be  obstacles  to  constructivist 
instruction.  The  influence  of  significant  others  (peers, 
teachers,  ...)  on  student  motivation  and  self-perceptions  was 
emphasised  by  Bishop  (198b),  while  Eisenberg  (1991)  described 
exemplar  methods  for  building  students'  self-confidence  in 
mathematics.  Lacasse  and  Gattuso  (1987;  1988;  1989)  attempted  to 
overcome  negative  atiiitudes  towards  mathematics  through  carefully 
planned  instructional  activities.  Klein  and  Habermann  (1988) 
reviewed  relevant  Hungarian  work.  Lester  and  Kroll  (1990) 
concluded  that  ^willingness  to  be  reflective  about  one's  problem 
solving  is  closely  related  to  one's  attitudes  and  beliefs'  (p. 
157),  Mevarech  (1985)  found  that  students  involved  in  Computer 
Assisted  Instruction  showed  lower  mathematics  anxiety  than  those 
in  other  programs,  and  Sierpinska  (1989)  hypothesised  that 
children's  attitudes  towards  the  rules  of  mathematics  influence 
the  acquisition  of  new  concepts. 

Results  from  studies  with  more  detailed  information  about 
affective  and  performance  variables,  and  their  interaction, 
warrant  closer  attention. 

Affsctlva  und  cognltivs  variablsa 

The  considerable  variety  in  the  ages  of  the  samples  and  settings 
used  in  the  research  reported  was  inevitably  reflected  in  the 
diversity  of   instruments  selected  as   indicators  of  cognitive 
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performance.    In    line   with    findings    reported    elsewhere,  the 
influence    of    affective    variables    on    achievement    scores  - 
frequently    assessed    through    correlational    techniques    -  was 
typically  weak  and  positive.  One  large  scale  study  revealed  : 
Detailed  analyses  of  correlations   b<Btween  students' 
achievement  and  their  attitudes,  beliefs,  and  opinions 
have  shown  that  students  with  positive  attitudes  (e.g. 
those   responding   that  mathematics    is   important,  or 
easy,  or  enjoyable)  generally  scored  5%  to  10%  higher 
than    students   with   negative   attitudes,  (Schroeder, 
1991,  p.  244) 

Compatible  trends  were  described  in  a  small  case  study  carried 
out  at  Potsdam  College,  an  institution  located  close  to  the 
Canadian  border  in  New  York  state  and  recognised  for  its  success 
in  attracting  large  numbers  of  students  into  rigorous  mathematics 
programs: 

The  predominant  characteristic  of  this  environment  is 
its  culture  of  success.  Students  ...  are  more 
concerned  about  whether  they  will  do  well  enough  to 
achieve  high  honours  in  a  course  rather  than  whether 
they  will  fail  it.  They  expect  to  do  well  and  they 
do  There    is    a    strong    belief    in    the  students 

ability  to  master  difficult  ideas  in  mathematics  and 
this  is  communicated  to  the  students  who  in  turn  come 
to  believe  in  themselves.    (Rogers,   1988,  p.  539) 

Acceptance  of  the  link  between  affective  and  performance 
variables  is  implicit  in  a  curriculum  initiative  such  as  that 
described  by  Movshovitz-Hadar  and  Reiner  (1983).  Video-programs, 
aimed  at  improving  motivation  and  decreasing  fear  and  dislike  of 
mathematics  were  used  to  introduce  grade  4  students  to  a  variety 
of  mathematical  topics.  Whether  or  not  the  anticipated 
performance  benefits  were  realised  was  not  revealed  in  the  report 
included  in  the  Proceedings. 

Extensive  theoretical  papers  are  beyond  the  space  constraints 
imposed  on  the  written  contributions  for  the  PME  proceedings. 
Nevertheless,  there  were  reports  of  fruitful  and  constructive 
attempts  to  integrate  affective  and  cognitive  factors.  Goldin's 
(1908)  inclusion  of  >affective  states'  in  his  model  of  competence 
in  problem  solving  is  noteworthy  in  this  context,  as  were  the 
richer  portrayals  of  the  role  of  affect  in  mathematics  learning 
and  problem  solving  depicted  through  student  reflections  in 
journals  or  interviews   (see  entries  in  Table  1)  .  Other  studies 
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that  went  beyond  comparisons  or  correlations  of  test  data  in  an 
effort  to  identify  interactions  between  affective  and  cognitive 
variables  were  those  which  drew  substantially  on  observational 
data  (e.g.,  Coutts  &  Jackson,  1987;  Jackson  &  Coutts,  1987; 
Kuyper  &  van  der  Werf,  i990;  Leder,  1992;  Lucock,  1987;  Noss  & 
Hoyles,  1991;  Yackei,  Cobb,  &  Wood,  1989)  .  An  important 
contribution  was  also  made  by  McLeod  who  presented  a  theoretical 
framework  for  research  on  affect  and  problem  solving  (McLeod, 
1985;  1987).  Subsequent  research  (McLeod  et  al,  1989;  1990) 
reflects  their  admonition  that  ^research  on  affect  should  include 
the  use  of  individual  observations,  clinical  interviews,  and 
teaching  experiments'  (McLeod,  1987,  p.  138),  techniques  that 
have  increased  our  understanding  of  cognitive  development. 

BEYOND  PME 

Piaget  saw  affect  as  a  kind  of  motor  that  propelled 
but  did  not  shape  intellectual  development.  Most 
motivational  theorists  adopt  a  similar  perspective: 
the  nature  of  mathematics  is  given,  the  role  of 
motivational  theory  is  to  understand  the  conditions 
under  which  children  will  like  it  enough  to  learn  it. 
(Papert,   1986,  p.  57) 

In  common  with  trends  observed  in  many  other  countries,  formal 
Australian  curriculum  documents  now  frequently  refer  to  the 
import  ince  of  students'  attitudes  towards  school  and  learning. 
The  influential  National  Statement  on  Mathematics  for  Australian 
Schools  (Australian  Education  Council,  1991)   is  a  good  example: 

An    important    aim    of    mathematics    education    is  to 
develop     in     students     positive     attitudes  towards 
mathematics,...    The    notion    of    having    a  positive 
attitude  towards  mathematics  encompasses  both  liking 
mathematics  and  feeling  good  about  one's  own  capacity 
to    deal    with    situations    in    which    mathematics  is 
involved,   (p.  31) 
Yet  when  outcomes  to  be  achieved  are  enumerated  in  some  detail 
they  are  generally  confined  to  cognitive  behaviours.  Drafts  of 
the  National  Curriculum  Profiles  (Australian  Educational  Council, 
1992)  which  operationalises  the  more  general  outlines  given  in 
the  National  Statement  prescribe  that  students  should  be  able  to 
*pose  questions',  ^justify  conjectures',  use  appropriate  problem 
solving  strategies,   *  identify  assumptions',   Werify  solutions', 
and  *give  logical  accounts  of  their  mathematical  work'.  There  is 
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no  explicit  reference  in  the  Profiles  to  attitudinal  goals.  That 

this   is   not   an   isolated   example   of   a    lack   of   attention  to 

affective  factors  can  be  inferred  from  comniGnts  made  by  McLeod 

(1992)  and  Schoenfeld  (1992),   for  example. 

Research  on  affect  has  been  voluminous,  but  not 
particularly  powerful  in  influencing  the  field  of 
mathematics  education.  It  seems  that  research  on 
instruction  in  most  cases  goes  on  without  any 
particular  attention  to  affective  issues.  (McLeod, 
1992,  p.  590) 

Excluded  from  ^most  cases'  are  those  concerned  with  gender 
related  differences  in  mathematics  learning,  whose  work  McLeod 
acknowledges  as  having  made  an  impact  on  the  development  and 
delivery  of  the  mathematics  curriculum  and  other  selected 
programs. 


Measurement,  rattier  than  instructional  issues,   arc  an  integral 

part  of  Schoenfeld 's  concerns.  Measurement  issues  are  also  the 

focus  of  the  final  part  of  this  paper. 

The  arena  of  beliefs  and  affects  needs  concentrated 
attention.  It  is  basically  underconceptualized,  and  it 
stands  in  xieed  of  new  methodologies  and  new 
explanatory  frames.  The  older  measurement  tools  and 
concepts  found  in  the  affective  literature  are  simply 
inadequate;  they  are  not  at  a  level  of  mechanism  and 
most  often  tell  us  that  somBthing  happens  without 
offerinqf  good  suggestions  as  to  how  or  why.  .  .  .  Despite 
some  thcorf.tical  advances  in  recent  years  and 
increasing  interest  in  the  topic,  we  are  still  a  long 
way  from  a  unified  perspective  that  allows  for  the 
meaningful  integration  of  cognition  and  affect  or,  if 
such  unification  is  not  possible,  from  understanding 
why  it  is  not.    (Schoenfeld,  1992,  p.  364) 


It  is  beyond  the  scope  of  this  paper  to  discuss  other  areas  of 
concern.  Recognised  clearly,  inside  and  outside  the  PME  community 
is  the  need  to  go  beyond  self-report  questionnaires  and  simple 
performance  test  measures  if  an  integrated  perspective  between 
affective  and  cognitive  variables  is  to  be  achieved  (see,  for 
example,  McLeod  &  Adams,  1989;  McLeod,  1992).  Ensuring  that  the 
behaviours  sampled  reflect  those  encountered  in  a  realistic 
classroom  setting  imposes  a  further  challenge.  A  promising 
approach  for  interpreting  and  describing  students'  cognitive  and 
affective  engagement  in  mathematical  tasks,  tackled  during 
regular  p    hematics  lessons,   is  the  topic  for  the  remainder  of 
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this  paper. 

A  NEW  APPROACH  TO  MEASURING  COGNITIVE  AND  AFFECTIVE  BEHAVIOURS 

IN  THE  MATHEMATICS  CLASSROOM^ 

I  cannot  give  any  scientist  of  any  age  better  advice 
than  this:  the  intensity  of  the  conviction  that  a 
hypothesis  is  true  has  no  bearing  on  whether  it  is 
true  or  not,    (Medawar,  1979,  p.  39) 

A  number  of  important  self-imposed  requirements  shaped  the  design 
and  methodology  of  the  study: 

*the  setting  was  to  be  the  regular  mathematics  classroom 
*the  task  to  be  set  should  be  realistic  and  challenging 
^students  were  to  be  observed  working  in  a  collaborative  group 
setting 

^affective  behaviours  were  to  be  described  through  self-report 
and  observational  measures 

*specific  variables  included  in  models  hypothesised  to  explain 
gender  differences  warranted  particular  attention 
*a  period  of  sustained  obser\'ation  was  needed  if  high  as  well  as 
low  inferences  w^re  to  be  drawn 

Thtt  task  and  flatting 

Students  in  a  grade  7  class  were  asked  to  determine  the 
feasibility  of  building  a  new  canteen  in  the  school.  Recognising 
increased  pressures  on  existing  facilities,  the  school 
administration  was,  in  fact,  exploring  this  option.  It  was 
consistent  with  the  school's  philosophy  to  allow  students  to  put 
forward  their  views.  The  school  ^parliament'  was  a  particularly 
convenient  mechanism  for  this. 

The  28  students  in  the  class  w^re  arranged  by  the  teacher  into 
six  groups  of  four  or  five.  Eight  45  minute  lessons  were  allotted 
to  the  prescribed  task.  (Because  of  a  time-table  clash,  one  of 
these  lessons  was  not  observed.) 


'l  wish  to  acknowledga  the  contribution  made  by  Helen 
Forgasz  to  the  work  described  in  this  section 
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The  group  of  particular  interest  consisted  of  five  students: 
three  females  and  two  males.  Illness  or  participation  in  other 
activities  -  e.g.,  music  -  resulted  in  the  absence  of  some  of  the 
group  for  a  lesson,  or  parts  of  a  lesson. 

Proc«dur« 

Data  gathering  involved  videotaping  each  lesson,  transcribing  the 
tapes,  keeping  field  notes,  monitoring  students'  contributions 
and  reactions  to  the  work  done  each  day,  obtaining  self-report 
measures  of  students'  attitudes  and  beliefs  about  mathematics  and 
themselves  as  learners  of  mathematics.  Low  and  high  inference 
analyses  were  applied  to  these  data. 

variables  of  particular  interest 

Models  of  mathematics  learning  which  included  gender  as  an 
important  variable  are  summarised  in  Table  2.  Their  elements 
shaped  the  selection  and  content  of  the  self-report  measures 
which  were  administered  and  the  foci  of  the  observations. 


Table  2;  Selected  models  of  mathematics  learning 

Author (s)       Year       Relevant  components  in  the  model 

Deaux  &  1987        Beliefs  about  the  target,  about  self, 

H-jjor"  social  expectations,  effects  of  context, 

response  to  action  selected 

Eccles  1985        Persistence,  self-concept  of  ability, 

attitudes,  expectations,  attributions 

Ethinqton  1992  Self-concept,  expectations  for  success, 
stereotyping  of  mathematics,  difficulty 
of  mathematics 

Fennema  &        1985        Confidence,  willingness  to  work 
Peterson  independently,  sex-role  congruency, 

attributional  style,  engagement  in  high 

cognitive  tasks 

Leder  1990        Confidence,  attributional  style,  learned 

helplessness ,  mastery  orientation ,  sex- 
role  congruency 

Reyes  &  1988        Societal  influences,  teacher  attitudes, 

Stanic  student  attitudes 
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Low  lnf«r«nc0  data 

(1)  ObsBrvational 

An  overview  of  the  lessons  monitored  is  given  in  Table  3.  The 
students  who  were  present  and  a  brief  description  of  the  work 
given  is  shown  for  each  lesson.  The  data  provide  a  useful  context 
for  more  detailed  descriptions  of  other  events. 


Table  3 :  Overview  of  les 


Dat« 

Mon. 

26/8 


Tues . 
27/8 


Wed. 
28/8 


Qtudsntss 
present 

Ch,  C,  B,  M 
Absent:  J 


Ch,  M,  C 
(came  late) , 
Ben  (put  in 
by  DM  -  sent 
back  to  ov/n 
group  during 
lesson) 

Absent:  J  &  B 


J,      C,      B;  M 

Absent:  Ch 


Thurs.  J,  C,  Ch,  B, 
29/8  M 


sons  monitored* 

Main  activities 

DM  introduced  task;  class 
brainstormed  ideas 
Ch  nominated  as  group  co- 
ordinator 

discussion  about  questions  to 
include  in  survey;  which  classes 
to  survey;-  who  will  conduct  the 
survey 

DM  handed  out  survey  sheets  for 
class  to  complete  -  these 
comprised  the  Year  7  sample. 
Explained  how  survey  had  been 
compiled  and  completed  by  one 
Year  5  and  one  Year  6  class. 
Much  time  wasted  as  group  waited 
for  a  set  of  survey  sheets  to 
arrive  for  data  to  be  extracted 
Group  devised  own  means  for 
extracting  and  recording  data 

completed  data  extraction 
decided  how  data  to  be  plotted  on 
graphs 

responses  from  the  three  year 
levels  combined 

began  preparing  graph  sheets  and 
plotting  bar  graphs 

girls  coloured  bar  graphs, 
labelled  graphs  and  axes 
boys  carefully  plotted  graphs 
discussed  further  data  needed  and 
calculations  required  to  further 
argument  eg.  teachers'  views, 
projected  additional  monies  spent 
by  students,  projected  profits 


<B,  c,  Ch,  J,  and  M  are  students;  DM  is  the  teacher 
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Dattt 

Fri, 
30/8 


Students 
pr«s«nt 


Hon.  J,  C,  Ch,  B, 
2/9  M 


Tues. 
3/9 


Wed. 

4/9 


J  (arrived 
late 

following 
music 

lesson) ,  C, 
Ch,  B,  M. 

J,  C,  Ch,  B 
Absent:  M 


MAln  aotivltlsB 

Lesson  laissed  owing  to  timetable 
clash.  J.  wrote  summary  -  boys 
"arranged  and  argued  over  various 
mathematical  results";  girls  "began 
writing  up  our  report". 

DM  discussed  assessment  of  task 
girls  worked  on  writing  up  report 
boys  worked  on  mathematical 
calculations  related  to  projected 
profits  of  new  t/s  etc. 

typed  up  report  on  computer 
DM  suggested  the  need  to  show 
working  for  calculated  figures  - 
boys  worked  on  this;  they  told 
girls  how  to  integrate  figures 
into  report 

J  and  Ch  finished  off 
presentation  of  report 
C  and  B  did  v/ork  from  blackboard 
set  by  DM 


(2)  Self-report 

One  of  the  self-report  instruments  administered  at  the  end  of 
each  lesson  asked  students  to  indicate  their  feelings  about,  and 
understanding  of,  the  work  just  completed.  An  indication  of  the 
information  obtained  in  this  way  from  two  students  is  given  by 
the  excerpts  summarised  in  Table  4. 


Table  4 :  Student's  reflections  about  mathematics  lessons 


Student  Lesson 


Foal 

about 

lesson? 

Pleased 
Pleased 


Point  of 
lesson? 


graph  work, 
how  to 
cooperate 
^seeinsr 
whether  as  a 
group  WG 
could 

successful ly 
establish  a 
hypothesis 
based  on  our 
survey 
resul ts ' 


Understood? 


*I  understood' 


learnt  to  deduce 
facts  from 
graphs*  Easy  to 
understand 
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Studfint  Lsaaon 


about 

Neutral 


Frustrat 
ing 


Point  of 
Issson? 

Graph  work, 
working  with 
figures 
Sorting  out 
what  was 
messed  up  the 
previous 
2&sson 


Understood? 


Not  sure,  more 
figures  would 
have  helped 
Learnt  nothing, 
but  the  work  w-as 
easy 


Pleased 


Pleased 


Organisation 
and 

cooperation 


Finishing  the 
project: 
^frantic  but 
fun ' 


Understood  now 
it's  finished. 
^It  was  a  very 
good  project 
which  was 
difficult 
work  was  easy: 
^doesn^t  require 
much  thought' 


Despite  working  collaboratively  in  the  same  group  and  on  the  same 
task,  those  brief  excerpts  indicate  that  the  two  students 
differed  in  important  ways  in  their  perceptions  of  and  attitudos 
towards  the  lessons.  (Consistent  comments  were  made  with  respect 
to  the  other  lessons  and  in  interviews  conducted  at  a  later 
date.)  J  seemed  preoccupied  primarily  with  the  organisation, 
discussion  and  writing  up  of  the  work.  Graph  work  and  using  the 
calculator  were  further  singled  out  by  B.  J  seemed  more  confident 
than  B  that  she  had  understood  the  work.  The  observational  data 
gathered,  and  reported  next,  can  be  used  to  reinforce  or 
challenge  the  students'  comments. 


LGW/mediim  Inferanco  data 

The  nature  of  the  students'  activities  is  captured  by  o 
description  of  their  behaviours  during  two  time  intervals.  The 
first  reflects  what  took  place  some  six  minutes  into  the  lesson, 
the  second  what  took  place  about  half  an  hour  later.  Because  of 
space  constraints,  the  emphasis  is  on  the  activities  of  the  two 
students  already  identified. 
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Excerpt  1 
Description/ low  infaronce 

(1)  B  and  M  discuss  method 
for  drawing  graph.  M  is  still 
concerned  that  work  done 
previous ly  needs  to  be 
altered.  B  and  M  discuss  a 
sensible  scale  for  the  graph. 

(2)  Ch  and  J  continue  to 
colour  in  the  graphs.  J 
organises  labelling  of 
completed  sheets.  The  two 
discuss  whether  to  use 
pencils  or  tcxtas  and  whose 
pencils  to  use. 

F.xcerpt  2 

Description/ low  inferance 

When  DM  (the  teacher)  joins 
the  group  his  help  is 
enlisted  by  J  to  obtain  the 
information  on  profits.  DM 
outlines  the  most  significant 
relevant  findings.  i7,  D,  and 
M  interact  with  DM.  While  J 
is  vocal  and  engages  a  lot  of 
DM'G  attfmtion  her 
contribu':ions  are  often  a 
repetition  of  what  he  has 
just  said  or  an  irrelevant 
comment:   ^Well,   I  just  know  a 
lot  of  them';   'Why  not, 
that's  what  politicians  do.' 
Ch  does  not  seem  to  be 
involved  in  this  exchange. 
She  asks  M  advice  about  the 
presentation  format. 


Synth9sis/m«<!li\«i  inf*r«nc« 

B  and  M  work  on  labelling  tho 
axes  and  plotting  the  graph, 
J  and  Ch  colour  in  the  graph f 
exchange  pencils.  Soir.o  off 
task  discussion  takes  place 
between  J  and  Ch  to  which  C 
contributes . 

The  only  'cross  groups 
exchange  occurs  when  M 
comments  on  J's  pencil  case* 


synthosis/modium  inference 

While  highly  viaible  in  the 
exchange  with  D^,  J's 
suggestions  are  irrelevant 
rather  than  incisive.  M  and  B 
attend  to  DH  but  do  not 
interact  with  him  directly, 
mvertheless,  B  suddenly 
makes  a  constructive  (high 
cognitive)  suggestion  which 
seems  to  indicate  that  he  has 
been  following  DM's  train  of 
reasoning*  From  M's 
contribution  it  is  cJifficuit 
to  assess  what  he  is 
thinking,  Ch  continues  with 
hor  transcription  task. . . 


These  two  excerpts  reflect  the  different  tasks  taken  on  by  the 
students  in  the  group.  J  had  a  very  high  profile.  She  organised 
the  others,  spent  a  lot  of  time  colouring  in,  but  also 
participated  in  discussions  about  mathematics  with  DM  and  B  and 
M  in  particular.  Her  mathematical  reasoning  seemed  at  a  low 
rather  than  high  cognitive  level.  B  spent  most  of  the  lessons  at 
mathematically  relevant  tasks:  working  out  data  to  plot  the 
graph,  organising  new  material  into  a  suitable  format.  Where 
possible,  he  used  mathematical  reasoning  to  check  the  suggestions 
of  others  and  substantiate  liis  own  answers. 
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The  division  of  labour  was  reflected  in  the  students'  own 
assessments  of  their  engagement  during  the  lesson.  The  nature  of 
the  tasks  on  which  thx?.y  worked  clarifies  why  J  generally  found 
the  work  easy  while  B  considered  it  more  challenging. 

A  higher  inference,  fine  grained  analysis  of  the  students' 
conduct  and  discussion  again  allows  both  cognitive  and  affective 
behaviour?}  to  be  described.  The  context  provided  by  the  earlier 
descriptions  and  the  self-report  data  should  increase  the 
validity  of  the  inferences  made, 

Meilium/high  inference  data 

A  detailed  examination  of  excerpts  from  the  lesson  considered 
above   allows   the   students'    behaviours    to    be   described  and 
interpreted  in  considerably  more  detail. 
Kxcocpt 

Time:   3  5.49  -  40.18 

*  J:      DM/    is  there  a  copy  of  the  profits  of  the  tuckshop? 

'Cos  we're  going  to  nave  to  find  out  whether  they're 
going  to  make  a  profit  with  the  new  tuckshop 

j;  confide/ICG  (Ai'foct  (Aff),  High  Interencc  HI))  -  initiatOG 
discussion  with  DM  Jby  tho  quostion  (but  on  topic  already 
discussQd  among  group  mQi^bors)  .  May  Jbo  giving  DM  impression  of 
High  Level  (HL)  thinking. 

*  DM:     .^nd  they   said  they  make,    that  they   spend  on  their 

stock,  each  week,  $2000 
J:       $2000  a  week 
M:       (writing  it  down)   I  got  it 
DM:     And  they  make  $500  profit  on  it 
M:      So  they  make. . . 
J:      So  they  make  $2500  roughly 
M:       (to  DM)  So  they  ceil  $2500  worth 
DM:  Yes 

M:       ...and  they  spend  $2000 
DM:  Yes 

J :      Right,  so. . . 

M;  affirmation  from  important  other  (DM):  positive  feedback 
accompanying  independent  thinking  (cog,  HL) . 

*  B:      Does  that  include  electricity  as  well? 

DM:  No,  no,  that  doesn't  include  their  costs  for  labour... 
C:      What  does  it  cost? 

DM:     ...and  it  doesn't  include  their  costs  for  electricity, 

and  it  doesn't  include  their  costs  for  equipment 
B:       I  would  have  thought  they'd  lose  money 
DM:    What  they  do,  no,  they  don't  lose  money  and  they  don't 
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make  money,  they  break  2ven.  OK? 


B:    independent  thinking  (cog,  HL) 

C:  no  affirmation  (from  Din,  teacher)  :  ignored  (aff,  HI)  by  DM 
accompanying  question  which  reflects  independent  thinking  (cog, 
HL) .  C  reacts  by  tuning  out. 

*        DM:    Well,  how  do  they  make  the  profit?    How  is  the  profit 
made? 

J:  (M  begins  to  speak  simultaneously  but  stops)  By  people 
buying  things  and  people  said  they'd  buy... 

DM:  And,  by  buying  things  at  a  cost  greater  than  what  they 
pay  for  it,  right? 

J:  Mmm 

DM:    Now,   how  do  you   increase  your  profit?      ^ou  either 

increase  the  cost,  increase  your  price  or... 
B:      or  increase  tha  number  of  people  that  come  in 
DM:     (nodding)    or    increase   the   number   of   people,  good, 
increase  the  number  of  buyers  in  the... 

B:  affirmation  from  DM  (aff,  HI)  for  B  accompanying  independent 
thinking  (cog,  HL,  HI) 

This  brief  excerpt  illustrates  the  way  in  which  an  integrated 
description  of  students'  cognitive  and  affective  behaviours  can 
be  achieved.  Subtle  responses  and  reactions  were  also  able  to  be 
captured.  The  approach  adopted  allows  the  nature  of  the  tasks 
undertaken,  the  quality  and  cognitive  level  of  the  mathematical 
contributions  made  by  students,  as  well  as  their  affective- 
involvement  to  be  reported  in  detail  and  globally. 


It  was  a  conscious  decision  to  obtain  as  rich  a  context  as 
possible  for  the  high  inference  analyses  of  events  and  incidents 
that  occurred  during  the  lesson.  Drawing  on  the  full  sequence  of 
lessons,  gathering  information  about  the  students'  perceptions 
of  the  lessons  and  their  attitudes  and  beliefs  about  themselves 
and  mathematics  were  all  part  of  a  deliberate  strategy  that 
questions  the  validity  of  the  ^snapshot'  approach  to  the 
measurement  of  attitudes.  The  different  sets  cf  data  gathered 
were  informative  in  their  own  right  and  were  essential 
prerequisites  for  the  integrated,  detailed  and  high  inference 
analyses  undertaken.  The  multi-layered  approach  adopted  to  the 
measurement  of  attitudes  and  related  affective  behaviours 
illustrates  vividly  that  the  adequacy,  subtleties  and  richness 
of  the  descriptions  obtained  arc  directly  proportional  to  the 
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effort  and  attention  to  detail  l  . funded. 
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ON  MATHEMATICAL  PROBLEM  POSING^ 

Edward  A.  Silver 
University  of  Pittsburgh 
Pittsburgh,  PA  15260  (U.S.A.) 

Problem  posing  is  an  important  aspect  of  mathematical  activity  and  intellectual  inquiry.  It  has 
received  attention  in  mathematics  education,  both  as  a  means  to  attain  other  curricular  goals 
and  as  a  goal  itself.  Despite  this  interest,  however,  there  is  no  coherent,  comprehensive 
account  of  problem  posing  as  a  part  of  mathematics  curriculum  and  instruction,  nor  has  there 
been  systematic  research  on  mathematical  problem  posing.  This  paper  identifies  various 
types  of  activities  and  cognitive  processes  that  have  been  referred  to  as  problem  posing,  and 
discusses  several  perspectives  from  which  one  can  view  the  role  and  place  of  problem 
posing  in  mathematics  education;  relevant  related  research  is  also  reviewed  Special 
attention  is  called  to  the  potential  that  inquiry  into  problem  posing  offers  as  a  way  to  examine 
both  cognitive  and  affective  dimensions  of  mathematics  learning  and  performance. 

In  mathematics  classes  at  all  levels  of  schooling  in  all  countries  of  the  world,  students  can  be 
observed  solving  problems.  The  quality  and  authenticity  of  these  mathematics  problems  has 
been  the  subject  of  many  discussions  and  debates  in  recent  years.  Much  of  this  attention  has 
resulted  in  a  richer,  more  diverse  collection  of  problems  being  incorporated  into  school 
mathematics  curricula.  Although  the  problems  themselves  have  received  much  scrutiny,  less 
attention  has  been  paid  to  diversifying  the  sources  for  the  problems  that  students  are  asked 
to  consider  in  school.  Students  are  almost  always  asked  to  solve  only  the  problems  that 
have  been  presented  by  a  teacher  or  a  textbook.  Students  are  rarely,  if  ever,  given 
opportunities  to  pose  in  some  public  way  their  own  mathematics  problems.  Traditional 
transmission/reception  models  of  mathematics  instruction  and  leaming,  which  emphasized 
students  passively  receiving  knowledge  as  a  result  of  transmission  teaching,  were 
compatible  with  a  pedagogy  that  placed  the  responsibility  for  problem  posing  exclusively  in 
the  hands  of  teachers  and  textbook  authors.  On  the  other  hand,  contemporary  constructivist 
theories  of  teaching  and  leaming  require  that  we  acknowledge  the  importance  of  student- 
generated  problem  posing  as  a  component  of  instructional  activity. 

Problem  posing  has  been  identified  by  some  distinguished  leaders  in  mathematics  and 
mathematics  education  as  an  important  aspect  of  mathematics  education  (e.g.,  Freudenthal. 
1973;  Polya.  1954).  And  problem  posing  has  recently  begun  to  receive  increased  attention 

1  Preparation  of  this  paper  was  supported  by  National  Science  Foundation  grant  MDR-8850580.  Opinions 
expressed  are  those  of  the  author  and  do  not  necessarily  reflect  those  of  the  Foundation 
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in  the  literature  on  curricular  and  pedagogical  innovation  in  matheniatics  education.  In  the 
United  States,  for  example,  recent  reports,  such  as  the  Curriculum  and  Evaluation  Standards 
for  School  Mathematics  {NCTM.  1989)  and  the  Professional  Standards  for  Teaching 
f[/iathematics  (NCTM.  1991),  have  called  for  an  increase  in  the  use  of  problem-posing 
activities  in  the  mathematics  classroom.  Both  reports  have  suggested  the  inclusion  of 
activities  emphasizing  student-generated  problems  in  addition  to  having  students  solve  pre- 
formulated  problems,  as  is  clearly  illustrated  in  the  following  excerpt  from  the  Professional 
Standards  for  Teaching  Mathematics: 

Teaching  mathematics  from  a  problem-solving  perspective  entails  more  than  solving 
nonroutine  but  often  isolated  problems  or  typical  textbook  types  of  problems.  It 
involves  the  notion  that  the  very  essence  of  studying  mathematics  is  itself  an  exercise 
in  exploring,  conjecturing,  examining,  and  testing-all  aspects  of  problem  solving. 
Tasks  should  be  created  and  presented  that  are  accessible  to  students  and  extend 
their  knowledge  of  mathematics  and  problem  solving.  Students  should  be  given 
opportunities  to  formulate  problems  from  given  situations  and  create  new  problems  by 
modifying  the  conditions  of  a  given  problem."  {NCTM,  1991,  p.  95) 

Despite  this  interest,  however,  there  is  no  coherent,  comprehe.isive  account  of  problem 
posing  as  a  part  of  mathematics  curriculum  and  instruction  nor  has  there  been  systematic 
research  on  mathematical  problem  posing  (Kllpatrick.  1987).  For  the  past  several  years,  I 
have  been  woiking  with  colleagues  and  students  on  a  number  of  investigations  into  various 
aspects  of  problem  posing.2  Our  experiences  in  studying  mathematical  problem  posing,  and 
our  reading  of  the  work  of  others  interested  in  this  area  have  formed  the  basis  for  this  paper. 

This  paper  begins  with  a  brief  introduction  to  the  types  of  activities  and  cognitive  processes 
that  have  been  referred  to  as  problem  posing,  and  then  identifies  and  discusses  various 
perspectives  from  which  one  can  view  the  role  and  place  of  problem  posing  in  the  school 
mathematics  curriculum.  Kllpatrick  has  argued  that  "problem  formulating  should  be  viewed 
not  only  as  a  goal  of  instruction  but  also  as  means  of  instruction"  (1987,  p.  123),  and  both 
views  of  problem  posing  will  be  evident  in  this  paper.  The  nature  and  findings  of  some 
research  related  to  mathematical  problem  posing  is  also  discussed  in  order  to  characterize 
some  of  the  available  research  evidence  associated  with  each  of  the  perspectives  discussed 
and  to  suggest  some  important  issues  in  need  of  further  investigation.  To  Illustrate  the 

2  I  would  like  to  acknowledge  the  contributions  to  the  work  and  to  my  thinking  ol  Joanna  Mamona.  Lora  Shapiro, 
and  Patricia  Konney.  who  have  worked  with  me  as  Postdoctoral  Associates.  I  also  acknowledge  the  valuable 
assistance  ol  several  graduate  students  who  have  participated  in  ongoing  discussions  regarding  mathematical 
problem  posing  and  who  havo  worked  on  particular  studies-  Cengiz  Alacaci.  Mary  Lee  Burkett,  Jinia  Cai^  Susan 
Leunq  Barbara  Moskal.  and  Melanie  Parker.  Relatively  recent  additions  to  our  group  include  Cathy  Schloemer 
and  Edward  McDonald,  both  of  whom  have  made  contnbutions  to  our  discussions.  My  colleague  Jose  Meslre  is 
acknowledged  lor  pointing  out  how  problem-posing  ideas  can  also  be  applied  to  studying  the  teaming  of  physics 
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international  interest  in  mathematical  problem  posing,  examples  of  research  and  opinion 
from  around  the  world  are  discussed. 

What  Is  Mathematical  Problem  Po_$jnq? 
Problem  posing  refers  to  both  the  generation  of  new  problems  and  the  re-formulation  of  given 
problems.  Thus,  posing  can  occur  before,  during  or  after  the  solution  of  a  problem. 

One  kind  of  problem  posing,  usually  referred  to  as  problem  formulation  or  re-formulation, 
occurs  within  the' process  of  problem  solving.  When  solving  a  nontriviai  problem,  a  solver 
engages  in  this  form  of  problem  posing  by  recreating  a  given  problem  in  some  ways  to  make 
't  more  accessible  for  solution.  Problem  formulation  represents  a  kind  of  problem  posing 
process  because  the  solver  transforms  a  given  statement  of  a  problem  into  a  new  version  that 
becomes  the  focus  of  solving.  Problem  formulation  is  related  to  planning,  since  it  may 
involve  posing  problems  that  represent  subgoals  for  the  larger  problem.  Polya's  heuristic 
advice.  "Think  of  a  related,  more  accessible  problem."  suggests  another  way  in  which 
problem  formulation  involves  problem  posing.  If  the  source  of  the  original  problem  is  outside 
the  solver,  the  problem  posing  occurs  as  the  given  problem  is  reformulated  and 
"personalized"  through  the  process  of  re-formulation.  The  operative  question  that  stimulates 
this  form  of  posing  is:  How  can  I  formulate  this  problem  so  that  it  can  be  solved'? 

At  least  since  Duncker's  (1945)  observation  that  problem  solving  consists  of  successive  re- 
formulations of  an  initial  problem,  problem  formulation  has  been  extensively  studied  by 
psychologists  interested  in  understanding  complex  problen^  solving.  According  to 
contemporary  information-processing  models  of  complex  problem  solving,  a  problem  is 
solved  by  establishing  a  series  of  successively  more  refined  problem  representations  which 
incorporate  relationships  between  the  given  information  and  the  desired  goal,  and  into  which 
new  information  is  added  as  subgoals  are  satisfied.  One  of  the  major  findings  of  an 
extensive  body  of  research  on  the  differences  between  experts  and  novices  in  a  variety  of 
complex  task  domains  is  that  experts  tend  to  spend  considerable  time  engaging  in  problem 
formulation  and  re-formulation,  usually  engaging  in  qualitative  rather  than  quantitative 
analysis,  in  contrast  to  novices  who  spend  relatively  little  time  in  formulation  and  re- 
formulation (Silver  &  Marshall.  1989),  For  relatively  simple  problems,  problr-^^  rrnulation 
inay  occur  primarily  in  the  early  stages  of  problem  solving,  but  in  extended  . '  .  latical 
investigations,  problem  formulation  and  problem  solution  go  hand  in  hand,  each  eliciting  the 
other  as  the  investigation  progresses"  (Davis  .  1985.  p.  23). 

Not  all  problem  posing  occurs  within  the  process  of  solving  a  complex  problem.  Problem 
posing  can  also  occur  at  times  when  the  goal  is  not  the  solution  of  a  given  problem  but  the 
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creation  of  a  new  problem  from  a  situation  or  experience.  Such  problem  posing  can  occur 
prior  to  any  problem  solving,  as  would  be  the  case  if  problems  were  generated  from  a  given 
contrived  or  naturalistic  situation.  This  type  of  problem  generation  is  also  sometimes  referred 
to  as  problem  formulation,  but  the  process  being  described  here  is  different  from  that 
described  above.3  Problem  posing  can  also  occur  after  having  solved  a  particular  problem, 
when  one  might  examine  the  conditions  of  the  problem  to  generate  alternative  related 
problems.  This  kind  of  problem  posing  is  associated  with  the  "Looking  Back"  phase  of 
problem  solving  discussed  by  Polya  (1957).  Brown  and  Walter  (1983)  have  written 
extensively  about  a  version  of  this  type  of  problem  posing,  in  which  problem  conditions  and 
constraints  are  examined  and  freely  changed  through  a  process  they  refer  to  as  "What-if?" 
and  "What-if-not?'\  The  operative  question  that  drives  these  kinds  of  problem  posing  is: 
What  new  problems  are  suggested  by  this  situation,  problem  or  experience? 

Perspectives  on  Mathematical  Problem  Posing 
Having  discussed  briefly  the  nature  of  mathematical  problem  posing,  we  now  turn  our 
attention  to  several  perspectives  from  which  to  view  the  importance  and  role  of  mathematical 
problem  posing  as  an  object  of  pedagogical  and  research  attention.  The  purpose  here  is  not 
to  focus  on  sharp  distinctions  among  these  perspectives,  since  they  are  not  mutually 
exclusive,  but  rather  to  use  these  perspectives  as  lenses  through  which  to  view  various 
research  studies  and  instructional  interventions  that  have  been  undertaken. 

Problem  Posing  as  a  Feature  of  Creative  Activity  or  Exceptional  Mathematical  Ability 
Problem  posing  has  long  been  viewed  as  a  characteristic  of  creative  activity  or  exceptional 
talent.  For  example,  Hadamard  (1945)  identified  the  ability  to  find  key  research  questions  as 
an  indicator  of  exceptional  mathematical  talent.  Related  observations  have  been  made 
about  professionals  in  various  science  fields  (e.g.,  Mansfield  &  Busse,  1981).  Similarly, 
Getzels  and  Csikszentmihaiyi  (1976)  studied  artistic  creativity  and  characterized  problem 
finding  as  being  central  to  the  creative  artistic  experience. 

The  apparent  link  between  posing  and  creativity  is  clear  f''om  the  fact  that  posing  tasks  have 
been  included  in  tests  designed  to  identify  creative  individuals.  For  example,  Getzels  and 
Jackson  (1962)  developed  a  battery  of  tests  to  measure  creativity,  of  which  one  task  asked 
subjects  to  pose  mathematical  problems  that  could  be  answered  using  information  provided 
in  a  set  of  stories  about  real-world  situations.  Getzels  and  Jackson  scored  the  subjects' 


3|t  IS  worth  noting  that  teachers  and  textbook  authors  engage  in  this  kind  of  posing  when  they  pose  questions  for 
students  to  solve.  Posing  problems  so  as  to  bo  evocative  of  good  mathematical  thinking  has  received  some 
attention  in  the  literature  (e.g..  Butts,  1980),  In  this  paper,  however,  the  primary  focus  is  on  problems  that  are 
generated  by  students. 
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problems  according  to  the  complexity  of  the  procedures  that  v/ould  be  used  to  obtain  a 
solution  (i.  e..  the  number  and  type  of  arithmetic  operations  used),  and  they  used  the  results 
as  a  measure  of  creativity,  Balka  (1974)  also  asked  subjects  to  pose  mathematical  problems 
that  could  be  answered  on  the  basis  of  information  provided  in  a  set  of  stories  about  reai- 
world  situations.  Analysis  of  the  responses  attended  to  three  aspects:  fluency,  flexibility,  and 
originality.  Fluency  refers  to  the  number  of  problems  posed  o)*  questions  generated,  flexibility 
to  the  number  of  different  categories  of  problems  generated,  and  originality  to  how  rare  the 
response  is  in  the  set  of  all  responses.  This  analytic  scheme  closely  parallels  that  used  in 
many  approaches  to  measuring  creativity  (Torrance,  1966) 

The  relationship  of  problem  posing  to  exceptional  mathematical  ability  has  also  been 
explored.  For  example.  Krutetskii  (1976)  and  Ellerton  (1986)  each  contrasted  the  problem 
posing  of  subjects  with  different  ability  levels  in  mathematics.  In  his  study  of  mathematical 
"giftedness".  Krutetskii  (1976)  used  as  one  of  his  measures  of  exceptional  talent  a  problem- 
posing  task  in  which  students  were  presented  with  problems  in  which  there  was  an  unstated 
question  (e.g..  A  pupil  bought  2x  notebooks  in  one  store,  and  in  another  bought  1.5  times  as 
many.),  for  which  the  student  was  required  to  pose  and  then  answer  a  question  on  the  basis 
of  the  given  information.  Krutetskii  argued  that  there  was  a  problem  that  "naturally  followed" 
from  the  given  information,  and  he  found  that  high  ability  subjects  were  able  to  "see"  this 
problem  and  pose  it  directly;  whereas,  students  of  lesser  ability  either  required  hints  or  were 
unable  to  pose  the  question.  In  Ellerton's  (1986)  study,  students  were  asked  to  pose  a 
mathematics  problem  that  would  be  difficult  for  a  friend  to  solve.  She  found  that  the  "more 
able"  students  posed  problems  of  greater  computational  difficulty  (i.  e.,  more  complex 
numbers  and  requiring  more  operations  for  solution)  than  did  their  "less  able"  peers. 

Since  problem  posing  has  been  embedded  in  the  assessment  of  creativity  or  mathematical 
talent,  it  is  reasonable  to  assume  that  there  is  some  link  between  posing  and  creativity.  In 
fact,  creativity  has  been  associated  both  with  novel  productions  (Newell,  Shaw  &  Simon, 
1962)  and  with  ill-structured  problem  solving  (Voss  &  Means.  1989),  so  a  relationship  to 
problem  posing  seems  clear.  On  the  other  hand,  the  general  relationship  between  creativity 
and  problem  posing  is  unclear.  Haylock  (1987)  reviewed  a  set  of  studies  that  examined  the 
relation  between  creativity  and  various  aspects  of  mathematics,  and  he  found  an  incomplete 
basis  for  asserting  a  relationship.  Moro  recently.  Leung  (1993)  studied  the  relationship 
between  the  problems  posed  by  l  group  of  preservice  elementary  school  teachers  and  their 
performance  on  tests  of  creativity  and  mathematical  knowledge.  After  rating  the  posed 
problems  along  several  dimensions  of  cognitive  and  mathematical  complexity,  she  found 
esse"!ially  no  relationship  with  their  scores  on  the  test  of  creativity.  Or.  the  other  hand.  Leung 
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did  report  a  strong  relationship  between  the  mathematical  knowledge  of  the  subjects  and  the 
quality  of  the  problems  they  posed. 

Because  of  the  association  of  problem  posing  with  the  identification  of  persons  with 
exceptional  creativity  or  talent,  one  might  infer  that  instruction  related  to  problem  posing 
would  be  appropriate  only  for  "gifted"  students.  However.  Leung's  findings  suggest  that 
mathematical  problem  posing  is  an  activity  that  need  not  be  reseived  for  use  only  with 
students  identified  as  exceptionally  talented  or  creative.  In  fact,  problem  posing  is  a  salient 
feature  of  broad-based,  inquiry-oriented  approaches  to  education  that  are  discussed  next. 

Problem  Posing  as  a  Feature  of  Inquitv-oriented  Instruction 

In  classrooms  where  children  are  encouraged  to  be  autonomous  learners,  problem  posing 
would  be  a  natural  and  frequent  occurrence.  According  to  Ernest  (1991),  unlike  inquiry 
approaches  that  emphasize  discovery  or  problem  solving,  an  investigatory  approach  to 
inquiry-oriented  mathematics  teaching  is  characterized  by  having  responsibility,  for  problem 
formulation  and  solution  rest  as  much  with  the  students  as  with  the  teacher.  In  the  Curriculum 
and  Evaluation  Standards,  one  finds  expressions  of  support  for  this  view  of  problem  posing 
in  the  mathematics  classroom,  as  providing  situations  in  which  "mathematical  ideas  have 
originated  with  the  children  rather  than  the  teacher"  (NCTM,  1989,  p.  24).  This  sentiment  is 
further  illustrated  in  the  following  excerpt  from  the  same  document: 

Experiences  designed  to  foster  continued  intellectual  curiosity  and  increasing 
independence  should  encourage  students  to  become  self-directed  learners  who 
routinely  engagu  in  constructing,  symbolizing,  applying,  and  generalizing 
mathematical  ideas.  "  (NCTM,  1989,  p.  128) 

Collins  (1986)  hay  identified  three  different  general  goals  for  inquiry-oriented  teaching:  (a)  to 
help  students  construct  general  rules,  theories  or  principles  that  are  already  known  and 
match  an  expeil's  understanding  of  a  domain,  (b)  to  help  students  construct  genuinely  novel 
theories  or  principles  that  emerge  from  their  inquiry,  and  (c)  to  teach  students  how  to  solve 
problems  through  the  use  of  self-questioning  and  self-regulatory  techniques  and 
metacognitive  skills.  Collins  identified  Beberman's  discovery  teaching  as  an  example  of 
mathematics  teaching  directed  at  the  first  goal,  and  he  cited  Schoenfeld's  (1985)  problem- 
solving  instruction  as  an  example  of  instruction  directed  toward  the  third  goal.  Although 
Collins  did  not  give  an  example  of  mathematics  instruction  directed  toward  the  second  goal, 
he  would  have  been  justified  in  citing  the  work  of  Brown  and  Walter. 

Brov/n  and  Walter  (1983)  have  written  extensively  about  their  incorporation  of  problem 
posing  in  the  teaching  of  mathematics  at  the  college  and  precollege  levels.  Their 
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instructional  approach  emphasizes  the  generation  of  new  problems  from  previously  solved 
problems  by  varying  the  conditions  or  goals  of  the  original  problem.  The  essence  of  Brown 
and  Walter's  "What-if-Not?"  process  is  the  systematic  variation  of  problem  conditions  or 
goals.  A  rationale  for  this  type  of  posing-oriented  instruction,  which  is  closely  aligned  with  the 
general  inquiry-oriented  philosophy  discussed  above,  is  presented  by  Brown  (1984). 

Some  form  of  inquiry-oriented  instruction  has  long  been  offered  to  students  from  social  and 
economic  elite  groups,  but  it  has  generally  been  denied  to  those  who  come  from  less 
privileged  backgrounds.  Despite  this  historical  pattom,  inquiry-oriented  instruction  can  be 
seen  to  have  close  connections  to  arguments  for  emancipatory  education  for  all  students 
(e.g.,  Freire,  1970;  Gerdes,  1985).  Emest  (1991)  provides  a  fairly  complete  summary  of  this 
view  by  showing  how  an  inquiry-oriented  pedagogy,  with  an  emphasis  on  problem  solving 
and  problem  posing,  can  be  used  to  challenge  the  rigid  hierarchies  associated  with 
conventional  concoptions  of  mathematics,  mathematics  curriculum  and  mathematical  ability. 
Through  such  pedagogy,  Ernest  argues  that  mathematics  can  be  empowering  for  all  learners 
and  not  just  for  those  who  are  privileged  by  the  current  social,  political  and  economic 
arrangements.  One  version  of  this  approach  is  being  implemented  in  the  United  States 
through  the  QUASAR  project,  which  provides  mathematics  instructional  programs  aimed  at 
high-level  thinking,  reasoning  and  inquiry  to  students  (grades  6-8)  from  economically 
disadvantaged  communities  (Silver,  Smith  &  Nelson,  in  press).  Authors  writing  from  a 
feminist  perspective  (e.g.,  Noddings,  1984)  have  also  shown  that  inquiry-oriented  instruction 
can  be  used  in  ways  that  honor  alternative  ways  of  knowing  and  solving  problems. 

Problem  posing  has  figured  prominently  in  some  some  inquiry-orisnled  instruction  that  has 
freed  students  and  teachers  from  the  textbook  as  the  main  source  of  wisdom  and  problems  in 
a  school  mathematics  course.  Several  authors  have  written  about  instructional  experiments 
in  which  students  have  written  a  mathematics  textbook  for  themselves  or  for  children  who  will 
be  in  the  class  at  a  iater  time.  Van  den  Brink  (1987)  reported  such  an  experiment  with 
children  in  first  grade  In  the  Netherlands.  They  were  each  asked  to  write  and  illustrate  a 
page  of  arithmetic  sums  for  children  who  would  be  entering  first  grade  during  the  following 
year.  Streefland  (1987,  1991)  has  also  employed  similar  authorship  expjriences  for 
students  as  part  of  his  "realistic  mathematics  education"  instruction  in  the  Netherlands.  In  the 
United  States,  Healy  (1993)  has  used  a  similar  approach  with  secondary  school  students 
studying  geometry.  In  Healy's  "Build-a-book"  approach  students  do  not  use  a  commercial 
textbook  but  create  their  own  book  of  important  findings  based  on  their  geometric 
investigations. 
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Another  example  is  drawn  from  Australia,  where  a  primary  grade  teacher  has  written  of  her 
experiences  in  using  problem  posing  as  n  central  feature  of  her  mathematics  instruction 
involving  a  group  of  children  over  two  and  one-half  years,  spanning  grades  K-2  (Skinner. 
1991).  In  her  teaching,  Skinner  had  her  students  engage  in  an  extensive  amount  of  problem 
posing.  They  shared  their  posed  problems  with  each  other,  and  these  formed  the  basis  for 
much  of  the  problem-solving  activity  in  the  class.  Skinner  also  incorporated  larger 
investigation-oriented  work  that  provided  ill-structured  problems  which  engaged  the  students 
for  relatively  long  periods  of  time. 

Winograd  (1991)  has  provided  another  example  of  mathematics  instruciion  emphasizing 
problem  posing.  He  provided  fifth-grade  students  with  a  year-long  experience  in  which  they 
wrote,  shared  with  classmates,  and  solved  original  story  problems.  Winograd  did  not  have  a 
comparison  group,  but  he  reported  a  generally  positive  impact  of  the  problem  authorship 
experience  on  students'  achievement,  and  especially  on  their  disposition  toward 
mathematics.  Similarly,  problem  posing  has  been  a  prominent  feature  of  geometry 
instruction  based  on  the  use  of  the  Geometric  Supposers  (Yerushalmy,  Chazan  &  Gordon. 
1993)  and  also  of  the  video-based,  inquiry-oriented  instruction  developed  by  Bransford  and 
his  colleagues  (Bransford,  Hasselbring,  Barrori,  Kulewicz,  Littlefield  &  Goin.  1988),  and 
positive  claims  about  student  outcomes  have  been  made  in  that  work. 

In  general,  inquiry-oriented  instructional  activity  has  no!  been  subjected  to  serious  scrutiny, 
either  with  respect  to  the  role  of  the  problem  posing  In  the  instruction  or  to  the  long-term 
impact  of  the  instruction  on  the  students.  The  authors  have  provided  some  description  of  the 
instruction  and  of  the  students'  responses  or  work,  but  there  has  been  little  or  no  systematic 
analysis  of  the  nature  of  the  problem  posing  and  inquiry  that  occurred  or  of  the  impact  that 
these  experiences  had  on  students'  mathematical  performance.  Inquiry-oriented  instruction 
can  be  closely  tied  to  mathematics  or  it  can  be  based  more  on  a  general  framework.  In  the 
next  section,  we  consider  approaches  that  would  be  closely  tied  to  mathematical  activity. 

Probj^m  Posinq_as_a  Prominent  Feature  of  Mathematical  Activity 

One  argument  for  focusing  curricular  or  research  attention  on  the  generative  process  of 
problem  posing  is  that  it  is  central  to  the  discipline  of  mathematics  and  the  nature  of 
mathematical  thinking.  When  mathematicians  engage  in  the  intellectual  work  of  the 
discipline,  i*  can  be  argued  that  self-directed  problem  posing  is  an  important  characteristic 
(Polya,  1954).  Mathematicians  may  solve  some  problems  that  have  been  posed  for  them  by 
others  or  may  work  on  problems  that  have  been  identJ^ied  as  important  problems  in  the 
literature,  but  it  is  more  common  for  them  to  formulate  their  own  problems,  based  on  their 
personal  experience  and  interests  (Poincare.  1948).    Rather  than  being  presented  for 
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solution  by  an  outside  source,  mathematical  problems  often  arise  out  of  attempts  to 
generalize  a  known  result,  or  they  represent  tentative  conjectures  for  working  hypotheses,  or 
they  appear  as  subproblems  embedded  in  the  search  for  the  solution  to  some  larger 
problem.  Thus,  it  has  been  argued  that  professional  mathematicians,  whether  working  in 
pure  or  applied  mathematics,  frequently  encounter  ill-structured  problems  and  situations 
which  require  problem  posing  and  conjecturing,  and  their  intellectual  goal  is  often  the 
generation  of  novel  conjectures  or  results  (Pollak,  19r^7), 

The  relation  of  this  view  to  the  inclusion  of  problem  posing  in  the  curriculum  is  evident  in  the 
following  excerpt  from  the  Curriculum  and  Evaluation  Standards  for  School  Mathematics: 
"'Students  in  grades  9-12  should  also  have  some  experience  recognizing  and  formulating 
their  own  problems,  an  activity  that  is  at  the  heart  of  doing  mathematics"  (NCTM,  1989,  p. 
138).  Such  views  are  compatible  with  the  emerging  view  that  to  understand  what 
mathematics  is,  one  needs  to  understand  the  activities  or  practice  of  persons  who  are  makers 
of  mathematics.  A  view  oi  mathematical  knowing  as  a  practice  (in  the  sense  of  professional 
practice)  comes  from  analyses  of  the  i.;5tory  and  philosophy  of  mathematics  (e.g.,  Lakatos. 
1976;  Kitcher,  1984),  which  highlight  importaru  social  aspects  of  mathematics  that  remained 
hidden  from  view  in  classical  logical  analyses.  Thoso  who  view  the  purpose  of  mathematics 
education  as  providing  students  with  authentic  experiencbs  !ike  those  that  characterize  the 
activity  of  professional  mathematicians  would  identify  problem  posing  as  an  important 
component  because  of  its  apparently  central  role  in  the  creation  of  mathematics. 

It  has  been  argued  that  ill-structured  problem  situations  are  often  encountered  by  those  who 
create  or  apply  mathematics  in  professional  activity  and  that  such  situations  s^rve  as  a  maior 
source  of  problem  posing  done  by  professionals  in  the  field  of  mathematics  Moreover. 
Hadamard  (1945)  identified  the  ability  to  find  key  research  questions  as  ai  im:jortant 
characteristic  of  talented  mathematicians.  Nevertheless,  beyond  anecdotal  accounts,  little 
direct  evidence  of  problem  posing  by  mathematicians  has  been  produced.  Ill-structured 
problem  solving  of  the  sort  done  by  mathematicians  has  not  been  systematically  investigated, 
but  it  has  been  studied  in  some  other  professional  domains.  For  example.  Reitman  (1965) 
examined  the  processes  utilized  by  artists  and  composers  in  large-scale  ill-structured 
problem  settings,  like  musical  composition.  He  argued  that  the  observation  of  persons 
solving  ill-structured  problems  exposed  many  more  differences  in  the  memory  structures  of 
respective  solvers  than  became  exposed  when  they  solved  well-structured  problems.  Simon 
(1973)  extended  Reitman's  analysis  of  ill-structured  task  domains  and  suggested  that 
although  there  was  little  difference  in  the  processes  required  to  solve  well-structured  or  ill- 
structured  problems,  ill-structured  problems  required  a  wider  range  of  processes  in 
formulating  and  solving  the  problem  and  in  recognizing  the  solution  when  it  was  obtained. 
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and  that  much  of  the  cognitive  activity  in  such  problem  solving  is  directed  at  structuring  the 
task.  Thus,  ill-structured  problem  provide  a  rich  arena  in  which  to  study  complex  cognitive 
activity,  such  as  problem  posing. 

Some  research  has  considered  the  application  of  mathematics  to  ill-structured  problems.  For 
example,  Lesh  and  colleagues  (Lesh,  1981;  Lesh,  Landau,  &  Hamilton,  1983)  characterized 
the  processes  used  by  young  adolescents  as  they  solved  applied  mathematical  problems 
embedded  in  real  world,  meaningful  contexts.  The  findings  of  this  research  suggested  that 
the  processes  used  in  solving  applied  problems  were  somewhat  different  from  the  processes 
observed  when  the  same  students  solved  well-structured  school  mathematics  problems.  In 
particular,  in  applied  problem  solving  more  cognitive  attention  was  devoted  to  the  processes 
of  fonnulation  and  re-formulation  during  problem  solving.  Thus,  significant  mathematical 
problem  posing  activity  occurs  not  only  in  the  creation  of  mathematics  by  professional 
mathematicians  but  also  in  the  thoughtful  application  of  mathematics  by  students.  Therefore, 
problem  posing  would  also  be  a  salient  feature  of  instruction  designed  by  those  who  view  the 
purpose  of  mathematics  education  as  being  less  about  introducing  students  to  the  culture  of 
professional  mathematics  and  more  about  assisting  students  to  learn  the  ways  of  thinking 
and  reasoning  employed  by  those  who  apply  mathematics  and  quantitative  reasoning 
effectively  to  solve  real-world  problems.  Since  most  students  will  not  become  professional 
mathematicians,  an  education  that  prepares  them  to  be  intelligent  users  of  mathematics  in 
order  to  solve  problems  of  importance  or  interest  to  them  may  be  better  suited  for  them  than 
one  which  is  based  on  the  activity  of  professional  mathematics,  and  extensive  experience  in 
problem  posing  would  be  an  important  component  of  instruction  aimed  at  such  a  goal  (Blum 
&  Niss.  1991). 

The  research  discussed  above  provides  a  foundation  on  which  to  build,  but  further  study  of 
the  posing  and  solving  processes  involved  in  the  solution  of  ill-structured,  applied  problems 
is  needed.  The  general  connection  between  problem  posing  and  many  forms  of  problem 
solving  is  further  discussed  in  the  next  section. 

Problem  Posing  as  a  Means  to  Improving  Students'  Problem  Solving 
Probably  the  most  frequently  cited  motivation  for  currtcular  and  instructional  interest  in 
problem  posing  is  its  perceived  potential  value  in  assisting  students  to  become  better 
problem  solvers.  In  fact,  a  perceived  connection  between  mathematical  problem  pos'ng  and 
curricular  goals  related  to  problem  solving  permeates  the  NCTM  Professional  Teaching 
Standards.  IntereJitingly.  although  problem  posing  has  not  been  a  common  feature  of 
mathematics  instruction,  advocacy  for  problem  posing  as  a  means  of  improving  students' 
problem-solving  performance  is  not  a  new  idea.  For  example,  Connor  and  Hawkins  (1936) 
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argued  that  having  students  generate  their  own  probloms  improved  their  ability  to  apply 
arithmetic  concepts  and  skills  in  solving  problems.  Twenty  years  later,  Koenker  (1953) 
included  problem  posing  as  one  of  20  ways  to  help  students  improve  their  problem  solving. 

Problem  posing  has  been  incorporated  as  a  feature  of  some  Japanese  experimental 
teaching  which  employs  problem  posing  as  a  means  of  assisting  students  to  analyze 
problems  more  completely,  thereby  enhancing  students'  problem-solving  competence. 
Several  authors  (Shimada,  1977;  Hashimoto  &  Sawada,  1984;  Nohda,  1986)  have 
described  various  versions  of  a  style  of  teaching^  known  as  "open  approach  teaching"  or 
teaching  with  "open-end  or  open-ended  problems."  Their  descriptions,  and  those  of  others, 
suggest  various  ways  in  which  problem  posing  is  embedded  in  the  instruction.  For  example. 
Hashimoto  (1987),  has  described  and  provided  a  transcript  of  a  lesson  in  which  students 
pose  mathematical  problems  on  the  basis  of  one  solved  the  previous  day. 

Another  interesting  analysis  of  problem  posing  has  been  done  by  Sweller  and  his  colleagues 
in  Australia  (e.g.,  Sweller,  Mawer,  &  Ward,  1983;  Owen  &  Sweller,  1985).  Some  of  Sweller's 
studies  have  involved  ill-structured  mathematics  problems  from  the  domain  ot  geometry  and 
trigonometry.  In  general,  these  studies  have  demonstrated  that  subjects  are  far  more  likely  to 
use  means-ends  analysis  on  goal-specific  problems  (given  an  angle  in  a  figure,  find  the 
value  of  a  particular  other  angle  In  the  figure)  than  on  non-goal-specific  problems  (given  an 
angle  in  a  figure,  find  the  measure  of  as  many  other  angles  as  you  can).  Moreover,  Sweller's 
results  show  that,  although  means-ends  analysis  is  a  powerful  problem-solving  strategy,  the 
unavailability  of  means-ends  analysis  in  non-goal-SDeciflc  problems  may  lead  subjects  not 
only  to  use  more  experl-llko,  forward-directed  problem-solving  behavior  but  also  to  develop 
powerful  problem-solving  schemes,  thereby  positively  affecting  students'  learning.  This  work 
suggests  that  students'  engagement  with  problem  posing  and  conjecture  formulation 
activities,  in  the  context  of  solving  ill-structured  mathematics  problems,  can  have  a  positive 
effect  on  their  subsequent  knowledge  and  problem  solving. 

A  few  experimental  or  quasi-experimental  studies  have  been  conducted  In  the  United  States, 
in  which  students  receiving  a  form  of  mathematics  instruction  in  which  problem  posing  has 
been  embedded  are  contrasted  with  students  who  have  comparable  instruction  without  the 
posing  experience.  Keil  (1965)  found  that  sixth-grade  students  who  had  experience  writing 
and  then  solving  their  own  mathematics  problems  in  response  to  a  situation  did  better  on 
tests  of  mathematics  achievement  than  students  who  simply  solved  textbook  story  problems. 
Perez  (1985)  found  similar  results  with  college  students  studying  remedial  mathematics,  and 
he  also  reported  that  the  experimental  treatment,  which  involved  some  writing  and  some 
rewriting  of  story  problems,  had  a  positive  effect  on  students'  attitudes  toward  mathematics. 
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Unfortunately,  these  i^tudies  did  not  examine  the  direct  impact  of  the  instructional  experience 
on  students'  problem  generation  Itself. 

Despite  the  interest  In  problem  posing  because  of  i^s  potential  to  improve  problem  solving,  no 
clear,  simple  link  has  been  established  between  competence  in  posing  and  solving.  Silver  & 
Cai  (1993)  examined  the  responses  of  middle  school  students  (grades  6  and  7)  to  a  task 
asking  them  to  generate  three  problems  on  the  basis  of  a  brief  story  (Jerornt*.  Elliotr,  and 
Arturo  took  tums  driving  home  from  a  trip.  Arturo  drove  80  niles  more  than  Eiliott.  Elliott 
drove  twice  as  many  miles  as  Jerome.  Jerome  drove  50  miles.).  The  student-generated 
problems  were  classified  according  to  mathematical  complexity  (number  of  operations 
required  for  solution),  and  this  measure  of  problem  posing  was  compared  to  students" 
periormance  in  solving  eight  open-ended  mathematical  problems.  Silver  and  Cai  found  a 
strong  positive  relationship  between  posing  and  solving  performance.  On  the  other  hand, 
Silver  &  Mamona  (1989)  found  no  overt  link  betw*^en  the  problem  posing  of  middle  school 
mathematics  te^.chero  and  their  problem  solving.  In  that  study.  Silver  and  Mamona  asked  the 
teachers  to  pose  problems  in  the  context  of  a  task  environment  (or  microworld)  cailed  Billiard 
Ball  Mathematics,  consisting  of  an  idealized  rectangular  billiard  ball  table  with  pockets  only  at 
the  corners  and  on  which  a  single  ball  is  hit  from  the  lower  left  comer  at  an  angle  of  45^  to  the 
sides.  Problem  posing  occurred  prior  to  and  immediately  after  the  teachers  solved  a  specific 
problem  concerning  the  relationship  between  the  dimensions  of  the  table  and  the  final 
destination  of  the  ball.  Except  for  the  fact  that  subjects'  post-solution  posing  was  influenced 
by  their  problem-solvim  experience  (i.  e.,  in  post-solution  posing,  they  posed  more  problems 
like  the  one  they  solved  than  they  had  in  the  pre-solutlon  posing),  there  was  no  other 
relationship  between  posing  and  solving  that  could  bci  detected.  Clearly,  there  is  a  need  for 
further  research  that  examines  the  complex  relationship  between  problem  posing  and 
problem  solving.  In  addition,  there  is  also  interest  in  exploring  the  relation  of  posing  to  other 
aspects  of  mathematical  knowing  and  mathematical  performance. 

Problem  Poging  a?  a  WiriteJntQ_aig^m^^  Understanding 
Interest  in  problem  posing  as  a  means  of  helping  students  become  sensitive  to  facts  and 
relations  embedded  In  situations  has  been  evident  for  a  long  time.  For  example,  Brueckner 
(1932)  advocated  the  use  of  student-generated  problems  as  a  means  of  helping  students  to 
develop  a  sense  of  number  relations  and  to  generalize  number  concepts.  In  generating 
problems  based  on  the  mathematical  ideas  and  relations  embedded  in  situations,  students 
engage  in  "mathematizlng"  those  situations.  Such  experience  may  assist  them  lo  overcome 
the  well-docunented  tendency  of  students  to  fail  to  connect  mathematics  sensibly  to 
situations  when  they  are  asked  to  solve  pre-formulated  problems  (Silver  &  Shapiro,  1992). 
The  following  excerpt  from  the  Professional  Teaching  Standards  illustrates  this  point  of  view: 
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•writing  stories  to  go  with  division  sentences  may  help  students  to  focus  on  the  meaning  of 
the  procedure"  (UCJU.  1991 ,  p.  29). 

in  England  Hart  (1981)  used  problem  posing  as  one  research  technique  to  examine 
students'  understanding  of  important  mathematical  concepts.    By  providing  answers  or 
equations  and  asking  students  to  generate  problem  situations  that  would  correspond  to  the 
given  answer  or  equation,  Hart  showed  that  one  could  open  a  window  through  which  to  v,ew 
Children's  thinking.   More  recently,  Greer  and  McCann  (1991)  used  "art's  approach  by 
providing  multiplication  and  division  calculations  to  students  (ages  9-15)  m  Northern  1  eland 
and  asking  them  to  generate  story  problems  that  matched  a  given  calculation.  A  s,m,lar 
approach  has  been  used  by  Simon  (1993)  and  by  Silver  and  Burkett  (1993)  ,n  studies  with 
preservice  elementary  school  teachers'  understanding  of  division.    A  variation  on  h.s 
approach  was  used  by  Ellerton  (1986),  who,  without  presenting  any  additional  context  or 
stimulus,  simply  asked  Australian  students  (ages  11-13)  to  create  a  problem  that  would  be 
difficult  for  a  friend  to  solve.  Based  on  the  children's  choice  of  numbers  in  the  prcolems  (e.g.. 
fractions  that  did  or  did  not  permit  cancellation),  Ellerton  made  inferences  about  some 
aspects  of  the  children's  mathematical  knowledge.  Another  technique,  discussed  above  in 
reference  to  Krutetskli's  (1976)  study  of  mathematically  talented  students,  is  the  use  of 
problems  with  an  unstated  question.  As  these  brief  descriptions  suggest,  some  '^^^^'^^ 
have  found  problem  posing  to  have  potential  as  a  means  of  exploring  the  nature  of  students 
understanding  of  mathematical  ideas. 

Regrettably,  the  research  cited  above  has  generally  found  a  fairly  weak  connection  between 
real  life  situations  and  mathematical  ideas  or  symbols.  For  example  Greer  and  McCann 
found  that  some  students  used  a  fraction  to  represent  a  number  of  people  in  a  posed 
problem;  th..  finding  is  similar  to  the  finding  that  many  students  will  so  ve  P-b^"^^^ 
providing  answe.c  that  have  weak  connection  to  the  real  world  setting  described  n  the 
problem  (Sliver  &  Shapiro,  1992).    Unfortunately,  a  lack  of  concern  about  sensib^ 
onnection  to  real  world  settings  has  been  reported  In  studies  o  posing  by  pres  .  e 
eLentary  school  teachers  (Silver  &  Burkett,  1993;  Simon,  1993).  Moreover,  Ellerton  found 
twudents'  conceptions  of  difficulty  seemed  to  be  linked  almost  entirely  to  compulationa 
complexity  rather  than  to  situational  or  semantic  complexity.  These  findings  are  consisten 
w'to  ventlonal  mathematics  Instruction,  which  tends  not  to  relate  mathema  cs  o  rea 
world  settings  In  any  systematic  manner,  and  they  appear  to  be  closely  related  to  van  den 
;     's  bsen^atlon  concerning  the  arithmetic  books  constructed  by  first-grade  ch, Idren  m  ,s 
study  "A  striking  aspect  of  the  books  was  that  arithmetic  as  applicable  knowledge  onl 
appeared  In  the  class  book  when  it  had  been  learned  that  way"  (1987,  p.  47).  Thus,  i 
:  t    t  problem  posing  provides  not  only  a  window  through  which  to  view  students 
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understandings  of  mathematics  but  also  a  mirror  which  reflects  the  content  and  character  of 
their  school  mathematics  experience.  Opening  the  problem  posing  window  also  affords  an 
opportunity  to  view  aspects  of  students'  attitudes  and  dispositions  toward  mathematics. 

Problem  Posing  as  a  Means  of  Improving  Student  Disposition  toward  Mathematics 
There  are  several  different  aspects  of  problem  posing  that  are  thought  to  have  important 
relationships  to  student  disposition  toward  mathematics.  For  example,  posing  offers  a  means 
of  connecting  mathematics  to  students'  interests.  As  the  Curriculum  and  Evaluation 
Standards  suggests:  "Students  should  have  opportunities  to  formulate  problems  and 
questions  that  stem  from  their  own  interests"  (NCTM,  1989,  p.  67).  Nevertheless,  personal 
interest  is  not  the  sole  motivation  for  posing  problems.  Within  a  classroom  community, 
students  could  be  encouraged  to  pose  problems  that  others  in  the  class  might  find  Interesting 
or  novel.  In  a  study  of  one  such  instructional  experiment,  Winograd  (1991)  reported  that  the 
fifth-grade  students  In  his  study  appeared  to  be  highly  motivated  to  pose  problems  that  their 
classmates  would  find  interesting  or  difficult.  He  also  noted  that  students'  personal  interest 
was  sustained  in  his  study  through  a  process  of  sharing  problems  with  others. 

Thare  is  also  a  reciprocal  expectation  regarding  problem  posing,  since  engagement  with 
pr^jblem  generation  is  also  thought  to  stimulate  student  interest  In  mathematics.  Students 
who  have  difficulty  with  mathematics  are  sometimes  characterized  by  a  syndrome  of  fear  and 
avoidance  known  as  mathematics  anxiety.  Some  have  claimed  that  mathematics  anxiety  can 
be  reduced  through  problem  posing  (Moses,  Bjork  &  Goldenberg,  1990),  sir^co  student 
participation  in  problem  posing  makes  mathematics  seem  less  "intimidating"  (Brown  & 
Walter,  1983).  In  fact,  Perez  (1985)  taught  college-age  students  studying  remedial 
mathematics,  and  therefore  likely  to  have  mathematics  anxiety  and  poor  attitudes  toward 
mathematics,  using  a  problem-posing  approach.  He  reported  Improvement  in  the  students' 
attitudes  toward  mathematics,  as  well  as  in  their  achievement. 

In  general,  reports  of  problem-posing  instruction  do  not  discuss  instances  in  which  students 
have  rejected  or  reacted  negatively  to  this  instructional  approach.  Nevertheless,  it  seems 
plausible  that  some  students,  perhaps  especially  those  who  have  been  successful  for  a  long 
p(  riod  of  time  in  school  settings  characterized  by  didactic,  teacher-directed  instruction,  would 
react  negatively  to  a  style  of  teaching  that  was  less  directive  and  placed  on  them  more 
responsibility  for  learning.  For  these  students,  there  may  be  little  desire  or  motivatior.  to  alter 
the  existing  power  relations  in  the  classroom,  or  to  alter  the  hierarchical  assumptions 
underlying  current  conceptions  of  mathematical  performance.  There  is  evidence  from  other 
sources  that  students  can  sometimes  resist  changes  in  classroom  instruction  that  require 
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them  to  doal  with  higher  levels  of  uncertainty  about  expectations  or  higher  levels  of 
responsibility  for  their  own  learning  (e.g..  Davis  &  McKnight,  1976;  Doyle  &  Carter,  1982) . 

Seme  evidence  of  the  plausibility  that  some  students  might  reject  or  resist  mathematics 
instruction  based  on  posing  comes  from  two  recent  non-instructional  studies.  Comments 
made  by  a  few  of  th9  middle  school  teachers  who  were  part  of  the  study  by  Silver  and 
Mamona  (1989)  indicated  hostility  toward  the  task  requirement  to  pose  their  own 
mathematical  problems  (e.g..  "This  is  stupid!".  "Why  are  we  being  asked  to  do  this?"). 
Similarly.  Silver  and  Cai  (1993)  found  that  some  students  in  grades  6-7.  when  asked  to  pose 
three  problems  on  the  basis  of  a  story  situation,  expressed  profound  dismay  at  being  asked 
to  do  this  (e.g..  "This  is  unfair",  "My  teacher  didn't  teach  us  how  to  do  this").  Understanding 
how  students,  especially  those  who  have  been  successful  in  les^.  inquiry-oriented 
classrooms,  do  or  do  not  make  a  transition  to  participation  in  problem  posing  and  acceptance 
of  posing-oriented  instruction  is  an  important  research  topic. 

Healy  (1993)  provides  an  example  that  illustrates  how  an  emphasis  on  student-generated 
prot'.em  posing  can  humanize  and  personalize  mathematics  learning  and  instruction  in 
profound  ways.  For  many  of  his  students,  mathematics  became  something  other  than  a 
neutral  body  of  knowledge  filled  with  abstract  ideas  and  symbolism  that  others  had  created 
and  which  was  accessible  only  through  imitation  and  memorization.  Instead,  many  students 
became  passionately  concerned  about  mathematical  issues  that  they  were  investigating 
because  of  personal  interest  and  commitment.  Clearly,  the  affective  dimension  of  such  an 
instructional  experience  is  significant,  as  is  exemplified  in  the  following  quote  from  one  of 
Healy's  students  after  three  months  of  the  course:  "In  this  class  we  make  enemies  out  of 
fjiends  arguing  over  things  we  couldn't  have  cared  less  about  last  summer"  (1993.  p.  x). 
Even  in  a  less  competitive  setting  than  the  one  implied  by  this  student's  comment,  one  would 
expect  the  passionate,  personal  engtxgement  of  students  with  mathematical  ideas  to  produce 
learning  situations  in  which  affective  and  cognitive  issues  would  both  have  great  import. 

Conclusion 

In  their  historical  account  of  the  treatment  of  problem  solving  in  the  mathematics  curriculum. 
Stanic  and  Kilpatrick  (1988)  argued  lhat  problem  solving  could  be  viewed  as  means  to  teach 
desired  curricular  material  or  it  could  itself  be  viewed  as  an  educational  end  or  goal. 
Similarly,  in  this  paper,  problem  posing  has  been  discussed  in  ways  that  correspond  to  It 
being  viewed  as  a  means  to  achieve  other  curricular  or  instructional  ends  or  as  an 
educational  goal  itself.  Many  purposes  for  which  problem  posing  might  be  included  as  a 
feature  of  school  mathematics  have  been  considered,  as  has  research  evidence  associated 
with  these  purposes.  From  the  fairly  unsystematic  collection  of  findings  that  characterizes 
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the  research  literature  on  mathematical  problem  posing,  many  studies  were  cited  and  some 
of  their  findings  and  approaches  organized  for  presentation  in  this  paper. 

From  the  perspective  of  research,  three  major  conclusions  seem  warranted  from  this  review. 
First,  It  Is  clear  that  problem-posing  tasks  can  provide  researchers  with  both  a  window 
through  which  to  view  students'  mathematical  thinking  and  a  -nirror  in  which  to  see  a 
reflection  of  students'  mathematical  experiences.  Second,  problem-posing  experiences 
provide  a  potentially  rich  arena  in  which  to  explore  the  interplay  between  the  cognitive  and 
affective  dimensions  of  students'  mathematical  learning.  Finally,  much  more  systematic 
research  is  needed  on  the  impact  of  problem-posing  experiences  on  students'  problem 
posing,  problem  solving,  mathematical  understanding  and  disposition  toward  mathematics. 

Problom-posing  experiences  can  afford  students  opportunities  to  develop  personal 
relationships  with  mathematics.  The  process  of  personalizing  and  humanizing  mathematics 
for  students  through  the  use  of  open-ended  problem-posing  tasks  invites  them  to  express 
their  lived  experiences,  and  this  can  have  important  consequences  for  teachers  and  tor 
researchers.  For  example,  if  allowed  to  do  so,  students  may  pose  problems  different  from  the 
ones  that  the  teacher  or  researcher  had  in  mind.  In  all  of  the  problem-posing  studies  I  have 
conducted,  at  least  some  of  the  subjects  have  given  responses  or  engaged  in  behavior  that 
was  entirely  unexpected.  For  example,  in  studies  involving  the  Billiard  Ball  Mathematics  task 
(e.g.,  Silver  &  Mamona,  1989).  many  subjects  have  not  only  imported  aspects  of  their 
experience  in  playing  billiards  to  pose  problems  but  also  generated  problems  that  are  not  the 
"standard"  problems  that  have  neat  mathematical  solutions.  When  one  poses  a  problem,  one 
may  not  know  whether  or  not  the  problem  will  have  a  simple  solution,  or  any  solution  at  all. 

Another  consequence  of  personalizing  and  humanizing  mathematics  through  problem 
posing  is  that  students  can  and  will  respond  in  ways  that  reflect  their  personal  commitments 
and  values.  In  some  cases,  this  personal  attachment  can  have  positive  consequences,  as  In 
the  work  reported  by  van  don  Brink  (1987),  in  which  he  reported  that  the  young  children  in  his 
study  made  almost  no  mistakes  In  their  self-constructed  arithmetic  books.  This  stands  in 
sharp  contrast  to  the  commonly  obsen/ed  carelessness  of  students  and  their  tolerance  of 
mistakes  in  mathematics  classrooms  in  which  they  feel  no  personal  ownership  of 
mathematics.  In  one  reoent  study  of  problem  posing  (Silver  &  Cai,  1993),  students  posed 
problems  on  the  basis  of  a  story  about  three  persons  driving  in  a  car,  and  their  responses 
suggested  that  issues  of  morality,  justice  and  human  relationships  may  have  been  as 
important  to  some  students  as  issues  of  formal  mathematics.  For  example,  students  revealed 
an  apparent  concern  about  an  equitable  distribution  of  driving  responsibilities  when  they 
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posed  the  following  kinds  of  questions;  "If  they  each  drive  an  equal  amount,  how  many  miles 
would  each  person  drive?",  "Why  does  Arturo  drive  so  long?"  and  "Why  did  Elliott  drive  twice 
as  far  as  Jerome?".  From  the  perspective  of  the  research  being  conducted  in  that  study, 
which  focused  on  the  semantic  and  syntactic  complexity  of  the  problems  generated  by  the 
students,  some  of  these  responses  were  treated  as  being  of  marginal  interest.  Viewed  from  a 
broader  perspective,  however,  these  responses  suggest  not  only  the  power  of  problem 
posing  as  an  experience  In  which  people  express  themselves  with  respect  to  mathematical 
situations  or  Ideas  but  also  the  complexity  of  the  educational  and  research  challenges 
connected  with  understanding  what  the  posed  problems  themselves  represent  as  products  of 
human  activity.  For  the  reasons  discussed  here,  such  problem-posing  experiences  are  likely 
to  be  both  especially  important  and  especially  problematic  In  teaching  or  research  settings 
involving  culturally  diverse  groups  of  students. 

It  would  be  easy  for  Instructional  developers  and  psychological  researchers  to 
overemphasize  the  role  of  problem  posing  as  a  means  to  accomplish  other  aims,  such  as 
improving  the  learning  or  study  of  problem  solving.  Our  orientation  toward  problem  solving  in 
mathematics  is  so  strong  that  we  could  miss  the  value  of  problem  posing  for  its  own  sake.  As 
we  proceed  with  an  agenda  of  instruction  and  research  related  to  mathematical  problem 
posing,  let  us  be  mindful  not  only  of  the  potential  that  posing  may  offer  for  accomplishing 
other  goals  but  also  that  the  unsolved  questions  themselves  offer  great  promise  to  us  and  to 
our  students.  We  would  bo  wise  to  heed  the  advice  of  the  poet,  Ralner  t^aria  Rilke; 

Be  patient  toward  all  that  is  unsolved 
In  your  heart 

Try  to  love  the  questions  themselves. 
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The  group  is  coiiccrncd  with  (Ul  kinds  of  matheinAticAl  thinking  of  fltudcnts  bryond  the 
a^'e  of  16,  exlending  and  developing  theories  of  the  psychology  of  Mathemfttics  Kducatioii 
thill  cover  development  of  matheintttics  over  the  full  age  range. 

SESSION  I:  Proof  (Uary  Davis.Meu  Von  Huang,  John  Selden). 

How  can  ntudents  Icorn  to  construct  proof  and  what  kind  of  background  knowledge  is 
needed  ?  Proof  construction  requires  a  knowledge  of  the  style  in  whicli  proofo  arc  written 
atul  an  ttbility  to  check  their  validity.  When  proving  a  theorem,  a  mathematician  usually 
devises  a  tentative  global  strategy  and  finds  a  number  of  plausible  statements  together  with 
their  justifications.  'J'hesc  are  then  assembled  like  the  pieces  of  a  puzzle,  except  that  the 
pieces  are  created,  instead  of  being  given.  Can  anything  be  said  about  the  way  students 
might  find  such  plausible  statements/justifications  ?  Should  students  learn  to  Und  them 
before  starting  to  construct  larger,  more  complex  proofs  ?  (excerpt  from  a  question  of 
John  Selden  al  PMK  lf)). 

In  sesj^ion  we  want  to  focus  on  Home  empirical  research  and  i.on\e  development  of  an 
appropriate  theory. 

SESSION  II:  Mathematical  Knowledge  in  the  Iiiforinntion  Age  (John  Selden). 

Increasing  availability  of  computing  equipment  means  that  in  a  near  future  moot  of  wh&t 
'\h  now  taught  ha-s  to  be  revised  and  that  many  university  curricula  v/ill  need  assessment. 
Hence  two  <iueHtlonH:  (1)  What  kind  of  knowledge  and  skills  should  utudents  of  AMT 
leavn  ?  (2)  What  is  the  meaning  of  undeMtanding  mathematical  knowledge  ? 

SESSION  III:  IncoiiBiBtcneioB  of  students  in  AMT  (Dinu  Tirosh,  Shlomo  Vinncr). 

What  kind  of  mistakes  do  students  in  AMT  moke  ?  As  they  often 'give  incompatible 
arguments,  the  emphasis  in  teacliing  should  be  on  the  promotion  of  consistency.  A  iliscus- 
aion  of  inconsistencies  needs  to  take  place  within  a  theory  of  epistcmological  grov/th  which 
sets  the  inronsistency  in  context. 

SESSION  IV:  Future  plana  of  the  group. 

The  group  should  pay  attention  to  a  long  term  planning;  the  organisers  insist  that 
plans  be  set  in  the  context  of  a  long  term  growth  in  working  group  activity.  In  session  IV 
suggestions  for  PME-18  (1994,  Portugal)  will  be  discussed,  together  with  two  proposals  to 
extend  the  activities  of  the  Group.  (1)  It  has  been  suggested  that  the  AMT  Group  could 
avantagcously  organise  joint  sessions  with  on  other  Working  Group,  in  particular  with  the 
group  on  Rcprcaentations.  (2)  To  stimulate  young  researchers  intere.ited  in  the  domain  of 
Math  Ed  for  students  from  16-f  on  to  participate  actively  in  the  work  of  the  AMT  group. 
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I»MK  VVorklnp  Group 
Alfitebraic  Processes  and  Structure 


Coordinator:  Rosamund  SutJicdand 


This  Group  was  set  up  in  F*MB  XIV  with  the  aim  of  characterising  the  shifts  that 
appear  to  be  involved  in  developing  an  algct>r?ic  mode  of  thinking  and  to  invc!»tigatc  the 
role  of  symbolising  in  this  development.  'Vhc  group  is  also  concerned  with  the 
implications  of  ilicir  collective  research  for  classjroom  practice.  Tlie  discussion  at  PMU 
XVI  centred  around  the  following  questions;  What  is  the  relationship  t)ctwecn  mental 
and  written  transformations  and  why  is  it  so  difficult  lo  transform  idgcbniic  expressions 
menially?:  Can  you  build  notions  of  structure  if  you  start  with  an  empirical  approach  to 
{ilgebra?;  How  docs  the  learning  of  idgct>ra  relate  to  tJic  learning  of  natural  language?; 
What  algi'brtuc  notions  do  pupils  develop  from  working  in  a  spreadsheet  environment? 

In  PMi;  XVII  ihc  working  group  will  fiKius  on  the  following  themes  a)  What  arc  the 
distinctive  characteristics  of  algebraic  reasoning  wid  what  is  the  role  of  structure  as 
op|»sed  to  cmpiriuil  algebra?  b)  What  conceptions  of  synibtil/variablc/unknown  do 
pupils  develop  in  computer-based  iutd  paper  based  settings  and  what  is  the  relationship 
between  the  two?  c)  What  is  the  role  of  symtKils/laiigiiage  in  tlunkinp  algebraically? 
d)  What  ly|)e  t)f  classroom  activilies  ck)  we  need  to  bo  developing? 

A  number  uf  tegular  participants  will  be  invited  to  make  short  prc-sentaUnns  m  order  to 
provoke  discussion  centred  around  the  above  themes.  The  group  is  working  towards  a 
eoilei  lion  ofchapters  which  they  aim  to  pioduee  in  I W4. 
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Classroom  Rcscarcli 


The  purpose  of  this  group  is  to  examine  issues  arul  techniques  associated  witli 
classroom  rescarcli  and  the  impact  of  such  research  on  educational  conditions. 

The  focus  of  discussion  at  PMU  XVI!  will  he  on  the  use  of  children's  drawings  as  a 
research  tool.  Participants  arc  invited  to  present  short  reports  related  to  this  theme. 
Discussions  will  center  on  examining  the  nature  of  the  information  that  can  be  collected,  the 
types  of  intcrprctati(U)s  that  can  he  nuulc,  and  the  stren^^hs  and  limitations  of  such  rcsejiroh. 

Contact  person:  Anne  Tcppo,  1611  Willow  Way,  Hozen^an,  M  T  5^715,  I  'SA 
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Working  group  on 

Cultural  Aspects  in  the  Learning  of  mathematics 

This  Working  group  met  for  the  first  time  last  year  to  consider  questions  relating  to  the 
meaning  of  culture  iu  lite  Icaniin^  of  mathematics. 

During  the  work  of  an  earlier  Discussion  Group,  a  number  of  interests  had  been  expressed 
and  three  direct  ions  were  identified. 

Hence,  at  PME  XVI,  questions  relating  to  the  following  were  discussed: 

1.  Informal  education  and  formal  mathematical  knowledge 

2.  The  effects  of  cultural  environment,  including  language,  on  the  mental  representations 
of  students  and  teachers 

3.  Cognitive  processes  m  learning  mathematics,  using  a  comparative  approach  for 
different  cultures. 

With  the  above  work  as  background,  this  year,  we  intend  to  continue  to  build  our  specific 
probUmatique. 

At  PME  XVII,  following  is  the  program  outline  for  the  sessions. 

We  shall  try  to  take  into  account  the  cultural  context  of  the  country  in  which  PME  is  held. 
Session  1 

Invited  speakers  will  address  issues  identified  from  the  deliberations  of  last  year's  group. 
A  specific  introduction  to  the  Japanese  cultural  context  will  also  be  provided,  taking  into 
account  the  three  above-mentioned  directions. 
Session  2 

Sub-groups,  following  from  the  research  presented  in  session  1,  will  be  formed. 
Discussion  and  elaboration  of  research  in  preparation  for  PME  XVIII  will  be  expected. 
Session  3 

Plenary  session  with  reports  from  each  sub-group. 
Summary  and  plans  for  subsequent  years. 

The  objectives  of  our  working  group  include  contributing  to  the  formulation  of  a 
methodological  and  theoretical  framework  by  presenting  original  research  at  PME 
conferences  and  identifying  the  areas  relevant  to  this  approach.  These  contributions  may 
be  interdisciplinary  in  nature,  possibly  by  making  use  of  the  fields  of  psychology, 
mathematics  education,  art  education,  and  didactics  of  geography. 


Beritadettc  Denys 
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GEOMETRY  WORKING  GROUP 

The  Geometry  Working  Group  is  the  meeling  place  for  those  P.M.E.  members  who  are 
jjnteresled  in  research  related  to  the  teaching-learning  of  Geometry.  We  understand  Geometry 
in  a  broad  sense,  vvhicli  includes:  The  various  geometrical  topics  taught  in  any  educational 
level;  formal  reasoning  and  proof  in  geometrical  contexts;  visualization;  learning 
environments,  instruments  and  technology;  and  the  different  theories  apliable  to  the 
leacWng-learning  of  Geometry;  and  others. 

In  last  years  ths  interest  of  the  P.M.E.  community  in  Geometry  has  grc  A^n,  as  shown  by 
the  wider  diversity  of  themes  of  interest  arisen  during  the  last  Group's  meetings.  It  seems  to 
us  that  the  1993  meeting  would  be  a  suitable  moment  for  starling  an  overview  of  the  main 
problems  of  teaching  and  learning  Geometry,  identifying  the  most  interesting  areas  of 
Geometry,  and  defining  research  question  that  should  be  approached  in  Uie  near  futiire. 

The  first  session  of  the  1993  meeting  of  the  Geometry  Working  Group  will  be  devoted  to 
reflect  on  that  point:  Which  areas  of  Geometry  need  more  research  from  llie  P.M.E.  view? 
Which  problems  should  be  investigated  in  each  of  such  areas?  The  conclusions  from  this 
session  shall  influence  the  contents  of  our  meetings  in  next  years  and,  hopefully,  shall 
provide  us  with  ideas  for  new  research  projects. 

The  remaining  sessions  shall  be  devoted  to  discussion  on  two  psychological  components 
of  the  process  of  teaching-learning  Geometry  that  likely  shall  be  present  in  tlie  Group's  debate 
about  most  areas  of  Geometry: 

a)  Reasoning  processes  in  Geometry:  Which  characteristics  have  these  pr^.  cesses?  Which 
ones  are  specific  of  Geometry,  different  from  those  in  other  areas  of  Mathematics? 

b)  Geometry  problem  solving:  What  kinds  of  problems  are  useful  for  the  current  ways  of 
leaching  Geometry?  Which  variables  are  relevant  for  discriminating  geometry  problems? 
Which  ones  for  discriniinating  problem  solvers? 

When  planing  the  activities  for  this  year,  we  have  had  in  mind  that  the  meeting  will  take 
place  in  a  country  with  a  fascinating,  but  some  times  unknown,  mathematical  and 
educational  culture.  With  the  help  of  some  Japanese  colleages,  we  want  to  profit  this 
opportunity  for  having  a  better  knowledge  of  the  research  on  Geometry  Education  carried 
out  in  Japan. 

Group  Organizer:     Angel  Gutierrez 

Universidad  de  Valencia 

Apartado  22045;  46071  -  Valencia  (Spain) 

Fax:  34  -  6  -  3864486 

E-mail:  GUTIERREZ@MAC.UV.ES 
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RESEARCH  ON  THE  PSYCHOLOGY  OF  MATHEMATICS 
TEACHER  DEVELOPMENT 

The  Working  Group  Research  on  the  Psychology  of  Mathematics  Teacher  Development  was 

first  convened  as  a  Discussion  Group  at  PME  X  in  London  in  1986,  and  continued  in  this  format 

until  the  Working  Group  was  formed  in  1990.  This  year,  at  PME  17,  we  hope  to  huild  on  the 

foundation  of  shared  understandings  that  have  developed  over  the  last  six  years. 

Aims  of  the  NYorking  Group 

•  The  development,  communieation  and  examination  of  paradigms  and  frameworks  for  research 
in  the  psychology  of  mathematics  teacher  development. 

-  The  collection,  development,  discussion  and  critiquing  of  tools  and  methodologies  for 
conducting  naturalistic  and  intervention  research  studies  on  the  development  of  mathematics 
leachc  'i'  knowledge,  beliefs,  actions  and  thinking. 

-  'ITie  implementation  of  collaborative  research  projects. 

-  'Oic  fostering  and  development  of  communication  between  participants. 

-  The  production  of  a  joint  puhlicalion  on  research  frameworks  and  methodological  issues 
within  this  le.searcli  domain. 

Research  Questions 

in  1^)92.  strong  cross- eounir>  bonds  were  "siabtished  between  those  parlicipating  in  the 
Working  Grtmp  ^e.ssit)ns.  and  discussion  focused  on  participating  members'  re.seareh  interesls 
and  projecis  which  related  to  the  theme  oi  the  Working  Group.  Through  this  discussion, 
examples  t>f  the  practice  of  mathematics  teachers  and  teacher  educators  that  infonn  our  nttiions 
iif  what  constitutes  good  pedagugy  m  general,  and  the  role  of  a.s.se.ssment.  in  particular  were 
shared.  In  19^).^,  one  t)f  the  anus  of  the  Working  (jroup  is  to  share  and  di.scuss  examples  of 
different  methodologies  that  are  appropriate  for  research  into  (he  psychology  of  mnthematjcs 
teacher  development. 

Proposed  OuU  onics  of  the  Working*  (iroup  at  PME  17 

/.  Presentation  and  Discussion  of  Appropriate  Research  Methodolofiies:  Different 
methodoh'gies  at^propnate  for  reseaieliing  'he  p.syehology  ot  niaihemalics  teacher  development 
will  be  shared  and  critit|ued.  U  is  hoped  lhat.  through  this  apprtuich.  nil  researchers  in  the 
(inuip  can  enrich  iheir  unvlerstnndmg  of  diirerent  methoth^logies  applied  in  different  contexts. 
2.  Collaborative  Research  Projects:  Memhers  of  the  Working  Gr<iup  have  overlapi)ing 
research  interests,  and  it  is  hoped  thai  la)  collaboralive  res^'areh  projecis  can  be  mounled.  and  (b) 
a  continuing  dialogue  can  Iv  established  between  members  of  the  Woiking  Group. 

Publication  of  on  Edited  Collection  of  Research  Papers:  I'hc  Working  Group  pLns  to 
publish  a  cviliectitm  of  u-  .Cu^U  papers  *I"hc  proposed  title  is:  Kffvitivc  Mcthoth  for  Achievmii 
(  luoiiir  u\  SUithi  moth  s  'Dm  her  ncvt'lopnwnt:  An  Inti'rnoiumol  Hesiuinh  i\  r:;\ .  :ixc. 


^Ncnda  1*1  lei  ton,  Convenor 


ERIC 


1-95 


PME  Working  Group  on  Ratio  and  Proportion 
Organizers:  Fou-Lai  Lin,  Kathlern  H.Hart  and  Robert  Hunting 

Session  \,  Learning  and  Teaching  of  Begining  Fractions/Ratio 

Each  participant  of  this  group  shall  present  briefly 
his/her  research  interesting  at  the  begining  of  this  session. 
Then  the  discussion  will  focus  on  the  learning  and  teaching 
of  begining  fractions/ratio. 


Session  2.  Adult's  Understanding  of  Fractions,  Ralio  and 
Proport  ion 

This  session  will  focus  on  the  understanding  of  senior 
high  school  students,  pre^service  teachers  and  in-service 
teachers  on  fractions,  ratio  and  proportion. 


Session  ?> .  Kecogn  i  zat  i  on  of  Ratio  and  Inverse  Ratio 

This  session  will  locus  on  recugn i zat i on  of  ratio  and 
inverse  ratio  situations,  particularly,  the  analogies  in 
sc  i ence  and  mat hemat i cs . 


BEST  COPY  AVAILABLE  ^  ^ 
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The  IGPME  Working  Group  on  Representations 

G«raW  A,  GoWin,  Center  for  Mathematics,  Science,  and  Computer  Education. 
Rutgers  University,  New  Brunswick.  New  Jersey  08903,  USA 


The  Working  Group  on  Representations  of  the  International  Group  for  the  Psychology  of 
Mathematics  Education  will  meet  again  in  Japan  in  1993.  I  took  on  the  responsibility  of 
coordinating  it  at  the  end  of  the  1989  meeting  In  Peris,  and  Claude  Janvier  (Montreal,  Canada) 
provided  valuable  aasistance.  At  the  1990  meeting  in  Mexico  our  focus  broadened  substantially, 
to  include  a  number  of  different  interpretations  that  have  been  given  to  the  term 
■representation"  In  connection  with  mathematics  learning,  teaching,  and  development.  Those 
discussions  continued  during  the  1991  Italy  meeting  and  the  1992  meeting  In  tne  USA.  After  the 
1993  meeting,  the  group  will  be  coordinated  by  Claude  Janvier  and  Gerard  Vergnaud. 

A  special  issue  of  the  Journal  of  Mathematical  Behavior,  based  on  the  work  of  our  group,  Is 
presently  being  planned, 

Some  of  the  interpretations  we  are  giving  to  "representations'  have  included  the  following 

(a)  External  physical  embodiments  (including  computer  environments):  An  external, 
structured  physical  situation  or  set  of  situations  that  can  be  described  mathematically  or  seen  as 
embodying  a  mathematical  idea,  (b)  Linguistic  embodiments:  Verbal,  syntactic,  and  related 
semantic  aspects  of  the  language  In  which  problems  are  posed  and  mathematics  is  discussed,  (c) 
Formal  mathematical  constructs:  A  different  meaning  of  ' representation',  still  with  emphasis  on 
a  problem  environment  external  to  the  individual.  Is  that  of  a  formal  structural  or  mathematical 
analysis  of  a  situation  or  set  of  situations,  (d)  Internal  cognitive  representations:  Very 
Important  emphases  Include  students'  Internal.  Individual  ropresentatlon(s)  for  mathematical 
ideas  such  as  'area',  'functions',  etc.,  as  well  as  systems  of  cognitive  representation  in  a 
broader  sense  that  can  describe  the  processes  of  human  learning  and  problem  solving  In 
mathematics.  Distinctions  between  static  and  dynamic  representations,  temporal  and  spatial, 
etc.  are  of  great  interest. 

The  scope  of  the  Working  Group  on  Representations  includes  many  related  questions.  The 
following  have  been  discussed  in  previous  years: 

What  are  the  conse<^uencos  of  creating  and  manipulating  particular  external  representations  of 
mathematical  concepts?  How  can  we  develop  new  external  systems  of  representation  that  foster 
more  effective  learning  and  problem  solving?  How  can  we  describe  in  detail  the  internal 
cognitive  representations  of  learners  and  problem  solvers?  What  Is  the  nature  of  the 
interaction  between  external  and  Internal  representations?  How  do  we  infer  Internal 
representations  by  observing  external  behaviors?  How  do  individuals  construct  internal 
reprosentatkjns  from  their  r  :perience  of  external  environments?  What  can  theories  based  on 
cognitive  representation  tell  us  about  making  mathematics  education  more  effective?  What  Is 
the  role  of  metaphor  In  cognitive  representation  In  mathematics?  Such  questions  are  addressed 
not  only  as  general,  abstract  considerations,  but  in  the  particular  contexts  of  mathematical 
activity  in  specified  domains,  and  with  various  populations  of  students,  teachers, 
mathematicians,  and  so  forth. 
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PME-xvn-oi 

WORKING  GROUP  ON  SOCIAL  PSYCHOLOGY  OF  MATHEMATICS  EDUCATION 

JEFF  EVANS,  Middlesex  University,  London,  UK  (Enfield,  Middx.  EN3  4SF) 
LEO  ROGERS,   Roehampton  Institute,   London  SW15  5PH,  UK 


Four  90-inin.  .sessions; 

1.  Introd.  Organisation  and  re-organisation  of  national  curricula. 

2.  Assessment  for  control  and /or  empowerment 

3.  Alternative  curricula  appropriate  for  democratic  citizenship 

4.  Looking  ahead. 


Session  1.  Introduction 

The  contexts  and  determinants  of  the  mathematics  'curriculum  as  a 
conseqiaence  of  the  social,  political  and  educational  changes  taking 
place  in  most  countries.  These  changes  manifest  themselves  broadly  in 
two  aspects : 

(a)  re-structuring  of  the  control  of  the  maths  curriculum;  and 

(b)  re-organisation  of  tne  content  and  assessment  of  the  curriculum. 
The    motivations     for    change     are    not    only    educational,     but  also 
political.     The    changes     in  different  societies*  may  have  far-reaching 
and  diverse  consequences. 

In  this  first  session,  participants  will  have  a  chance  to  introduce 
themselves  and  to  report  on  the  situation  in  their  countries,  as 
proposed  at  PME-XVI. 


Session  2.  A-jfiessmcnt 

Assessment  provides  a  tool  that  may  be  used  in  several  ways  -  for 
political  or  administrative  control  of  learning,  or  for  teacher  and 
pupil  empowerment  (peer  assessment,  self- assessment) .  Participants  are 
encoiirnged  to  bring  examples  of  each  from  their  own  experience. 


Session  3.  Alternative  curricula  fr>r  democrat irr  citizenship 

Many  teachers  of  mathematics  aspire  to  a  curriculum  which  provides  the 
basis  for  "'democracy",  "responsible  oitisenship",  etc.  What  would  such 
curricula  look  like:  would  there  be  any  real  maths?  Or  would  it  more 
resemble  statistics?  What  problems  might  arise:  for  example,  thif^ 
approach  seems  likely,  at  the  very  least,  to  lead  to  problems  in  the 
"transfer"  of  school  learning  t,o  appl  i  f^iticms  in  civic  life,  which  are 
rifft  too  disfjimilar  tn  problem?;  of  applying  "vocational"  curricula  at 
work. 


f^es.sion  4.   Looking  ahead. 

What  might  ijsefully  be  done  b«=;tweRn  now  and  next  PME  in  Portugal? 
Links  with  the  Cultural  Aspects  working  group. 

Proposal  for  a  name  change;  one  possibility:  "Social  and  Political 
Aspects  of  Mathematics  Education". 
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Working  Group:  Tf^'^h*^™  at\  Rf^fli^herg  in  Mathf^maticfi  Education 
co-convenors:  Stephen  Lerman  arid  Judy  Mousley 

The  group  has  been  meeting  annually  since  1988  and  as  a  working 
group  since  1990.  The  aims  of  the  group  are  to  review  the  issues 
surrounding  the  theme  of  teachers  as  researchers  in  mathematics 
education,  and  to  engage  in  collaborative  research. 

The  stimulus  for  the  notion  that  classroom  teachers  can  and  should 
carry  out  research  whilst  concerned  with  the  practice  of  teaching 
mathematics  comes  from  a  number  of  sources,  including:  teachers  as 
reflective  practitioners;  empowerment;  teaching;  as  a  continuous 
learning  process;  the  nature  of  the  theory/practice  interface;  the 
problems  of  dissemination  of  research  when  it  is  centred  in  colleges; 
research  problems  being  generated  in  the  classroom,  and  finding 
solutions  within  the  context  in  which  the  questions  arise.  These  themes 
are  seen  to  be  equally  relevant  to  the  teacher  education  situation,  and 
provide  a  focus  for  the  reflective  activities  of  ourselves  as  teacher- 
educators. 

Since  the  meeting  in  Assissi  in  1991,  we  have  established  a  network 
amongat  members  and  circulated  papers,  ideas  and  question-.  The 
programme  in  Tsukuba  will  centre  around  the  issues  that  were  raised 
ill  New  Hampshire,  namely  research  on  our  own  practice  as  -eacher 
educators,  and/or  teachers  of  mathemntica.  We  will  also  review  the 
work  of  present  and  new  memberH  in  thia  field  and  report  on  research 
carried  out  during  the  year. 
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1-101 

The  Enhancement  of 
Under  Presented  Countries 
in  South-East  Asia  and  East  Europe 

South  -  East  Asia  Countries  arranged 
by  Du  Wey, 
Takahiro  Kunioka 

liast  Europe  Countries  arranged 

by  Hideki  Iwasaki, 
Katsuhiko  Shirnizu 

The  exchange  of  knowledge  and  facts  about  niaihcmatics  education  from 
selected  Soulh-East  Asia  and  East  European  countries  with  presented  countries  is 
aimed  in  this  Discussion  Group, 

Researchers  from  above  countries  will  report  the  intended,  implemented 
and  learned  curriculum  in  each  counties. 

We  will  present  the  cross-cultural  perspectives  for  the  research  on  the 
above  theme. 

We  will  discuss  shared  methods  to  resolve  common  problems  on 
mathematics  education  in  those  countries  where  participants  can  clarify  them. 

The  mathematics  educators  from  "presented  countries"  are  also  welcomed. 


M02 

Interactive  Geometry  with  Cabri-Geometre 

Jean-Marie  LABORDE.        Bcrnadette  DENYS 
JMAG-LSD2       University  Joseph  Fourier,  Grenoble,  FRANCE 

This  group  is  open  to  people  concerned  with  the  use  of  softvs  are  for 
the  teaching  and  the  learning  of  geometry. 

In  particular,  this  group  will  discuss  the  follov/ing: 

1.  the  new  categories  of  geometry  problems  which  can  be  investigated  by 
Cabri-Geometrc 

2.  the  use  of  the  instrument  Cabri-Geometre  as  a  tool  of  research  for 
studying  problems  connected  with  the  learning  of  geometry 

3.  the  evolution  of  geometry  software  towards  "microworlds  under  direct 
nianipulation"  i.e. providing  direct  access  to  the  geometrical  objects 
constituting  a  figure,  to  change  them  and  to  make  them  interact. 
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DlBCuaslon  Group 
Paul  Ernest  (UK) 

in  mathematicn  education  epistemological  and  philosophical 
issues  aro  gaining  in  importance  as  theories  of  learning 
bocome  more  epistemologically  orientated  (e.g.  constructivism). 
Various  areas  of  inquiry  in  PME,  including  problem  solving, 
teacher  beliefs,  applications  of  the  Perry  Theory,  and 
ethnomathematics ,  all  relate  directly  to  the  philosophy  of 
mathematics  and  opiatemological  issues.  Currently  psychological 
researchers  are  bringing  social  perspectives  to  bear  on  their 
researcn  problems,  drawing  on  the  work  of  Vygotsky,  activity 
theorists,  situated  cognition,  poststruoturalisto , 

hermeneutics ,  social  constructionism,  and  other  traditions  of 
thought.  Some  of  these  influences  are  shown  in  the  work  of 
Bartclini-Bussi ,  Bauersfeld,  Boero,  Cobb,  Nunes,  Saxe,  Stoiner, 
Walkerdine,  Wood,  and  others.  These  new  perspectives  all  raise 
deep  epistemological  and  philosophical  issues  for  the 
psychology  of  mathematics  education. 

A  central  philosophical  issue  concerning  the  nature  of 
mathematics  which  needs  to  be  addiesaed  at  PHE  ia  the  move  by 
some  philosophers  and  researchers  to  abandon  the  absolutist 
paradigm  of  mathematical  knowledge.  Publications  by  Lakatoc, 
Davis,  Korsh,  Kitcher,  Kline,  and  Tymoczko,  for  example, 
suggest  a  now  fallibilist  paradigm  with  profound  implications 
for  the  psychology  of  mathematics  education.  If  mathematics 
itself  is  no  longer  seen  as  a  fixed,  hierarchical  body  of 
objective  knowledge,  then  the  status  of  hierarchical  theories 
of  mathematical  learning  or  of  siibjective  knowledge  of 
mathematics  is  open  to  question.  One  outcome  is  that  they  can 
no  longer  claim  indisputably  to  be  representing  the  logical 
structure  of  mathematics. 

Researchers  are  becoming  increasingly  aware  of  the 
epistemological  assumptions  and  foundations  of  their  inquiries, 
since  any  inquiry  into  the  learning  and  teaching  of  mathematics 
depends  upon  the  nature  of  mathematics,  and  teachers*  and 
researchers'  philosophical  assumptions  about  it.  Many  of  these 
issues  recur  at  PME,  and  the  opportunity  for  an  open  and 
continuing  discussion  has  proved  to  be  both  useful  and  timely. 
The  group  met  at  PME-16  in  Kew  Hampshire,  and  this  meeting  will 
continue  the  lively  and  well  supported  discussion  begun  there. 

The  aim  is  to  offer  a  forum  for  a  discussion  of  iasues 
including  the  implications  for  theory  and  research  in  PME  of: 

*  Social  views  of  mathematics  and  mathematics  learning; 

*  Interdisciplinary  theoretical  &  philosophical  developments; 

*  Epistemological  bases  of  research  paradigms  &  methodologies; 

*  Other  relevant  issues  raised  by  participants. 
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USING  OPEN-ENDED  PROBLEMS  IN  CLASSROOM 

Erkki  Pehkonen,  Dcpt  Teacher  Education;  University  of  Helsinki  (Finland) 

The  method  of  using  open-ended  problems  in  classroom  for  promoting; 
mathematical  discussion,  the  so  called  "open-approach"  method,  was  developed 
in  Japan  in  the  1970's  (Shimada  1977,  Nohda  1988).  About  at  the  same  tin^io  in 
F.n^land,  the  use  of  investigations,  a  kind  of  open-ended  problems,  in 
mathematics  teaching  became  popular  (Mason  1991),  and  the  idea  was  spread 
moro  by  Cockcroft-report  (1982),  In  the  1980's,  the  idea  to  use  open  problems  (or 
opon-ended  problems)  in  classroom  spread  all  over  the  world  (seo  Pehkoniu\ 
l^^U),  and  research  of  the  possibilities  to  use  open  problems  is  especially  now 
very  vivid  in  many  countries  (e.g.  Pehkonen  1S)89,  Silver  &  Mamona  1^)8^), 
Nuhda  1991,  Zimmermann  1991,  Clarke  &  Sullivan  1992). 

In  some  countries,  the  idea  of  using  open-ended  problems  in  mathen^<Uics 
teaching  has  also  been  written  in  one  form  or  other  into  the  curriculum.  M.g.  in 
the  new  mathematics  curriculum  for  the  comprehensive  school  in  I  lambiirg 
(CUu-many),  about  one  fifth  of  the  teaching  time  is  loft  content-free,  in  ordw  lo 
iMKDurage  the  use  of  mathematical  activities  (Anon.  1990).  In  California,  ihev 
are  suggesting  open-ended  problems  to  be  used  beside  the  ordinary  n^ulliple- 
du)iee  tests  (Anon.  1991). 

in  the  discussion  group,  the  following  questions  will  be  dealt  with:  What  are 
''open-ended  problems"?  Why  use  open-ended  problems?  1  low  to  use  open- 
ended  problems?  For  structuring  the  discussion,  there  will  be  two  or  three  short 
presentations  (about  10-15  min)  for  a  time  slot  from  different  parts  of  tlu-  world. 

References 

Anon.  1990.  Lehrplan  Mathematik.  Lehrplanre vision  GesamtvSclvile. 

Sekundarstufe  1.  Bchorde  fiir  Schule,  Jugend  und  Berufsbildung,  Amt  fiir 

Schule.  Hamburg. 
Anon.  1991.  A  Sample  of  Mathematics  Assessments.  Sacramento  (CA): 

California  Dept  of  Education. 
For  other  literature  notes  see  the  list  of  references  in  the  paper  of  Pehkonen 

(elsewhere  in  the  Proceedings). 
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INTL-KPRETATIONS  OF  DOUBLE  MODALITIES 

01c  Bjorkqvist 
Abo  Akademi,  Vasa,  Finland 

Abstract.  The  personal  conceptions  of  logical  mxcssiti/  and  possibilihj  of  upper 
secondary  school  students  xoere  studied.   The  students  were  asked  io  interpret 
sentences  involvini;  txvo  nwdalitics  by  ranking  given  alternative  formulatio>is 
accordiryg  to  logical  equivalence,   The  results  gave  evidence  of  influence  from 
everyday  conceptions  in  the  form  of  systematic  personal  preferences,   They  also 
indicated  dependence  on  key  elements  in  the  structure  of  the  sentence,  most 
clearly  if  the  first  element  of  the  sentence  is  a  positive  necessity  or  if  the 
sentence  contains  two  negations.   The  study  has  a  connection  to  the  validation 
of  formal  systems  of  modal  logic. 

Introduction. 

A  basic  cultural  tradition  of  mathematical  logic  is  the  dominance  of  t  wo-valued 
logic.  From  the  earliest  school  years,  the  mathematical  thinkinj^  of  children  is 
affected  by  ideas  which  suggest  that  truth  and  falsehood  are  the  only  relevant 
properties  of  propositions  in  mathematics.  For  an  understandmg  of  the 
development  of  mathematics,  in  v^hich  the  exclusion  of  a  third  alternative  has 
played  an  important  role,  this  educational  emphasis  is  a  natural  thing.  There 
are,  however,  branches  of  mathematical  logic  that  have  considered  the 
consequences  of  mure  than  two  values  for  propositions.  A  special  case  is  modal 
logic  (Chellas,  1980),  which  is  concerned  wiMi  logical  niccr.sity  nnd  possibility 
in  addition  to  truth  and  falsehood. 

Necessity  and  possibility  are  concepts  that  are  used  frequently  in  everyday  life 
and  they  thus  carry  meanings  that  influence  the  apparent  validity  of  a  specific 
variant  of  modal  logic.  An  example  is  the  fact  that  the  two  propositions  "it  is 
not  necessary  that  P  is  true"  and  "it  is  possible  that  P  is  not  true"  might  be 
considered  equivalent  in  everyday  life.  A  specific  variant  of  modal  logic  that 
does  not  agree  with  this  general  use  would  then  be  less  applicable  than  another. 
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Modal  logic  can  be  developed  from  a  variety  of  axioms,  and  it  would  seem 
reasonable  to  choose  the  axioms  in  accordance  with  the  prevalent  conceptions 
of  necessity  and  possibility. 

Modal  logic,  just  like  ordinary  two -valued  logic,  is  concerned  with  sentences 
built  up  from  elementary  propositions.  In  some  cases,  a  complicated  sentence 
can  be  reduced  to  a  simpler  form  using  the  axioms. 

The  fact  that  modal  propositions  are  not  very  common  in  school  mathematics 
while  they  are  in  regular  use  in  everyday  life  make  them  an  interesting  object  for 
the  study  of  the  relationships  between  concepts  in  and  out  of  school.  In  school, 
the  most  natural  time  to  investigate  necessity  and  possibility  is  in  connection 
with  probability  theory. 

The  research  problem. 

The  purpose  of  the  research  reported  here  was  to  investigate  the  personal 
conceptions  of  necessity  and  possibility  of  upper  secondary  school  students. 
Specifically,  the  interest  was  focussed  on  the  personal  interpretations  of 
sentences  involving  two  modal  expressions,  double  modalities.  Such  a 
sentence  has  the  general  structure  "it  is  (not)  necessary /possible  that  it  is  (not) 
necessary /possible  that  P  is  true".  Either  modality  can  thus  be  negated.  There 
are  16  structurally  different  sentences  of  this  type.  In  each  sentence,  the  first 
modality  refers  to  the  rest  of  the  sentence  whereas  the  second  modality  refers  to 
P  being  true. 

Such  rather  complicated  sentences  were  chosen  in  order  to  investigate 
preferences  in  the  interpretations  that  might  indicate  natural  starting  poirts 
for  a  system  of  modal  logic.  Tl^is  would  involve  finding  easily  acceptable 
substitutions  of  expressions  for  other  expressions,  reduction  of  sentences,  etc.  It 
was  also  anticipated  that  the  position  in  the  sentence  might  make  a  difference 
for  the  interpretation  of  a  modality. 
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It  was  further  anticipated  that  different  categories  of  interpretations  exist  and 
that  these  might  show  similarities  with  the  normal  interpretations  of  necessity 
and  possibility  in  everyday  life. 


Methods. 

There  seems  to  be  no  previous  research  on  the  psychological  aspects  of  double 
modahties.  Similar  research  concerning  other  mathematical  conceptions 
favorizes  structured  interviews.  In  this  case,  it  was  judged  that  the 
unfamiliarity  and  degree  of  abstraction  of  the  problem  would  require  plenty  of 
time  for  the  subjects  to  reflect  on  details  in  the  modal  sentences.  It  was 
therefore  decided  to  present  each  doubly  modal  sentence  in  writing  followed  by 
a  set  of  alternative  sentences  (not  necessarily  simpler  in  structure)  that  might  be 
considered  logically  equivalent  with  the  doubly  modal  sentence  by  some  of  the 
subjects,  and  to  instruct  the  subjects  to  rank  those  alternatives  with  respect  to 
logical  equivalence.  Alternatives  that  were  not  considered  acceptable  could  be 
totally  eliminated. 

To  make  possible  many  enough  alternatives  (five  for  each  doubly  modal 
sentence)  it  was  decided  to  study  just  those  doubly  modal  sentences  in  which 
both  necessity  and  possibility  occurred,  leaving  out  sentences  without  either 
(e.gv  "it  is  necessary  that  it  is  not  necessary  that  P  is  true").  Thus  the  study 
involved  eight  items  -  eight  doubly  modal  sentences  with  five  pseudo-logical 
equivalents. 

The  setting  of  each  sentence  was  the  same.  It  was  concerned  with  drawing  a  ball 
from  a  bag  of  black  and/or  while  balls.  In  the  first  item,  the  doubly  modal 
sentence 

"it  is  necessary  that  it  is  possible  that  the  ball  is  white" 

was  followed  by  the  five  alternatives  (translated  into  English) 
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(1)  One  ought  to  see  to  it  that  there  are  white  balls  m  the  bag. 

(2)  It  is  not  possible  that  there  are  no  white  balls  in  the  bag. 

(3)  It  is  a  logical  must  that  there  are  white  balls  in  the  bag. 

(4)  The  contents  of  the  bag  must  be  such  as  to  make  it  logically  thinkable  that 
the  ball  is  white. 

(5)  The  ball  may  be  white. 

The  structure  and  order  of  the  alternatives  was  exactly  the  same  for  the 
other  items. 

Alternative  1  expresses  finality  -  in  everyday  life  it  is  quite  normal  that 
something  is  necessary  or,  to  a  lesser  extent,  possible  in  order  for  something 
else  to  occur.  A  check  with  mathematicians  shows  that  this  alternative  is 
considered  rather  non-mathematical,  but  it  was  included  as  a  quite  likely 
logical  equivalent  for  secondary  school  students. 

Alternative  2  expresses  a  necessity  as  a  possibility  and  vice  versa.  This 
change  is  made  in  the  first  modality,  employing  systematically  the 
substitutions  (necessary     not  possible  that  not)  and  (possible  not 
necessary  that  not)  and  cancelling  any  two  consecutive  negations. 

Alternatives  3  and  4  attempt  to  examine  in  which  position  abstract  logical 
necessity/possibUity  is  preferred  if  one  modality  is  emphasized  as  logical 
whUe  the  other  modality  is  given  a  context-dependent  interpretation.  A 
systematic  preference  of  alternative  3  to  alternative  4  would  indicate  that 
abstract  logic  primarily  enters  in  the  first  position. 

Alternative  5  is  an  alternative  that  reduces  the  sentence  to  a  simpler  one.  It 
has  the  character  of  deduction  from  the  information  given  in  the  doubly 
modal  sentence. 

The  investigation  was  directed  to  all  the  students  (ages  16-18)  who  were 
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enrolled  in  the  more  extensive  mathematics  program  in  one  single  secondary 
school  in  Finland.  The  students  were  told  to  take  home  the  papers  and  fill  in 
their  answers  independently  after  due  consideration  of  all  the  alternatives.  This 
procedure  seemed  necessary  to  minimize  the  risk  for  random  responses. 
Likewise,  there  was  no  pressure  put  on  the  students  to  return  the  papers  at  all. 
The  return  percentage  was  40,  providing  32  answer  sets  from  students 
belonging  primarily  to  the  top  of  their  respective  classes. 


Results, 

An  analysis  of  the  results  shows  subject-independent  as  well  as  subject- 
dependent  patterns  of  answers.  Some  of  the  findings  are  listed  below. 

The  alternative  ranked  as  number  one  in  preference  varies  so  that  there  exists 
no  over-all  preference.  Neither  is  there  any  over-all  avoidance  of  any  of  the 
alternatives.  However,  for  six  of  the  eight  items  there  is  a  clear  preference  (at 
least  one  third  of  the  number  one  rankings)  for  a  specific  alternative.  There  is 
thus  evidence  for  dependence  on  the  exact  wording  -  on  the  occun'ence  of 
negations  and/or  the  order  of  the  necessity  an  ^  the  possibility  involved. 

Alternative  1  (which  expresses  finality)  is  the  number  one  preference  most  often 
in  the  two  cases  where  the  first  modality  is  a  necessity  without  a  negation,  "it  is 
necessary  that  it  is  (not)  possible  that  the  ball  is  white".  Alternative  1  is  the 
alternative  that  is  not  accepted  at  all  most  often,  in  four  of  the  eight  cases. 

Alternative  2  is  chosen  as  the  number  one  preference  13  times  out  of  32  for  the 
item  "it  is  not  necessary  that  it  is  possible  that  the  ball  is  white".  The  alternative 
then  eliminates  the  introductory  negation,  "it  is  possible  that  there  are  no  white 
balls  in  the  bag".  Over-all,  alternative  2  is  chosen  as  number  one  or  number  tv/o 
preference  twice  as  often  if  the  item  starts  with  a  negation  as  it  is  otherwise. 

The  comparison  of  the  relative  rankings  of  alternative  3  and  alternative  4  shows 
no  clear-cut  tendency  for  either  to  dominate.  There  are  two  exceptions,  bodi  in 
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favor  of  alternative  3,  so  that  alternative  3  is  preferred  at  least  twice  as  often  as 
alternative  4.  A  first  look  at  those  two  items,  "it  is  necessary  that  it  is  not 
possible  that  the  ball  is  white"  and  "it  is  not  possible  that  is  not  necessary  that 
the  ball  is  white"  shows  no  immediate  similarity.  Only  if  you  replace  (not 
possible  that  not)  by  (necessary)  in  alternative  4  is  there  an  indication  that  the 
preference  for  the  logical  emphasis  on  the  first  modality  may  require  that  its 
meaning  is  that  of  a  necessity.  This  interpretation  is  at  least  not  contradicted  by 
the  other  items. 

Alternative  5  (which  involves  a  reduction  of  the  doubly  modal  sentence)  is  the 
number  one  preference  most  often  in  two  cases.  The  tendency  is  clear  -  "it  is  not 
necessary  that  it  is  not  possible  that  the  ball  is  white"  reduces  to  "the  ball  may  be 
white",  and  "it  is  not  possible  that  it  is  not  necessary  that  the  ball  is  white" 
reduces  to  "the  ball  must  be  white".  A  double  negation,  even  if  separated  by  a 
modality,  seems  to  invite  to  a  reduction  of  complexity. 

Even  if  the  number  of  subjects  is  small  in  this  study,  the  answer  patterns  of 
individual  students  may  be  categorized  or  given  individual  interpretations. 
Students  who  favor  alternative  1  tend  to  do  so  for  several  of  the  items  -  the  final 
interpretation  of  the  modal  constructions  seems  to  be  connected  with  the 
individual  rather  than  the  specific  form  of  the  sentence.  A  particularly  clear  case 
is  a  student  who  favors  alternative  1  for  six  items.  The  other  two  items  result  in 
a  preference  for  alternative  5,  and  those  are  exactly  the  items  that  contain 
double  negations,  as  described  above. 

There  are  also  cases  with  preference  for  other  alternatives,  e.g.,  to  reduce  the 
sentences  as  much  as  possible  in  accordance  with  alternative  5.  One  subject 
favors  alternative  4  for  aU  the  items. 

Finally,  there  are  considerable  individual  differences  in  the  number  of 
alternatives  rejectrd.  Some  of  the  students  do  not  use  that  possibility  at  all, 
ranking  all  the  alternatives  in  order.  Others  seem  to  be  more  critical  and  rank 
just  one  or  two  alternatives  for  most  of  the  items. 
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Conclusions. 
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The  interpretation  of  doubly  modal  sentences  is  a  real  challenge  for  secondary 
school  students.  The  task  was  experienced  as  difficult,  but  interesting,  by  those 
who  completed  it. 

The  results  give  indications  of  considerable  individual  differences  in  the 
personal  conceptions  of  necessity  and  possibility.  These  differences  appear  to 
reflect  the  everyday  use  of  the  corresponding  words. 

The  particular  structure  of  the  doubly  modal  sentence  influences  the 
interpretation.  If  the  sentence  starts  with  a  positive  necessity  it  is  likely  to  be 
interpreted  as  having  a  final  meaning.  If  it  starts  with  a  negation,  there  is  a 
tendency  to  prefer  a  reformulation  without  the  negation.  If  there  are  two 
negations,  there  is  a  strong  tendency  to  a  reduction  of  the  sentence  to  a  sentence 
containing  just  one  modality. 

The  two  cases  with  clear  preferences  for  reduction  give  some  support  for  the 
validity  of  those  systems  of  modal  logic  that  employ  the  principle  "if  it  necessary 
that  a  proposition  is  true,  then  it  is  true"  as  an  axiom  (Chellas,  1980).  The  items 
can  be  reformulated  as  "it  is  possible  that  it  is  possible  that  the  ball  is  white"  and 
"it  is  necessary  that  it  is  necessary  that  the  ball  is  white",  respectively.  Using  the 
axiom  mentioned,  these  sentences  can  be  reduced  lo  "it  is  possible  that  the  ball  is 
white"  and  "it  is  necessary  that  the  ball  is  white",  respectively.  The  latter 
sentences  constitute  the  reduced  alternatives  in  the  present  study. 


Reference. 

Chellas,  B.F.  (1980).  Modal  logic.  An  introduction.  Cambridge:  Cambridge 
University  Press. 
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Constructing  the  instructional  hierarchy  through 


analysis  of  students'  error  pattern  and  strategics 


used  in  solving  calculus  problctos. 


Hyun  Sung ^ h  i  n 


The  purpose  of  study  i»'as  to  investigaic  the  students'  error 
poller jis  and  thinking  strategies  in  solving  calculus  problems 
and  decide  the  instructional  hierarchy  in  advanced 
lapics(l  init ,  derivative  and  integrat  ion).  Datas  *ter€  collected 
on  strategies,  error  and  perforuance  of  120  12th  graders  and  30 
college  freshmen.  45  wr  il  ten  problems  were  ^cVcn  to  t  hose 
samples  and  over  30  students  among  then  were  interviewed  during 
the  school  year  91-92.  This  study  shoved  that  research  He  I  hod 
tijfJud in«  datas  in  study  could  be  rich  sources  to  clear  the 
St  udent  s'  structure  of  understand  and  I  o  const  ruct  the 
instructional  hierarchy  on  those  topics. 

During  ne*  math,  in  korea.  it  wns  hoped  that  a  properly  structured 
course  vould  not  only  prepare  students  better  for  higher  oath.,  but 
would  also  prove  nore  accessible.  Although  these  are  adairnble  and 
cortaitUy  to  be  valued,  there  is  little  etapirical  evidence  to  support 
them.  Many  teachers  thought  that  we  ignored  students'  learning 
patterns.  Certainly.  \n>  should  consider  seriously  not  only  the 
coDplexity  of  oath.  understanding.  but  the  difference  between 
teachers'  understanding  and  that  which  we  wish  learners  to  gain. 

In  this  study,  one  research  Method  which  «e  can  investigate  the 
students'  cognitive  structures  (or.  structure  of  understanding)  is 
inpllcitly  suggested  and  students'  error  patterns  including  strategies 
in  advanced  taothematical    thinking  arc  also  discussed,    which  are  the 
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cbsentinl  resources  that  construct  the  instructional  hierarchy  in  the 
advanced  topi c - 1  1  oi  t .  der i vot i \, e.  integration. 


Over  the  past  years  many  studies  have  focussed  on  the  study  of 
structure.  It  was  assumed  that  students  could  grasp  rather  complex 
oath,  topic,  provided  they  were  presented  in  form  appropriate  to  the 
students'  level  of  intellectual  developnent.  About  this.  Resnick( 1 981  ) 
stated  that  "those  arise  in  the  teachi ng- 1 earni ng  situation  and  are 
connected  to  the  field  of  students'  cognitive  structure".  Piaget(l960) 
Kus  explicitly  concerned  with  the  process  and  development  of  thinking. 
Hy  pi-oviding  example  "sum  of  inner  angler,  in  triangle",  he  conveyed 
his  not  ion  of  cogn  1 1  i \,e  structure.  His  structure  wQS'  sumething 
<K  lively  constructed  by  the  human  organism.  The  understanding  that 
<i»nit»  froD  activity  bears  a  direct  relation  to  what  one  might  call  the 
subjft t ■ matter  structure,  but  it's  really  a  personal  creation.  From 
the  rcv-iew  of  study,  the  author  covild  know  that  nobody  clearly 
suggested  the  rocHning  of  cognitive  structure  and  rel at ionbh i p  betvpcn 
subject  matter  structure  and  cognitive  structure.  Mennnhile. 
skempdO?!)  said  that  "To  understand  something  raeanr.  to  assimilate  it 
into  schema".  This  explain  the  subjective  nature  of  understan i ng. 
Oinsburg( 1990)  attempted  to  situate  understanding  and  his  view 
pictured  It  as  sense -making  procedures.  Through  the  rov.ie\iS  of 
undi-rsiand.  »e  could  find  that  there  was  no  discrete  paints  v.hen  vl- 
.  .,n  s.ty  that  it  is  present  or  absent  Hart(i98n  studioii  ihc 
I.  St  I  i.nst  tut  t  i  i>n     at.cutdin>;     t'     tht      \v\v\     of     undtTS  I  and  i  ng  '.n 
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elementary  mih.  topics,  she  suggested  teaching  implication  based  on 
errors  and  porfornonco.  Some  part  of  thir.  study  was  extent  ion  of 
Hart's  results,  specially,  constructiong  the  test  based  on  the  level 
of  undorstonding. 

RESEARCH  QIESTIOS' 
This  rosearch  aimed  at  finding  answers  to  the  following  questions. 
(U  Mow  can  we  po&sibly  use  error  patterns  In  the  students'  ideas 
and  strategies  to  clear  the  structure  of  understanding? 

(2)  How  can  we  construct  the  content  structure  by  datas  in  (1)? 

(3)  How  can  «e  construct  a  better  instructional  hierarchy  based  on 
the  content  structure  on  linlt,  derivative  and  integration? 

Content  structure  described  here  means  the  structure  of  topics 
vkluch  is  reflected  by  the  students'  structure  of  understanding. 

D  E  S  1  C  fs 

Saople  •  During  the  school  year  1991-1992.  120  12th  grndcrs(group  A. 
B)  from  2  clasfics  of  two  high  schools  and  30  college  f rcshaen(group  c) 
participated  in  the  study.  Each  group  had  sone  characteristics  •  Croup 
A  consisted  of  average  60  students  from  the  standardized  hish  school 
3rd  grade  and  group  B  excellent  60  students  froa  selected  high  school 
2nd  grade.  Finally,  group  C  had  30  freshmen  from  teachers'  college  who 
were  studying  mothcnatics. 

Test     consjructjpn  During    3     tost     period,     each     student  ^\as 

adni ni ntered  45  itens  which  consisted  of  the  written  forms  and  oral 
que&tion  foras.   Soac  topics  on  limit,  derivative  and  Integration  used 
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viritlen  fora  and  others  oral  ^^uestion  forB(tntal  15  iteos)  for  each 
intervievi.  Those  Iteos  fell  into  5  level  of  understanding  extended 
froD  Hart's  scheoc  (table  1). 

Procedure  Al  1  students  vere  asked  to  perform  the  wri  tten  1  teas, 
which  thoy  required  the  students  to  explain  and  justify  the  solution 
strategy.  The  students  vrho  finished  the  written  font  continued  to 
answer  the  oral  guest  ion  froo.  but  those  who  did  not  give  clear  answer 
on  the  paper  were  asked  to  interview.  These  interviews  acre  conducted 
hy  the  veil  trained  teachers  including  thC'  author  All  intervievs  were 
lape- recorded  and  completely  transcribed  afterwards.  The  oral  forms 
were  the  tost  items  that  the  topics  could  not  he  easy  to  represent  its 
meaning  on  the  wri  then  test  form  and  need  a  variety  of  answers  from 
them.  The  typical  one  would  be  "when  lie  f(x)-3.  f(x)-x*2.  find  the 
sequence  {f(xn)l  correspondinK  to  ficqucfu  f  {  <'?..[).  2.4,  2.3.  •  •  1.02. 
...  I.  00001       )  of  X  values.  " 

tabU'l  level  of  understanding  for  tcsi  construction  (eg.  det  lvativc) 
Level  Criteria 

1  prer'qui  5  i  te.   mode  i  s  i  n formal 
items  have  numerical  value  and 
Biuple  strategy 

2  prerequisite  but  increased  conplexity 
Partial  math,  symbol,  parti.il  jioncraliiy 

3  not  prerequi  s  i  te.  mode  i  s  rnftu  ma  1 . 
use  generalized  pattcrnh. 

4  formal   (written  symbol),   use  general i/ed 
paltorn.'i  by  abstract  symbols. 

5.       »ppl  icciit  ion  and  counter  example 
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R  E  S  I  L  T 

Tho  following  discussion  is  only  focusod  on  the  critical  problenj. 
vthich  hnve  fovorablo  influence  upon  mnth.  Tooching  on  error  pnt terns, 
strategies,  constructing  the  instructional  hierarchy,  and  constructing 
content  structure.  The  inconsistent  error  patterns  >*cre  uciitted. 

(li  student's  idea  strategy  arid  error  pattern. 

Limit  of  seguenco   '   The  oajor  difficulty   from  group  A.    K  stn-ipt-d  l*- 

havi'  in  understanding  tho  limit  process  arid  numerical  const  ruL  t  i  on  of 

sogucnce  (  f(xn)}  including  x-*i   in  1  io^  f  (x  )-3{error  415*). 

Other  serious   lack  of  understanding   in  group  \,    B  viw,   I  i  n   f(x)  lim 

f(x).   liffl  f(x):   f(x)  discontinuity  at  K-a(ovcr  46^  orrorsl. 

The    studorjt    did    not    connci  t    iindoriitandi  ng    ">f    luiit    '»f    nuat-rn  al 

soquencu    (an)    to  acquire   the   litoit   process  of   function.  Specially. 

they  showed   limit  concept  by  substituting  x-a   inlo  f(x)  and  H"*-*^'' '  i^^'. 

the  limit  process  on  the  figure.   In  figure,  maf^y 

students  from  group  ^,  D  answered  that  there  Has  | 

ni»  liiait  because  f(x)  not  continue  at  x-1  (i-rror  1  ^^^^^Q'^ix  \\ 

U'^*.  Fiobably,  approx  i  laa  t  i  ng  proi  ^'f.!.  sh'UiUI  bf  '  "'^^l        |  \ 

I 

introduced    much  before    formal     reprebt'ntat  i  on  lim  Ix2«l)  ■.  2 

Oi-r i \.ai  i  ves  :  There  was  a  lack  of  understanding  tc  present  the  rale  of 

change   including  Ax.    ,^y  {over  30h  for  group  A.B.    lOv   for  {,;r<>up  I  ). 

— Pi),  di  f  fcrence  1~  •  and   '-j^     -         (4b-^.   A.  iU. 

Since  they  shov^ed  a  serious  Lack  of  late  problem  ( S|»i»(  i I  I  y .  in 
phy«jical  situation),  they  could  not  cunnected  fix)  to  limiting 
process,  and  ansuered  '*f"(ji  f  '  i  x  i  '  ( t'rr'.'r  SO'-*  for  group  H.   pii' foiro-m*  i 
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2'3^  iov  group  A). 

InUiRi'alion  •  Tho  following  mnlhooal  ical  Ideas  tjhowod  o  !iori<nif.  I.k.I< 
of  iiiuii'i  f. landing  Part  i  t  i<ining  on  (a.  hi  (purforinanco  for  h'  ^hh) 
R ) ,  approx  imalj  nrra  one  Ujrit^d  by  f  i « ) .  [a.  b] .  and  x  a.  x  -  b 
( per  fornancu  20^*  for  group  A.  31)'*  for  arnup  B ) .  connect  i  ng  apjirox. 
ai'oa  lX  f(5<'i)  i\x)  U>  I  ici  X  f{xl  )  /\x.  The  uuuotl^  contR'clion  frota 
appi'ox  i  oial  inK  aroa  Jlf(x*)  Ax  to  llB_7.f(Xi)  Ax  v,ah  n  big  pioblcro  in 
dosigning  thi»  i ni>l ru' I i i>na I  hierarchy,  ^lany  f.ludonK.  from  grovip  A.  h 
( porforoianci'  20^6)  (iuild  not  cU-arly  slaU"  tho  moaning  of  f(x''i).\x 
I  ndi'pi.>rjd(!n  I  ch(Mco  x'i  i  (xi  i  xi]  and  lim  Ji*., 
I  2  )  content  fitrurliirr 

A  ni'xt  progrosj.  of  tht^  study  waii  io  conjilruct  tho  ccmtcnt  i.truclui\' 
ha'^i'd  on  onaly«i;«  of  Icr.t  r<.*;iulls  ahoM'. 

I  hv  fol  1  o>.  i  ng  f  I  guru  i  ti  rcprt-'tiunUi  I  i  on  <»  f  content  b  Irvu  tiiro  almu  l 
I  t-.c  I'.n.  opt  (if  (Icrivai  i\.<'  \  foriijul  I'f  roprcbonlat  ion  t  awo  rr(-m 
(■itH'no '  s(  I  978  )  kniittU'ilgo  btriicturc  viodrl 


(  ,**     {  *      )  <fu.in-jU) 

VtKji.omc         A  Ac»nlina.l> 


<  K  "^V  T  \O0JCCl 


ourcoine 


TIk'  ionlt>nt  slruLturo.*  aiujul  i  ntt-gra I  i i»n  would  bo  otnlttJul. 
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(3)  conr.tiict  [ng  iho  inMruclional  Inorarchy 

Ali    Informal  I  on  Si  doficrlbcd  olmvo  (^lv•^>  wriiUy   \i\o(\u  lo  (ipnign  iho 
Inolruclionnl    hlornrchy,     The    following    I&    one    oxaaplc    of  tho 
InairucUonal  h  I  orn  rchy  nlxiut  I  ho  concept  of  dorlvntlvo. 
concept  of       nvorogo  •*nto  of       oppi  ox,  ,         -♦[toi  iviil  i  vc  nl  «  p<»iiu 

incrcaac  chango  (numorlcal  Hull) 

W^*^)-  Cop 
(tlocTonso)  ^Tx 

•  »  ( orrofjpontlofico  -»  dl  f  f.  profoof.       dorivnlion  ■  »  dorlvnllvo  on 
X    *  )  v»^c    "'h  open  Inicrvni       physical  *.  1 1 

(OMLISION  ANll  UltH'SblOS 

Ihi'  i-i'ttcni\h  roporlod  hfic  •juf{ft(*{it;i  thai  conuwii  Mi-ui  lui'i'  j;ivi'r>  \»y 
toxlhuok  «rllUn-  (dv  Eialh.  U-nrhor)  fdumld  Ik-  tafidlfU'd  throuf'.li  .1 
jjiiuduro  uf  iindcffiUifullnKtor  irarnor''fi  tognUlvo  MructJiroi  in 
sludonlii*  Bind,  Slnt:o  ll  wuy  nol  cooy  find,  (j  iippruprUiU  raothud  in 
fU'a>-  llio  Kiudi'hLf/  t.oHfiiliM'  Mtm.turt',  thiu  utudy  used  \\w  iiivilyuis 
UM  lluid  uf  '.ludi'nlf/  n  roi  |j.it  to  lit..  sli  JitcKy  iit.od.  hitd  )H>r  furoiatu  o  <»f 
Tl«'  U'\ol  of  uhdei  bland  lug  in  nialli,  L<irmnU«  (limit.  dui-|v(Ul\c. 
IhlKi"" ^  i"">.  Pci  hapti  Ihr  |)olnl  of  Ki  oiilu£.l  Inlui-ui.l  ai  lr.liiK  fi  <'D  Uu 
prt'M'Ml  roHunixli  ic  indicMtlon  llwt  tatiny  (.liidohU  In  Korc.ifj  tii[',l» 
s<htt'.»l  do  noi  iivvm  l<»  mpy  t\  fonnnl  rcptt-ftont  o  t  i  on  of  I  he  n^thiul  lluM 
tcxtUonk  buKMosU,  Indi'cd,  ihfy  pay  uhu  mnn*  informal  pr  oM'dui  t'S  uf 
llmh-  own.  TIu*M'  nri  lls  fui  Uu-i-  i  nvosl  I  gat  i  on  to  i-lrar  \\\v 
malhcwfit  kal  nitivily  I  n  piaUuMoal  I »  s  l(M<hin(* 
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Abstract 

Analogies  play  a  significant  role  in  the  development  and  acquisition  of  scientific  concepts. 
A  critical  question  is:  What  causes  people  to  perceive  situations  as  analogical?  In  an  attempt  to 
refer  to  this  central  issue,  we  cliose  to  examine  situations  which  are  not  considered  analogical  from 
the  scientific  point  of  view,  but  have  similar  perceptual  properties  and  might  thus  be  perceived  as 
analogical  by  students.  Students  in  7th  to  I2th  grades  were  presented  with  problems  related  to: 
(I)  successive  division  of  physical  and  geometrical  objects,  and  (2)  comparison  problems 
related  to  physical  and  geometrical  objects.  Our  data  suggest  tliat  external  features  of  ttte  problems 
(e.g.,  similar  structure  andfigwral  similarity),  as  well  as  factors  related  to  the  solver  (e.g.,  age  and 
instruction)  largely  influence  students'  responses  to  the  problems.  The  theoretical  framework, 
however,  is  not  the  most  influential  factor  in  determining  students'  responses. 

A  critical  issue  in  instruction  is  what  analogies  and  examples  could  be  used  to  promote 
problem  solving  abilities.  An  attempt  to  answer  this  question  should  include  an  examination  of 
factors  which  makes  students  perceive  a  given,  unfamiliar  problem  as  analogical  to  a  familiar  one. 
Generally  two  types  of  factors  could  be  considered:  Factors  related  to  the  problem  itself  (e.g.,  its 
structure,  its  visual  aspects),  and  factors  related  to  the  solver  (e.g.,  age,  instruction). 

As  a  way  of  exploring  this  issue,  we  have  chosen  to  concentrate  on  examining  students' 
responses  to  problems  that  arc  not  considered  as  analogical  from  the  scientific  point  of  view  but 
which  due  to  similarit>'  in  external  features  students  tend  to  perceive  as  analogical.  In  our  previous 
studies  (Stavy  &  Tirosh,  1991;  Tirosh  &  Stavy,  1992)  wc  concentrated  on  successive  division 
problems.  These  problems  shared  ihe  same  structure  and  process,  namely: 

Consider  an  object.  Divide  it  into  two  equal  pans.  Divide  one  half  into  two  equal  parts. 
Continue  dividing  in  the  same  way.  Will  this  process  come  to  an  end? 

Clearly,  the  answer  to  this  problem  depends  on  the  nature  of  the  object.  If  it  is  a 
geometrical  object  (for  example,  a  line  segment,  a  square  or  a  cube)  the  answer  is  that  this  process 
is  endless.  Geometrical  objects  arc  ideal  objects  and  such  objects  can  be  infinity  divided.  If  the 
object  is  a  material  one  (for  example,  water,  copper  wire)  the  situation  is  different:  The  process  of 
successive  division  comes  to  a  halt  when  reaching  the  molecular  or  the  atomic  level  as  beyond  it  the 
material  ceases  to  exist  as  such. 

Two  hundred  upper  middle  class  students  from  grade  levels  seven,  eight,  ten  and  twelve 
(50  from  each  grade  level)  participated  in  our  previous  studies.  They  were  presented  with  three 
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problems  which  describe  successive  division  processes.  One  problem  related  to  successive 
division  of  a  line  segment  whereas  the  other  two  problems  related  to  successive  division  of  water 
and  a  copper  wire.  It  was  found  that  a  substantial  number  of  students  (about  52%)  provided  the 
same  answer  and  the  same  explanation  to  these  problems.  While  the  majority  (51%)  of  the  seventh 
and  eighth  grade  level  students  stated  that  these  processes  are  finite  and  thus  showed  a  concordant, 
finite  pattern  of  response,  the  frequent  concordant  pattern  of  response  among  the  tenth  and  twelfth 
grade  students  (who  received  extensive  instruction  in  mathematics  and  had  studied  the  paniculate 
theory  of  matter)  was  an  infinite  one.  Only  22%  of  the  students  provided  correct,  discordant 
responses  to  these  problems. 

Two  questions  that  naturally  arise  from  observing  these  results  are:  What  causes  students 
to  react  in  the  same  way  to  these  two  essentially  different  problems?  Why  is  there  a  substantial 
change  in  the  nature  of  responses  from  concordant,  finite  ones  at  the  lower  grades,  to  concordant, 
infinite  patterns  at  the  higher  grades? 

The  tendency  to  provide  the  same  answers  to  these  three  problems  suggests  that  the  identity 
of  the  process  is  an  imp%inant  factor  in  students'  tendency  to  perceive  successive  division  problems 
as  analogical  regardless  of  the  theoretical  domains  in  which  they  are  embedded.  The  problem 
related  to  successive  division  of  water  enables  us  to  also  study  the  contribution  of  visual  similarity 
to  students'  tendency  to  perceive  successive  division  problems  as  analogical,  as  this  problem  is 
clearly  visually  different  from  the  objects  in  the  other  two  problems.  Our  data  showed  that  visual 
similarity  affected  students'  responses,  yet  its  effect  was  less  dominant  than  that  of  the  identity  of 
the  process  (Tirosh  &  Slavy,  1992). 

These  two  factors  (the  identity  of  the  process  and  the  visual  aspects  of  the  objects  in  the 
problems)  could  not,  however,  explain  the  observed  change  in  the  nature  cf  the  students' 
responses  from  finite  responses  to  infinite  ones.  Tliis  change  might  be  attributed  to  factors  related 
to  the  solver  such  as  age  and  instruction.  The  fu-st  pan  of  this  paper  refers  to  the  effects  of  solver- 
relaed  factors  on  students'  responses  to  successive  division  problems. 

Effects  of  factors  related  to  the  solver  (a&ej^adJjisnnction^  on  students'  perceptions  of  successive 
division  problems  as  analogical 

As  stated  above,  an  examination  of  the  nature  of  students'  concordant  response  patterns 
reveals  that  while  many  of  the  younger  students  (seventh  and  eighth  grades)  gave  finite  responses 
to  all  these  problems,  the  older  students  (grades  10  and  12)  came  up  with  infinite  responses. 
Thus,  there  is  a  shift,  with  grade  level,  in  students*  concordant  responses  from  finite  to  infinite. 
This  shift  could  result  either  from  a  developmental  trend  (age),  or  from  instruction  or  from  both. 
Though  it  is  impossible  to  determine  the  differential  effects  of  age  and  instruction,  it  is  possible  that 
instruction  plays  a  role  in  this  shili  since  the  upper  grade  students  in  our  studies  received  rather 
extensive  insuniction  in  mathematics  (Euclidean  geometr>',  infinite  series,  limits  and  integrals). 
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This  instruction,  which  emphasizes  infinite  processes,  could  conUibute  to  the  infinite  response 
patterns  to  all  sub-division  problems. 

The  assumption  that  instruction  plays  a  role  in  determining  the  nature  of  students' 
responses  is  supported  by  findings  from  our  second  study.  Forty-six  preservice  science  and 
mathcmaucs  secondary  teachers  in  their  third  year  of  studies  in  a  teachers'  college  responded  to 
two  of  the  successive  division  problems  (line  segment  and  copper  wire).  Each  problem  was  given 
on  a  different  sheet  of  paper  along  with  other,  irrelevant,  questions  related  to  the  same  theoretical 
framework.  To  counter-balance  the  effect  of  the  order  of  preseniauon  of  the  problems,  half  of  the 
preservice  teachers  first  received  the  mathematics  problems,  while  the  other  half  received  the 
science  ones.  Each  sheet  was  coUecicd  after  the  preservice  teacher  had  responded. 

As  can  be  seen  from  Table  1,  preservice  teachers  majoring  in  mathematics  tend  to  give 
infinite  responses  to  successive  division  problems  to  a  much  larger  extent  than  do  preservice 
teachers  majoring  in  science.  It  is,  however,  notable  that  infinite  patterns  of  response  were 
frequent  even  among  the  science  preservice  teachers. 

Table  1:  Preservice  Teachers'  Response  Patterns  to  the  Successive  Division  Problems  (in  %) 


Segment  Wire 

I  Concordant  patterns 

Finite  Finite 
Inf*i;jte  Infinite 

II  Discordant  patterns 

♦Infmite  Finite 
Finite  Infinite 

♦  Correct  response 

Our  discussion  thus  far  has  been  limited  to  problems  dealing  with  successive  division  of 
matlicmatical  and  material  objects.  It  was  found  that  in  this  case,  the  identity  of  the  process,  the 
visual  aspects,  age  of  the  students  and  the  extensive  instruction  in  mathematics  affected  students' 
perceptions  of  successive  division  problems  as  analogical.  Since  so  far  we  examined  only 
problems  that  dealt  with  successive  division,  it  seems  imponant  to  examine  the  effects  of  these 
factors  on  a  different  set  of  problems.  Thus,  the  second  pan  of  this  paper  deals  with  comparison 
problems. 
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51 

84 
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49 

16 
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Comparison  problems  related  to  geometricnl  objects  and  to  physical  ones 
Let  us  refer  to  the  following  problems: 

-  Consider  two  line  segments,  the  first  of  which  is  longer  than  the  second  one.  Is  the 
number  of  points  in  the  first  line  segment  equal  to  the  number  of  points  in  the  second? 
Explain  your  answer. 

-  Consider  two  pieces  of  copper  wire,  the  first  of  which  is  longer  than  the  second  one. 

Is  the  number  of  atoms  in  the  first  copper  wire  equal  to  the  number  of  aiotns  in  the  second? 
Explain  your  answer. 

These  two  problems  share  the  same  structure.  The  answer  to  each  problem  is  determined 
by  the  theoretical  framework  in  which  it  is  embedded.  According  to  Cantorian  set  theory,  tlie 
number  of  points  in  the  longer  segment  is  equal  to  the  number  of  points  in  the  shorter  one  (this  will 
be  regarded  as  infinite  response).  However,  in  the  case  of  the  two  copper  wires,  the  longer  wire 
contains  more  atoms  than  the  smaller  one  (this  answer  will  be  regarded  as  finite  response). 

The  200  upper  middle  class  students  (50  from  each  of  the  7th,  8th,  lOtli  and  12th  grade 
levels)  who  participated  in  the  first  study,  were  presented  with  the  tv-'O  problems  related  to 
comparison  of  objects.  The  procedure  of  administering  these  problems  was  identical  to  the  one 
described  on  the  prcsaous  page. 

It  turns  out  that  most  of  the  students  who  participated  in  our  study  (about  64%)  provided 
tlie  samr  answer,  either  finite  or  infinite,  to  both  problems.  A  substantial  number  of  students  at  all 
grade  levels  (about  60%)  stated  that  the  number  of  "basic  units"  (points/atoms)  is  larger  in  the 
longer  object,  only  about  4%  of  the  students  staled  that  the  number  of  basic  unites  in  tlie  two  objects 
are  equal  (sec  Table  2). 

Table  2:  Response  Patterns  to  the  Comparison  Problems  (in  %) 

Segment        Wire  Total 


I   Concordant  patterns 

-  Total 

70 

67 

64 

57 

64 

Finite  Finite 

68 

65 

54 

53 

60 

Infinite  Infinite 

2 

2 

10 

4 

4 

U  Discordant  patterns 

-  Total 

30 

33 

36 

43 

36 

♦Infinite  Finite 

15 

22 

20 

36 

24 

Finite  Infinite 

15 

11 

16 

7 

12 

*  Correct  response 
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Almost  all  students  provided  the  same  explanations  to  their  answers.  The  frequent 
explanation  to  the  finite  answers  was  that  "The  longer  line/wire  contains  more  points/atoms". 
Some  students  refer  to  the  similarity  between  the  problems.  For  instance,  David  (grade  8) 
explained  that  "Atoms  are  like  points.  The  longer  segment  has  more  points". 

These  findings  indicate  that  students'  tendency  to  respond  in  the  same  way  to  structurally 
similar  problems  is  found  not  only  with  regard  to  successive  division  problems  but  also  with  other, 
structurally  similar  problems  thai  arc  related  to  infinity  and  to  the  particulate  theory  of  nnatter. 

These  two  problems  exposed  students  to  visual  information  related  to  one  quantity  of  the 
objects  (length)  and  they  were  asked  to  judge  the  relationship  in  respect  to  another  quantity 
(number  of  atoms/points).  In  one  problem  (copper  wires)  there  is  a  direct  relationship  between  the 
two  quantities  (the  longer  -  the  more).  In  the  other  problem  (line  segments)  according  to  the 
Cantorian  set  theory,  there  is  no  connection  between  the  two  quantities  as  the  number  of  points  in 
any  line  segment  is  ALEF  (N).  In  the  case  of  comparison  problems,  the  visual  dissimilarity  in  one 
quantity  (length)  probably  imposed  itself  on  students' judgment.  It  seems  that  the  requirement  to 
compare  the  number  of  atoms/points  is  affected  by  the  visual  dissimilarity  of  the  other  quantity 
(length)  and  thus  directed  the  students  towards  giving  a  judgment  that  is  in  line  with  the  visual 
information.  As  a  result,  the  judgment  given  to  both  problems  by  most  students,  including  those 
in  the  upper  grades,  is  in  accordance  with  the  particulate  theory  of  matter. 

It  is  notable  that  in  contrast  with  the  previous  case,  there  is  no  significant  change  in 
students'  responses  with  age.  The  older  students  had  studied  in  geometry  thai  geometrical  figures 
contain  infinite  number  of  points  (and  even  used  this  knowledge  when  responding  to  the 
successive  division  problems).  However,  when  responding  to  the  comparison  problems,  they  did 
not  use  this  knowledge  and  argued  that  "the  longer  -  the  more".  In  this  case,  the  extensive 
instruction  in  high  school  mathematics  neither  served  to  help  the  older  students  perceive  each 
problem  according  to  its  theoretical  framework,  nor  did  it  lead  to  concordant  infinite  responses. 

In  order  to  further  examine  the  effect  of  higher  level  mathematics  instruction,  which  directly 
refers  to  comparing  infinite  sets,  58  preservice  secondary  mathematics  teachers  who  studied 
Cantorian  set  theory  were  asked  to  respond  to  our  questionnaire.  It  was  found  that  many  of  them 
(70%)  came  up  with  correct  responses  to  the  comparison  problems.  It  is  notable  that,  unlike  the 
case  of  successive  division,  in  the  case  of  comparison,  the  introduction  of  the  idea  of  actual  infinity 
did  not  cause  students  to  respond  to  the  science  problem  in  the  same  way.  Thus,  in  this  case,  the 
instruction  in  mathematics  did  not  lead  the  students  to  view  all  comparison  problems  as  analogical. 
This  can  be  attributed  to  the  counter-intuitive  character  of  actual  infinity  (Russell,  1956;  Hahn, 
1956;  Tall.  1981). 
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Discussion 


In  this  paper,  wc  attempted  to  examine  factors  that  make  students  view  a  problem  as 
analogical  to  another  one.  The  situation  chosen  for  this  attempt  consisted  of  presenting  students 
with  problems  which  are  considered  non-analogical  from  the  scientific  point  of  view,  but  due  to 
similarity  in  external  features,  students  tend  to  conceive  them  as  analogical.  Two  cases  were 
examined:  Successive  division  and  comparison.  Our  data  suggest  that  similarity  in  the  structure  of 
problems  is  a  major  factor  which  determines  whether  students  view  a  given  problem  as  analogical 
to  another  one.  Although  in  both  cases,  the  students  were  presented  with  problems  embedded  in 
different  theoretical  frameworks  (particulate  nature  of  matter  and  mathematical  infinity)  which 
deserved  different  responses,  many  students  gave  the  same  response  to  the  problems.  It  seems  that 
salient,  external  features  of  the  problem  and  not  the  theoretical  framework,  largely  influence 
students'  responses  to  the  problems. 

Our  results  are  in  accordance  with  the  findings  of  other  studies  (Carey,  1985;  Chi,  Fletvich 
and  Glascr,  1981;  Larkin  and  Rainhard,  1984)  who  examined  differences  in  scientific  pixiblem 
solving  (in  the  same  theoretical  framev/ork)  between  novice  and  expert  solvers.  These  studies 
reveal  that  inexperienced  solvers  tend  to  mentally  represent  a  given  problem  according  to  surface 
features,  whereas  experienced  solvers  refer  to  scientific  concepts  and  principles. 

Although  responses  were  identical  on  the  individual  level,  many  of  the  younger  students 
provided  finite  responses  to  all  problems,  while  the  older  students  provided  different  responses  in 
each  of  the  cases:  Infinite  responses  to  all  successive  division  problems  and  finite  responses  to  all 
comparison  problems.  In  the  higher  grades,  successive  division  problems  led  to  infinite  responses 
while  comparison  problems  led  to  finite  responses  and  thus  the  nature  of  the  response  is 
determined  by  the  structure  of  the  problem.  It  seems  that  the  identity  in  the  process  has  a  coercive 
effect  on  students'  responses  and  encourages  them  to  view  problems  that  involve  the  same  process 
as  identical.  This  interpretauon  is  supported  by  findings  from  other  studies,  all  of  which  indicate 
that  identity  in  the  process  described  in  a  set  of  problems  leads  students  to  give  the  same  responses 
(Siavy,  1981;  Stavy,  1991;  Tirosh,  1991). 

Another  factor  that  affected  students'  perceptions  of  problems  as  analogical  was  visual 
aspects  of  the  problems.  When  similarity  in  process  was  accompanied  by  visual  similarity  of 
objects  described  in  the  problems  (i.e.,  line  segment  and  copper  wire),  the  tendency  to  give  the 
same  response  to  the  given  problems  slightly  increased  (in  ihe  case  of  successive  division).  Other 
studies  (e.g.  Stavy,  1991)  also  show  that  when  similarity  in  the  process  is  accompanied  by  the 
visual  similarity  of  the  objects,  students'  tendency  to  give  the  same  response  to  problems  increases: 
Students  who  studied  qualitative  inverse  relation  in  the  context  of  dissolving  salt  in  water 
responded  correctly  to  directly  analogical,  unlearned  situations  involving  inverse  relation  which 
were  visually  similar.  Many  were  able  to  correctly  answer  the  problem  that  dealt  with  dissolving 
sugar  in  water,  a  substantial  number  of  students  correctly  responded  to  the  visually  similar  problem 
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of  cooling  water  by  ice.  Hov/ever,  the  problem  of  spreading  chocolate  cream  on  bread,  which 
involves  the  same  process  but  is  visually  different,  was  regarded  as  analogical  to  a  lesser  extent. 

The  second  case,  which  dealt  with  comparing  the  number  of  points/atoms  when  two 
objects  differing  in  length  were  visually  presented,  also  indicated  the  impact  of  visual  components 
on  students*  responses.  In  this  case,  students  were  asked  to  compare  one  quantity  when  visual 
information  about  another  quantity  was  given.  It  seems  that  students'  responses  in  this  case  were 
largely  affected  by  the  intuitive  rule  according  to  which  "the  longer  -  the  more"  or  "the  whole  is 
greater  than  its  parts".  These  rules  are  adequate  in  many  cases  (for  instance,  there  are  more  atoms 
in  the  longer  copper  wire),  yet  not  in  other  cases  (e.g.  the  number  of  points  in  two  differently- 
sized  line  segments).  The  results  of  this  study,  as  well  as  those  of  others,  suggest  that  students 
tend  to  apply  these  intuitive  rules  when  solving  structurally  similar  problems  which  relate  to 
visually  different  quantities  even  in  situations  where,  due  to  the  nature  of  the  quantity,  these  rules 
are  not  applicable  (Density  -  Megged,  1978;  Concentration  -  Stavy,  Strauss,  Orpas,  and  Canni, 
1982;  Temperature  -  Strauss  and  Stavy,  1983;  Infinity  -  Tirosh,  1985;  Area  and  parameter  - 
Hart.  1982). 

To  conclude,  it  seems  that  students'  perception  of  problems  as  analogical  is  largely 
determined  by  the  interaction  of  different  external  factors  related  to  the  problem,  such  as  its 
structure,  the  process  involved,  visual  and  numerical  characteristics  of  the  objects  to  which  the 
problem  relates,  a?  well  as  factors  related  to  the  solver,  such  as  age  and  instruction.  As  stated 
above,  analogy  serves  as  an  important  didactic  tool  in  both  science  and  mathematics  education. 
Though  it  is  loo  early  at  tliis  stage,  for  specific  educational  implications  related  to  using  analogy  in 
mathematics  and  science  education  to  be  drawn  from  these  findings,  we  feel  confident  enough  to 
make  several  general  suggestions.  In  many  cases,  instruction  of  problem  solving  in  mathematics 
and  in  science  is  done  by  presenting  the  students  first  with  some  examples  and  dien  with  problems 
which  are  scientifically  similar.  This  type  of  instruction  is  guided  by  the  implicit  assumption  that 
due  to  the  similarity  in  tlie  scientific  nature  of  the  problems,  students  will  perceive  them  as 
analogical.  Our  findings  question  this  assumption  and  suggest  that  attention  should  also  be  paid  to 
factors  which  affect  students'  perceptions  of  problem?  as  analogical.  In  addition,  the  choice  of 
anchoring  and  bridging  examples  (Clement,  1987)  should  also  take  these  factors  into 
consideration. 

Our  findings  show  that  students  form  inappropriate  analogies  between  different  theoretical 
frameworks.  It  is  important  that  teachers  of  both  science  and  mathematics  will  be  aware  of  th's 
phenomenon  and  of  the  factors  which  cause  students  to  view  problems  embedded  in  different 
theoretical  frameworks  as  analogical.  It  is.  thus,  important  that  teachers  in  both  these  domains  will 
present  students  with  structurally  simibr  problcu-s  iind  discuss  the  validity  of  the  analogies  they 
make  in  light  of  the  theoretical  frameworks  in  wiich  tliey  are  embedded. 
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ABSTRACT 


Distinguislung  between  alsebraic  activities  and  algebraic  kmguage,  the  study  focuses  on 
reading  and  writing  algebra  and  on  recognising  valid  transformations.  Tests  and 
interviews  with  students  from  five  classes,  aged  13-15  years,  and  with        f  ^P^'l" 
show  the  total  rejection  of  algebraic  representation  of  a  situation  to  diminish  from  20^-0 
of  students  at  13  to  zero  at  15,  the  persistence  of  reversals  and  other  notational  errors  in 
up  to  10%  of  students  at  all  these  ages,  very  low  levels  of  success  in  making  correct 
transformations  of  formulae  and  in  reading  formulas  for  functional  relationships,  and  a 
striking  change  in  the  reported  mode  of  thinking  used  to  recognise  valid 
transformations,  from  checking  witlt  numbers  at  ages  13-15  to  visualisation  of  symbol 
movements  among  the  txperts. 

Introduction 

"...  substantial  evidence  exists  to  indicate  that  the  learning  of  algebra  is 
addressed  by  many  students  as  a  problem  of  learning  to  manipulate  symbols  in 
accordance  with  certain  transformation  rules  (i.e  syntactically)  without  refetvnce 
to  the  meaning  of  tlie  expressions  of  transformations  (i.e  the  semantics).  This 
is  of  course  not  surprising,  since  most  algebra  syllabuses  in  the  past  have  paid 
considerable  attention  to  the  syntactic  a-specK  of  algebra,  precisely  because  of 
the  central  role  Uiat  symbolic  representation  plays  in  algebra  work,  because 
power  over  such  representation  is  crucial  to  successful  perfonnimce  in  algebra, 
and  because  the  symbolism  is  both  new  to  the  students  and  an  obvious  feature 
of  this  area  of  study".  (Booth,  1989,  p.58) 

nie  situation  is,  in  facU  more  complex  Uian  this  quotation  suggests.  Experts  do 
manipulate  algebraic  expressions  synUcUcally  and  we  do  not  know  what  awareness  of 
meaning  they  retain,  or  can  recover,  during  this  process.  In  an  extensive  study  of  the 
solving  of  numerical  and  literal  equaUons  by  college  students  (Carry,  Uwis  and 
Bernards  1980),  the  authors  stale,  with  regard  to  monitoring  and  checking  work, 

"There  seem  to  be  two  ways  students  might  test  the  validity  of  their  ideas,  use 
of  principles  and  checking.  Principles  refers  to  the  basic  mathematical 
properties  of  the  arithmetic  operations  that  underiie  the  manipulations  of  algebra: 
that  multiplication  distributes  over  addition,  that  muluplication  and  division  are 
inverses,  and  so  on.  A  student  who  knew  these  principles  well  could  reject 
operations  iliat  could  not  be  derived  from  Ihem,  Unfortunately,  the  basic 
principles  are  almost  as  numerous  and  complex  as  the  algebraic  operators  biised 
on  them,  so  students  will  be  doubtful  about  them.  Further,  the  testing  of  an 
operation  by  use  of  the  principles  is  an  exercise  in  proof,  and  may  require  some 
creativity.  It  is  not  transparent  how  cross  multiplication  is  related  to  llie  basic 
principles,  for  example,  because  the  operation  as  it  is  peri'ormed  suppresses  ihe 
underlying  multiplications."  (p.  126). 

Moreover,  the  manipulative  a.speci  of  algebra  bears  a  similai'  relation  to  the  whole  range 
of  algebraic  activity  as  does  formal  calculation  to  the  whole  field  of  uses  ol  number.  In 
both  fields,  while  some  skill  aspects  may  be  performed  mechanically,  the  fiexible  and 
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appropriate  use  of  ihcm  demands  knowledge  of  concepts  and  of  general  strategies. 
Typically  a  fuU  episode  of  algebraic  activity  will  involve  the  expression  of  a  situation  in 
algebraic  language,  the  transformation  of  the  algebra  in  some  purposeful  direction,  and 
the  re-interpretation  of  the  resulting  expression  in  the  original  situation.  Among  the 
variety  of  matiiematical  purposes  which  might  govern  such  an  activity,  three  arc 
particularly  characteristic  -  the  solving  of  complex  problems  by  forming  and  solving 
equations,  tlie  expression  and  proof  of  generalisations,  and  work  with  ninctional  and 
other  relationships  expressed  by  formulae.  Suitable  classroom  examples  of  these 
characteristically  algebraic  activities,  with  discussion  of  how  the  use  and  manipulation 
of  the  algebraic  language  can  be  developed  within  them,  are  given  in  Pwposc  m  School 
Algebra  (Bell,  1992).  The  woric  presented  in  this  paper  should  be  seen  within  this 
context. 

This  study  focuses  on  reading  and  wnnVi^  algebra,  and  on  recognising  valid 
transformations  of  simple  formulae.  Some  questions  also  look  for  the  ability  to  mak^ 
transformations,  mainly  in  simple  cases.  We  are  asking  what  arc  tlie  steps  by  which 
pupils  may  come  to  use  the  algebraic  language  with  some  degree  of  mastery;  and,  in 
particular,  what  monitoring  processes  arc  used  by  students  and  by  experts  to  guide 
coiTcct  manipulation  and  to  recognise  and  avoid  or  correct  possible  error. 

137  pupils  of  five  classes  drawn  from  years  8(1  class),  9(2)  and  \0{2)  in  an  \Ui  iralian 
senior  high  school  took  a  one-hour  written  test  (in  two  parts,  A  and  B).  Interviews 
were  conducted  with  two  samples  of  10  pupils,  one  beforehand  to  guide  the  test 
design,  and  one  afterwards,  to  clarify  the  methods  being  used. 

Some  of  the  tasks  rnay  be  illustrated  by  the  following: 

Wliich  of  ihc  following  formulnc  do  you  tJiinJc  is  most  likely  lo  be  correct?  Underline  yoar 
answer.  Give  masons: 

Pull  of  Ibc  earth  on  u  salcUitu  at  height  h. 

P  =  kh  P«Ui2  P  =  k/li  P«k/b2 

This  involves  reading  the  formulae  and  recognising  the  functional  relationships 
expressed,  (a  mathematical  task),  so  that  it  is  then  possible  to  consider  which  of  the 
relations  is  most  likely  to  fit  the  physical  quantities  (this  involves  some  awareness  of 
physical  principles). 

A  different  type  of  uujk  was  to  read  the  formula  V  =  Ttr^h  and  to  extract  froni  it  the 
various  functional  relationships  -  such  as  the  relation  between  V  and  r,  if  li  is  fixed. 

The  target  transformation  task  was  to  transfomi  a  formula  such  as  V  =  Tcr^h  or  S  = 
2nr(r+h)  to  give  h.  Such  manipulations  arc  typically  performed  by  ilie  (implicit) 
application  of  the  transformations  of  A  +  B  =  C  (to  A  -  C  •  B  or  B  =  C  -  A),  or  of  PQ 

R  (to  P  =  R/Q  or  Q  =  R/P);  where  the  components  may  be  numbers,  single  letters,  or 
•chunks'  such  as  nt^  or  (r  +  h).  Other  questions  are  focused  on  the  basic  multiplicative 
transformations  of  PQ  =  R,  looking  both  at  the  numerical  case  and  at  formulae  in 
specific  contexts  (speed,  distance  and  time  and  current  voltage  and  resistance).  These 
questions  asked  (or  recognition  of  valid  and  invalid  transformations. 

In  translating  between  verbal  and  algebraic  representations,  particular  known  hazards 
relate  to  false  commuting  or  reversing  of  subtraction  or  division,  and  the  reversal  of 
order  exposed  by  the  students  and  professors  problem,  in  which  six  students  to  every 
professor  is  symbolised  as  6S  =  P.  This  last  has  been  shown  to  arise  in  some  cases 
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from  ovei  -literai  translauon  of  the  verbal  stalcmcni,  and  in  others  from  a  perception  of 
S  being  the  big  number,  by  association  with  the  6,  with  a  degenerate  reading  of  ihe  = 
sign  as  indicating  a  con^spondence  ratlier  than  an  equality  of  numbers  (Clement,  1982, 
MacGregor.  1991). 

The  test  questions  include  some  designed  to  expose  these  known  errors.  Wc  shall 
discuss  first  the  questions  demanding  reading  and  writing  of  algebra,  then  iliosc 
concerning  tranifonnations, 

Reading  and  writing  algebra 

Questions  covered  (1)  the  translation  of  a  simple  verbally  described  situation  involving 
adding  and  subtracting,  into  an  algebraic  formula,  (2)  testing  for  possible  false 
commuting  of  subtraction,  for  the  'equals  is  makes'  error  and  for  the  'students  and 
professors'  reversal  in  additive  cases;  (3)  forming  an  expression  for  perimeter 
containing  both  letters  and  numbers  from  an  annouilcd  diagi'am;  (4)  reading  functional 
relationships  from  V  =  nr^h,  and  (5)  choosing  plausible  formulae  for  physical 
situations,  as  illusU'ated  nhovc. 

The  first  formula  construction  question  was: 

la     Clare  hiis  camcU  D  (killar$.  She  spent  C  dollars  for  cU>thcs  and  F  dolUtrs  for  fwxl.  aitd  has  L 
dollars  left  Complclc  (his  exprcs.<;ioii  for  I ,  u^inp  (\  D  and  r 


(Tick  one  hex) 

Arc  you  suit? 


No  1  surly  Vcs 

lb     Also  wnlc  a  fonnuUi  lo  gi\  c  !•  iii  tcnns  of  C,  I)  and  1. 


Olci:  one  l>ox) 

Arc  jrou  sua*  * 


No  Fiiirly  Yes 

(Pupils  dcgrcss  of  surcncss  wen:  elicited  as  shown;  these  will  be  analysed  later,) 

Success  rates  for  the  five  classes  (Classes  8.  9L,  9T,  lOL,  lOU)  v/cre  30,  57,  50,  69. 
70%  •  showing  an  increase  over  the  three  years,  A  further  10%  of  responses  werc 
correct  except  for  the  omission  of  brackets,  aiid  a  steady  5  -  8%  each  year  reversed 
subtraction,  for  example  writing  L  =  (C  ■»•  F)  •  D  instead  of  L  =  D  •  (C  +      In  classes 
8  and  9L,  6-7%  gave  numerical  responses,  assuming  some  actual  possible  amounts  of 
dollars.  The  20%  or  so  each  year  of  unclassified  responses  included   D  -  C,F  or  D  - 
C  and  F,  D  +  C,F,  atid  there  were  omissions  declining  from  about  20%  in  Class  8  to 
zero  in  class  lOU, 

Tlius  wc  may  tentatively  conclude  dial  almost  30%  of  students  in  year  8  (omissions  -i- 
itumerical  rcssponscs)  reject  the  possibility  of  representing  this  fairly  simple  and  familiar 
money  situation  by  using  letters  and  signs,  A  further  30-40%  accept  the  possibility  of 
♦tiprtiscntation  but  make  notaiional  errors  (analogous  to  errors  of  spelling  or  grammar  in 
verbal  language).  These  include  reversals  of  the  subtraction  notation  and  using  C,  V  or 
'C  and  F  instead  of  'C   F.  The  total  rejection  of  representation  declines  to  zero  as 
age  increases  to  year  10,  but  die  notational  errors  do  not  fall  below  about  30%,  This 
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.suggests  a  curriculum  gap  ratlter  than  conceptual  obstacle;  there  1*5  probably  insufficient 
exposure  and  discussion  of  students'  allcmpls  at  making  such  representations. 

Wc  note  tliai  in  the  ConcepLs  in  Secondary  Mathematics  and  Science  study  of  Number 
Operations  (Brown,  1981),  correct  identification  of  the  subtraction  operation  was  made 
by  50-70%  of  students  aged  12-15.  with  15-6%  giving  reversals. 

Tlie  second  part  of  liie  question  required  a  more  diftlculi  transfonnaiion  of  tlic  dauu 
In  the  first  part,  the  formula  could  be  constructed  in  the  order  of  events;  we  start  wiili 
dollars  earned,  subtract  what  was  spent  and  finish  with  the  amount  left  over.  Tt\c 
second  part  requires  extractmg  what  was  s\)ci\i  on  one  of  the  two  items,  and  counting 
what  was  left  over  in  the  same  way  as  the  other  spending  item.  In  the  year  8  class,  tlie 
success  rale  is  ."itill  30%,  but  the  omission  rate  doubles,  to  40%;  in  the  other  classes, 
success  falls  sharply,  to  43, 23, 42. 40%  resi)eclively,The  menud  reorganisation  of  the 
data  involved  hero  should  not  be  beyond  the  capacity  of  most  students  of  these  ages. 
One  can  only  conclude  again  tluu  such  activity  coupled  with  the  making  and  tlie 
discussion  of  its  symbolic  representation  is  a  reglcctcd  area  of  leaching. 

Question  B2  asks  for  the  perimeters  of  two  annotated  figures  (a)  a  triangle  with  side.'? 
marked  x  cm,  y  cm.  8cm,  and  (b)  a  parallelogram  with  sides  x  cm,  5  cm.  x  cm  5  cm. 
The  error  of  juxtaposition  (xy8)  was  seen  in  a  few  cases  (less  tlian  10%),  More 
noticeable  was  the  large  minority  (20-25%  in  ccrtoin  classes  (8, 9L,  lOL)  who  gave 
numerical  answers,  by  assuming'  values  for  the  lengths  x  and  y.  These  pupils  appeared 
not  to  accept  the  possibility  of  an  expression  as  an  answer  in  ihis  ca.se.  Tliesc  were 
somewliat  larger  percentages  than  those  failing  to  give  a  fonnula  in  the  previously 
discussed  question  -  it  ap(K*ars  ihal  the  mixed  expression  x  +  y  +  8  is  less  acceptable 
than  tiie  wholly  literal  one  D  -  C  -  F.  One  may  note  tluu  x  +  y  +  8  demands  recognition 
of  X  and  y  as  placeholders  for  numbers,  wliereas  D  -  C  -  F  may  be  regarded  merely  ns  a 
shorthand  form  of  llic  con'esponding  verbal  statement  Thi7  may  be  compared  witi) 
items  from  Kuchemann  (1981): 


perimeter  -  ^947^  correct  at  age  14) 


and 


(12%  correct  at  age  14) 


Conimutatlvity  and  equals-ls-makos 

A  question  asking  tor  tiie  value  of  x  in  8  -  5  =  x  -  8  showed  the  false  commutative 
rcr»ponse  (5)  in  KM  5%  of  ea.ses,  wMh  no  decrease  witli  increasing  age.  Tliis  compan's 
witi^  the  steady  5-^%  of  reversals  in  Question  1  above.  About  10%  gave  tiie  'equals  is 
makes'  respon.se  (3)  which  we  discuss  under  the  modelling  reversals  below.  These 
misconceptions  clearly  do  not  get  tieated  adcquaiely  in  tlie  curriculum.  In  a  question 
asking  for  an  expression  for  the  time  taken  by  a  bus  u-avelling  28km  at  65  km  per  hour, 
the  correct  answer  28  -t-  65,  was  given  by  substantially  fewer  pupils  than  gave  65  +  28; 
in  interviews,  where  pupils  were  directed  to  estimate  the  expected  size  of  tlie  ansv/er, 
correction  often  took  place,  tliough  a  few  pupils  continued  to  assert  tlie  equivalence  of 
these  expressions.  This  is  a  case  where  knowledge  of  the  sizes  of  the  numbers 
involved  may  act  as  a  disiractor  from  the  correct  operational  perception. 
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The  studcnU-and-professors  reversal  In  additive  problems 

Two  questions  had  ihc  potential  to  exp^isc  this  error.  Tlie  first  \va.s: 

'I  have  m  doUaa  and  you  liavc  k  dollars.  I  have  $6  more  thiin  you."  Which  equation  must  t>e 
tnic?  (Underline  one  of  Uie  answers  below.) 

6k  »  tn  6n}  it  +  6  «  m         m  +  6  a  k         6  '  k 

Correct  responses  averaged  about  50%,  and  tlio  revcrs.il  '^rror  about  25%.  The  second 
was: 

\Vc  afC  told  thai  a  and  h  arc  numbers  and  a  -  28  +     which  of  ihc  following  must  he  live? 
flJixicrllnc  one  of  the  answers  below) 


a  a  is  lai  gcr  than  h  c  You  can't  uill  which  numlwr  is  larger 

b  /)  is  larger  ihan  rj  da  is  equal  to  2« 

Success  rates  here  were  aboui  W)%  (a  is  ijreater  tlian  b)  witli  veiy  few  reversals,  but 
there  were  some  15%  each  of  'a  =  28'  (a^mils  is  makes)  and  of  'you  cannot  tell'. 
(MacGregor  (1991)  also  found  tliis  error  dependent  on  the  form  of  presentation). 

Tills  suBgcsLs  lhat  failua\s  lo  work  correctly  with  the  ^  sign  are  bioader  and  deeper  ilian 
has  previously  been  suggested.  Hie  'attraction'  tlicory  proposes  that  students  feel  iluti 
Uie  large  number  should  be  assiKiated  with  tlie  numerical  multiplier  or  addend;  so  that 
witli  a  large  number  for  S,  6S  =  P  ^xiems  correct.  This  appears  not  to  operate  sU'ongly 
here  since  few  reversals  are  .sluiv/n,  On  the  other  har.d,  oilier,  possibly  less  well 
defined  meanings  for  =i  as  'makes'  or  as  a  general  correspondence  or  association  are 
supported  by  ilie  fairly  substantial  numbers  choosing  a  =  28  and  'you  can't  tell'. 
Dealing  with  ilicsc  misconceptions  clearly  demands  more  explicit  discussion  of 
p^Mveivcd  meanings. 

Reading  a  complex  forntulu 

Extracting  llic  functiomd  relations  fmm  V  =;  jir^h  produced  vei7  low  levels  of  success, 
except  for  the  first  question  (r  constant,  what  happens  to  V  when  h  is  doubled);  die 
correct  response  here  (doubled)  was  given  by  5i)'()0%  -  but  it  could  be  argued  that  this 
is  the  obvious  response.  There  were  hardly  any  correct  responses  to  the  remaining 
questions  (h  fixed,  r  doubled,  V?;  V  fixed,  r  doubled,  h?;  transform  the  formula  to 
give  h.)  One  of  the  obstacles  here  is  tlie  kind  of  acceptance  of  lack  of  closure  required 
to  envisage  a  doubling  of  a  general  unknown  value,  and  its  effect. 

Reading  and  Judging  functional  relations 

These  were  ilie  questions  asking  which  was  tlic  most  likely  correct  function  for  each  of 
four  physical  situations.  These  arc  shown. 

Tlic  pull  of  the  earth  on  a  Siilelllte  al  height  h 

kJi        kh2  ^  ^ 

^  h^ 

I-'orcc  needed  on  pedals  lo  ride  bike  at  speed  v 

kv        kv2  ^  ^ 
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Tlicsc  questions  were  found  vciy  hard;  aJmosl  no  acccptaWc  rea.sons  were  given,  and 
Uicrc  was  a  majoriiy  of  omissions.  Ignoring  ttie  subUcrJes  of  linear  or  square,  thus 
considering  only  the  direction  of  tlie  rclationships,  tlic  satellite  questions  collected,  in 
all,  43  (incoiTCct)  choices  of  k/h  or  k/h^*  and  20  of  kVh,  k/h^.  The  bike  question 
showed  45  choices  of  the  correct  direction  of  relationship  (lev,  kv^)  and  32  incoixcct 
ones.  In  the  absence  of  intelligible  reasons  it  is  not  possible  to  distinguish  erroi-s  in  the 
algebraic  rending  from  inconcct  understanding  of  the  physical  relaiionsliips.  This  is  an 
important  aspect  of  algebraic  reading  and  understanding  for  applications  and  deserves 
fuller  study. 

Transformtttions 

Attention  wiis  foca-^ed  mainly  on  the  very  commonly  occurring  ihrcc-tcmi  multiplicative 
formulae.  The  Resistance,  Current  and  Voltage  relations.  Speed,  Distance  and  Time, 
and  the  similar  relation  between  tJtrcc  numbers  A,  B  and  C  were  used.  T\\q,  last 
appcaa^-d  twice,  once  using  division  signs,  (o.s  the  contextual  questions),  and  oi\ce 
using  the  fraction  bar  to  denote  division.  One  example  is  given, 

The  cuiTciU.  voluigc  and  rwisiancc  in  m  clcclric  circuit  are  connected  by  llic  fonnula: 

u  «  V  ^  c: 

(\)jiiplcic  ibc  ftninula  fox  tinUliig  the  VDliayc,  given  tlic  currciu  ami  Uic  rcsistiiiicc. 


llie  age  and  class  trend  in  the  ivsul's  was  of  a  modest  stcatiy  incivase  through  cUuvscs  8 

9T  10  L.  and  a  drop  in  class  lOU  to  a  level  close  '.n  that  of  class  8.  Con\hining  the 
four  question  iicms  and  the  five  classes  gives  overa)'  >'icentagc  success  rates  as 
follows:  for  D  S  T  51%;  C  V  R  51%;  A  B  C  v/ith  +  49%;  ABC  with  fractional 
bar,  45%.  (The  drop  in  the  last  figurc  comes  mainly  from  classes  9T,  lOL).  It  was 
hypothesized  tJiat  the  DST  context  would  be  more  fimiiliar.  and  hence  more  supportive, 
lium  CVR;  ijidced,  it  was  expected  tliat  tlie  latter  result  would  be  depressed  compared 
with  tl\e  numerical  case,  ABC.  However,  the  results  refute  tliese  hypotheses, 
suggesting  that  the  fraction  bar  notation  may  be  less  easy  to  handle  tlian  tlie  division 
sign,  and  both  contexts  equally  supportive. 

Mode  of  thinking 

The  interviews  suggested  that  four  morlcs  of  thinking  were  used  to  effect  these 
transformations;  and  in  tlie  written  test  pupils  were  asked  about  these. 


V 


WlHdi  of  tliosc  m  ourn.'cl  Connulitc?  Pui  ^/  or  x. 


R      +  V 


c.  C*  a  V  I  U  „ 
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Look  back  at  ihc  question  on  C,  V,  R  (no.  2).  Tick  the  one  or  two  of  the  following  statements 
which  is  closest  to  the  way  you  were  thinking. 


12        I  thought  which  would  be  the  biggest  number,  so  the  others  wouM  be  divided  into  it 


b        I  tried  some  acnial  numben  in  my  hcai 


c        I  just  remembered  the  fonnulae 


d       I  thought  the  one  on  lop  on  the  right  hand  side  would  go  underneath  on  the  other 
skic 


The  last  mode  was  shown  in  interviews  only  in  the  use  of  cross  multiplication  (with 

insertion  of  1  where  necessary,  e.g.»  to  make  A  =  ^  into  y  =  ^ .  However,  it  was 

conjectured  that  this  visualisation  of  physical  movement  of  the  symbols  was  the 
dominant  mode  for  experts,  and  we  were  particularly  interested  in  its  appearance  in  our 
sample. 

The  relative  frequency  of  respunscs  of  four  modes  (with  no  great  differences  between 
the  classes)  was  27%.  41%,  21%,  11%.  Interviews  also  confirmed  the  tendency  to 
consider  si?es  and  actual  numbers;  and  this  result  relates  to  the  relatively  less  successful 
transformation  of  the  fraction-bar  version  of  the  ABC  question  discussed  above. 

It  is  also  important  to  consider  whether  there  is  any  relation  between  the  mode  of 
thinking  and  success  rates.  Tentative  partial  figures,  (subject  to  further  analysis)  are, 
for  modes  a,b,cM  in  the  CVR  question,  2.2,  2.0.  1.8,  1.6  (mean  items  correct  out  of 
3);  and  for  the  ABC  fraction  bar  question  0.9,  1.3,  1.6,  1.7  (these  are  pupils  who  said 
they  used  this  mode  for  the  CVK  question;  they  weie  not  asked  about  the  ABC 
questions).  These  differences  are  not  significant,  but  the  matter  is  worthy  of  fuller 
investigation. 

We  may  compare  these  responses  with  those  of  a  sample  often  'experts'  -  teachers  of 
.science  and  mathematical  enrolled  on  an  in-service  Masters'  degree  course.  Tliesc 
responded  to  the  ABC  fraction  bar  question,  (all  correctly,  except  for  one  error  by  one 
person),  and  to  the  mode  of  thinking'  question.  Of  the  ten,  seven  reported  using  mode 
(J,  two  mode  c  ajid  one  'none  of  these'.  To  check  how  far  this  difference  in  response 
was  likely  to  be  due  to  the  difference  in  presentation  of  the  two  questions,  a  further 
small  sample  of  nine  novice  mathematics  teachers  was  given  both  the  CVR  and  ABC 
fraction  bar  questions,  and  after  doing  each,  was  asked  the  'mode  of  thinking' 
question.  In  all  cases,  they  reported  the  same  mode  of  thinking  for  the  tv/o  questions; 
four  mode  ri,  four  c  and  one  both  c  and  c/.  Some  of  these  subjects  also  reported 
imagining  the  CVR  relation  written  with  a  fraction  bar  (so  that  they  could  use  mode  d). 

Questions  which  arise  from  this  study  are  the  following.  How  far  is  the  eventual 
adoption  of  visual  symbol-moving  methods  associated  with  a  loss  of  the  ability  to 
recover  the  awareness  of  the  underlying  mathematical  opcnitions?  Conversely,  should 
the  move  towards  visual  methods  be  encouraged  in  school,  or  guided  in  such  a  way  ius 
to  preserve  the  links? 

We  hope  to  explore  these  in  a  more  extensive  project. 
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This  report  deals  with  some  difficulties  students  usually  encounter  in  learning  Algebra.  In  view 
of  understanding  such  difficulties,  the  authors  try  here  to  contruct  a  theoretical  frame 
(algebraic  thinking  as  a  game  of  interpretation),  by  using  key-concepts  taken  from  linguistics 
and  psychology. 

Such  theoretical  frame  is  shown  in  action  by  the  analysis  of  the  solution  of  an  algebraic  problem 
given  by  a  university  student. 

Introduction 

Recent  research  studies  on  algebraic  learning  have  given  evidence  of  students'  difficulties  in 
giving  meaning  to  formal  expressions  arid  constructing,  interpreting  and  transforming  for- 
mulas (Kieran,89;  Linchevski  and  Sfard,9l;  Drouhard,92;  Sfard,92). 
To  solve  these  difficulties,  the  investigation  of  semantics  underlying  algebraic  language  is 
needed,  as  well  as  the  analysis  of  related  cognitive  processes.  Such  analysis  may  allow  an 
explanation  of  some  difficulties  peculiar  to  Algebra  learning;  at  the  same  lime,  implications 
for  teaching  may  be  derived  as  a  consequence. 

Paragraph  1  deals  with  some  difficulties  in  Algebra,  as  pointed  out  by  existing  literature,  and 
related  classification . 

In  paragraph  2  a  theoretical  model  aiming  at  understanding  and  monitoring  some  aspects  of 
algebraic  thinking  is  outlined. 

Finally,  in  paragraph  3  such  model  is  applied  to  a  case  study. 

Wc  note  that  implications  for  teaching  are  part  of  the  authors'  ongoing  research,  as  well  as  the 
study  of  how  the  model  can  be  applied  to  the  socallcd  "pre-algebraic  thinking".  However,  such 
aspects  are  beyond  the  purposes  of  this  report.  We  will  make  some  allusion  to  educational 
implications  only  at  the  end  of  paragraph  2. 


l.Posing  the  research  problem:  some  dilTiculties  in  Algebra  learning. 

The  symbolic  language  of  Algebra  is  a  powerful  means  of  approaching  and  solving  problems. 
It  plays  a  crucial  role  in  increasing  the  learner's  potential  for  thinking,  reasononing  and 
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communicating.  However  there  is  strong  evidence  of  students*  difficulties  in  relating  symbolic 
expressions  to  their  meaning.  In  many  cases,  as  research  studies  point  out  (Kieran,  89; 
Drouhard,92;  Linchcvsld  and  Sfard,91;  Sfard,92)»  when  students  arc  requested  to  interpret 
f<HTnulas,  they  cut  off  senumtic  aspects  and  emphasize  only  syntactical  ones.  For  example,  the 
so  called  pseudostructural  students  (Linchevski  and  Sfard,  91),  being  unable  to  imagine  the 
intangible  entities  (functions,  truth  sets)  to  be  manipulated,  use  pictures  and  symbols  &s  a 
substitute:  thus,  each  sign  turns  into  a  thing  in  itself,  not  standing  for  anything  else.  The 
senmtic  polarity  of  algebraic  thinking  is  completely  neglected. 

In  other  cases,  students  who  are  not  very  familiar  with  algebraic  language  apply  some  surrogate 
in  a  more  or  less  efficient  way.  The  so  called  syncopated  students  (Harper,  S7)  do  not  master 
well  the  lelational  aspects  of  algebraic  expressions.Thus,  they  use  and  produce  symbolic 
expressions  which  do  not  constitute  effective  thinking  tools.  Formulas  are  static  storage  of 
superficial  knowledge,  lacking  any  semantic  control. 

In  our  view,  there  are  three  main  obstacles  to  using  symbolic  expressions  as  thinking  tools. 

a)  The  Hrst  reason  is  of  a  cognitive  nature:  the  algebraic  way  of  thinking  is  often  less  natural 
than  intutive  models  of  oral  arithmetic,  where  the  stream  of  reasoning  can  be  sustained  by 
natural  language  and  the  n^eaning  of  things  is  easily  nwnitored.  So,  novices  when  facing  simple 
word  problems,  furstly  solve  them  by  means  of  oral  aridimetic  and  successively  try  to  translate 
their  strategy  into  algebraic  equations  (Harper,87;  Kieran,89).  Many  students  reveal  ai  gap 
between  the  procedural  knowledge  typical  of  arithmetic  and  the  mote  relational  knowledge 
required  at  the  algebraic  level  (Chiappini  and  Lemut,91 );  so,  while  they  can  manage  easily  the 
former  aspect,  the  only  way  for  overcoming  the  latter  one  seems  to  be  by  means  of  purely 
mechanical  rules.  For  those  students,  managing  a  problem  in  algebraic  language  is  a  difficult 
task  as  far  as  they  suffer  for  a  sort  of  "cinstcUung  effect"  (Luchins,42)  in  their  strategy  for 
solving  problem:  namely  they  use  either  arithmetic  strategy  or  algebraic  symbolism,  the  latter 
as  a  pure  syntax  without  any  meaning. 

b)  Ttie  second  reason  is  mainly  of  a  didactical  nature.  As  Chevallard  (89)  has  pointed  out,  the 
traditional  way  of  teaching  Algebra  in  schools  '^narcotizes"  peculiarly  novel  features  with 
respect  to  arithmetic:  namely,  llie  use  of  letters  both  as  variables  and  parameters.  For  example, 
problems  which  can  be  expressed  by  means  of  equations  like  ax+b=0  (where  a  and  b  are  fixed 
numbers)  do  not  stimulate  algebraic  thinking  insofar  as  they  allow  a  faithful  translation  of 
mental  arithmetic  computation  (it  is  not  the  same  for  equations  like  ax+b=cx+d,  as  shown  by 
Filloy  and  Rojano,89).  School  algebra  often  docs  not  improve  a  genuine  use  of  algebraic 
symbolism:  the  basic  component  of  algebraic  thinking  which  is  related  to  the  capacity  of 
anticipation  can  be  inhibited  and  the  ''einstellung  effect"  reinforced. 

c)  The  third  reason  regards  the  so-called  process  of  putting  things  into  formulas.  It  is  a  complex 
process,  which  involves  a  wide  set  of  activities,  ranging  from  the  choice  of  variables  to  the 
writing  of  formulas.  Here  the  gap  between  novice  and  expert  is  quite  evident:  the  expert  is  able 
to  choose  llie  letters  suitably  for  the  problem  from  the  very  beginning,  showing  a  pcjhminary 
understanding  of  the  main  relations  involved  in  the  problem  itself.  This  process  of  "naming" 
typically  involves  anticipatory  thinking  and  is  crucial  in  the  whole  process  of  algebraic 
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solution.  Unlike  the  expert,  the  novice  chooses  the  variable  randomly  and  goes  into  the  process 
of  naming  in  a  weaker  and  more  superficial  way,  often  influenced  by  rigid  stereotypes. 

Cases  a,  b  and  c  show  that  basic  questions  in  algebraic  learning  are  strongly  connected  with 
problems  of  interpretation. 

This  is  evident  in  case  t:  algebra  is  seen  as  a  foreign  language  in  which  tlie  student  has  to 
tnuislatc  the  problem  and  the  solution,  after  they  have  been  expressed  in  a  more  familiar 
language.  In  case  b  we  remark  that  doing  algebra  nieans  dealing  with  VI  formulas,  that  is 
formulas  like  Va,  Vb,lxly  /ax+by=0  and  not  only  formulas  like  Ix/  3x+5=0  or  Va,  2a=a+a. 
Of  course,  formulas  including  only  one  type  of  quantifiers  are  easier  to  deal  with,  while  the 
interptetation  of  VI  formulas  is  more  difficult. 

Finally,  as  far  as  point  c  is  concerned,  the  process  of  naming  consists  of  an  interpretation  of 
the  text,  which  is  aimed  at  identifying  the  variables  and  thus  doing  a  mental  elaboration  of  tlie 
text  itstif. 

On  the  ground  of  such  considerations,  a  more  detailed  analysis  of  the  meaning  of  symbolic 
expressions  in  algebra  is  needed,  together  with  an  investigation  of  related  cognitive  processes. 


2,  Algebraic  thinking  as  a  game  of  interpretation:  a  theoretical  frame. 

In  mathematics  there  are  expressions  with  the  same  "denotation"  but  a  different  "sense",  if  we 
mean  that  "denotation"  is  concerned  with  the  "extcnsional"  aspects  of  the  expression  and 
"sense"  with  the  "intensionai"  ones.  These  words  are  here  used  according  to  Frege  and  tlieir 
meaning  will  be  clarified  by  nwans  of  examples  later  on.  For  instance,  the  expressions  4x+2 
and  2(2x+l)  express  two  different  procedures  but  denote  the  san^e  function. 
Similarly,  the  following  equations  (x+5)^=x  and  x^+x+l=0  when  to  be  solved  in  R,  denote 
the  same  object  (the  empty  set),  but  have  different  sense. 

Natural  language  and  mathematical  language  arc  both  rich  in  expressions  with  different  sense 
and  the  same  denotation. 

Algebraic  transformations  produce  different  expressions  which  can  have  different  sense  and 
the  same  denotation;  on  the  other  hand,  given  two  different  expressions  with  the  san^e 
denotation,  it  is  not  always  possible  to  transform  one  in  the  other  by  means  of  algebraic 
transformations  (sec,  for  example,  the  two  equations  n^entioncd  above).  Algebraic  transforma- 
tions do  not  change  denotation,  related  to  extension,  but  they  can  change  sense,  related  to 
intension. 

This  fact  is  often  neglected  by  students  (Drouhard,  92;  Kieran,  89)  who  recognize  a  rigid 
one-to-one  correspondence  between  sense  and  denotation:  sense  and  denotation  are  identified. 
For  those  students,  a  symbolic  expression  denotes  only  itself:  algebra  becomes  a  pure  syntax. 

The  capacity  of  mastering  sense  and  denotation  is  fundamental  in  algebraic  thinking.  However, 
the  intciplay  of  these  two  components  give  us  only  flashes  and  not  the  entire  movie  of  the 
cognitive  process  in  action.  To  complete  our  analysis,  we  need  to  introduce  the  notion  of  frame, 
as  it  is  used  in  Artificial  Intelligence  (Minsky,75).  A  frame  is  a  structure  of  data  that  is  able  to 
represent  generic  concepts  or  stereotyped  situations  and  is  stored  in  memory.  Such  structure 
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of  knowledge  can  represent  very  different  concepts  (i.e.  objects,  events,  social  situations,  etc.). 
In  Semiotics  the  notion  of  frame  is  widely  applied  to  the  process  of  text's  comprehension: 
understanding  a  given  text  means  activating  a  frame,  nuking  it  actual  in  accordance  with  the 
text's  values  and  infering  information  accordingly.  In  our  context,  frames  that  are  activated  as 
virtual  texts  while  interpreting  a  text  (for  example  the  text  of  a  problem),  allow  to  grasp  inner 
relationships  according  to  the  context  and  circumstances^xpressed  by  the  text  itself  (textual 
cooperation). 

In  our  opinion,  to  interpret  algebraic  processes  it  is  necessary  to  take  into  account: 

i)  the  activation  of  frames  and  the  passage  from  one  to  another; 

ii)  the  dynamic  relationship  between  sense  and  denotation,  which  is  activated  by  frames. 
From  this  point  of  view,  doing  algebra  is  a  process  of  giving  sense  to  denotation  and  denotation 
to  sense  and  of  changing  senses  and  denotations. 

During  such  processes,  the  student  interprets  texts  and  liis/her  textual  cooperation  is  fuadamen- 
tal  in  activating  one  or  more  frames.  A  chain  of  interpreters  is  generated:  each  text  interprets 
the  preceding  text  and,  at  the  same  time,  it  is  interpreted  by  the  text  which  foUows  in  the  chain. 

In  each  step  a  change  of  frames  can  occur,  i.e.  a  change  in  interpreting  a  given  expression. 
Thus  doing  algebra  appears  to  be  a  game  of  interpretation  (Arzarello,  Bazrini  and  Oiiappini, 


One  interprets  a  text,  expressed  in  a  semiotic  system  (for  example  a  problem  expressed  in 
natural  language)  in  a  text  framed  in  another  system  (for  example  an  equadon);  in  other  cases, 
one  interprets  (or  transforms)  a  text  in  a  system  (for  example  an  expression)  in  anodier  text  in 
the  same  system  (for  example  another  expression). 

When  a  student  approaches  a  problem,  that  is  starts  an  interpretative  action,  he/she  activates 
one  or  more  frames,  depending  on  context,  circumstances  arid  the  text's  peculiarities. 
OiKe  a  frame  is  activated,  the  student  produces  a  text  as  a  result  of  his/her  interpretation:  in 
this  domain  the  process  of  problem  solving  consists  of  successive  transformations  of  the  text, 
which  docs  not  exclude  the  production  of  new  texts,  in  accordance  with  the  frames  in  action. 
Two  major  types  of  transformations  can  be  identified:  one  connected  with  semantic  creativity 
(mastering  of  symbolic  function  of  algebraic  language)  and  one  connected  with  algorithmic 
efficiency  (mastering  the  algorithmic  function  of  algebraic  language).  The  whole  process  is 
ruled  by  die  student's  aims. 

From  an  educational  point  of  view,  we  observe  tiiat  the  chain  of  interpreters  which  can  be  built 
as  die  result  of  die  game  of  interpretation  is  very  fruitful  for  the  study  and  improvement  of 
learning  Algebra.  Mental  representations  of  learners  are  activated  by  interpreters.  For  example, 
intermediate  interpreters  like  numerical  tables,  spreadsheets,  programming  language,  etc.  can 
be  useful,  since  they  may  facilitate  making  connections  between  arithnDetic  procedure  and 
algebraic  expressions.  Similarly,  verbal  interpreters  of  algebraic  expressions  can  stimulate 
reflection,  social  interaction  in  the  classroom,  etc.;  all  these  activities  may  help  students  to  get 
metacognition  of  the  process  by  which  diey  have  produced  certain  algebraic  interpreters.  Last 
but  not  least,  the  habit  of  constructing  different  interpreters  may  develop  forms  of  flexibility 
in  semantic  control  and  lead  to  die  production  of  an  upper-level  knowledge  (process  of 
condensation  according  lo  Arzarello,  91 ). 
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In  such  a  way,  fonnulas  are  not  used  acritically  as  passive  knowledge  containers,  but,  since 
constructed  in  the  mental  space  of  ideal  experiments,  they  become  real  thinking  tools,  do  not 
close  but  keep  open  the  problematic  situation  and  do  not  provoke  loss  of  semantic  control. 


3.  Algcbrak  thinking  as  a  game  of  interpretation:  a  case  study. 

We  now  take  into  account  the  solution  of  an  algebraic  problem  given  by  an  undergraduate 
student  of  Mathematics  (third  year,  22  year  old). 


Problem 

Prove  that  the  number  (p-lHT       is  an  even  number,  in  case  that  pandq  are  odd  primes. 
Protocol  of  Anna, 
Episode  I . 

Anna  develops  the  formula  and  write  the  words  "even"  aiKl  "odd"  on  the  p^r  near  tlic  fomiuJa 

(p-lXq^-l)/8«(p-l)(q+l)(q-l)/8 

Anna  points  at  the  components  of  the  formula  and  says: 
"even,  even.  even...lunm...the  rcnriaining  number  is  not  even..." 

Episode  2. 

Anna  develops  the  fonnula  under  the  words  even,  odd: 

(p-l)(q^-l)/8  =  (pqV-P+l)/8 

she  makes  some  oral  calculations  of  the  type  "odd  times  odd  is  odd",  then  says:  "...hmm..it 
docs  not  work!" 

Episode  3. 

It  is  like  the  previous  one,  but  witii  calculations  of  the  type  "odd  times  odd  is  odd"  referred  to 
the  factors  (p-1),  (q^  -1 );  tiien  Anna  says:  "there  must  be  some  fomiula  for  primes  to  use!". 

Episode  4. 

Anna  draws  some  scribbling  on  the  fomiulas  of  preceding  episodes  and  starts  verifying  tiie 
formula  v/ith  some  primes:  data  aire  collected  into  a  tabic: 
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(3-0(25-1) 

(5-1)  (49-1) 

8  / 


(3-1)  (49-1)  2x^ 


8  X 

Anna  conunents:  "So,  it  is  already  q  square  minus  one  that  is  a  multiple  of  eightl" 
(between  episode  4  and  5  there  is  no  solution  of  contijiuity  in  tinw) 
Episode  5. 

Anna  changes  the  sheet  of  paper  and  writes  down  as  follows: 


(P-I)(q -1) 


8 


/ 

multiple  of  2 


multiple  of  8 


Then  Anna  writer,  the  following  formulas: 

(2h+M)  I(2k+l)^-l]/8  -  2h(41c^+4k+M)/8  =  2h  4k(k+l)/8 
(the  line  of  fraction  is  only  under  4k(k+l)  and  8  is  under  it) 

and  says:  "...if  k  is  even,  four  (times)  k  is  a  multiple  of  8  (Anna  points  at  8  in  the  formula),  so 

it  remains  a  multiple  of  2  (she  points  at  2  in  the  formula),  and  we  arc  O.K.  If  k  is  odd  

(Anna  reduces  8  with  4  in  the  usual  written  form,  by  writing  2  near  8;  then  she  reduces  2  with 
2,  coefficient  of  h). 

If  k  is  odd,  it  does  not  work  No!  if  k  is  odd  then  k  plus  one  (she  points  at  k+1)  is  even  and 

we  are  over!". 


loo 


M44 


Episode  6. 

Anna  looks  again  at  the  text  of  the  problem  and  says:  "But  primes  are  got  nothing  to  do  with 
this!  Odd  numbers  are  enough!". 

Discussion 

The  first  phase  (episodes  1 ,2,3)  is  marked  by  stereotyped  syntactical  transformations:  the  frame 
even-odd  numbers  guides  them  and  semantic  control  is  very  feeble.  Formulas  are  used  as  such 
in  the  frame  and  do  not  really  Jive  within  it  as  thinking  objects;  they  incorporate  the  frame 
only  in  a  shallow  way.  Indeed,  the  frame  even-odd  numbers  is  used  only  to  test  the  formula, 
which  continues  to  be  manipulated  in  a  stereotyped  manner.  The  idea  that  some  magic  formula 
must  be  used  culminates  in  the  end  of  episode  3,  which  marks  a  change  of  frames  (prime 
numbers)  and  a  deep  change  of  approach.  Here  the  reasoning  becomes  aiithnoetic  and  semantics 
is  strong:  the  frame  is  inhabited  by  numerical  expressions,  as  thinking  tools,  which  in  the  long 
run  activate  hypothetical  reasoning  in  a  new  precise  frame  (multiples),  which  overlaps  partially 
the  first  one. 

The  resolutive  moment  consists  in  the  sudden  change  of  strategy  from  episode  4  to  episode  5, 
wliich  corresponds  to  a  change  of  frame. 

Now  (episode  5)  Anna  can  read  the  old  formula  with  new  eyes:  it  is  vmttcn  in  such  a  way  to 
incoqwrate  the  old  frame  (even-odd)  and  moreover  is  manipulated  according  to  anticipalive 
thinking  related  to  the  new  frame.  It  is  not  any  longer  the  way  that  the  formula  is  written  which 
suggests  standard  manipulations  to  see  what  happens,  but  the  formula  is  written  and  manipu- 
lated in  a  certain  fashion  in  order  to  prove  a  conjecture.  In  other  words,  in  the  new  frame  die 
relationship  sense-denotation  of  the  formula  does  appear  as  a  thinking  tool  to  test  a  hypothesis: 
intcnsional  aspects  arc  guided  and  built  by  cxtensional  ones  and  conversely  (episode  5,  1st 
part).  The  second  part  of  episode  5  shows  also  some  stiffness  of  syntactical  aspects:  the  formula 
incorporates  the  fact  Uiat  4k(k+l)  is  a  multiple  of  8  in  a  transparent  way  only  when  k  is  even. 
Anna  experieiKes  some  trouble  with  die  case  diat  k  is  odd:  the  formal  aspects  force  her  to 
simplify  in  acertain  manner  and  for  a  while  die  (conjccmrcd)  denotation  of  the  formula  (namely 
its  being  even  after  semplifications)  docs  not  deal  widi  the  right  sense  (k+ 1  is  even  if  k  is  odd). 
To  grasp  diis,  it  is  not  required  to  manipulate  die  formula  but  to  activate  a  new  part  of  die 
symbolic  expression  according  to  its  denotation.  The  shift  in  denotation  does  make  it  possible. 
The  formal  expression  docs  not  change  but  its  sense  changes,  insofar  as  we  have  looked  at  its 
denotation  in  a  new  way,  shifting  from  die  frame  ^'multiples"  to  die  frame  •'even-odd". 
In  summary,  one  way  of  diinking  widi  a  formula  is  to  transform  (part  of)  its  intension 
manipulating  it  according  to  its  extension;  die  second  way  is  to  discover  a  new  intension  , 
without  doing  formal  manipulations,  but  looking  at  anew  extension  (in  a  possibly  new  frame). 

In  bodi  cases  such  changes  are  activated  because  the  intension  and  die  extension  of  die  formula 
are  embedded  in  one  cr  more  frames. 
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Our  a/m  is  to  study  the  cognitive  beli*vior  of  pupils  (7th  tndSth -grade)  in  the  solving 
of  MlftvbrMic  equations  starting  from  an  anttlysls  of  errors.  Such  tn  analysis  rests  on  the  relationship 
established  between  etch  error  and  the  correponding  Violned  mathematical  property  We  have  then 
classified  different  types  of  errors  into  more  general  categories,  the  oiethod  of  groupings  resulted  in  the 
classification  of  all  errors  recorded  over  the  duration  of  the  experiment  in  only  five  categories. 
Grouping  errors  according  to  their  conceptual  origins  makes  it  possible  to  identify  the  operational 
invariants  in  the  solving  of  equations.  7 he  disregard  of  an  operational  invariant  ts  responsible  for  an 
entire  category  of  errors.  The  complete  group  of  operational  invariants  makes  it  possible  to  construct  a 
model  of  the  cognitive  process  of  the  pupil:  the  '^c/K^me"  which  governs  the  solution  of  algebraic 
equations. 


ANALYSIS  OF  ERRORS  AND  A  COGNITIVE  MODEL  IN  THE  SOLVING  OF  EQUATIONS 

CORTES  Anibal 
LabPSYDEE.  46  rue  ST-Jacqucs;  7500!>.  Paris.  France. 


INTRODUCTION 

We  believe  ihal  learning  algebra  represenis  a  significant  episleraological 
jump  for  secondary  school  pupils.  We  mean  by  this  ihai  ihe  pupU  must  suddenly  shift  from 
one  stale  of  mathematical  knowledge  to  another  while  rapidly  assimilating  new  notions 
and  procedures  based  on  previously  aquirod  knov/ledge  but  calling  for  an  entirely  new 
way  of  reasoning.  The  step  from  elementary  arithmetic  to  algebra,  for  example,  requires 
pupils  to  substitute  for  the  arilhractical  treatment  of  equations  the  transformation  of 
equations  according  to  explicit  rules  (a  process  v/hich  gives  a  sequence  of  equivalent 
equations)  Several  authors  have  approached  the  rupture  between  arithmetic  and  algebra, 
among  ihem:  Filloy  and  Rojanol  1 984).  Filloy  E.(1990).  In  the  international  publications 
devoted  to  the  mathematical  education  many  authors  are  concerned  with  the  solution  of 
mathematical  equations.  Kieran(1990)  reviews  their  studies.  What  becomes  clear  Is  that 
each  author  adresses  a  particular  difficulty  but  that  a  systhcsis  .of  the  results  is 
contradictory 

The  analysis  of  errors  made  in  solving  mathematical  equations  was  for  a 
long  lime  been  a  subject  of  study  for  cognitive  psychology.  In  a  recent  article  Payne  and 
SquibbMn90)  observe  that  the  relationship  between  errors  and  the  mathematical  concepts 
involved  seero  much  closer  and  complex  that  the  relationship  studied  in  current  models 
Now.  this  last  remark  is  exactly  in  accordance  with  the  fundamental  approach  of  this 
present  article  which  is  to  establish  a  relationship  between  the  errors  and  the 
corresponding  mathematical  property  violated.  The  goal  of  the  present  article  is  lo 
analyse  the  course  followed  by  pupils  (7th  and  8th-grade)  across  almost  all  the  conceptual 
difficulties  which  they  meet  when  solving  mathematical  equations  Our  theoretical 
framework  is  the  Conceptual  Field  Theorie  '  of  Gerard  Vergnaud(  1990) 

THE  CONCEPTUAL  FIELD  IN  THE  SOLVING  OF  EQUATIONS 

The  theory  of  conceptual  fields  is  a  cognitive  theory  which  aims  to  provide 
a  coherent  framework  3nd  some  basic  principles  for  the  study  of  the  development  and  the 
acquisition  of  complex  competences  Its  chief  goal  is  to  provide  a  framework  which  makes 
il  possible  to  understand  the  filiations  and  ruptures  of  concepts  The  cognitive  functioning 
of  the  subject  is  modelled  in  terms  of  scheme  Gerard  Vergnaud  defines  a  conceptual  field 
as  a  whole  set  of  situations  which  can  be  analised  from  a  cognitive  point  of  view,  as  a 
whole  set  of  tasks  of  which  it  is  essential  to  know  the  exact  nature  and  difficulties  as  well 
as  the  concepts  and  theorems  which  make  it  possible  to  an.alyse  these  situations  as 
mathematical  tasks  (Vergnaud  19901  In  order  to  analyse  the  conceptual  field  on  which  the 
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soluiion  of  cquaiions  depends,  ii  js  necessary  lo  classify  Iho  exercices  and  lo  identify  ihe 
raalhemaiical  iheorems  and  concepts  used  by  pupils  (including  iraplicii  ones). 

a  -  Firjil  degree  equations  vilh  one  unknown:  cluslflctlion  of 
silutllons:  the  equation  iix*6»c  is  solved,  with  a  few  exccpUons  by  dealing  first  with  the 
independent  term  h  and  then  with  coefficient  a  (dealing  first  with  coefficient  «  leads  to 
errors  and  this  approach  is  soon  abandoned).  The  first  algebraic  transformation  on  both 
sides  of  the  equation  is  a  subtraction  if  b  is  positive  or  an  addition  if  b  is  negative:  ax*b- 
or  nX'/b/*/b/'C*/b/  ;  ax-c/.  The  calculation  of  the  number  d  leads  to  the  calculation 
of  the  four  types  of  additions  dealing  with  directed  numbers  (for  example.  17*3.  15-5  or 
'|2*22:  13-33  or  -11*7;  -13-5;  where  the  last  two  situations  turn  out  to  be  the  most 
difficult)  The  second  algebraic  transformation  is  the  division  by  the  coefficient  a  of  both 
SJdcs  of  the  equation:  ax-o  :  ax/u'd/a  :  i-c  The  coefficient  a  may  be  either  positive  or 
negative  From  the  four  previous  situations  we  thus  obinin  eight  different  situations  for 
solvinK  i\x*b-c.  Division  by  a  negative  number  give  rise  to  problems  and  requires  the  use 
of  rule  of  signs 

Dy  adding  olhcr  terpis  the  equation  ux*h-c  can  bo  made  more  complicated 
We  can  distinguish  throe  situations 

1  - /<eJuct/on  <V  nuraencanermif  for  example      2i«85-3-90- 102  .  2i-8'102 

2  -  l-actonsAUon  reduction  of  icrms  u'K/j  Uw  unknown 

For  example- 52i*3x-6.6x«68-558  .  xt'S2*^  6  6^6e-5S8 
J  -  Dtstnbuiiviiy  of  mulliplicaiion  ovt>r  i\dJftton  and  subtnicUon    muluplvina  out  Cnclors 

For  example  t-*!)  tSx*'14-2il«866-0S5 
4      The  ifciumont  of  the  equations  (»x*b''cx  ^d ^  in  which  'the  unkmncn  appears  on  both 
.v/Jc.\<;  (»/'  the  equation  This  introduces  a  new  aluehiaic  transformation  gaihcnni;  leims 
with  the  unknown  on  one  side  of  the  i-quation 

Obviously,  the  reason  for  this  classification  is  lo  make  pupils  meel  all  possible  situations 
uuid  obstacles*  encountered  m  the  Ireatmoiit  of  directed  numbers  This  cla:)&ificiUion  mav 
be  extended  to  other  criteria  the  magnitude  ol  numbers,  their  nature  idecimals  fractions) 
i»f  vi'hich  we  give  a  summary  survev 

b  -  The  "schAme"  vhich  governs  the  solution  of  equations:  The  concept 
of  scheme  \va?  introduced  bv  Pingel  and.  later,  further  elaborated  by  G  Vcrgnaud  in 
order  to  find  a  model  of  the  learninij  process  involved  in  the  acquisition  of  complex 
Knowledge  in  particular  of  scienhfic  knovkledyjo  Accordinj?  to  Vergnaudll  990 );  we  call 
scheme  the  invanaiil  organisitlion  of  belul^■lol .  '  fultcrns  loi  a  class  of  given  situations 
It  IS  tn  the  5iiu»me^"  that  the  knowledge  in  action  of  the  subject  can  be  found  especially 
the  coKnilivc  elements  lopernlional  invariants  >  which  allow  the  subject  s  action  to 
become  operational  We  wil  ?iudv  ihu  development  of  the  scheme  which  governs  the 
solution  of  algebraic  equations  Auiomalicily  is  of  course  one  of  the  most  visible 
manifestations  of  the  funcUoning  of  the  scheme  .  this  does  not  prexenl  the  subject  from 
•  emaminK  in  control  of  the  conditions  under  which  a  given  nlHcbroic  transformation  is 
appropriate  or  not  The  schOme  which  governs  the  algebraic  solution  of  equation 
functions  m  the  folU.wing  way  relevant  algebraic  transformations  are  selected  one  bv 
one  in  order  Iti  ariive  at  a  solution  (wrillcn  x»  i  This  selection  in  guided  by  two  Ivpes  of 
considerations 

-  1 0  suspend  the  algebraic  operation  which  cannot  be  carried  out  on  an 
unknown  numbers  to  obtain  a  number  immediately  from  the  letter  and  its  coefficient 

-  To  carry  out  relevant  algebraic  transformations  of  the  un*:nown  anu 
the  number  from  among  all  possible  transfer  mat  ions 

The  generalisation  of  the  scheme  to  all  Mluaiions  of  the  conceptual  field  meets  with 
obstacles  which  are  at  the  origin  of  many  errors  The  efficiency  of  the  scheme  in 
dealing  with  new  situations  depends  on  the  conceptualisation  of  more  general  operational 
invariants  the  scheme  aims  at  adaptation 
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THE  ERRORS  IN  THE  SOLVING  OF  EQUATIONS 

The  firsi  siep  in  ihe  analysis  of  errors  has  consisted  in  relating  cacn  error 
10  ihc  corresponding  violated  maihemaiical  properly.  This  process  of  classificaiion  hns 
resulted  in  Rrouping  all  ihe  errors  observed  inlo  only  five  caienones  This  allowed  us  lo 
idenlify  ihe  operolional  ir.varian.s  of  ihe  conceptual  field  which  are  ihe  basis  for  ihe 
corieci  funCioning  of  ihe  ■scheme  "  The  caiegories  of  errors  are- 
/  -  Brrors  concernins  the  con-.epts  oi  :hc  mathematical  unkno^x'n  tind  equation. 

2  -  Errors  made  in  algebraic  transformations  whjch  arc  identical  on  both  sides  of  the 

equation:  the  equality  is  not  conserved. 

3  -  Errors  made  in  the  choice  of  the  operations  v/^iich  are  lo  be  fiiven  priority. 

4  -  Errors  in  writing  a  new  equation,  fnilurc  to  check. 

5  -  Errors  m  numerical  calculniions. 

1  -  Brrors  related  to  the  concepts  of  the  mathomaticai  unknown 
Mnd  the  equntion:  ihe  concept  of  the  equation  and  the  unknown  belong  to  the  •"schOrae" 
of  Ihe  algebraic  solution  of  equations.  Theses  concepts  are  explored  by  the  pupils  al  the 
beginning  of  the  experiment  This  introductory  phase  is  very  complex;  it  has  been 
discussed  in  Cortes.  Kavafian  and  Ver«naud(  1 990).  Writing  the  equation  which  models  the 
problem  Rives  rise  to  errors  which  will  not  be  analysed  here-  we  shall  limit  ourselves  lo 
the  case  where  the  equation  is  given. 

In  'he  post-test:  many  pupils  are  held  in  check  by  a  written  form  in  which 
the  unknown  is  preceded  by  the  sign  -w.  10.66  for  example  The  unknown  has  been 
conceptualised  as  an  unknown  numhcr:  a  number,  however,  is  different  from  Us  opposite 
(7  is  different  from  -7):  many  pupil?  give  to  w  the  status  of  the  unknown 

2  -  Errors  made  in  algebraic  trnnsformations  identically  on 
both  sidos  of  the  equation  :  the  equality  is  not  conserved. 

Transformations  identically  made  on  both  sides  of  the  equation  can  bo 
considered  as  a  shift  of  terms  from  one  side  to  the  other  The  pupUb  have  been  given  two 
rules  which  sum  up  these  transformations 

Rule  I.  Ihe  same  number  may  be  added  or  subtracted  from  each  side  of  the  equation  a  new 
equation  is  then  obtained  which  is  equivalent. 

Rule  2.  each  side  of  the  equation  may  be  multiplied  or  divided  by  the  same  number,  an 
equivalent  equation  is  then  obtained. 

These  two  rules  contain  the  most  importants  aspects  of  the  algebraic 
method  of  solving  equations:  algebraic  transformations  on  the  equation  and  the  sequence 
of  equivalent  equations  which  maintain  the  solution  invariant.  These  two  rules  also 
comprise  part  of  the  algebraic  transformations  which  can  be  applied  to  the  unknown,  in 
particular  adding  or  subtracting  a  unknown  number  on  both  sides  of  the  equation.  From  a 
congnitive  point  of  view  these  two  rules  can  function  as  a  frame  of  reference  what  is 
allowable  m  building  an  apropriate  strategy  to  solve  each  case  In  the  begining  this 
reference  to  the  rules  is  explicit,  it  quickly  becomes  implicit 

2m-  Errors  in  ndditivo  tanstormations. 

2a.  I  -  Only  one  side  of  the  equation  is  transformed:  the  strategy  to  find  a 
solution  here  fonctions  as  "remove  one  term  ■  25-3W-5         25-3W'5*5  :  25-3w 
This  error  reveals  a  conceptual  dificulty  in  the  begining  of  the  learning  process   In  the 
post^est  It  IS  certainly  due  to  a  failure  to  check  work:  some  pupils  work  fast.  Ihis  error  is 
closely  tied  to  the  rules  and  notation  which  are  used 

2a  2  -  Different  transformations  arc  made  on  each  Side  of  the  equation.  In 
most  cases  one  term  is  subtracted  on  one  side  and  added  on  the  other. 
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In  ,eiicral  ihe  wrong  rule  <.t\n  be  Mated  c.S'  iho  rcsuli  of  ihc  iranaforraaiion  is  one 
nu  ixr  minus  ihc  oihcf  (c*b  or  b-;)".  m  raosi  cases  a  posiuvc  resuli  is  sought  Olher 
er   rs  may  show  a  l  ailuro  lo  c\»;ck  woi  k   59-3x-125  ;  ♦3i-39*39- 1 25+39 

Ii    ne  pojii'iesi  errors  :xv  very  l-kely  due  lo  ihe  absence  of  a  rigorous  check  of  ihe 
s<     -,lr.c-.!S  of  the  wriuen  I 'an^^rormnifon.      6w*32--32  ;  32-32*6w--32+32 
T  J  s>  Ticirv  ot  the  nolal  ci:  which  is  used  obsirucl  ihe  checking  process:  ihe  pupil  rausi 
r<  ff  Ui  .h<:  previous  equal' "-n 

^a.i  -  A/f;e  '>rniC  ransformations  arc  not  v,'riitcn  c/own  (pvpils  menially 
mitiapittf  the  result  and  ^^Tcviaie  written  steps)  The  sign  of  t/it*  term  is  not  changed 
v'h^n  il  is  tsken  from  one  suit'  of  th?  equation  to  the  othvr: 

95  )5.7x-l50  :  - . '>0*95' 557x  II  is  possible  lo  see  in  ihis  example  iho  use  of  ihe 
same  wroni  rule  we  saw  previouily  Then,  one  example  whicji  can  be  jnierpreied  ns  a  shifl 
of  the  ncgal  \  sign  from  one  icrra  lo  the  olher:  39-3x''l5  ;  3x- 1 25+39 
I  I  general,  when  pupils  carry  oui  several  iransfor malions  simullaniousjly  ihe  risk  of 
e  ror  incrcujes  even  if  ihey  are  applying  Ihe  correct  rule;  5l-50''125  .  1-125-50/5 
\X  c  note  tliat  this  error  is  freqin?nl  m  the  post  test.  Pupils  who  will  ?ucceOd  in  solving  the 
last  equat-AAS  which  arc  conceptually  more  difficult  will  fail  lo  solve  rather  simple 
equations  c.  the  begini'ig  of  the  test  because  of  the  absence  of  written  work  (which  makes 
rav>re  diffic»jlt  lo  check)  Al  it.e  very  start  of  the  learning  process  this  error  may  be 
conceptual  (wronn  rule)  but  ''cry  soon  it  is  due  to  a  failuro  to  check  work  the 
SI  bseqjtjiu  '"heck  of  a  troiisforraation  which  has  not  bc-en  made  explicit  implies  the  mental 
ruconstrLctic  i  of  the  whole  proa  ss  based  nonetheless  un  what  hns  been  written  do\vn 

2b  -  Errtrs  in  the  application  of  the  second  rule:  division  of  both  sides  of 
the  oQUMtiott  by  m  number. 

2b  I  '  Sonic  pupHs  divi-io  onlv  one  lenn  (»r  the  euvntion 
1  lx*3n»l'lx  .  1  Ix/n  ^'.yi-Mx 

2b  2  -    Some  pupils  perform  different  operations  on  either  side  of  the  equation: 
45<i/2y  .3/2  45-3/2y3/2  .  3/2M5-y 

bj)  Some  shifts  in  meaiuna  appeixr  v,'hen  division  by  the  cooffieient  of  the 
unknown  is  not  noted  on  both  sides  of  the  equiitton.  The  pupils  must  anticipate  the 
resulting  quotient,  when  calculating  the  value  of  the  unknown  they  invert  the  numerator 
and  the  denominator  of  the  resulting  quotient        8^y"-35  ;  y*84/(-35^ 

Concluoion:  any  algebraic  transformation  must  conserve  the  equality  Hence  there  is  an 
operational  invariant  m  the  tasks  \\\\'en  to  our  pupils  the  cdnsevation  of  the 
equality.  The  menial  construction  of  this  operotional  invariant  makes  il  i^ossible  for  the 
pupils  tu  identify  which  algebraic  transformations  are  allowed  and  then  to  decide  which 
one  is  relevant  among  all  those  which  are  possible  This  decision  is  a  mental  process  which 
precedes  any  written  work.  The  conservation  of  the  equality  stays  implicit  in  the  case  of 
algebraic  transformations  (factorisation,  multiplying  out...)  which  are  carried  out  only  on 
one  side  of  the  equation.  We  have  seen  that  when  pupils  use  the  right  rule;  a  large  number 
c*"  errors  are  due  to  a  deficiency  in  checking  the  validity  of  the  transformation.  We  may 
thus  consider  that  there  is  also  an  operational  invariant  of  procedure-  checking  the 
irnnsformation  This  allows  us  to  explain  the  high  number  of  errors  observed  m  the 
post  "test 

3  -  Errors  in  esublishlng  which  operation  should  be  given  priority 

Each  time  the  pupil  performs  identical  algebraic  transformations  on  both 
sides  of  the  equation  he  also  needs  to  perform  numerical  operations  (♦.-.*./).  Similarly 
each  time  the  pupil  multiplies  factors  or  considers  lo  reduce  terras    he  must  perform 
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numerical  operations.  Idenlifying  ihe  operation  lo  be  given  priority  therefore  becomes  an 
op«rttioiial  invtriant  in  solving  equations. 

3*  -  Errors  connected  with  disregtrding  the  priority  of  muitipiiCMtion  »n  d 
division  over  addition  and  subtraction.  In  this  type  of  errors,  raJultiplicalion  is 
treated  as  an  operation  which  is  commuting  and  associating  with  the  addition.  Presumably, 
rules  of  commutativity  and  associativity  used  in  the  treatment  of  algebraic  sums  or  the 
product  of  factors.  ("The  permutation  of  terms  (factors)  or  the  grouping  of  calculation  does 
not  alter  the  result  ")  are  extended  to  include  the  treatment  of  the  two  operations. 

3a. I  -  The  coefficient  of  the  unknov/n  is  added  to  an  independent  term  (in 
reducing  one  side  of  the  equation):    40-5t*22  ;  40«.27t 

3a  2  -  In  solving  equations  containing  a  product  of  factors  some  pupils 
treat  a  term  inside  the  brackets  as  an  independent  term: 

3(2x*22)*34-ll0  ;  3(2x*22-22)*34-110-22 
Most  of  our  pupils  are  able  to  multiply  this  product  of  factors.  The  origin  of  this  error  thus 
lies  in  the  integration  of  the  multiplication  of  factors  into  the  strategy  for  obtaining  a 
solution  This  error  desappears  in  the  post-test. 

3a.3}-  The  mullipiication  of  factors  is  implicitly  treated  as  an  addition  of 
terms  ifor  eiemple  ax  is  treated  as  a(*)x): 

-  in  the  treatment  of  the  coefficient  of  the  unknown 

5t-50M25  :  51-5-50-125-5  :  1-50-12 

-  in  the  solution  of  equations  in  which  the  unknown  appears  on  both  sides: 

I  lx-nx*30-14i-lli  ,  x*30-3x 

-  in  the  solution  of  equations  containinp,  a  produci  of  factors 

3(2x*22)-76  :  3(2x*22)-3-76-3  .  2x*22-73 

3b  -  Errors  connected  with  the  failure  to  respect  priority  of  addition  and 
subtraction  over  multiplication.  In  a  product  of  factors,  for  example  (a)lbx*c).  the 
addition  of  ;he  terms  bx*c  has  priority  over  the  multiplication  by  (a).  Nov.  this  priority  of 
the  addition  is  more  often  introduced  in  the  teaching  of  mathematics  as  a  property  of 
multiplication  the  distributivity  of  multiplication  over  addition  and  subtraction. 

3b.  1  -  Wrong  rule  applied  when  multiplying  out  factors:  only  the  fist  tern} 
inside  the  brackets  is  multiplied  out:  3  (2x-2*24)*34-l  10  :  3'2x*22*34-l  10 
Wc  note  that  this  wrong  rule  rests  on  a  conceptual  construction:  the  priority  of 
multiplication  over  addition  and  subtraction  (established  when  solving  all  the  other 
equations  none  of  which  contains  a  product  of  factors).  The  difficulty  thus  lies  in 
articulating  the  distributivity  of  multiplication  (  established  before  the  experiment)  in  the 
context  of  solving  equations. 

3b. 2  -  Factorisation  is  not  recognised.  In  the  last  exercice  in  the  post-test, 
the  pupils  are  faced  with  a  special  product  of  factors:  the  unknown  multiplies  a  sum  of 
numbers  Almost  all  the  pupils  of  all  the  classes  multiply  out  these  factors  and  reduce  the 
resulting  terms  in  the  following  way:  x(3-3.5*2.5)  becomes  3x-3.5x*2.5x  and  then  2x  This 
procedure  is  not  an  error  nevertheless  it  shows  that  the  pupils  consider  that 
raulliplication  has  priority  over  addition  and  therefore  the  factorisation  is  not  recognised. 
We  can  assume  that  most  pupils  reduce  the  expression  3x-3.5x*2.5x  using  the  rule,  the 
counting  of  the  xs.  in  which  x  tends  to  signify  an  object  or  a  unit:  something  non-aclive 
since  coefficients  are  treated  exclusively.  This  rule  is  algorithmic  in  character,  which 
means  thai  it  is  not  easily  justifiable  as  its  mathematical  justification  requires 
factorisation. 

3c  -  Errors  connected  with  desregai  ding  the  priority  of  addition  and 
subtraction  over  division.  Some  pupils  apply  the  second  rule  at  a  point  in  the 
calculation  when  this  rule  is  not  relevant  They  divide  by  a  number  only  one  term  on  each 
side  (instead  of  dividing  each  side  of  the  equation),  in  various  cases 

'  in  solving  equations  containing  negative  or  fractional  coefficients: 
57-3/2y*12  . t  2/3)  57 -3/2 y 2/3  *12 
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-  in  solving  equations  where  the  unknown  appears  on  both  sides: 

109y«25y-35  ;  l09y/25-25y/25 -35 

-  m  solving  equations  which  contains  a  product  of  factors: 

60-(-4)  ("9m)*90  :   60/(-'t)  -  (-9m)  *90 

One  could  say  that  these  pupils  treat  divi$ion  as  an  operation  which  has  priority  over 
addition  and  subtraction  of  terms  according  to  a  rule  "first  I  divide  then  I  add". 

General  ob servallion:  In  almost  all  the  errors  observed  which  concern  the  priority  of 
operations  the  pupils  recognise  multiplication-  thus  they  are  not  errors  made  in  reading 
algebraic  notation.  These  errors  are  frequent  during  the  learning  process  and  disappear 
in  the  post-test.  They  are  essentially  conceptual  errors. 

4  -  Errors  in  writing  «  new  equation:  failure  to  check 

Once  the  correct  algebraic  transformation  has  been  determined  and  the 
numerical  operations  have  been  performed,  it  is  then  necessary  to  write  down  a  new 
equation.  Some  errors  are  due  to  a  failure  to  check  vhcn  vriling  a  new  equation. 
A  new  kind  of  algebraic  checking  is  in  question  here:  the  pupil  checks  thoroughly 
neither  the  transfer  of  terras  from  one  equation  to  the  next  nor  the  correspondence 
between  the  written  numerical  results  (in  the  new  equation)  and  the  numerical 
operations  in  the  previous  equation 

4a  -  Omission  or  incorrect  repetition  of  a  term  in  the  next  equition. 

-  A  term  has  been  oraited  or  changed  in  the  next  equation' 

57-3/2y*12  :  57"1.5y    or    -37-6v65  :  6v-65-65 

-  A  nuraerical  operation  has  been  written  down  but  not  performed-  one   of  the  two 
terms  has  been  omitted  in  the  next  equation:      z*20-4z-20-"5Cj-20  ;  z-4z--56 

In  general,  of  the  two  operations  which  have  been  written  down,  only  the  one  defined  by 
the  strategy  for  obtaining  a  solution  is  performed  (cancel  out  one  terra  in  one  member  of 
the  equation). 

4b  -  Omission  of  the  "-"  sign  in  writing  a  new  equation.  The  frequency  of  this 
error  is  such  that  in  raerits  detailed  analysis  Several  situations  raust  be  considered: 

<b.i  -  A  term  is  iransfert  J  to  the  nezt  equation  in  absolut^i  value.  These 
errors  alraosl  exclusively  concern  terms  containing  the  unknown:  39-39-3x-l25-39  ; 
31-86 

There  is  conceptu^'  ''^terference  at  the  begining  of  the  learning  process,  it  seems  strange 
to  work  with  the  wn  preceded  by  the   -'  sign.  In  the  post-test,  these  errors,  are  due 

to  a  failure  to  chet       -  transfer  of  terras 

4b. 2  -  Only  the  absolute  value  of  the  result  of  an  addition  is  tranf erred.  This 
error  appears  when  numerical  terras  and  terras  containing  the  unknown  are  treated: 

>37-65"6v*65-65  ;  I02-6v 
Part  of  the  algebraic  work  is  carried  out  on  the  equation,  transformations  are  written 
down.  On  the  other  hand,  nuraerical  calculations  resulting  from  transforraations  arr 
perforraed  outside  the  equation;  pupils  sometimes  transfer  only  the  absolute  value-  they 
fail  to  check  whether  the  result  in  the  following  equation  matches  the  written  operation. 

4b. J  -  The  absolute  value  of  the  resul*  of  a  division  is  transferred:  this 
omission  of  the  -  ■  sign  concerns  the  unknown  and  the  numerical  terms: 
-3X/3-86/3  ;  1-86/3 

4c  '  A  "'  "  sign  is  Mddcd  to  M  term  iti  th0  ntxt  equMtion:  109y-25y  becomes  -84y 

General  observation:  the  errors  which  we  have  just  analysed  are  not 
conceptual  in  general.  Most  of  them  are  due  to  the  absence  of  a  type  of  checking  process 
which  IS  proper  to  algebra  Sorae  authors  call  them  "slips  (errors  due  to  lack  of  attention). 
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Now.  thiJ  classification  seems  too  oeneral  in  ii«  cin^<.   ■,   ^  ^ 

phenomenon:  checking  what  has  been  wHM.n  il  "t  hides  a  very  important 

equ.tionj.  Checking  is  manifes  ed  7^1.^  ,  '  °'  ^'e^^^i^  -"^thd  of  solving 
just  been  written  down  .rthoTeWous  one  and  '"^  ^"""'i""  ^"'^^  has 

been  thoroughly  checked  r^'ell  s  he  vaHdity  ofThf  ""nl"'  "V""',  ■""^f''"^^  "ave 
Checking  what  has  been  written  down  as  ve l  a  .hf      h  "  'r"?' 

form  .n  operation.!  invri^nt'o?  Pr^drre- th.^Vetai?  chec^kingV^^^^^^^^^^^  transformation 

5  -  Erros  made  in  numericil  ctlculation. 
5m  -  Errors  in  numericMl  CMJcuUtions  with  directed  numbers- 

-(A-B,   and  -eco.e. 

la-k^rcki^r;  bra^ia-:"  °'  °^  -n  the  post- 

directed  nutL?::'''%^o"J,%r,TmT9V:nV::3rm%r  ^^^^^  °f 

These  error,  are  probably  conceptual  at  the  begining  of  the  learning  pr'oiess. 

llr^tlolT"  '"-^"'"'O"    ol    the    Absolute    y„ue    of  nuceric.l 

calculation):    9V-'""lO  °^or '"'t^/lTo'  '"^  '  '-cental 

numerical  resauU  (^^rri^  sri.Ts  ctct^^e  0X^7^';^ derr^V/.-^O 

■schemes--  whlchX^^'ns°nrer^ropl';:Uon"T^^^  '"^ 
which  governs  the  solution  of  algebraic  6^31,0,  s  Th.  ,  .^»         i       '°  '""^"^ 
post-.e,tshow,afailuretocheckthe%esultornur;calcalcul:u^^^^  °' 


TOWARDS  A  NEW  COGNITIVE  MODEL: 

Which  governs  the  Lg\rars:K:^rif':;uat,?nr""^ " °f  --"-e 

Shifting  a  term'":  t^e^oTh^r^idf  orthe^'eSn'fhe^'^f '"''^  '° 
relevant    transformation    among    all    oerm^,^»H   ,       r"^""''  therefore,  chose  a 

conceptualisation  of  a  whole  set  of  oerm  n.d^  transformations,  this  implies  the 
transformation  implie^r°espect  of  aTool^l^^  ^°  "  Permitted 

con.erv.tion  of  the  equ.my  Vh  .  ooer/i  in^^  conceptual  field,  the 

kind  of  principle  which  encnLL,  .  '^  .  '  '"^""""t.  conceptual  in  nature,  is  a 
Violation  o''fwhi'c''h%a"d^7o\r?oru^\7a"sf:rnons"'"''"  °'  '"eorems,  .he 

Checked  against'' tL''rr:v?o:srua.;n."'e'e:n'7tr':t;:;:  r^^.^'Ts  ;^e"d"°T"-  " 
algebraic   process  correctlv  imntiP^       ^1.    i"*?  correci  rule  is  used    To  conduct  the 

validity    o'f    the    t^r'n^r^m :i^;,'"pe -f o^^^'Ye  '^t  whaT^t  "fust'^'b"''"'' 
corresponds  to  what  was  intended  to  be  done  w'tten 
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Once  ihe  algebraic  transfer maiion  has  been  determined,  the  pupil  must 
perform  arithmetical  operations  on  numbers.  Now.  the  equation  is  sometimes  perceived  as 
a  succession  of  terms  between  which  competing  arithmetical  operation  exist:  the  error 
concerning  the  priority  of  operations  occurs.  The  same  analysis  holds  for  the  development 
of  a  product  of  factors  or  the  reduction  of  terms  on  one  or  other  side  of  the  equation. 
Respect  of  the  priority  of  arithmetical  operations  is  an  operational  invariant  of  a 
c  nceplual  nature  in  the  solution  of  algebraic  equations. 

Once  the  arithmetical  operations  on  numbers  have  been  performed,  the 
results  obtained  must  be  written  into  the  next  equation  as  well  as  all  unchanged  terms. 
jNow.  the  large  number  of  errors  observed  in  the  post-test  which  are  due  to  incorrect 
rewriting  shows  in  a  negative  way  the  importance  of  checking  what  has  been 
carried  to  the  next  equation, 

Checking  what  has  been  carried  forward  as  well  as  checking  the  validity  of 
the  transformation  performed  implies  a  constant  movement  to  and  from  the  equation  just 
written  and  the  previous  one.  These  two  types  of  checking  processes  constitute  an 
operational  invariant  of  procedure:  algebraic  checking;  the  disregard  of  which  is  the 
origin  of  many  errors. 

The  correct  functioning  of  ihe  "scheme"  which  governs  the  solution  of 
algebraic  equations  is  based  primarily 

-  on  the  operational  invariants  seen  previously 

-  on  other  ■schemes',  in  particular  those  which  governs  the  arithmetical 
operations  of  addition,  subtraction,  multiplication  and  division:  which  also  have  their  own 
checking  system. 

-  on  mathematical  concepts  (such  as  those  of  equation  and  unknown  and 
many  others)  which  are  invariants  of  another  nature 

CONCLUSION:  In  our  model  the  conceptualisation  by  pupils  of  mathematical  contents  is 
based  in  the  mental  construction  of  a  rectricted  number  of  ever  more  general  operational 
invariants  which  encompass  particular  rules  of  action  Consequently,  the  study  of  the 
cognitive  development  of  pupils  proves  to  be  ui  avoidable.  These  operational 
invariants  arc  proper  to  the  conceptual  field  under  consideration. 
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DIDACTIC  MODELS,  COGNITION  AND 
COMPETENCE  IN  THE  SOLUTION  OF 
ARITHMETIC  &  ALGEBRA  WORD  PROBLEMS 


Eugenio  Filloy*  and  Guillermo  Rubio' 


EUmcnU  of  a  Local  Thcoreiical  Model  b<Lsed  on  experimcnial  rtsulis  regarding  ike  skilh 
necessary  for  the  use  of  ihree  methods  for  solving  word  problems  are  -presented.  The 
notion  of  Family  of  Problems  is  emphasized  in  order  to  analyze  the  underlying  complex- 
ities which  expose  the  need  to  be  competent  in  increasingly  abstraci  and  general  uses 
of  the  logical  and  mental  representations  required  to  achieve  full  competence  in  the  al- 
gebraic method  par  excellence,  referred  to  here  as  the  Cartesian  Method.  These  skills 
are  contrasted  with  those  required  by  the  other  two  methods  which  are  more  rooted  in 
arithmetic:  MAES  and  MIAS. 


INTRODUCTION 

This  pap<»r  is  bzused  ou  the  results  obtained  from  experimental  classroom  stxirlies  and  clinical 
interviews  with  students  between  the  ages  of  15  and  16  years.  The  studios  looked  ut  the  students* 
solution  of  arithmetic  and  algebra  word  problems.  The  work  waii  carried  out  during  the  1989- 
90,  1990-91  and  1991-92  academic  years  at  the  National  Autonomous  University  of  Mexico's 
high  school  in  the  south  of  Mexico  City  and  the  "Ccntro  Er.rolar  Hermanos  Revueltas",  a  high 
sciiool  also  in  Mexico  City  Some  preliminary  residts  can  be  found  in  Filloy  E.  and  Rubio,  G. 
(|4]).  The  studies  are  concerned  with  the  application  of  throe  Didactic  Models  for  the  solution 
of  arithmetic/algebraic  problems;  1)  MIAS.-  The  statement  of  the  problem  is  conceived  of  as  a 
description  of  "a  real  situation"  or  "a  possible  state  of  the  world*';  the  text  is  transformed  by 
means  of  analytic  sentences,  that  is,  using  "farts"  whidi  are  valid  in  "any  possible  world**.  Logical 
inferences  are  made  which  act  as  a  description  of  the  transformation  of  the  "possible  situation" 
mitil  one  which  is  recognized  as  the  solution  to  the  problem.  We  will  call  this  method  the 
Method  of  Successive  Analytical  Inferences  (MIAS).  This  is  the  classic  analytical  method 
for  solving  these  problems  using  tirithmetie  only.  2)  MAES.-  A  method  of  .solution  which  uses 
numerical  explorations  in  order  to  begin  an  iuialysis  of  the  pioljlem  and  thiLs  reach  a  solution.  We 
will  refer  to  this  method  as  the  Analytical  Method  of  Successive  Explorations  (MAES).  3) 
MC-  Some  of  the  imknown  elements  in  the  text  are  represented  by  algebraic  expre.s.sions.  Then, 
the  text  of  the  problem  is  tnmslatcd  into  a  series  of  relations  expressed  in  algebraic  language, 
leading  to  one  or  various  equations  whos**  solution,  via  a  return  to  the  translation,  brings  about 
the  sohition  to  the  probKmi.  This  approach  to  the  .solution  of  problems  is  usual  in  current  algebra 
textb(X)ks  and  we  will  call  it  the  Cartesian  Method  (MC)  (s(^  [8]  for  a  description  in  terms 
of  the  Rules  for  C<m<hicting  the  Spirit  of  Descartes). 

The  project  aims  to  describe  the  types  of  difficidties.  obstacles  and  facilities  produced  by  the 
use  of  any  of  the  three  methods  when  Kolutioiis  to  word  problems  appearing  in  algebra  textbooks 
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are  attempted.  We  are  interested  in  what  type  of  skills  generates  the  use  of  MAES  so  thi  t  the 
user  can  come  to  be  competent  in  the  use  of  MC.  And,  which  skills  generated  by  MIA  S  are 
necessary  for  the  competent  use  of  MC. 

The  use  of  MAES  which,  as  the  previous  paragraph  indicates,  is  conceived  of  as  a  didactic 
artefact  which  the  user  will  abandon  as  his  competence  in  the  use  of  MC  progresses,  provides 
elements  for  closing  the  gap  between  syntactic  and  semantic  development,  reqmred  for  competent 
use  of  algebra.  For  this  reason,  our  research  project  contemplates,  among  others,  the  relationship 
between  the  solution  of  problems  with  competent  syntactic  use  of  algebraic  expressions,  in  such 
a  way  that  we  can  (a)  detect  and  describe  the  knowledge  or  skills  needed  to  set  the  analysis 
and  sohition  of  certain  types  of  problems  in  motion;  (b)  find  out  if  the  transference  of  algebraic 
operativity  is  propitiated  and/or  reinforced  in  the  context  of  the  problems  via  the  application 
of  each  one  of  the  three  methods  for  problem  solution;  MAES  in  particular,  since  this  method 
is  consonant  with  certain  pre- algebraic  and  arithmetic  preferences  which  the  student  uses  spon- 
taneously to  approach  problems  when  he  reaches  high  school  (see  [4]);  (c)  show  if  a  proposal 
for  teaching  which  uses  MI  AS  and  MAES  among  its  didactic  methods  may  allow  the  student 
to  use  language  strata  close  to  algebra,  but  more  concrete  than  algebra  itself,  in  the  sohition 
of  problems.;  (d)  analyze  how  the  use  of  tlie  elements  of  the  System  of  Signs  of  Arithmetic, 
via  MI  AS,  can  lead  the  user  to  give  meaning  to  the  symbols  which  aie  foiuid  in  the  algebraic 
expressions  called  equations;  (e)  make  it  possible  that  algebraic  expressions  are  given  meanings 
external  to  mathematics;  and  that  with  tlie  development  of  these  skills,  the  foimdations  be  laid 
so  the  student  can,  (f )  confer  meanings  from  within  algebraic  language  itself  on  the  sjTnbolic 
formations  of  algebra;  and,  (g)  study  the  relationships  between  the  ability  to  carry  out  the  logi- 
cal analysis  of  an  arithmetic-  algebraic  word  problem  in  MI  AS,  with  the  ability  to  analyze  and 
solve  a  problem  via  tlu'  other  two  methods,  MAES  and  MC. 

THE  RESEARCH  PROJECT 

This  experimental  project  has  the  following;  phases : 

PH.^SE  3 .  Exploratory  study. 

a)  Theoretical  analysis  in  order  to  formulate  a  Local  Theoretical  Model  (see  [2])  which  would 
allow  the  emi)irical  obser\'ations  to  be  analyzed  in  terms  of  three  components:  1)  Formal 
Competence,  2)  Teaching  models.  3)  Ct)gniti(»n.  In  [4]  there  is  a  brief  description  of  each  of 
these  componrnts;  ii  more  complete  version  can  be  found  in  [5]  and  [6). 

b)  Experimental  process:  the  classroom  activity  of  groups  of  students  was  monitored  (1990- 
1992).  The  groups  were  classified  accord inp;  to  three  k'^y  arejis  of  competence,  essentially, 
the  ]»redomi nance  of  the  following  prerequisitt^  in  tlie  sohition  of  problents:  I)  Arithmetic, 
il)  Pre- algebraic  and  syntactic  and.  Ill)  Semmitic. 

In  the  teaching  conipoiicnt  of  this  ])hJuse,  only  MIAS  was  used  in  some  groups  and  MAES 
in  oihers. 

This  article  describes  the  theses  that  led  to  this  phivse  of  the  work  and  which  constitute  the 
frame  of  reference  used  for  designing  the  following;  plume . 
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PHASE  2  (1991-92).  In  this  phase,  five  exploratory  questionniiireB  were  used  to  classify  the 
population  which  was  monitored  in  class.  The  results  were  used  to  select  cases  for  clinical  study, 
in  order  to  observe  in  detail  the  theses  presented  later  on  and  those  which  arose  eis  the  observation 
progressed  throughout  the  school  year.  These  data  are  currently  in  analysis.  Essentially,  MI  AS 
and  MAES  were  used  together  in  the  teaching  process  so  that,  at  the  end,  the  student's  skills 
with  MC  could  be  analyzed. 

PHASE  3.  (1992-93).  An  experimental  format  similar  to  that  of  Phase  2  will  be  set  up,  but 
the  three  methods  will  be  pre^  ut  in  the  teaching  sequences.  The  results  of  the  research  regarding 
MC  y  carried  out  jointly  with  Ferneuido  Cerdan  and  Luis  Puig  [1],  will  be  added  to  the  theoretical 
framework. 


FIRST  RESULTS 

In  this  section  weemmierate  some  of  the  theses  which  arose  sSici  the  initial  experimental  work 
(PHASE  1,  above)  described  in  [4].  The  reader  should  add  the  seven  results  reported  there.  The 
theses  bring  together  ideas,  both  explicitly  ajid  implicitly,  from  different  fields  of  knowledge  such 
as  history,  epistemology,  didactics,  psyrholog>',  mathematics,  etc.  However,  these  assumptions 
were  obtained  both  from  the  interaction  with  the  students  in  class,  solving  problems,  and  as  a 
result  of  the  inteq^retation  of  the  results  of  their  endeavors  via  the  theoretical  framework  briefly 
described  in  (4)  and  [6]. 

I)  Brief  description  of  the  phases  of  MAES.  On  the  basis  of  the  experimental  results  obtained, 
we  cmi  describe  four  important  phases  in  the  implantation  of  MAES  in  terms  of  didactic  teaching 
sequences: 

PHASE  1.  Reading  and  making  the  unknowns  explicit.  The  initial  representation  of  the  prob- 
lem through  reading  is  the  consequence  of  a  first  analysis  of  the  situation  that  the  student  is 
trying  to  understand.  The  "quantities"  that  are  to  be  determined  (explicit  unknown  quantities) 
are  separated  out;  the  result  of  analysis,  this  "separating  out",  helps  some  users  to  understand 
the  problem  and  thiLs  establish  the  relationships  l>etween  the  data  and  other  unknown  quantities 
in  the  problem  (secondary  unknowns). 

If  one  of  the  unknown  quantities  is  not  made  explicit,  the  student  cannot  always  carry  the 
analysis  through  since,  in  Phase  2,  the  unknown,  for  which  a  numerical  value  will  be  proposed 
as  a  solution,  may  or  not  be  known. 

PHASE  2*  A  hypothetical  situation  is  introduced,  proposing  numerical  values  for  unknown 
quantities,  tlia?  assuming  a  possible  solution  to  the  problem  and,  from  this,  obtaining  conse- 
quences. 

In  this  phase  we  have  a  first  situation  of  aiudysis,  especially  in  the  creation  of  new  unknowns. 
However,  there  is  still  not  necessarily  a  notion  of  the  relationsliips  between  the  elements  of  the 
problem. 

If  the  problem  situation  is  imderstood,  that  is,  if  the  information  is  recognized,  it  compared 
with  some  previously  formed  scheme  which  is  stored  in  the  long  term  memory.  Cognitive  mecha- 
nisms which  anticii)atc  the  solvition  come  into  play,  sketching  a  solution,  showing  themselves  via  a 
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representation  which  uses  language  strata  dominated  by  the  user  within  a  system  of  mathematical 
signs. 

However,  if  the  problem  situation  is  not  understood,  the  user  needs  to  bring  other  cognitive 
mechanisms  into  play,  among  which  are  those  which  lead  to  a  deeper  analysis. 

One  possibility  for  a  deeper  analysis  of  the  problem  is  to  do  so  by  means  of  the  traditional 
method  of  translation,  an  adaptation  of  the  Cartesian  Method  (MC).  However,  the  difficulty  with 
this  approach  is  that  it  requires  the  student  to  carry  out  the  analysis  with  a  strata  of  language 
which  uses  the  System  of  MatheraaticsJ  Signs  (SSM)  of  algebra,  whose  signs  and  iniles  have  less 
semantic  meaning  for  a  problem  solver  of  15  or  16  years  old,  who  only  spontaneously  uses  the 
SSM  of  arithmetic.  For  this  reason,  the  use  of  the  strata  of  intermediate  language  provided  by 
MAES  allows  the  construction  of  a  bridge  between  the  two  strata  and  a  numerical  approach  can 
lead  to  the  unfolding  of  the  analysis  of  the  problem  situation  and  thus,  its  solution. 

PHASE  3.  In  this  phase  a  comparison  must  be  establishe<l  between  two  quantities  which  rep- 
resent the  same  in  the  problem,  but  at  least  one  of  them  is  the  consequence  of  interrelating  the 
data  with  the  unknown  or  unknowns  of  the  problem  (in  the  Cartesian  Method  this  would  corre- 
spond to  formulating  an  equation  representing  the  problem). 

PHASE  4.  On  the  ba.sis  of  what  is  obtained  in  Phase  3  of  the  comparison,  the  operations  that 
have  been  carried  out  are  recovered  and  finally  an  equation  is  obtained.  The  construction  of 
meanings  for  the  representation  of  problems  using  equations  has  to  pass  through  a  stage  of 
analysis  of  the  situation  where  the  relationships  should  come  to  have  meaning  to  the  student. 
Then,  employing  the  intermediate  language  stratum  used  by  MAES,  it  is  hoped  that  the  user  can 
give  meaning  to  the  relationships  in  the  problem  and,  finally  -and  perhaps  more  importantly- 
ronfer  a  meaning  to  the  construction  of  the  relation  of  equivalence  represented  by  the  equation, 
which  points  towards  tlie  solution  of  the  problem. 

II)  When  they  make  use  of  algebraic  language,  some  experts  and  many  beginners  spontaneously 
employ  numerical  values  (and  arithmetic  operations)  to  explore  and  thus  resolve  some  word 
problems  in  algebra.  Tlus  is  because  the  use  of  numbers  and  arithmetic  operations  spontaneously 
confers  meanings  to  the  relationships  foimd  immersed  in  a  problem  and,  in  many  ca.'^es,  opens 
up  more  opportunities  for  the  logical  analysis  of  the  problem  to  be  set  in  motion.  Since  algebraic 
language  is  more  abstract,  it  is  more  difficult  to  grasp  the  sense  cf  the  symbolic  representations 
and,  thus,  to  find  strategies  for  solving  the  problem. 

III)  In  order  to  solve  more  complex  problems,  further  competence  is  needed  to  carry  out  the 
logical  analyses  of  problemat  situations.  The  analytic  reasoning  required  to  solve  the  problems 
is  set  in  motion  when  1)  there  are  no  obstructors  sucli  aa  2)  y  4)  in  [4],  2)  there  is  no  uncertainty 
about  the  tactics  that  should  be  put  into  practice  to  solve  the  problem.  In  order  to  advance  with 
the  above,  it  is  also  necessary  to  advance  in  3)  the  use  of  intermediate  tactics  immersed  in  the 
uses  of  a)  algebraic  expressions,  b)  proportionality,  c)  percentage,  d)  the  uses  of  nr^ultiplication 
within  the  schemes:  ?  x  A  =  jD,  /I  x  jD  =?,  Ay  ?  =  5,  e)  the  handling  of  negative  numbers,  etc. 
That  is  to  say,  competent  use  prevents  thc;  user  falling  into  certain  cognitive  tendencies  (Filloy, 
[3])  which  obstruct  the  possibility  of  making  expert  use  of  MC  to  solve  word  problems,  such 
as  a)  the  presence  of  appellative  mechanisms  which  lead  to  the  .setting  in  motion  of  erroneous 
prorp.*;ses  (for  example,  if  a  type  of  equation  appears  in  the  solution  of  a  problem  which  the  user 
dof's  not  know  how  to  solve),  b)  the  presence  of  obptructions  deriving  from  semantics  as  to  syntax 
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and  vice  versa,  (for  example,  by  solving  problems  and  giving  meaning  to  cJgebraic  symbols,  the 
subject  is  predisposed  towards  a  good  use  of  syntax),  c)  the  presence  of  inhibitory  mechanisms 
(for  example,  when  one  of  the  whole  numbers  in  a  problem  which  has  been  solved  is  replaced 
with  a  rational  one),  etc, 

IV)  The  domination  of  such  intermediate  tactics  should  collaborate  in  the  development  of  "pos- 
itive" cognitive  tendencies  whicli  appear  in  processes  of  learning  of  more  abstract  concepts,  sucli 
as  a)  the  return  to  more  concrete  situations  when,  in  a  situation  of  analysis,  this  is  necessary 
in  order  to  improve  competence  with  MC;  or  b)  the  presence  of  a  process  of  abbreviation  of  a 
concrete  text  in  order  to  produce  new  syntactic  rules,  (for  example,  in  the  solution  of  problems, 
when  the  user  is  operating  with  numerical  values  which  are  assigned  to  the  unknown  in  a  prob- 
lem in  each  exploration  with  MAES,  and  then,  little  by  little,  the  user  begins  to  introduce  the 
abstract  meaning  of  the  unknown  as  he  solves  the  equations  with  the  rules  of  algebraic  language, 
DO  longer  making  reference  to  the  concrete  situation),  etc, 

V)  The  competent  use  of  MC  to  solve  arithmetic-algebraic  word  problems  implies  an  evolution 
of  the  use  of  symbolization  in  v/hich,  finally,  the  competent  user  can  give  meaning  to  a  symbolic 
representation  of  the  problems  that  arises  from  the  particular  concrete  examples  given  in  the 
process  of  teaching,  thus  creating  Families  of  Problems  whose  members  are  problems  which  are 
identified  by  the  same  scheme  for  solution.  Use  of  the  Cartesian  Method  makes  sense  when  the 
user  is  aware  that  by  applying  it,  he  can  solve  such  Families  of  Problems,  The  Cartesian  Method 
of  problem  solution  ia  not  conveyed  by  the  unarticulated  revision  of  examples  (as  is  encouraged 
by  conventional  didactics,  see  [7]),  The  integrated  conception  of  the  method  needs  the  confidence 
of  the  user  that  the  general  application  of  its  steps  will  necessarily  lead  to  the  solution  of  these 
Families  of  Problems, 

VI)  One  way  of  observing  the  complexity  of  a  problem  consists  of  an  einalysis  which  looks  at  the 
difficulties  produced  by  inventing  problems  similar  to  a  previously  solved  problem.  Varying  the 
data  allows  one  to  see  if  the  user  perceives  that  the  problems  are  the  same  from  a  logical  point 
of  view  (from  the  point  of  view  of  MIAS)  and  that  the  difficulty  lies  only  in  finding  relations 
between  data  and  unknowns.  In  the  szune  way,  the  complexity  of  the  relationships  of  a  problem 
can  be  observed  by  inventing  problems  similar  to  one  that  ha«9  already  been  solved,  starting  with 
the  solution,  that  is,  knowing  the  value  of  the  unknown  or  unknowns  (to  start  by  assigning  a 
\'alue  to  the  unknown  when  a  similar  problem  is  invented  is  not  a  natural  tendency  among  users, 
Filloy-Rubio,  [4]).  This  process  puts  the  relationships  established  previously  to  test  and  opens 
up  a  way  forward  to  the  recognition  of  a  Family  of  Problems  when  there  is  a  need  to  create  the 
data  of  an  analogous  problem.  The  creation  of  problems  similar  to  one  solved  previously  tests  the 
forms  of  mentcJ  representation  or  comprehension  that  were  used  to  analyze  the  original  problem. 

VII)  If  a  student  is  to  become  a  competent  ust^r  of  the  mathematical  system  of  algebraic  signs, 
whicli  we  will  abbreviate  as  SMSj  (see  [3)),  he  has  to  be  competent  in  other,  less  abstract  systems 
of  signs,  such  as  a)  the  mathematical  system  of  txrithraetic  signs  (SMSo),  used  in  MIAS,  and  be 
able  to  handle  systems  of  signs  between  the  two,  such  as  b)  in  the  Analytical  Method  of  Successive 
Explorations  (which  ^\'ould  use  a  SMS,  system). 

VIII)  To  give  full  moaning  to  the  Cartesian  Methcd  (MC),  to  solve  word  problems  in  algebra, 
the  (competent)  user  has  to  have  the  abiHty  to  return  to  systems  of  signs  with  a  greater  semantic 
content,  e.g.  SMS,  above  or  SMSq,  The  acceptation  of  MC  in  the  solution  of  problems  requires  the 
users  to  recognize'  the  algcbrmr  expre.ssioas  used  in  solving  the  problem  as  expressions  involving 
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unknownt?.  We  can  say  that  there  is  competent  use  of  expressions  with  imknowns  vvhen  carrying 
out  operations  between  the  unknown  and  the  data  of  the  problem  makes  sense.  In  earlier  stages, 
the  pragmatics  of  these  systems  of  signs  leads  to  the  use  of  the  letters  as  variables,  passing  through 
a  stage  in  which  the  letters  are  only  used  as  names  and  representations  of  generalized  numbers 
and  a  later  stage  in  which  they  are  used  only  to  represent  the  unknown  in  the  problem.  Both 
of  these  are  quite  distiict  and  precede  the  use  of  letter  as  algebraic  unkntiwns  and  the  use  of 
algebraic  expressions  iu.  mathematical  relations  of  quantities  and  magnitudes,  in  particular  as 
functional  relations. 

IX)  The  didactic  mode!  based  on  the  Analytic  Method  of  Successive  Explorations  (MAES), 
when  used  to  solve  verbal  algebraic  problems,  serves  as  a  bridge  joining  syntactic  development 
with  semantic  development  by  means  of  the  construction  of  meanings  for  arithnietic-algebrmc 
operations,  on  the  way  from  the  use  of  the  notion  of  variable  to  that  of  unknown. 

X)  The  meanings  of  aritlimetic  operations,  their  properties  and  results,  as  they  are  tised  in  MIAS 
and  MAES,  serve  as  ant.^cedents  for  elaborating  the  nieanings  of  algebraic  relations  established 
between  the  use  of  expri'ssions  with  unknowns  and  with  data,  furthermore,  of  the  meanings  of 
complex  unknowns  in  a  verba!  problem  (when  using  MC). 

XI)  MAES  propitiates  different  algebraic  interpretations  of  the  word  problem,  and  does  not 
always  follow  the  order  of  the  statement  as  usually  occurs  in  the  teaching  sequences  used  to 
iUustrate  MC. 

XII)  The  dimensional  analysis  of  the  equations  obtained  from  munerical  relalionsliips  established 
Ijetween  quantities  involved  in  a  verbal  problem  helps  understand  the  notion  of  mathematical 
relations  between  quantities  antl  magnitudes  (arising  from  the  verbal  problem)  and  in  general, 
to  create  meanings  which  lead  to  the  notion  of  equivalence  between  idgebraic  expressions  that 
involve  the  use  of  \iuknowns  as  the  element  connnon  to  t\vo  algebraic  relations,  expressed  in  an 
equation. 

XIII)  MAES  in  computing  (for  example,  using  spreadsheets)  has  didactic  relevimce  in  itself  be- 
cause it  gives  meaning  to  numeriral  methods  for  solving  the  equations  which  arise  when  problems 
are  defined. 

XIV)  In  the  case  of  certain  problems,  a  strategy  for  solution  via  the  Cartesian  Method  or  MAES 
is  not  always  the  best  path.  A  direct  arithmetic  logical  luialysis  (MIAS)  rnay  be  a  better  option. 

XV)  The  symbolic  representations  of  problems  in  MC  makes  the  use  of  the  work  memory  more 
efficient.  When  the  subject  mana^;es  to  relate  data  and  unknowns,  the  information  is  integrated 
into  more  complex  "ciuuiks".  When  the  subject  succeeds  in  making  these  relationships,  the  use 
of  syntax  obviates  the  need  to  recharge  the  work  memory  with  semantic  descriptions  linked  to 
the  statement  of  the  problems. 

XVI)  Algebra  (and  MC)  are  required  to  simplify  the  more  complex  arithmetic  and  algebraic 
problems  found  in  the  arithmetic  and  algebra  of  the  pre-university  level.  Part  of  the  complexity  of 
the  arithmetic/algebrjuc  word  Families  of  Problems  is  derived  from  the  difficulties  their  arithmetic 
logical  analysis  presents.  To  understand  this  progress  in  the  competent  use  of  MC  one  ohould, 

a)  Explore  the  tensions  l>etween  the  uses  of  the  concepts  of  name,  representation  of  a  generalized 
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number,  representation  of  the  unknown,  unknown,  variable  and  relation.  To  this  end  it  is 
necessary  to  understand  v/hat  happens  with  the  difficulty  of  a  problem  and  of  f.he  solution 
of  the  equation  representing  it  when  the  data  of  the  problem  are  varied. 

b)  Analyze  the  relationship  between  the  complexity  of  a  Family  of  Problems  and  the  devel- 
opment of  algebraic  syntax/semantics  {from  the  operation  of  negatives,  the  use  of  rational 
numbers,  the  simplification  of  algebraic  expressions,  the  solution  of  equations,  etc.).  This  is 
connected  with  the  explicitation  of  what  we  might  call  the  diverse  uses  of  algebraic  expres- 
sions indicated  in  a). 

X  VII)  It  is  necessary  that  in  the  First  Phase  of  the  Analytic  Method  of  Successive  Explorations 
(and  probably  in  any  method),  which  consists  of  the  reading  and  comprehension  of  the  text  of 
the  problem,  the  subject  makes  a  logical  sketch  of  the  situation  of  the  problem.  This  v/ould 
involve,  among  others,  a  logical -mental  representation  of  the  problem  where  the  fundamental 
information  of  the  problem  situation  is  integrated  and  where  the  central  relationships  necessary 
for  developing  a  strategy  for  solution  are  identified;  here  lies  the  importance  of  competence 
with  MIAS.  However,  it  is  not  enough  to  have  a  comprehension  or  a  logical  mental  integrated 
representation  of  the  prol>lem  to  be  able  to  go  on  to  use  MAES  and  the  Cartesian  Method.  It  is 
iUso  nec(  ssary,  as  part  of  logical  analysis,  to  have  developed  skills  competence  for, 

a)  Separating  out  the  principal  question  of  a  problem  whicii  is  given  genericidly.  In  MAES  this 
becomes  Phase  1  of  t\m  clidactic  iiiotlel:  making  each  owe  of  the  unknowns  of  tlie  problem 
explicit, 

b)  Take  the  problem  apart  in  sucli  a  way  that  if  there  is  an  impUcit  unknown,  it  i:s  made  expHcit 
and,  furthermore,  transformed  into  the  principal  unknown  {skill  to  cliange  the  unknown). 

c)  Create  new  unknowns  starting  from  the  problem  situation,  and  use  these  to  design  strategics 
of  solution. 

d)  Represent  relationsliips  between  diverse  unknowns. 

e)  Identify  representations  of  relationships  in  order  to  find  a  conmion  element  to  one  or  varion-; 
of  these  mathematicid  relations. 

f)  Represent  the  above  identification  using  an  equation. 

g)  Use  algebraic  procedures  to  solve  equations  as  a  tactic  in  the  search  for  the  tuiknown  in  a 
problem  situation. 

All  the  abov(!  competmces  are  important  and  necesscixy  so  that  the  user  grasp  the  sense  of 
the  Cartesian  Method. 
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ALGORITHMIC  MODELS  AND  THEIR  MISUSE  IN 
SOLVING  ALGEBRAIC  PROBLEMS 


Effnim  Fischbeiii  and  Aviva  Barash 


Tel  Aviv  UnivcRiiy,  School  of  Education 


Abstract 


The  paper  deals  with  two  main  types  of  errors  frequently  made  by  high  school  students 
in  solving  algebraic  problems:  a)  The  use  of  the  distributive  property  applied  inadequately  to 
exponents,  and  h)  the  confusion  berween  terms  and  factors  in  the  simplification  of  algebraic 
fractions.  It  has  been  found  that  many  students,  who  know  the  corresponding  correct  formulae 
Ifor  instance  (a  +  b)^  ^  +  2ah+  bi^f  forget  them  under  the  pressure  of  the  more  elementary 
model  of  the  distributive  property,  Ifor  instnace.  since  2  (a  +  b)  2a  +  2b}  they  may  consider,  in 
their  solution,  attempts  that  (a  +  bp  -  b^.  Vie  general  idea  of  the  paper  is  that,  very  often, 
wiriotis  types  of  mistakes  are  the  effect  of  conflicting  models  in  the  mind  of  the  student,  the 
more  primitive,  elementary  ones  being  those  which  dictate  tfu:  solving  strategy. 


nifliculties  encountered  by  studci.ts  in  Iciirniny,  jilgcbr  i  have,  since  lone.  aUi acted  the 
preoccupation  of  teachers  and  researchers.  In  the  la^i  years,  the  interest  haj;  hecji  f(xnised  in 
svstcmatic  errors  and  their  sources.  (Set,  for  reviews,  Kadatz,  l^HO,  and  Kieran.  1990.) 
Thus,  it  has  l->cen  pointed  out  thai  students  tyce  diificulties  in  inlcqnctini;  the  ineaninj'  of  literal 
symbols  (Kuchcnmn,  in  perceiving  the  sintcturalit)  of  an  equation  and  consequently 

using  algebraic  rules  inadequately  (Larkiii,  t989)  etc.  Laursen  (1978)  refers  to  the  fact  thai 
students  tend  to  confuse  terms  and  factors.  An  important  paper,  v-iih  r'?gard  to  \\w  souiccs  of 
en  or  ill  solving,  algebraic  problems,  is  ihat  of  Matz  (1980).  According  to  Matz  the  errors  arc 
the  result  of  reasonable,  although  unsuccessful,  attempts  to  adapt  previously  acquired 
kiiowlcdiic  to  a  new  situation.  'Die  student  extracts  a  rule  from  a  prototype  (or  directly  from  tiic 
lextlKKik)  and,  sometimes  uses  it  inadequately. 

The  A  refers  mainly  to  "linearity  errot^'"  (for  instance  VA"+  B  n'A  -i-  \"ll)  ami 
"enors  made  by  gvcrgeiieralizalion".  For  instancii,  since  from  (  x  -  3)  (x  -  4)  0  one 
deduces  x  «  3  and  x  4,  the  student  writes  that  from  (x  -  A)  (x  -  R)  ^  K  follows  x  •  A  -  K  ami 
X  ■  13  -  K. 

Our  present  resciuvh  hits  Ixrcn  inspired  by  this  line  of  thought.  Tlie  data  reported  here  are 
a  part  of  a  larger  project.  There  were  two  main  hypotheses  which  inspired  our  investigation. 
The  first  is  that  many  systematic  error!*  in  solving  algebraic  problems  have  their  source  in 
inadequate  applications  of  rules  serving  as  models.  The  term  madd  implies  the  notion  of 
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siniciurc  which  is  richer  ihan  thai  of  nilc.  The  siudcni  docs  not  blindly,  automatically,  use  a 
rule.  He  is  inspired  by  a  mjisld.  by  a  certain  solving  strategy  rendered  meaningful  in  his  view 
by  previous  experience.  For  instance,  when  writing  (x  h-  a)2  «  x2  +  he  docs  not  simply 
apply  a  rule.  He  has  never  learned  such  a  nilc.  Wliot  he  has  in  mind,  we  assume,  is  the 
distributive  property  m  (a  +  b) «  ma  +  rnb,  older  in  his  ex{>criences,  mgrc  nCCCpIflHc  intUitivclY 
pnd  visuQ^ly-  ™s  property  becomes  ilie  prototype  of  a  large  category  of  situations  (tor  instance, 
sin  (a  +  b)  «  sina  +  sinb).  The  notion  of  "model"  allows  us  to  establish  hierarchies  with  regard 
to  their  degree  of  intuitivencss,  their  fanuliarity,  their  direct  meaningfulness,  the  apparent 
coherence.  According  to  these  criicna,  their  impact  may  be  predicted. 

A  second  hypothesis  of  the  present  research  has  been  that  solving  irwdels  may  conflict  in 
the  students'  inind.  As  an  effect,  the  "stronger"  ones  may  impose  themselves  over  the  "weaker" 
ones  and  eliminate  them.  The  fact  that  the  student  knows  the  formula  (a  +  b)  2  +  2ab  +  b^ 
docs  not  imply  that  he  will  use  it  necessarily,  correctly  in  a  problem  solving  situation.  He  may 
fall  bnck  on  an  incorrect  formula  willi  a  higher  degree  of  intuitivencss:  (a  +  b)2  «  a2  +  b^. 

A  thiixl  hypothesis  of  the  project  not  checked  by  us  so  far,  is  diat  it  may  be  beneficial  to 
the  student  for  overcoming  his  difncullies  to  become  aware  of  the  sources  and  nrwchanisms  of 
his  mistakes. 

In  the  prrscnl  paper  we  focus  our  attention  on  the  inadequate  application  of  two  solving 
models:  One  is  the  abovcmcntit^ncd  distributive  property  used  inadequately  in  the  case  of 
cxponentiadon.  For  instance  (a  +  b)2  becomes  a^  +  b^  similarly  to  2  (a+b)  «  2a  +  2b,  Hie 
second  iiiadcquatc  use  of  an  algorithmic  model  refer?  to  the  confusion  between  iCnllS  and  fklcrs 
{Uurscn,  1978).  In  an  cxpicssion  like: 

ab 

b" 

Uic  students  tend  to  cancel  -b  and  -s-b  and  write: 
b 

as  ihcy  would  do  u\  an  expression  like 
a  +  b  -  a  "  b. 


Metliodolopy 

The  subjects  were  71  students  emollcd  in  two  9th  grade  classes  in  a  high  school  in  the 
Tel  Aviv  area.  The  students  were  supposed  to  know  the  basic  fonnulac,  rules  and  theorems  on 
which  the  solving  procedures  were  based.  The  questionnaire  used  contained  two  part  sections. 
The  first  part  contained  10  algebraic  expressions.  Tlic  students  were  asked  to  simplify  them. 
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The  second  pari  contained  six  items  asking  the  students  to  write  the  respective  formulae  (if  they 
exist). 

The  questionnaires  were  administrated  collectively  in  each  class  and  one  hour  was 
allowed.  One  has  to  emphasize  that  the  classes  were  considered  ranging  high  with  regard  to  the 
mathematical  performances  of  the  students. 


Results 

In  what  follows,  we  discuss  the  reactions  of  the  subjects,  separately  for  each  item 
(problem).  We  will  concentrate  on  the  erroneous  answers  their  frequency  and  tlieir  hypothetical 
causes  The  results  of  the  first  part  of  the  questionnaire  arc  presented  in  Table  I. 


gection  A  of  the  Questionnaire 

[:cms  (1)  and  (2); 

X  -  3     a  -  b 
"  3  •  b 

The  items  have  the  same  mathematical  structure  and  it  has  been  assumed  that  a  part  of  the 

subjects  will  reduce  mistakenly  -3  jmd  +3  and  respectively  -b  and  +b. 

Seventy  -five  percent  answered  correctly  to  item  I.  Thirteen  percent  of  the  subjects  \MOtc: 

=  X  and,  respectively,       ^  =  a  (as  assumed). 

But  it  was  also  a  second  type  of  mistake,  namely: 

X  -  3  ,     J  .    ,    a  -  b  , 

— 3 —  =^  X  -  1  and  respectively — g —  «  a  -  I. 
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Another  17%  gave  one  of  the  answers: 

x2±lorx2 
and  249fe  wrote:  "impossible". 

Section  B  of  the  Questionnaire 

We  considered  it  interesting  to  dctenwnc  whether  the  subjects  know  the  formulae  which 
intervene  in  the  questionnaire. 

In  the  table  below,  we  present  in  percentages,  the  results  obtained  (see  Tabic  2): 

The  most  important  finding  is  that  many  of  the  students  who  know  the  formulae  which 
intervene  in  the  problems  of  the  questionnaire,  do  not  use  them  correctly  when  attempting  to 
solve. 


Table  2:     Systematic  errors  when  considering  the  various  formulae  which  intervene  in  Section 
A  (in  percentages).  N~71. 


Systematic  Errors 

Correct 

1 

2 

No  n- systematic 
Errors 

No 
Answer 

a2-b2 

56 

No  fonnula 

24 

a2.b2-(a.b)2 

8 

4 

8 

a2-»-b2 

65 

a2^b2  =  (a-i-b)2 

24 

a2  +  b2«c2 

4 

5 

2 

(a  -»-  b)2 

84 

No  formula 

4 

(a-i-b)2=:a2-f.b2 

6 

6 

a-i  .b3 

4 

No  formula 

45 

a3-b3-(a-b)3 

12 

17 

22 

(a-b)2 

75 

(a-b)2  =  a2-b2 

7 

a2  -  ab  -1-  b2  or 
a2  -1-  2ab  +  b2 

7 

11 

a2+b24<:2 

80 

(no 
form- 
ula) 

a2  -t-  b2  H-  c2 
(a  -1-  b  -1-  c)2 

8 

6 

6 

Let  us  consider  some  of  these  items: 

4x2  ■  9 
2x  -  3 
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Tabic  I:     Synoptic  table  presenting  the  various  types  of  errors  in  solving  algebraic  problems  by 
9th  graders  (in  percentages)  N  =  7 1. 


Correct 
Answer 


Errors 


Sysic- 


Sysicmalic 


Caicgory  " 


Caicgory 


Category 


Answer 


3 
b 

4x^-9 
2X.3 

6a-3b 
(x-2)2 


a+2 

a+b 
a+b+c 
x-l 


75 
72 

32 

27 

31 

27 

27 

37 

37 

6 


3  ^ 

^=2x-3 

(a-b)^  a^-b^  , 
a2-b?-aib^"^ 

5?±^-a+2 
-jj^=a+b 


x2-l 


x^ 
l3  " 

4x^  9 
2x  "3 

12a2  3^ 
6a  '  3b 

y^x+4 


(a+2)^ 


x-l 
a- 1 

=  2x-3 

=2a-b 
^x-1 


=-2ab 


a+2  ' 
(a+b)^ 


a+2 


a+b 


a+b 


(a+b+c)^_ 


a+b+c 

x2±l  orx^ 

without 

explanation 


a+b+c 


2x.3 
without  expL 

2a-b  or  2a±3b 
without  expl. 


a^+ab-bZ'  . 

a+2 
without  expl. 


a+b 
without  expl, 

a+b+c 
without  expl, 

impossible 


I 
1 

3 

4 

0 

4 

4 

I 

1 

U 
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In  this  case,  the  students  knew  tJiat  the  "reduction",  being  based  on  a  division       and  the 

result  of  the  division  is  1.  Eight  percent  of  the  subjects  gave  this  result.  We  have  here  a 
mixture  of  an  error  (the  confusion  between  "term"  and  "factor")  and  the  reminiscence  of  a 
correct  rule. 

a  -  b 

With  regard  to  item  2,  ( ■     ■ ),  the  results  are  similar,  which  indicates  the  consistency 

of  the  subjects  in  having  this  type  of  problem.  There  were  72%  who  answered  correctly,  21% 
who  made  systematic  errors  and  6%  who  made  other  various  types  of  errors.  Exactly  as  with 
the  previous  case,  1 3%  wrote: 

a  -  Y> 

a  •  b 

and  8%  wrote— ^ —  =  a  - 1 

identifying  -  ^  with  1 . 

_  .  .  4x2-9 
The  Item  3,    2x  -  3 

Thirty  three  percent  gave  the  ansv/en 
2x.3 

Eight  percent  did  not  justify  at  all  the  solution;  twenty  five  percent  reduced  in  the  following  way: 
^^-^9  ^2x-3 


Eight  percent  wrote : 

-*x2-9  „4^.  9  ^ 

2x  -  3   "  2x     3  ^ 

Hcjc,  we  have  a  new  type  of  error  as  an  effect  of  the  intervention  of  a  multiplicative  model.  The 
subjects  decomposed  the  fraction,  separating  their  terms  as  they  would  have  been  products  of 

factors        ^  c '  I  ^^"^^    ^      separate  fractions  were  involved 


1  <'y 
jl.  O  /C< 
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Tnc  next  question  asked  the  students  to  induce  the  tenns  of  the  fracdon: 
6a  -  3b 

In  order  to  solve  the  above  problem,  one  has  first  to  factorize  the  leims  of  the  fraction: 

3(4a2  .  b2)  3(2a-b)  (2a  +  b)   ^  ^a  +  b 

3(2a  -  b)        "  3  (2a  -  b) 

As  in  the  case  of  the  previous  fractions  a  part  of  the  students  (21%),  first,  incorrecUy 
operated  some  reductions  on  the  terms  of  the  numerator  and  denominator  as  if  the  numerator  and 
the  denominator  consisted  only  on  products  of  factors  ; 

2l2a?  '  3b? 
W  -  3b 

and  thus  obtained  the  incorrect  answer :  2a  -  b. 

Odicr  students,  (8%),  separated  the  terms  at  the  numerator  and  the  denominator  and  obtained: 
12a2   3b2     .  . 

Fitially,  a  third  category  wrote  2a  ±  3b,  or  2a  -  b  without  any  explanations. 

In  principle,  items  3  and  4  reveal  the  same  types  of  misconceptions  supported  by  the 
same  types  of  algorithmic  models. 

The  main  ciior  consists  in  separating  the  terms  of  the  numerator  and  the  denominator  and 
operating  reductions  on  the  corresponding  terms  tiius  obtained.  The  basic  model  applied, 
inadequately,  is  tiiai  of  operating  reductions  as  if  the  numerator  and  die  denominator  consisted 
on  products  of  factors. 

Questions  5  and  6: 

The  two  item  ire  of  the  same  type.  It  has  been  supposed,  from  previous  observations, 
that  tlic  students  will  use  for  the  two  numerators,  (x.2)2  and(a-b)2,  a  wrong  formula 

((a-b)2     a^.b^].  It  is  what  happened  to  27<ro  of  subjects.  They  wrote: 

(X  ■  2)2  iili  -I 
x2  .  4  ^K^"^ 
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There  were  also  subjects  (13%)  who  used  correctly  the  formula  but  reduced  incorrectly, 
confusing  terms  with  factors: 

x2  -  4x  +  4 


x2  .  4 


4x- 1 


With  regard  to  item  6,  exactly  the  same  strategies  were  used. 
a2 .  b2   =  a2  -  b2  "  ^  ^^^^^^ 


(a  >  b)2      a^  .  2ab  ^  ^ 

Surprisingly,  in  this  case,  the  subjects  were  more  consistent,  simply  "reducing",  in  fact 
eliminadrng,  the  tcrni  a^  and  b^. 

Questions?  and  8: 


+  4      ,  a^  +  b^ 

Our  prediction  was  that  the  main  error  would  be  to  start  with  a  wrong  formula: 
a2  +  4:=a2  +  22  =  (a  +  2)2 

but  this  happened  only  to  10%  of  the  subjects,  who  wrote: 

<a^2)? 
<  +  Z    -  a  +  2. 

Twenty  eight  percent  of  the  subjects  were  attracted  by  a  less  sophisticated  strategy.  They 
"reduced"  the  squares  of  the  numerator  and  got  again  a  +  2: 

a^2 


Item  8: 

a^  +  b2 
a  +  b 


=  a  +  b 


Fifteen  percent  reduced  incoirccily: 
a?+  b?  . 
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Twenty  seven  percent  simply  gave  the  answer  a  +  b  which  may  be  obtained  either  by  reducing 
above,  or  by  identifying: 

a2  +  b2=:(a  +  b)^ 


Item  9; 

a2  +  b2  +  c2 
a  +  b  +  c 


It  has  been  assumed  that  the  main  error  will  consist  -  as  for  the  previous  items  -  m 
reducing  incorrecUy.  the  corresponding  terms  of  the  numerato;  and  the  denominator,  -nimy 
seven  percent  answered  correcUy  and  15%  made  various  mistakes,  but  47%  used  systemaucally 
incorrect  strategies.  Outof  these,  13%  used  the  incorrect  reduction  procedure: 


i^^^-^^^^  «  a  +  b  +  c 
i+  b  +  i 

Anotlicr  13%  identified  first: 

a2  +  b2  +  c2«(a  +  b  +  c)i  and  then  they  got: 

+  V  cJL  .  a  +  b  +  c 
a  +  b  +  c 

Another  21%  simply  wrote  the  incorrect  answer 
a  +  b  +  c. 


Both  basic  types  of  mistakes,  (the  inadequate  use  of  certain  types  of  solving  models) 
encountered  so  far,  appeared  then  in  this  caSe:  a)  The  incorrect  reduction  of  corresponding 
terms  as  if  they  would  represent  factors  and.  b)  T^c  use  of  a  wrong  formula  inspired  by  the 
distributive  property:  ra  +  b  +  c)2  =  a^  +  b^  +  c^. 

The  last  item  was: 

x3.  1 
X  -  1 

Seventeen  percent  reduced  incorrectly: 


x3  .  1 


=  x2-l 
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From  the  above  tabic  wc  learn  that  56%  of  the  subjects  answered  cocrcctly  that  a^  - 
=s  (a  +  b)  (a  -  b).  Nevertheless,  only  32%  used  this  formula  correctly  in  solving  the  above 
problem.  The  rest  of  them  made  incorrect  reductions  under  the  pressure  of  the  more  elementary 
model  of  direct  reduction! 

Let  us  consider  the  items: 

a^  +  b^       ,  a2  -I-  4 


ERIC 


Inspcctirig  the  table,  we  may  find  out  that  84%  wrote  correctly  that  (a  +  b)2  =r  a^  +  2ab  +  b^. 
Nevertheless,  only  37%  solved  correctly  the  fust  item  and  only  27%  solve  correctly  the  second 
one. 

Tne  rest  of  them  identify: 
a2  +  b2 


a  +  b 
a2  +  4 


'  a  +  b  and 
a  +2 


a  +  2 

These  students  either  reduce  directly  the  corresponding  terms  or  equalize     +  b^ 

with 

(a  +  b)2  and  reduce  after  the  transformation. 

The  important  finding  in  the  above  examples  is  that  formulae  like 

(a  +  b)2  =  a2  +  2ab  +  b^.  (a  -  b)2  =  a^ .  2ab  +  b^ 
or       (a  +b)3  =  a3  +  3a2b  +  3ab2-i- 

seem  to  be  unsupported  intuitively.  Even  after  being  memorized  as  such,  they  remain  fragile, 
and  are,  consequently,  in  danger  of  being  rendered  non-effective  under  the  pressure  of  other 
models  which  fit  better  a  primitive,  intuitive  attitude  (in  the  present  case,  the  distributive  property 
involving  multiplication  and  addition). 

The  same  principle  applies  also  in  the  case  of  reductions  to  lowest  terras.  The  model 
corresponding  to  additive  structures,  which  consists  in  reducing  terms  by  subtraction  (a  •  a  =  0 
or  2a  •  a  =  a)  is  applied  inadequately,  also,  in  the  case  of  division,  that  is  when  dealing  with  the 
terms  of  a  fraction. 
For  instance 

a  +  b 

a 

The  following  general  C'nclusion  may  be  drawn  from  the  above  findings:  Various 
algorithmic  models  (solving  strategics)  may  conflict  among  them  under  the  effect  of  superficial 
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similarities.  Very  often,  it  is  not  the  adequate  strategy  which  is  used  by  the  solver,  but  the  older 
one,  the  more  priniitive,  the  more  acceptable  intuitively. 

We  suppose  that  it  would  be  very  profitable  for  the  student  if  such  predictable, 
syst'cnanc  confusions  are  discussed  in  the  classroom  and  their  psychological  causes  clarified 
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A  CUnical  Interview  on  Children's  Understanding  and 
Misconceptions  of  Uteral  Symbols  in  School  Mathematics 

Toshiakira  Fuiii 
University  of  Yamanashi,  Japan 


Abstract 


Thispaperaimstoclarify children's  understanding  ^l^'^.'^ffZXwVll^l^l"^^^^^ 
i„„^,fiantP  oersistencv  of  misconceptions  through  a  clinical  interview.  In  tne  mterview,  suujecis  w>:,^ 
TaS  v^cd  s^Tf^  th^two  children  had  Consistent  ideas  on  understandmg  lUeru  ^^mfcok  To 
^ffiueniWrnTarrif/en  problems  task  was  conducted  befbreharui.  The  metho<hlogyof  th,3 
^^fulaX>mM  identification  of  subjects  for  interview  is  one  of  the  ?haracteristw  f^<^^resof 
SZ%ud^Th^Un,L7^^^^^     tha  some  students  have  the  misconception  that  the  j'^^' 
tmboldoes  Zn^cessarily  stand  for  the  same  number  This  phenomenon  is  considered  as  a  toci  of 
unMndiZofAe  'definite  aspect"  which  is  one  of  the  key  aspects  of  the  concept  of  variables. 


Introduction 

MathemaUcs  can  be  characterized  as  some  sort  oflanguage.  T«  ""^erstand  mafnem^^^^^^^  a 
l«nm,«T  it  is  crucial  for  students  to  grasp  the  grammar,  vocabulary  and  rhetonc  method 
besKnderBtI^.ding  the  contents.  Moreover,  'comprehension  of  such  conventions  .8  fostered 

thrau^^h  lSa^^iin^^^^^  •  .  f 

fcquifl^  bfs  ud™ts^mT^    necessarily  be  "correcf  or  "reasonable"  from  a  teacher  s  pomt  of 
v^Pw  Actually  researchers  have  been  identifying  many  misconceptions  so  far  as  incorrect 
rZ.  ™ed'by  student  such  a,,  "letter  as  objects"  But  understanding  is  surely  a  reflection 
of  eacKdent's  own  activity.  Therefore,  in  any  teaching  process  it  is  reasonable  for  students 
to  have  arbitrary  understanding  or  misconceptions. 

<5o  far  among  English  speaking  students,  tiie  misconception  that  differeiit  literal  symbols 
necess'aX  stand  for  di  numbers  is  well-documented  ( Kuchemann  1981;  Booth,  1984). 

That  sThe  inverse  of  the  correct  proposition  that  tiie  same  letter  stands  for  the  same 
number  Wic  "  letter  as  object "  can  be  characterized  by  this  incorrect  convention. 

One  of  the  most  plausible  sources  for  an  incorrect  convention  such  as  "letter  as  object"  is 
lanpiage  itself ;  Oiat  is  English.  At  the  begimiing  stage,  a  teacher  may  say  that  a  and  6  are 
abb?evfations  for  apples  and  bananas,  which  would  create  the  letter  as  objects 
misconceXn.  However,  this  i«  unlikely  to  happen  in  Japanese  schools,  because  the 
Snese  writing  system  is  quite  different  from  English.  From  the  Japanese  students  point 
of  vie  w  theTteral  s^^bols  in  algebra  seem  to  be  unconnected  to  the  Japanese  written 
LnZge  Thrunfariiarity  of  Japanese  with  lateral  syrnbols  in  algebra  is  a  problem  for 
Japanese  especially  at  the  beginning  stages  of  learning  Algebra. 

Furthermore  this  unfamiliarity  would  create  another  distinctive  source  for  misconception  for 
Janane™stuC4  In  this  paper  tlie  author  focuses  on  the  misconception,  which  is  not  ofV^n- 
^eport^d  in  Englilh  speaking  nations,  that  the  same  letter  does  not  necessarily  B^nd  or  the 
same  number,  which  is  the  negative  proposition  of  the  correct  <=f."'-'°"t>on  :the  same  Intter 
sf-rnd^for  the  same  number.  Focusing  on  that  incorrect  convention  held  by  Japanese 
sSts.  tWs  paper  a^s  to  clarify  Japanese  students'  understanding  of  literal  symbols  in 
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algebra  through  a  clinical  interview. 


Preliminary  Siirvey  Identifying  Interview  Subjects 


The  Preliminary  Survey  Problems 

Prior  to  the  interview,  subjects  were  carefully  chosen,  then  paired  and  interviewed  together. 
In  thic  way  paired  subjects  could  bo  released  from  the  pressure  in  comparison  with  a  one  bo 
one  interview  situation.  Additionally,  the  subjects  were  carefially  chosen  so  that  ti).e  two 
students  had  different  ideas  on  their  understanding  of  literal  symbols.  Specifically  "different" 
in  this  context  means  that  the  two  students  held  inconsistent  conceptions.  The  interview 
context  created  a  conflict  which  allowed  students  to  express  their  ideas  explicitly  to  each 
other.  The  methodology  of  this  careful  and  purposeful  identification  of  subjects  for  interview 
is  one  of  the  characteristic  features  of  this  study.  To  identify  such  students,  a  written 
problem  task  was  conducted  beforehand  as  shown  below: 

Problem  1 

Find  the  number  that  is  appropriate  for  x  in  this  expression. 

Akiko-san  answered  in  the  following  manner.  If  you  agree,  put  O  in  (  )  and  in  the  case  of  disagree, 
put  X  in  (  ).  Also,  write  the  reason  for  your  answer. 
(  )  2,5,5     reason  : 
(  )  10,1,1  reason: 
(  )  4,4,4     reason  : 

Problem  2 

x+y=16 

Find  the  number  that  is  appropriate  for  x  and  y  in  this  expression. 

Yoshiko-san  answered  in  the  following  manner.  If  you  agree,  put  O  in  (  )  and  in  the  case  of  disagree, 
put  X  in  (  ).  Also,  write  the  reason  for  your  answer. 
(  )  6,10      reason  : 
(  )  9,7       icason  : 
(  )  8,8       reason  : 

The  preliminary  survey  revealed  the  same  results  as  another  study  conducted  by  the  author 
in  which  subjects  w  jre  divided  into  two  types  :  A  and  B  as  shown  below.  It  was  rare  Cor  a 
student  to  get  both  problems  correct(  Fujii,  1990). 

Type  A  :  Holding  the  misconception  :  the  different  letter  stands  for  different  number 
Student  got  Problem  1  correct. 

Student  got  Pmblem  2  incoirect  by  an  xin  (  )  for  8,8. 
Type  B  :  Holding  the  misconception  :  the  same  letter  does  not  necessarily  stand  for  the  same 
number. 

Student  got  Problem  incorrect  by  putting  O  in  all  (  ). 
Student  got  Problem  2  correct. 

The  paired  students  for  interview  were  chosen  one  each  from  the  two  distinct  groups  ;  Type  A 
and  Type  B.  The  classroom  teacher  was  asked  to  arrange  the  A-B  pairs  for  the  interview. 
Eventually  seven  paired  elementary  school  students  (6tli  graders)  and  six  paired  junior  high 
school  students  (  8th  graders)  were  selected  and  interviewed.  Thus,  the  total  number  of 
students  interviewed  was  26. 


While  the  preliminary  problems  1  and  2  were  used  for  the  interview  too.  another  task  for 
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intei-viev/  was  prepared  by  modifying  the  task  used  in  the  study  conducted  by  Takamatsu 
(1987).  Takamatsu  reported  tliat  some  6th  grade  student  expressed  the  relation  between  side 
and  perimeter  of  a  square  by  using  x,  as  x-^x+x-i-x^*  At  the  first  stage  of  the  interview, 
subjects  were  introduced  to  this  expression  written  on  paper,  with  a  square,  and  an 
explanation  as  follows: 

Hiroshi-kun  expressed  the  relation  between  the  sides  and  perimeter  of  a 
square  by  using  x  a^x+x+x+x*^.  Is  this  a  correct  or  incorrect  expression  ? 
State  the  reason  why  and  explain  your  own  way  of  expressing  of  the  relation. 

At  the  second  stage  of  the  interview,  subjects  were  asked  about  any  inconsistencies  between 
their  responses  in  the  interview  and  those  in  the  preliminary  survey  task  results:  responses 
to  the  problem  l:jt+;v+.tr=22.  For  instance,  if  a  student  identified  the  expression  x+x+x+x^ 
as  an  incorrect  one,  then  his  responses  on  the  expression  X'i'X^x^l2  interpreted  as  2+5+5=12, 
10+1+1=12  besides  4+4+4=12  were  critically  examined.  On  the  other  hand,  if  a  student 
identified  Uie  expression  xA-x-t-x-i-x^x  as  a  correct  one  by  saying  that  the  letter  x  c-an  be  any 
number,  then  his  responses  on  the  expression  that  the  expression  X't'X+x^l2  should  be 
interpreted  4+4+4=12  only  was  critically  examined.  At  the  third  stage,  students  were  asked 
about  the  relationship  between  responses  in  the  interview  and  responses  on  the  coimter- 
exaniple  tasks  which  were  prepared  before  the  interview  : 


Analysis  of  View  Points 

For  deeper  analysis,  this  study  was  trying  to  clarify  students  understanding  through  the 
following  three  steps. 

Step  1  :  Analysis  focusing  on  students'  conclusions  of  interview  tasks. 

Step  2  :  Analysis  focusing  on  students'  thought  lying  behind  their  conclusions. 

Step  3  :  Analysis  focusing  on  students'  confidence  in  their  tliought. 

Step  1  aimed  at  analyzing  the  responses  in  terms  of  the  convention:  the  lame  letter  stands 
for  the  same  number.  In  the  process  of  the  interview,  if  two  students  agi  ed  with  each  other 
on  the  type  A,  we  could  identify  their  opinion  based  on  the  proposition  tlul  the  same  letter 
stands  for  the  same  number.  However,  that  is  an  interviewer's  or  a  third  person's  judgment. 
Whether  students  arrived  at  the  proposition  by  tliemselves,  and  whether  they  are  able  to 
describe  it  in  their  own  words,  are  different  types  of  problem  to  consider.  Step  2  aimed  at 
clarifying  this  aspect.  In  Step  3,  the  analysis  hightlighta  discord  between  both  students  and 
also  between  tasks  in  order  to  claiify  students'  confidence  toward  their  description  which 
comes  out  of  the  process  of  the  interview. 

Step  1  Analysis:  Overview  Findings 

Analyzing  students'  responses  betv/een  two  expressions  x-t-x-t-x-^x^x  and  x+x+x=12,  the  four 
groups,  Gl,  G2,  G3  and  G4  were  identified  as  shown  in  Table  1.  The  Gl  students  answered 
quite  consistently  with  their  types  :  The  type  A  student  identified  t\\ai  x-i-x-t-x-i-x^x  was  an 
incorrect  expression,  while  the  type  B  student  reacted  as  it  was  a  correct  one.  On  the 
expression  :if+:if+jc=72  they  answered  as  in  the  same  items  taktn  from  the  preliminary 
survey.  In  other  v/ords,  through  the  whole  interview  process,  their  answers  were  distinct  or 


Coimtcr^cxomplc  tasks 

(1)  Simplify  5x+7;r,  x+jc+jc+y+y. 

(2)  Solve  the  equation  x+X'i-x^l2  for  x. 


Results 
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parallel  to  each  oUier.  There  were  6  pairs  in  Gl :  4  pairs  in  elementary  school  and  1  pair  in 
junior  high  school. 

The  G2  students  agreed  \vith  Uie  exp-ession  x-¥x-i'X+x^  identifying  it  as  an  incorrect  one 
but  they  disagreed  with  the  interpretation  of  as  in  the  x+x+x^l2  :  The  type  A  students 
thought  that  xs  otand  for  4  only  :  4+4+4=12,  but  type  B  students  interpreted  those  as 
2+6+6=12  and  so  on.  There  were  only  two  junior  high  students'  pairs  in  G2. 

The  G3  pairs  both  agreed  with  each  other  about  the  two  tasks  given  in  the  int«i-view  by 
responding  in  a  way  of  the  type  A.  In  other  words  the  type  B  students  in  these  pmrs  came  to 
agree  with  the  type  A  in  the  process  of  the  interview.  There  were  6  pairs  m  G3  :  2  pairs  in 
Elementary  and  4  pairs  in  junior  high. 

The  G4  students,  contrasting  with  the  G3,  responded  in  a  way  of  type  B,  ihat  x+x^x^x^x 
was  correct.  Incidently  the  G4  did  not  show  a  clear  conclusion  for  the  expression  :t+:v+:»r-^i^ 
since  they  wcz-e  totally  involved  in  considering  the  correctness  of  the  expression  x-i-x-^x+x^. 

Table  1:  Summory  of  the  inten/iew  results 


x+x+x*12 

Elementary 

Junior  high 

Gl 

Type  A 
TypeB 

incorrect 
correct 

Only  BB  4+4+4=12 
Such  as  2+5+5=12,  etc.,. 

4  pair  (8  students) 

1  pair  (2  students) 

G2 

Type  A 
TVpoB 

incorrect 
incorrect 

Only  an  4+4+4:;  12 
Such  as  2+6+5=:  12,  etc.. 

0  pair 

2  pair  (4  students) 

33 

Type  A 
Type  B 

incorrect 
incorrect 

Only  OS  4+4+4=12 
Orily  as  2+5+5=12,  eU., 

2  pair  (4  Btudcnta) 

4  pair  (8  students) 

G4 

Type  A 
'IVpe  B 

correct 
correct 

not  answered 
not  answered 

I  pair  (2  students) 

0  pair 

Stev  2  Analysis :  Students' ideas  lying  behind  their  responses 

Two  situations  were  identified  where  students'  ideas  became  more  explicit  m  expre^ssmg 
their  own  terms.  One  was  the  situation  of  substituting  a  number  in  the  place  of  because 
students  needed  to  consider  the  signifte  oix  .  The  other  was  a  place  where  they  discuss  the 
appropriateness    signiftant . 

The  convention,  the  same  letter  stands  for  the  same  number,  was  more  expliciUy  revealed  for 
x*x+x^l2  rather  than  jc+a-+xtjc=:a:.  Concerning  the  expression  *+;t+^+JC=^,  some  students, 
especially  elementary  school  students  did  not  consider  it  in  terms  of  the  convention.  Kather 
they  were  concerned  with  the  appropriateness  of  the  leR  side  of  the  expression  ;^+;+^+f  • 
They  stated  that  the  expression  was  false  because  x-^x+x+x  should  be  changed  to :rx4.  Uhid 
is  a  correct  way  to  change  from  addition  x+x+x+x  to  multipUcatiye  expression  in  Japan,  )ahe 
tendency  to  focus  on  the  left  side  of  the  expression  and  not  consider  the  nght  side  or  the 
whole  expression  was  revealed  in  the  other  pairs  interviewed,  and  also  in  an  other  survey 
(Fuiii  1990)  Furthermore^  it  should  be  noted  here  that  the  misconception  accepting  the 
expression:A:+;*:+;t+x-=yc  does  not  relate  to  the  misconception  concerning  the  omission  ot  the 
coefficient,  particularly  when  it  is  1. 

On  examining  the  expression  x-^x+x=12  ,  students  become  more  fluent  in  describing  the 
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convention,  particularly  the  type  A  students  could  describe  the  convention  lying  behind  their 
answers  or  conclusions  by  their  own  words,  such  as  : 

Xs  arc  the  jMimc  letters,  therefore  they  must  stand  for  the  name  number, 
The  X8  refers  to  the  game  number  in  one  expression. 
The  X,  thr€>e  together,  mui*t  bo  the  same  number. 

On  the  other  hand,  the  negative  proposition  of  "the  same  letter  stands  for  the  same  number" 
was  rather  implicitly  described  by  type  B  students.  Elementary  school  students'  descriptions 
were  more  concrete  reflecting  the  expression  ^ven  ^n  the  task,  such  as  ; 

We  can  make  12  anyway. 

Junior  high  students  gave  arguments  such  as: 

The  X  is  an  unknown  number,  then  v/e  can  use  it  to  refer  to  any  number. 
The  X  can  be  any  favorite  number. 

liceaUKc  all  the  numbers  are  unknown,  then  we  con  writo  x  for  it. 


Step  3  Analysis:  Students'  confidence  in  their  thought 

When  the  different  ideas  were  revealed  in  the  interview,  students  who  were  paired 
deliberately  according  to  the  preliminary  survey  were  inevitably  faced  with  at  least  two 
considerations.  One  was  how  to  react  to  the  diHerent  idea  held  by  their  counterpart.  The 
other  was  a  reconsideration  of  their  original  thought.  The  reflection  on  a  person's  own 
thought  may  be  more  serious  when  he/she  disrovers  an  inconsistency  in  his/lier  own 
thoughts.  These  situation  could  reveal  their  confidence*  in  their  idea  behind  their 
descriptions. 

Confidence  in  their  thought :  facing  a  different  opinion 

Firgt  of  all,  students  have  to  identify  the  counterparts  s  idea.  This  was  not  such  an  easy  task 
especially  for  elementary  students.  Although  the  type  A  students  seemed  to  recognize  their 
counterpart's  idea,  the  type  B  students  seemed  to  be  puzzled  or  not  to  recognize  3ieir 
counterpart's  idea.  The  following  extract  illustrates  the  point : 

(  I :  Interviewer  ;  At  :Taknhashi.kun,  type  A,  Br  :  Re-krni,  type  B  ) 

I:     At-kun  you  chose  only  at  4,4,4,  can  you  read  the  reason  you  wrote  ? 

At:  X  in  same,  then  x  ffoes  in  same  number. 

Br:  Is  it  so  ?  (Looking  at  At's  faee.  Looked  puzzled) 

At    That  what  I  thought,  any  way,  I'm  not  sure  though. 

Br's  expression  "Is  it  so  ?"  with  a  suspicious  look  shows  that  he  has  never  considered  the 
proposition  before  that  the  same  ? otter  stands  for  the  same  number.  Afler  identifying 
different  opinions  between  the  two  students  paired  in  the  interview,  students  must  consider 
which  was  the  correct  or  the  reasonable  one.  The  elementary  students  seemed  to  have  no 
source  to  form  a  conclusion.  In  fact,  they  were  never  taught  formally  the  convention  that  the 
same  letter  stands  for  the  same  number  according  to  the  National  Course  of  the  Study  issued 
by  Monbusho.  The  following  extract  illustrates  the  point. 

1:        1  understand  that  you  have  a  diff;u»rent  opinion.  Can  you  deeide  which  is  the 

rcrrec*  one,  or  have  you  ever  taught  at  school  of  a  way  decide  which  is  true  7 
At:Bn  No,  we  have  never  been  taught. 
I:        So,  you  don't  know  how  to  think  about  this  ? 
At;Bn  Un' means 'TVo"). 
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I:        Is  thiB(  Br's  rcspoiwe)  also  likely  to  be  eorrect,  in  your  <fye8»  At-kun? 
At:      It  if»(with  a  nod  implying  "Yc^"). 

Confidence  in  their  thought :  faced  with  inconsistency  in  own  ideas  , 
In  the  interview,  students  were  asked  two  tasks  in  terms  ot  the  ^^nvention  that  the  same 
ktter  stands  for  the  same  number  :  x^x^x^x^  and  ^+^+^12.  F.  r^+AP+x+^.  if  the  type  A 
student  identifies  that  it  is  a  incorrect  one  and  the  type  B  students  does  it  as  a  correct  one. 
then  these  responses  seem  to  be  quite  consistent  with  their  preliminary  survey  task  . 
x^x+x=12  In  foct,  four  elementary  pairs  aud  one  junior  high  pair  answered  m  this  way  (see 
Table  1).  On  the  other  hand,  if  the  two  paired  students  both  agreed  or  chsagreed    f^^^t  t^^^^ 
expression  Ar+AT+Ar+jt-xyp  eind/orx^x^x^l2,  then  the  contradiction  would  be  revealed  between 
their  responses,  within  each  type.  The  interview  revealed  a  vanety  of  reactions  such  as 
follows : 

(Ay.  Bo  :  6  graders  in  elementary  school) 

I:        You  identified  that  the  different  number  could  put  in  herc(a;+4;+x=12),  but  you 

just  say  that  It  docs  not  apply  hercOc+:v+a+x^). 
Bo:     Yes,  I  suid  so.  ,  .        ^     i  \ 

Ay;Bo:  (laughing  a  Httle,  then  looking  at  the  expression  sertously.) 
I:        You  don't  know  which  is  true  ? 

AyjBo,  Un(^mcwui^       forced  to  decide  which  is  correct  7  You  don't  know  7 
Bo:     I  don't  know. 

On  the  other  hand,  some  st.rdents,  particularly  type  B  students,  tended  to  modify  the  answer 
in  the  preliminary  survey,  trying  to  be  consistent  with  responses  in  the  interview 
Furthermore,  the  other  students  seemed  rather  persistently  to  reject  considenng  the  two 
expressions  together.  They  tended  to  insist  that  the  two  expresBion  x^x^x+x^  and 
xZe+x:=12  were  unrelated,  and  that  they  cannot  be  considered  at  the  same  time,  i  he 
following  extract  illustrates  the  point. 

(Ba;  8th  grader  at  junior  high.)  v*.*  *  ««^^-*-^^79 

Ba  •    I  feel  quite  OK.  When  the  different  numbers  are  substituted  for  xs  lnx+x+x^l2, 

but  the  other  one  x+x+x-i-x^,  x  stands  for  the  same,  then  x-i-x-^x-^x^  shoiUd 

become  x-^-x+x+x^x. 

Students' Reaction  To  tlifi  Counter-example.  ,  .  r.  j 

According  to  the  present  curriculum  in  Japan,  it  is  rather  difficult  to  find  appropnate 
counter-examples  for  elementary  school  students  concerning  the  convention  that  the  samo 
letter  stands  for  the  same  number.  On  the  other  hand,  we  can  prepare  a  countei-examp  e  tor 
junior  high  students  such  as  simplifying  the  algebraic  expression  or  solving  linear  equations 
as  sl-own  above.  Nevertheless,  in  the  interview,  these  ^ount^^'f  ^,"^Pj^ J?Xsk 
not  80  relevant  for  students  to  consider  the  convention.  Students  tended  not  to  relate  the  task 
in  the  interview  with  the  counter-example.  The  following  extract  illustrates  the  point. 

(Ba :  8th  grader  at  junior  high.)  After  confirming  that  x+x+x»12  became  3x»12. 

1  •   Yet,  Bs.san»  your  interpretation  was  2+5+5-12  on  the  (prehminary  survey)  task. 
T^ln  («rthe  eounter-ekamplc)  in  this  case,  if  x  is  2,5.r.  then  what  would  happen  7 

Bs  :  This  one  (equation  x+x+x«12)  is  an  ordinary  expression,  but  that  xs  a  «"b»titution 
problem  x  stands  for  2.  and,  x  would  not  be  considered  any  more,  then  2+5+5 
became  12.  On  the  other  hand,  this  one  (equation)  is  an  ordinary  expressioi^wc  do 
not  substitute  any  number  for  x,  merely  x,  then  we  get  3x.  .-(an  omission)-  Ihcrc 
o -c  many  ways  of  thinking,  that  is,  the  equation  is  to  be  considered  in  t«rm«  «^ 
kind  of  thought,  and  the  substitution  problem  we  use  a  different  way  of  tlunking.  If 
someone  decides  to  do  so,  that  is  a  way  to  do. 
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Bs  could  be  a  typical  example  of  someone  who  tends  to  think  that  manipulating  literal 
symbols  may  differ  between  contexts:  substitution  and  equation.  Her  responses  were 
consistent  ^vith  the  convention  that  the  same  letter  stands  for  the  same  number  in  the 
equation  context  but  in  the  substitution  context  she  supported  the  negative  of  that 
proposition.  Asking  hor,  then,  about  a  foundation  for  simplifying  the  algebraic  expression  by 
manipulation  the  similar  terms,  she  explained  as  follows  : 

t :    Why  docs  y+y  become  2y  ? 

Bs :  The  y  U  ly,  1  is  omitted  in  writing,  so  it  really  is  ly+ly  is  2y. 
I :    Well,  I  am  asking  why  ly+ly  is  2y  7 

Bs :  We  don't  write  as  ly,  1  is  omitted.  We  only  calculate  between  numbers,  but  not 

these  letters,  you  don't  care  how  many  there  are,  no  matter  how  many  letters,  you 
just  let  them  be. 

For  Bs,  the  foundation  for  simplifying  the  similar  terms  is  a  veiy  procedural  oriented  nile,  it 
is  not  related  to  tlie  convention  that  the  same  letter  stands  for  the  same  nuriiber  at  all,  A 
similar  tendency  was  revealed  in  the  interviews  with  other  students.  This  tendency  implies 
that  they  are  good  at  solving  procedural-oriented  tasks,  but  they  would  not  realize  the  reason 
why  the  procedural  rule  works. 

Discussion 

Relation  between  the  Concept  of  Variable  and  Misconceptions, 

The  concept  of  variable  has  two  aspects  :  "Definite"  and  "Unspecified"  aspects.  Although  these 
two  aspects  seem  to  have  a  conflicting  nature  as  Van  Engen(1961)  already  pointed  out,  the 
concept  of  variable  could  be  formed  through  dissolving  this  conflict  or  intecj/ating  these 
inconsistent  concepts.  The  definite  aspect  of  concept  of  variable  is  materialized  in  the 
convention,  that  the  same  letter  stands  for  the  same  number.  Students'  misconceptions 
described  as  "X  can  be  any  number"  emphasizes  only  the  unspecified  aspect  of  a  variable. 
This  misconception  would  not  be  revealed  in  the  expression  which  contains  only  one  literal 
symbol.  But  in  the  case  of  an  expression  containing  more  than  one  literal  symbol,  this 
misconception  will  be  materialized.  Students'  reaction  saying x+:t+:v+;r=jt  is  correct,  and 
interpreting  x+x-^x=12  as  2+5+5=12  are  a  result  of  considering  only  the  unspecified  aspect  of 
the  concept  of  variable.  The  misconception  which  lacks  the  definite  aspect  of  the  concept  of 
variable  is  also  revealed  at  the  tertiary  education  level.  Koseki  (1988)  reported  that 
university  students  could  not  identify  the  incorrectness  of  the  expression  : 
(2n+l)+(2n+l)=2(2n+l)  as  a  mathematical  expression  of  "An  odd  number  plus  an  odd  number 
equals  an  even  number". 

On  the  other  hand,  the  misconception  :  that  different  letters  stands  for  the  different  numbers, 
could  be  characterized  as  a  lack  of  sufficient  understanding  of  the  unspecified  aspect  of 
variable,  in  a  sense  that  students  persistently  reject  substituting  the  same  numbcx  ibr 
different  literal  symbols.  Although  the  domain  of  variable  does  not  depend  on  the  literal 
symbol  itself,  the  interview  revealed  that  students  tend  to  relate  the  aurfaco  character  of 
literal  symbols,  such  as  differences  in  letter,  with  the  domain  of  variable. 

Source  of  Misconceptions 

The  empty  boxes  of  pre-algebra  conceptions  play  a  significant  role  as  a  bridge  between 
number  and  algebra.  In  Japan,  the  empty  boxes  are  introduced  in  the  3rd  grade,  and  literal 
symbols  in  the  5th  grade  in  elementary  school.  Then  in  junior  high  school,  algebraic 
expressions  are  studied  at  some  length,  although  the  algebra  does  not  exist  as  an 
independent  subject  in  school  mathematics  in  Japan  ;  it  is  systemrtically  included  in  various 
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parts  of  the  mathematics  currictdum.  This  carefuUy  planned  curriculum  must  surely  bo  a 
good  foundation  for  Japanese  students  to  understand  literal  symbols  m  algebra. 
Nevertheless,  it  also  seems  to  cause  the  Japanese  students'  some  misconceptions,  such  as. 
the  same  letter  does  not  necessarily  stand  for  the  same  number.  Because  the  empty  boxes 
conventions  are  slightly  different  from  those  of  Uteral  symbols.  In  fact,  students  may 
interpret  the  empty  boxes  as  places  to  fill  in  answers  with  emphasis  on  their  unspecified 
nature.  The  discrepancy  between  the  conventions  of  literal  symbols  m  algebra  and  ot  the 
empty  boxes  may  become  a  source  of  misconceptions. 

Although  it  is  difficult  to  find  an  association  between  the  Hteral  symbols  of  algebra  with 
Japanese  orthography  :  Hiragana  and  Katakana,  it  is  interesting  to  note  here  ttiat  these 
Hteral  symbols  in  algebra  may  be  thought  of  as  Japanese  ideographs  :  Kanji  characters. 
First,  the  way  to  introduce  a  new  hteral  symbol  in  school  mathematics,  m  5Ui  grade  in 
elementary  school,  is  exactly  the  same  as  the  way  to  introduce  a  new  Kaiyi.  That  is,  students 
learn  how  to  pronounce  the  symbol,  how  to  write  it,  then  its  meamng  :x  means  an  unknown 
number  or  quantity.  In  that  context,  the  unspecified  aspect  is  likely  to  be  emphasized,  and 
may  create  a  source  of  the  misconception. 

Beside  identifying  the  source  of  the  misconceptions,  we  also  have  to  consider  and  identify  the 
teaching  materials  which  may  play  a  role  as  counter-examples  against  the  nusconception, 
and  place  emphasis  on  the  definite  aspect  of  a  variable.  The  derinite  aspect  of  a  variable  may 
be  revealed  in  operating  mathematical  expressions,  such  as  in  solving  equations  or 
simultaneous  equations.  Unfortunately,  these  materials  have  not  been  considered  in  that 
context  Rather,  they  are  taught  in  a  procedural-oriented  way,  or  presuppose  the  de/im/e 
aspect  impKc;tly.  For  instance,  in  a  textbook,  a  foundation  of  simplifying  similar  tenns  is 
concealed  in  the  geometrical  figure  itself 
without  considering  the  definite  aspect  of 
the  concept  of  variable  ^ 
( see,  Fig.l). 
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Phenomenon  of  Compartmentalization 

By  analyzing  students*  way  of  resolving  inconsistencies  or  contradictions,  the 
compartmentaHzation  phenomenon  in  organizing  the  two  conflicting  knowledge  are 
identified.  This  may  be  associated  with  the  nature  of  the  variety  of  meanings  of  a  variable 
depending  on  the  contexts,  such  as  specific  unknown,  generalized  number,  constant  number, 
variable  and  so  on.  Even  though  students  may  not  be  efficient  enough  to  deal  with  these 
different  and  also  somehow  conflicting  meanings  of  Hteral  symbols  in  each  context,  we  surely 
need  to  study  this  aspect  since  there  would  be  t  gap  between  the  teacher  s  expectations  and 
the  students*  reality.  In  fact,  the  interview  revealed  the  students  belief  system  ot  the  nature 
of  mathematics,  that  is,  students  seem  to  tolerate  accepting  contradictions  or  mconsistencies 
in  their  mathematical  knowledge. 
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SEEING  A  PATTERN  AND  WRITING  A  RULE 

Mollie  MacGregor  and  Kaye  Stacey 
University  of  Melbourne,  Australia 

One  route  to  algebra,  currently  recommended  in  Australia  and  elsewhere,  is  via  the 
investigation  of  geomftric  patterns,  number  sequences  and  function  tables.  This  paper 
discusses  difficulties  experienced  by  14-  and  iS-year-old  students  when  interpreting 
function  tables  and  formulating  algebraic  rules  for  generating  values  of  the  variables. 
Written  tests  were  given  to  143  students  who  were  in  tfteir  third  year  of  learning  algebra,  A 
further  15  students  were  interviewed  individually.  The  data  show  thai  more  students  could 
find  and  use  a  relationship  for  calculating  than  coidd  describe  it  verbally  or  algebraically. 
Major  causes  of  difficulty  in  formulating  algebraic  rules  were  (i)  focussing  on  recurrence 
patterns  in  one  variable  rather  than  on  relationships  linking  two  variables;  (ii)  inability  to 
articulate  clearly  the  structure  of  a  pattern  or  relationship  using  ordinary  language. 

The  National  Statement  on  Mathematics  for  Australian  Schools  (Australian  Education  Council, 

1991)  and  the  Curricidum  and  Evaluation  Standards  (National  Council  of  Teachers  of  Mathematics,  1989) 

recommend  that  algebra  learning  should  be  based  on  the  study  of  patterns.  In  this  paper  we  report  a  study 

involving  students  who  were  tested  on  iheir  success  in  recognizing  number  patterns  from  tables  of  ordered 

pairs  and  describing  them  algebraically.  (Examples  of  tables  are  shown  in  Fig.  1).  Herscovics  (1989), 

commenting  on  the  results  of  national  testing  in  USA,  points  out  that  although  most  students  could 

recognize  a  simple  pattern  in  a  tabic  of  ordered  pairs  connected  by  a  simple  relationship  (e.g.,  add  7)  the 

majority  were  unable  to  generate  the  corresponding  algebraic  rule  (e.g.,  y  =  x  +  7).  Other  studies 

(Arzarello,  1991;  Pegg  &  Redden,  1990)  have  also  shown  that  generating  algebraic  rules  from  patterns 

and  tables  is  difficult  The  ability  to  perceive  a  relationchip  and  then  formulate  it  algebraically  is 

fundamental  to  being  able  to  use  algebra.  Some  of  the  reasons  why  students  find  it  a  difficult  task  are 

presented  in  this  paper.  We  conclude  with  some  suggestions  for  leaching  in  the  light  of  new  curriculum 

approaches  which  are  being  promoted  in  response  to  the  National  Statement. 

Arzarello  (1991)  found  that  when  students  had  generated  a  table  of  ordered  pairs  from  a  geometric 
pattern,  liiey  focused  on  the  difference  between  successive  values  of  each  variable.  They  searched  for  a 
recurrence  rule  that  would  predict  a  number  from  the  value  of  its  predecessor  rather  than  a  functional 
relationship  linking  pairs  of  numbers.  For  example,  in  Item  C  (sec  Fig.l)  many  students  may  notice  that;r 
goes  up  by  1  and  y  goes  up  by  3»  but  be  unaware  of  the  functional  relationship  that  links  the  two  variables 
(i.e.,  y  =  3x-t-2).  A  similar  observation  has  been  made  by  Clement,  Narode  and  Rosnick  (1981), 
MacGregor  (1991)  and  Pegg  et  al.  (1990). 

In  this  paper  we  discuss  students'  responses  to  test  items  designed  to  find  out  vhat  aspects  of  the 
task  of  recognizing  patterns  and  describing  them  algebraically  present  most  difficulty;  in  particular, 

(i)  what  patterns  and  relationships  students  perceive  in  function  tables; 

(ii)  the  association  between  being  able  to  work  numerically  witJi  a  relationship  and  being  able  to  express  it 
clearly  in  either  natural  language  or  algebraic  notation. 

The  results  of  our  study  show  that  whereas  most  students  can  perceive  patterns  in  tables  easily,  many  do 
not  perceive  the  fujictional  relationship.  Even  amongst  those  who  "svc"  the  functional  relationship 
sufficiently  clearly  to  calculate  with  it,  a  substantial  proportion  cannot  express  it  in  natural  language.  Most 
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students  who  cannot  express  it  in  natural  language  also  cannot  write  the  relationship  in  the  symbolic  code 
of  elementary  algebra.  These  findings  have  important  implications  for  the  leaching  of  beginning  algebra. 

Procedure 

Pencil-and- paper  tests  were  given  to  all  143  students  in  year  9  (approximate  age  14)  at  a  school  in  a 
low  socio-economic  area  of  Melbourne,  Australia,  These  students  were  taking  the  third  year  of  an 
integrated  mathematics  course  which  includes  some  algebra  in  each  year.  The  textbook  they  used 
introduced  algebra  as  a  way  of  expressing  relationships  between  quantities  described  by  tables  and  spatial 
designs.  Fifteen  students  at  a  similar  school  were  interviewed  and  audio-taped  while  they  worked  on  test 
items.  In  this  paper  we  discuss  the  students*  responses  to  the  three  items  shown  in  Figure  I.  Item  A 
involves  addition*  item  B  multiplication,  and  item  C  both  multiplication  and  addition. 

A.  Look  at  the  numba'  in  this  tabi«  and  answer  tlio  questions. 


ERIC 


1  5 

2  6 

3  7 

4  8 

5  9 
6 

7  11 


(I)  When  X  Is  2,  what  Is/?     (11)  When  xisS.  what  Is/?     (Hi)  When  x  is  800,  what  Is/? 
(Iv)  Describe  in  words  how  you  would  find  y  if  you  ware  told  what  x  Is. 
(V)  Use  algebfa  to  write  a  rule  connecting  x  and  y. 

8.  The  results  ol  an  oxpcrinrwnt  that  nrwasured  two  quantities  L  and  Oworo. 


L 

0 

S 

9 

s 

15 

9 

27 

21 

63 

(I)  What  would  you  expect  Oto  be  when  L  Is  307  (11)  What  would  L  be  whon  O  Is  09? 
(ill)  Describe  in  words  how  ycu  would  find  Oif  you  were  told  what  L  is. 
(iv)  Us4  algebra  to  write  a  rule  connecting  L  and  O. 

C.  Look  at  the  numbers  In  this  table  and  answer  the  questions. 

x         0         1  2  3         4         5  6 

y  2  5  8  11         14  17 


(1)  When  X  is  0.  what  Is  /?     (11)  When  x  la  1 0,  what  Is  /?     (Hi)  Whan  x  Is  1 00.  what  Is  /? 
(iv)  Describe  In  words  how  you  would  find  y  M  you  were  told  what  x  la. 
(V)  Use  aJg^ra  to  write  a  rule  connecting  x  and  y. 


Fig.  /.  Three  test  item 


lev 


I-I83 


Results 

Complete  results  for  each  part  of  the  three  items  may  be  seen  in  Tables  1,  2  and  3.  Almost  all 
students  could  ncad  tables  correctly  (evidenced  by  A(i))  and  extend  them  (evidenced  by  A(ii)  aiid  C(i)). 
Interview  data  suggest  that  the>se  answers  were  usually  given  from  the  recurrence  relation,  that  is,  as  you 
move  down  (or  along)  the  table,  the  value  of  y  goes  up  by  1  (or  3).  In  the  written  test,  many  of  Uie 
■  incorrect  answers  to  C(ii)  were  29,  31  and  33  which  probably  also  result  from  incorrectly  using  the 
recurrence  relation,  for  example  by  adding  3  the  wrong  number  of  times  or  making  arithmetic  errors. 
When  use  of  a  functional  relationship  was  essential  because  the  recurrence  relation  was  impractical,  as  in 
A(iii).  B(i)  and  C(iii)),  success  rates  were  very  much  lower.  For  all  three  items,  there  were  students  who 
had  perceived  the  functional  relationship  sufficiently  clearly  to  use  it  for  calculating  but  who  could  not 
describe  their  rule  in  words  (A(iv),  B(iii),  C(iv))  or  write  it  algebraically  (A(v),  B(iv),  C(v)). 

As  shown  in  the  bottom  row  of  Tables  I,  2  and  3,  for  the  two  easier  items  (A  and  B) 
approximately  one- third  of  the  students  wrote  a  coiTcct  algebraic  rule,  one-third  were  wrong,  and  one-third 
made  no  attempt.  Item  C,  which  combines  addition  and  multiplication*  was  more  difficult 

Table  I 

Responses  for  item  A  {n  =  143) 


Task  Correct  Wrong  Ocnit 


(l)Readtabto  139  (97%)  1  (1%)  3  (2%) 

(ii)  tixtend  table  138(97%)  2  (1%)  3  (2%) 

(iil)  Calculate  (hard)  88(61%)  47(33%)  8  (G%) 

(iv)  Use  words  70(49%  48(34%)  25(17%) 

(v)  Write  fonrxjla  50(35%)  46(32%)  47(33%) 


Table  2 

Responses  for  item  B  {n=:  143) 


Task  Correct  Wrong  <y,yH 


(I)  Calatlate  (direct)  90(63%)  17(12%)  36(25%) 

(Ii)  Cateuiate  (reverse)  68  (46%)  36  (25%)  41  (29%) 

(iii)  Use  vwrds  78(55%)  20(14%)  45(31%) 

(iv)  Write  fOTTTHJIa  53(37%)  38(27%)  52(36%) 


Table  3 

Responses  for  item  C  (n  =  143) 


Tack  Con-ect  Wrong  Omit 


(i)  Extend  table  127  (89%)  5  (3%)  11  (8%) 

(k")  Cafculate  (easy)  96(67%)  35  (25%)  12  (8%) 

(iii)  Cafcuiate  (hard)  27  (1 9%)  77  (54%)  39  (27%) 

(h/)  Use  words  24  (1 7%)  61  (36%)  68  (47%) 

{^)  Write  fonnuta  17(1 2%)  50  (35%)  76  (53%) 
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Perceived  patterns  and  relationships 

nic  interview  data  show  that  students  easily  observed  patterns  in  the  tables,  but  only  some  of  these 
patterns  wCRj  useful  for  other  parts  of  the  quesUons.  For  example,  during  her  oral  response  to  Item  A.. 
Sarsh  (Year  10)  said  "Jt  it  starts  at  1 .  2.  3. 4  and  builds  up . . .  it's  going  in  order"  and  "the  odd  numbers 
aie  with  odd  numbers  and  the  even  ^  with  even".  Michael  (Year  7)  added  the  numbers  in  each  row  and 
noUced  a  recurrence  pattern  in  the  totals,  saying  "When  you're  adding  both  numbers  they  are  always 
increasing,  lilte  1  and  5  is  6. 2  and  6  is  8.  3  and  7  is  10. ...  each  numbers  go  up  by  2".  One  of  the  most 
striking  fmdings  from  both  Ute  written  tesUng  and  the  interviews  was  the  variety  of  pattcms  percewed  and 
the  large  proportion  of  generalisaUons  expressed  verbally  that  cannot  be  expressed  in  the  elementary 
algebra  that  students  are  learning. 

Both  the  interview  data  and  the  high  success  latcs  for  extending  tables  (A  and  C)  indicate  that  most 
students  easUy  perceived  the  recurrence  i^laUons.  either  as  a  link  between  the  two  variables  ("as  x  goes  up 
by  1.  and  after  5  so  doe.s  y")  or  as  two  separate  .sequences  (e.g.  "x  starts  at  1  and  goes  to  8.  and  y  starts  at 
5  and  goes  to  11").  However  we  weic  surprised  at  the  many  immature  ways  in  which  simple  addition  was 
expressed,  for  example  (item  A)  "In  between  x  and  y  there  is  four".  "There's  three  numbers  missing",  and 
"You  plus  j:  all  the  time". 

Students  who  perceived  only  recurrence  patterns  in  A  and  C  would  have  difficulty  with  B.  where 
there  arc  no  constant  differences  to  be  seen  in  Ute  tabic.  Jhh  prediction  was  confirmed  by  the  relatively 
high  omission  rate  for  B(i)  (25%.  compared  with  6%  and  8%  on  similar  pans  of  A  and  C)  which  indicates 
that  many  students  had  not  seen  the  very  simple  relaUonship  "3  Umes".  During  the  interviews  we  nouccd 
that  students  took  a  little  longer  to  recognize  this  rule,  but  once  found  it  was  used  easily,  conecUy  and  wiUi 
confidence  for  cilculaUng  further  values.  However  one  of  the  15  students  interviewed  seemed  unable  to 
sec  a  link  between  columns  in  B,  in  spite  of  strong  hints  from  the  interviewer,  and  persisted  in  looking  for 
a  recuiTcnce  rule.  One  other  student  interviewed  was  severely  handicapped  by  lack  of  number  sense. 
Even  with  considerable  prompting,  she  could  only  describe  Uie  relationship  in  item  B  as  "the  x  is  a  bit  less 
than  half  the  y",  when  in  fact  x  is  exactly  one-third  of  y. 

The  success  rates  for  A(iii)  and  B(i),  in  which  students  needed  to  use  the  function^  relationship 
rather  than  a  simple  coaming  procedure,  arc  61%  and  63%  respectively.  We  conclude  thit  aj-proximately 
40%  of  the  students  in  the  sample  were  unable  to  recognize  in  table  format  the  simple  relaUonships  "y  is  4 
more  than  x"  and  "Q  equals  3  times  L". 
Methods  for  calculating  further  values 

The  written  responses  from  the  main  sample  and  the  interview  sessions  both  show  that  some 
students  had  used  one  rule  for  simple  calculations  and  another  rule  for  larger  values  of  the  variables.  For 
example  a  student  described  the  rule  for  item  A  as  "If  there  is  one  x  there  will  be  three  numbers  and  then 
y".  He  used  this  rule  successfully  for  simple  calculations.  However  for  A  (iii)  (find  y  when  x  =  800)  he 
decided  to  muiaply  800  by  5.  and  explained  that  he  had  gone  back  to  the  first  row  whore  x  is  1  and  y  is  5. 
Another  very  common  wrong  answer  for  A(iii)  was  1200,  also  based  on  direct  proportion,  obtained  by 
mulUplying  the  correct  y  value  for  x  =  8  by  100.  The  incorrect  use  of  a  simple  direct  proportion  when 
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large  numbers  were  involved  was  common  for  items  A  and  C.  and  has  been  reported  in  other  contexts 
(Stacey.  1992).  One  student  justified  the  answer  1200  for  A(iii)  by  writing  the  explaimUon  "You  add  4  if 
it  is  under  100  and  if  it  is  over  100  you  add  400".  It  is  likely  that  many  students  do  not  clcaiiy  understand 
Uiat  they  are  not  applying  the  same  rule  to  kyger  numbers,  and  think  that  by  using  direct  proportion  they 
arc  merely  taking  a  shortcut  to  the  answer . 
•  Writing  an  algebraic  rule 

We  had  expected  that  students  would  find  it  hard  to  write  a  rule  for  C.  both  in  words  and 
algebraically.  However  it  is  disturbing  to  see  how  many  students  could  not  use  algebra  to  express  the 
simple  relationships  in  A  and  B.  In  many  eases  the  students'  verbal  descriptions  were  not  helpful  as  a 
basis  for  clear  thinking  about  the  function  and  its  algebraic  representation.  For  example,  explanations  of  A 
included  "Every  y  number  is  4  times  larger'\  "x  equals  three  digits  / .  "Minus  4  from  each".  "You  count 
four  places",  and  "With  the  x.  for  the  y.  you  put  4  on  it".  Attempts  at  algebraic  rules  for  A  included  the 
following:   x  +  4y      x-.v  +  4       .r  +  y  +  4       x  =  ly        x  +  5        x~l.y  =  4 

The  rule  for  item  C  contains  two  operations:  multiply  by  3  and  add  2.  Success  in  writing  the  rule 
should  depend  on  i^ogni/ing  each  of  these  operations  and  writing  them  in  the  two  earlier  items  A  and  B. 
Of  the  62  students  who  attempted  to  write  algebraic  rules  for  A  and  C.  31  were  wrong  for  A  and  with  the 
exception  of  two  individuals,  were  also  wrong  for  C.  Students  who  wei-e  correct  for  A  had  an  even 
chance  (16:15)  of  being  correct  for  C.  Of  the  59  students  who  attempted  to  write  algebraic  rules  B  and  C, 
26  were  wrong  for  B  and  again  with  the  exception  of  two  individuals  were  also  wrong  for  C.  Students 
who  were  correct  for  B  had  an  even  chance  (1 8: 1 5)  of  being  correct  on  C. 

Association  between  working  numerically  and  expressing  relationships 
As  would  be  expected,  the  interview  data  and  statistical  tests  on  the  written  ix^spon-scs  confirm  that, 
for  the  sample  as  a  whole.  Uicre  was  a  strong  association  between  difficulties  in  correctly  calculating  wiili 
the  pattern  and  incorrect  or  incoherent  verbal  expressions  and  incorrect  algebraic  formulations.  Of  speci;U 
interest  is  the  subset  of  students  who  demonstrated  that  they  understood  the  functional  relationships  in  the 
tables  by  successfully  calculating  new  values  as  required  by  A(iii).  B(i)  or  C(iii)..  By  diis  measure  these 
students  "knew"  what  the  relationships  were.  Were  they  also  able  to  articulate  ihem  clearly  and  to  express 
them  algebraically?  For  many  students,  this  step  was  the  stumbling  block.  Two  examples  of  students 
who  could  calculate  A(iii)  com^cUy  but  not  express  their  procedures  algebraically  are  shown  below. 

Sarah  (Year  10)  calculated  correctly  that  if  x  =  100  then  y  =  104.  and  if  x  =  UHK)  then  y  ~  1004. 
When  the  interviewer  asked  for  an  explanation  of  a  general  rule.  Sarah  offered  the  following  five 
altematives: 

"Tlie  X  value  is  lower  than  the  y  by  4". 

"It  goes  up  4  for  every  x  iliat  they  have". 

"Whatever  number  you  have  for  the  y.  you  add  4  onto  it". 

"For  they,  it  is  four  numbers  higher  than  thex". 

[writes  X  =  "With  the  x.  for  the  y.  you  put  4  on  it".  (For  a  discussion  of  the  reasoning  behind 
this  form  of  reversed  equation,  see  MacGregor.  1991 ;  MacGregor  &  SUice/.  in  press  a) 
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After  many  prompts  from  Uic  interviewer,  such  as  "You  know  how  to  get  y  from  x.  Could  you  write  a 
rule  that  starts  with  yV,  Sarali  finally  wrote  y  =  x4. 

Roberto  (Year  10)  used  incorrect  direct  proportion  rules  for  large  number  calculations  but  v/as  able 
to  use  the  "add  4"  rule  for  small  numbers  without  being  able  to  say  what  he  was  doing.  In  the  interview 
lie  was  constantly  reminded  to  look  for  a  simple  way  of  saying  his  rule,  but  his  only  explanations  were: 

"With  tiic  X  and  y  numbers  iJicrc  is  always  four  [later  collected  to  three]  numbers  in  between". 

"If  there  is  x  iherc  will  l>c  three  numbers  and  then 

"Whatever  the  x  is,  the  y  must  be  thn;e.  four  digits". 

(writes  X  =  3y)  "x  equals  three  digits  y". 
The  fact  that  many  students  doing  the  written  test  could  calculate  values  but  not  write  explanations  or 
algebraic  equations  indicates  that  for  them,  as  for  Sarah  and  Roberto,  recognizing  and  articulating  the 
structure  of  ilic  relationship  was  the  stumbling  block.  Figure  2  shows  that,  of  those  who  did  understand  a 
relationship  well  enough  to  do  the  difHcult  cilculation,  only  l))reo-quarters  could  explain  it  clearly  and  only 
one-half  could  write  it  algebraically. 

The  data  in  Fig.2  refer  only  to  the  students  who  were  correct  on  the  difficult  calculations  in  items 
A.  D  and  C.  Note  that  since  there  were  many  incorrect  or  omitted  answers  to  A(iii),  B(i)  and  C(iii).  the 
total  of  responses  for  the  143  students  on  three  items  is  only  203,  less  than  the  possible  total  of  429. 
Verbal  descriptions  were  marked  correct  if  iluiy  included  evidence  that  the  student  had  seen  the  functional 
relationship.  For  example  in  item  A,  "You  always  add  4"  and  "  nie  numbers  are  4  diffcrents"  were 
tnarked  correct,  whereas  "Just  add  I"  and  "Find  a  pattern  for  y  and  time  ii  by  x"  vere  marked  wrong.  As 
may  he  seen  in  Figure  2,  one-(iuart;:r  of  the  students  who  were  able  to  calculate  new  values  correctly  were 
not  able  to  descrilw  vei  bally  the  relationship  they  had  usc  J.  This  was  despite  the  fact  that  two  of  die  three 
articulations  require^d  were  extremely  simple  (i.e..  "add  4  to  x"  and  "muUiply  x  by  3"). 


Aig«br«ic  rul« 

Corroct          Not  corroct  To'.a! 

Correct             92                60  152 

Vorbal  description 

Not  corroct         13                38  51 

Totol                105                 90  203 

Fif».  2.  Association  ofsitccess  on  verbal  descriptions  and  algebraic  rules  for  students  who 
could  calctdate  successfitlly 

Figure  2  shows  that  students  who  gave  a  correct  verbal  description  were  more  likely  tlian  other 
students  to  write  a  correct  algebraic  rule.  Of  those  students  who  did  not  articulate  their  patterns  clearly, 
onc-quancr  were  able  to  write  a  corrw^-t  algebraic  rule.  A  sU'ong  and  highly  sigiiificajit  association  between 
performance  on  the  verbal  and  algebraic  tasks  is  evident,     ( U  N=  203)  =  18.77,  /xO.OOOl. 
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Conclusions  «nd  Implications 


Tlic  roiuc  from  perceiving  a  pattern  to  writing  an  algebraic  rule  is  complex.  There  are  many  critical 
steps  nJong  the  way  when  students  may  lack  necessary  skills  and  knowledge  or  make  a  wrong  decision. 
We  have  shown  that  son\e  of  these  critical  steps  in  moving  from  a  function  table  to  an  algebraic  nile  arc: 

•  looking  beyond  lecurreiice  patterns  aiid  finding  a  relationship  linking  the  two  variables; 

•  being  able  to  formally  articuluic  the  relationship  used  for  calculating  numerical  values  (e.g.,  being 
able  to  say  "Add  4"  ratlicr  than  "You  count  four  places"); 

•  knowing  what  can  and  cannot  tx;  said  in  elcmcniary  algebra  (e.g.,  "Every  lime  x  goes  up  by  1,  y 
goes  up  by  4"  cannot  be  easily  translated  to  an  e<iuation); 

•  knowing  the  .syntax  of  algebra  (e.g..  >4"  does  not  mean  "Stan  with  .v.  and  add  4  to  get  y") 
Students  who  could  not  perform  the  difnculi  ealc  ='aiionj,  had  seen  a  variety  of  patterns,  particularly  llie 
recurrence  relationships.  Many  of  ihe.so  patteras,  altliough  valid,  are  not  helpful  and  do  not  lead  to  an  idea 
that  can  eiLsily  l>c  expressed  with  the  algebra  that  students  are  lejuiiing.  It  .scorns  to  us  to  important  lliat 
teachers  recognize  that  \}\cW  students  see  many  patterns.  Students  beginning  algehm  need  to  discuss  why 
.some  of  the  patterns  and  relalioiuships  they  .see  are  more  u.seful  than  others. 

Some  students  in  tl\e  .study  iviveived  a  funeliimal  relation.ship  in  an  immature  way.  which  they 
could  not  express  clearly  (e.g.  '\x  equals  three  digits  y").  Our  .study  shows  that  saying  even  a  simple 
relationship  sueli  as  "add  4"  caji  be  difficult.  One  cs.sential  prerequisite  for  using  algebra  is  that  students 
can  put  ilieir  infonnal  arithmetic  knowledge  mtu  a  fonnal  arilhnietie  stniciure  -  to  know,  for  example,  that 
doubling  ("You  plus  it  by  tlie  same  numlvr")  is  multiplication  by  2. 
Recommendations  for  teaching; 

A  close  look  at  the  w:iy  in  which  current  Au.stralian  textbooks  implement  the  pattern-based 
appmaeh  to  beginning  algebra,  as  well  as  the  suggestions  in  the  Notioml  Statement  and  Standards,  reveal 
different  routes  from  .seeing  a  pattern  to  deriving  an  algebraic  rule,  lliesc  differences  may  be  of  crucial 
importance  for  learners.  In  one  conu\ion  approach,  students  extend  a  geomelne  pattern,  notice  the 
recurrence  patterns,  make  a  table  of  values,  and  derive  an  algebraic  rule  that  will  pioduee  the  numbers  in 
the  table,  hi  another  approach,  trialted  by  Pegg  et  al.  (I  WO),  students  describe  features  of  a  geometric 
pattern  orally  and  in  written  sentences,  and  then  .suitable  verbal  descriptions  are  expressed  algebraically. 
Our  findings  suggest  that  the  verbal  description  is  an  important  and  pcriiaps  necessary  part  of  the  pn^ecss 
of  recogni/.ing  a  function  and  expressing  it  algebraically.  This  .suggestion  is  timely  hecau.sc  new 
curriculum  materials  following  the  National  Statement  reeiimmeudatioj\s  introduce  algebra  as  a  language 
for  expre.sshig  relationships  between  two  variables,  often  beginning  with  a  geometric  pattern  or  number 
sequence.  As  far  as  we  know,  no  evaluation  of  the  pattern -ba.scd  approach  has  been  carried  duL  Pegg  et 
al.  (1990)  observed  how  the  approach  was  u.sed  in  four  classes  of  1 1-year  olds,  and  concluded  that  it 
appeared  to  be  .sueee.ssful  and  that  it  promoted  a  positive  attitude  to  algebra,  MacGregor  and  Stacey  (in 
press  b)  tested  5()()  students  in  .several  .schools  who  had  learned  algebra  in  different  ways.  Some  had 
leajned  through  a  pattern-based  approach  whereas  others  had  learned  in  a  traditional  way,  Tl\e  results 
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indicaic  thai  the  paucrn-bascd  approach,  as  implcmenlcd  in  ihe  schools  laking  pan  in  ihc  study,  was  no 
more  effective  than  traditional  app^)achwi. 

We  .suggest  thai  spatial  or  numerical  patterns  where  itcuiTencc  rcliilionships  aic  very  evident,  such 
as  "you  need  Uircc  more  matches  each  time  you  add  a  stiuare"  (Australian  Education  Council,  1991. 
p.  191 )  aj*c  probably  nol  a  pood  way  to  begin  alpcbra.  If  ihe  recuitence  relation  is  the  easiest  to  sec,  but 
docs  not  lead  to  the  algebra  that  teachers  want,  it  is  silly  to  pick  examples  which  lend  themselves  to  it 
(espcciaily  when  this  is  done  exclusively,  as  is  the  case  in  some  textlwoks).  We  reeommend  the  frequent 
use  of  items  such  iis  B,  set  in  a  real  context,  where  there  is  no  nccurrencc  pattern  in  the  x  values. 

Finding  and  using  relationships  that  fit  data  presented  in  tables  offers  an  example  of  students' 
strengths  in  informal  matlx^maiics  (e.g.,  seeing  patterns  and  calculating  with  tlKm)  and  their  weaknesses  in 
formal  mathematics.  Many  students  are  able  to  calculate  but  cannot  describe  what  they  do.  They  can 
"work  out  answers'*  without  being  fully  aware  of  the  procedures  they  arc  using  or  the  stmctunjs  of  the 
relationships  involved.  This  conscious  awari;ness  of  mathematical  procedures  and  structures,  and  the 
ability  to  descril^  them  verbally,  is  crucial  for  learning  and  using  algebra. 
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Towards  an  Alpctn  alc  Approach:  Tlie  Uolc  of  SprcadslitTts 
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r/ii.v  paper  presents  the  results  of  a  Mexican/British  colUthorativc  pro,,  t  which  is  investifiatiny.  the 
ways  in  which  students  use  a  spreads  he  ct  to  solve  alfichra  problem.  Two  firoups  of  14- It)  year  old 
students  (one  in  Mexico  and  one  in  Dritaiti)  worked  on  a  sequence  of  spreadsheet  activities  and  were 
interviewed  hefx  e  and  after  the  tearhinp,  se<p<enee.  The  majority  of  the  students  in  this  study  heeamv 
successful  at  usin^  a  spreadsheet  to  soivc  algebra  word  problems.  These  students  had  all  been 
relatively  unsuccessful  with  maihenuuies  and  the  majority  could  not  solve  the  problems  at  the  bcfiinniny, 
iff  the  study.  The  symbolic  nature  of  the  spreadsheet  took  on  an  important  mediatin^^  role  in  this  problem 
solving  prttcess.  The  sftdenis  used  their  spreadsheet  experiences  to  develop  st rate }:ies  for  solving 
alitehra  word  problems  when  working  away  from  the  computer.  These  strateyjes  involved  workin}>from 
the  unknown  to  the  known.  Workin^i  in  this  way  is  an  important  and  difficult  aspect  ofalyebra  and  we 
xu^yest  that  the  existence  of  these  strategies  coidd  provide  an  important  basis  for  devchfpin^  al^icbraic 
methods 

Introduction 

This  pa|)CM*  picsunts  llie  results  of  a  McKlcan/Hiitish  collaborative  project  wludi  is  investii'atinn  the 
wa>s  ui  wliich  vtuilents  use  a  spreadslieci  tn  solve  al['.cbra  pioblems.  In  ibc  first  phase  of  the  project  we 
i.-aiiied  out  a  study  with  two  [uoups  (one  in  Mevieo  and  one  in  llritain)  of  cijiht  p»c  alf.cbra  pupils  (a[',cd 
H)  II  yeais).  Pupils  eri^iai'.ed  in  a  sccpience  of  sprca<lsbcel  activities  which  fwused  on  the  ideas  ol 
function  and  inverse  function,  equivalent  ali'.cbraic  expressions  and  the  solution  of  al[',cbra  story 
piobletns  (SuUierland  &  Rojano,  1992).  'Hic  results  of  this  study  showed  that  the  majority  of  these  10  1 1 
year  old  pupils  did  not  spontaneously  tlnnk  in  tcmis  of  ik  general  algebraic  object  when  tlrsl  working  in 
a  spreadsheet  environnient/riicir  tliinking  was  initially  situuicd  on  the  specific  example  with  which  they 
were  working.  In  order  lo  think  algebraically  pupils  need  to  have  access  to  thinking  both  with  the 
specdic  situation  and  in  generid  and  the  spieadsbcci  cnviroiunent  supported  diese  pupils  to  move  fioin 
ItKMisuig  on  a  specific  example  to  consideration  of  a  general  relationship.  The  spreadsheet  also 
supported  papds  to  accept  the  algebraic  idea  of  working  v/ith  an  unknown,  an  idea  wbieh  most  jjupils 
!ind  drffirult  (I  tUoy  (St  Rojano,  1989).  They  used  a  spreadsheet  cell  to  tepresenl  tbe  unknown  numk'r 
and  then,  v/itb  the  tnouse  or  the  arrow  keys,  expiessed  relationships  in  terms  of  this  cell.  Dealing  with 
the  unknown  m  this  numeric  way  could  be  considered  a  beginning  step  in  accepting  the  possibility  of 
Dperanng  ou  a  symbolic  unknown  in  a  traditional  algebra  situation. 

'Ilus  paper  focuses  on  the  scrotid  phase  of  our  collaborative  project  in  which  we  worked  with 
two  groups  of  eight  14-1.  or  old  pupils  (one  in  Mexico  and  one  in  Britain).  All  these  pupils  hud  a 
history  of  being  unsucecsslul  with  school  niathcmalics,  the  British  pupils  having  very  little  previous 
experience  of  algebra  and  the  Mexican  pupils  having  negative  previous  experiences.  Both  groups  of 
pupils  engaged  in  a  sequence  of  spreadsheet  activities  and  were  tested  and  interviewed  individually 
before  and  after  the  teaching  sequence.  The  spreadsheet  activities  and  interviews  were  ahnost  identical 
to  those  used  in  the  study  with  pre-algcbra  pupils  and  in  a  later  paper  we  shall  compare  the  results  of 
these  two  groups. 


M90 


Theoretical  Background 

Tlic  thcorciical  rationale  for  ihc  study  was  influenced  by  previous  research  on  pupils'  understanding  of 
algebra  (for  example  Booth,  1984;  Filloy  &  Rojano,  1989;  Kieran,  1981;  Kuchemann.  1981)  and  a 
consideration  of  the  potential  of  computer-based  environments  for  learning  algebra.  Results  from  work 
with  computers  often  conflicts  with  established  results  on  pupils'  difficulties  with  traditional  algebra, 
particularly  with  respect  to  pupils'  understanding  of  literal  symbols.  For  example  in  computer 
environments  pupils  accept  the  idea  that  a  literal  symbol  represents  a  general  number  and  readily  use 
unclosed  algebraic  expressions  (Sutherland,  1992). 

There  are  a  number  of  aspects  of  Vygotsky's  work  which  influenced  this  research.  Sign 
systems  are  considered  to  be  mediators  of  action  and  these  include  "various  systems  for  counting; 
algebraic  symbol  systems;  works  of  art;  writing  schemes;  diagrams,  maps,  and  mechanical  drawings,  all 
sons  of  conventional  signs  "  (Vygotsky,  1962,  pp  137).  Vygotsky  also  stressed  that  medialional  means 
are  sociocultural  in  the  sense  that  mediated  action  cannot  be  separated  from  the  social  milieu  in  which  it 
is  carried  out.  From  the  point  of  view  of  research  on  teaching  and  leaming  in  the  classroom  this  suggests 
that  studies  of  pupils  cannot  be  separated  from  influences  such  as  the  tnatheniatics  curriculum  and 
culture. 

Methodology  and  Teachini;  Sequence 

lite  methodology  used  within  the  project  was  essentially  longitudinal  case  study.  Two  groups  of  eight 
14-15  year  old  pupils  were  studied  simultaneously,  one  in  Mexico  and  one  in  Britain.  Both  groups 
engaged  m  two  blocks  of  spreadsheet  activities  over  a  period  of  ^  months  working  in  pairs  for 
approximately  12  hours  of  "hands  on"  computer  lime.  The  British  and  Mexican  pupils  worked  as  whole 
classes  in  a  computer  room  during  one  of  their  mathematics  lessons.  The  spreadsheet  activities  were 
very  similar  to  those  used  in  the  pre -algebra  pupil  study  and  consisted  of  the  following  two  blocks  of 
activities  (described  in  detail  in  Sutherland  &  Rojano  1993;  Rojano  &  Sutherland.  1992). 

Block  I'lntroduaory  Problems  Within  this  sequence  pupils  were  introduced  to  the  following 
spreadsheet  and  mathematical  ideas;  entering  a  rule;  replicating  a  rule;  function  and  inverse  function; 
symbolising  a  general  rule;  decimal  and  negative  numbers;  equivalent  algebraic  expressions  (for 
example  5n  and  2n  +3n).  The  problems  were  analysed  so  that  mathematical  and  spreadsheet  ideas  were 
introduced  simultaneously. 

Hlock  2- Algebra  Story  Probicms.  Within  this  sequence  pupils  v-ere  introduced  to  solving  algebra  story 
problems  in  a  spreadsheet  by:  representmg  the  unknown  with  a  spreadsheet  cell;  expressing  the 
relationships  within  the  problem  in  terms  of  this  unknov/n;  varying  the  unknown  to  find  a  solution. 

Both  groups  of  pupils  engaged  in  pre  and  post  interviews.  The  prc-interview  items  were  similar 
lo  those  used  within  the  pre-algebra  study  (Sutherland  &  Rojano,  1992)  and  consisted  of  items  on 
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expressing  generality;  symbolising  a  general  relationship;  expressing  and  manipulating  the  unknown; 
function  and  inverse  function;  solving  algebra  story  problems^. 

Strategies  for  Solving  Algebra  Word  Problems 

In  this  sectton.  we  discuss  the  stra'cgies  used  by  the  students  when  working  on  the  algebra  word 
problems.  A  fuller  account  of  this  study  with  14-15  year  old  pupils  is  given  in  Rojano  and  Sutherland. 
1992.  We  shall  focus  on  two  algebra  word  problems  which  were  presented  to  the  pupils  in  the  pre- 
interview  and  the  posi-interview.  Before  discussing  the  results  of  the  study  we  firstly  discuss  the  ways 
pupils  might  solve  these  problems  in  both  a  paper  and  a  spreadsheet  setting  by  considering  the 
following  problem 

RectanguhiT  Field 

The  perin^.cicr  of  a  field  measures  102  metres.  The  length  of  the  field  is  twice  as  much  as 
the  width  of  the  field.  How  much  does  the  length  of  the  field  measure?  How  much  docs 
the  w i  jih  of  the  field  measure?  


An  algebraic  approach  This  problem  could  be  solved  on  paper  using  the  following  algebraic  approach 
whicli  involves  working  from  the  unknown  to  the  known. 

ix't  the  width  oj  thcjwld  =  X  metres. 
Ut  the  U'/iyth  of  the  field     =   /.  metrex. 

'  Then  L  2X--(1) 
and  2L  ^2X     =    i02  —{2} 
So  b\  suhuitutm^i  (1)  in  (2) 

4X  r  2X     =  lOJ 
6X     =  102 
X     =    17  metres. 

Many  studies  indicate  that  pupils  are  more  likely  to  use  a  non-algebraic  approach  when  solving  this 
type  of  problem  (Heniarz  et  al,  1992;  Lins,  1992),  Within  this  paper  we  shall  discuss  the  two  non- 
algebraic  strategies  which  were  used  by  students  within  our  study 

A  whole-' parts  strategy  illustrated  by  the  way  a  pupil  solved  the  rectangular  field  problem  in  the  pre- 
intcrview   "I  did  102  divided  by  0  .  .  I  just  did  two  of  the  len}>tiLS  to  rnakc  it  sensible  ....  I  just  thought 

there  must  he  nvf»  of  those  in  one  len}»th  This  solution  involves  working  with  a  known  whole  (the 

perimeter)  and  dividing  this  into  parts  to  find  the  unknown  lengths  of  the  side  of  the  field.  !n  some 
senses  this  mcihcKi  is  in  opposition  to  the  algebraic  approach  which  involves  working  with  the  unknown 


'  llicrc  were  some  diffttrcncc;  bciwccn  ihc  way  ihc  Icsi/inlcrvicw  was  adminisicrcd  in  Mexico  aniJ  ihe  IJk.  The  Uk  students 
were  first  asked  lo  solve  ihe  icsl  independently  as  a  whole  group  and  away  from  Uic  computer  and  v/cjc  ihen  interviewed  on 
ilicir  responses  lo  iJjc  icsi  iicnis.  In  the  interview  ihcy  were  offered  support  if  they  were  jwt  able  to  answer  a  question  alone  If 
appropriate  it  was  suggested  that  they  use  the  spreadsheet  to  solve  the  problem.  In  Mexico  the  students  were  asked 
individually  to  solve  the  problems  as  they  wished.  After  a  while  if  a  student  could  not  make  any  attempt  the  interviewer 
asked  him  (or  her)  to  use  the  spreadsheet  If  the  student  had  solved  the  problem  with  paper  he  or  she  was  then  asked  to  solve 
II  wiUi  a  spread  shed 
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lengths  (called  for  example  X  and  L)  and  expressing  these  unknowns  in  terms  of  the  known  perimeter 
(for  further  discussion  of  this  strategy  see  Uns.  1992). 

A  sysiematic  trial  and  error  approach    illustrated  by  the  way  a  pupil  solved  the  rectangular  field 

problem  in  the  pre>imerview  "well  I  tried  40.  it  was  120  so  I  knew  it  must  be  smaller  than  that.Jn  the 

SO's...and  when  I  tried  36  and  it  was  108.  J  knew  it  couldn't  be  35  so  it  must  be  34  'This  strategy  has 

also  been  identified  by  a  number  of  njsearchcrs  (for  example  Bcmarz  et  al,  1992;  Filloy  &  Rubio,  1991) 
and  involves  working  from  the  unknown  to  the  known. 

A  spreadsheet  approach  Within  this  study  the  pupils  were  explicitly  taught  a  method  for  solving  the 
algebra  word  problems  with  a  spreadsheet.  This  involved  working  from  the  unknown  to  the  known.  H.c 
unknown  is  represented  by  a  spreadsheet  cell.  Other  mathematical  relationships  are  then  cxpresscxl  in 
terms  of  this  unknown.  When  the  problem  has  been  expressed  iii  the  spreadsheet  symbolic  language 
pupils  can  then  vary  the  unknown  either  by  copying  down  the  rules  or  by  changing  the  number  in  the 
cell  representing  the  unknown  (see  for  example  Fig.  1) 


RcctanRuhir  Field 
The  perimeter  of  a  rectangular  field  n\casnrcs  )n2  metres. 
TiK  length  of  the  field  is  twice  as  much  as  the  w  ttllh  of  the  field 
U.sc  a  spreadsheet  to  work  out  ihc  width  and  die  length  of  the  field. 


Then  chanpe  the  tiumbct  for  the  width  nniil  you  can  answer  the  ciucstion. 


Figure  I:  Rectangular  Field  Problem 

Table  la  presents  an  overview  of  the  students'  responses  to  the  rectangular  field  problem  in  the  pre  and 
post  interview  and  Table  lb  presents  an  overview  of  the  strategies  used. 


Correct  soln 
Incorrect  soln 
No  soln 
Total 

Vrt  interview 

Vost  Interview 

Mcx  Bnt 
1  0 
5 

}  3 
7  8 

Mex  Bnt 

6  K 

0  0 

1  0 

7  8 

Tabic  la  Overview  of  pre  and  post  interview  results  for  the  Rectangular  Field  Problem 
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Mcx 


Pre  interview 
K  Brii 


Mcx 


*0St  Interview 
Brit 


Paper-l)ascd 
Algebraic 


0 


0 
4 


0 


0 
2 


Whole/pans 
Trial  &  Rrror 
Spreadsheet 
No  soln 


3 
0 
3 
7 


0 
3 
8 


2 
4 
0 
7 


4 
0 
8 


2(0+ 


Total 


+  brackcicd  no  is  no  of  students  wlm  I'.vd  ihis  approach  before  using  sprcadsheci 

Table  lb  Overview  of  pre  and  post  interview  strategies  used  by  students  when  solving  the  Rectangular 
I*; eld  Problem 

There  was  a  marked  improvement  in  the  facility  rate  between  the  pre  and  post  interview.  The  vast 
majority  of  pupils  were  able  to  obtain  a  correct  solution  in  the  post  interview  (14/15)  compared  to  only  1 
out  of  15  pupils  in  the  pre-intcriew.  This  was  the  same  for  both  Mexican  and  British  students.  In  the 
pre-iniervicw.  only  half  of  the  students  (in  Britain  and  Mexico)  attempted  this  problem  and  those  who 
did  used  non-algebraic  methods.  Of  these  solutions  the  predominant  approach  in  Mexico  was  a  trial  and 
error  approach  and  the  predominant  approach  in  the  UK  was  a  whole/pans  approach  This  could  relate  to 
the  fact  that  the  Mexican  students  had  some  previous  experience  of  algebraic  equation  solving,  whea-as 
ihis  was  not  the  case  for  the  British  students.  The  trial  and  error  method  has  some  similarities  with  the 
algebraic  nieth<.>d  tl-illoy  &  Rubio,  1991). 

In  the  post-interview  there  was  a  marked  difference  in  the  approaches  used  by  the  students  which 
can  be  summarised  as; 

•  an  increased  level  of  awareness  of  all  the  relationships  between  unknowns  and  between  givens  and 
unknowns; 

•  the  use  of  spreadsheet  symbolism  to  express  general  relationships; 

•  the  appearance  of  systematic  trial  and  error  strategies  for  the  British  students  when  working  away 
from  the  computer; 

•  the  integnition  of  whole/part  and  trial  and  error  non-algebraic  methods  with  a  spreadsheet  method 

•  an  evolution  towards  a  "more  general  and  algebraic  method"  consisting  of  proceeding  from  the 
unknown  lo  the  known. 

These  changes  relate  very  much  to  the  experiences  the  students  had  with  the  spreadsheet.  For 
example  Ciisel.  a  Mexican  student,  who  could  not  answer  the  rectangular  field  problem  in  the  pre- 
interview.  used  a  step  by  step  approach  in  the  post  interview.  Tliat  is,  she  worked  the  problem  out  with 
the  semipcnmcier  (Wjdth+Lcnglh)  and  expressed  this  in  the  spreadsheet  as  Al+Bl  where  Bl=2*Al. 
She  was  able  to  complete  the  solution  process  with  support  from  the  researcher.  In  this  case,  it  was 
cujcial  forGiscl  to  have  tried  specific  values  for  the  width  in  the  scmiperimeter  formula  which  provoked 
her  to  modify  this  formula  to  the  correct  perimeter  formula  (2*(A1+B1)).  Symbolising  and  varying  one 
of  the  unknowns  (i.e.  proceeding  from  the  unknown  to  ihc  known)  played  a  crucial  role  in  the  solution 
pioccss. 
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Edgar  used  a  trial  and  error  approach,  showing  that  he  was  able  lo  deal  with  the  rclauonships  l)Ctwccn 
unknowns  and  data  as  well  as  being  w.iy  good  at  estimating.  It  was  only  at  the  end  of  thrs  menial 
solving  process  that  Ildgar  exproRScd  the  perimeter  formula  in  the  spreadsheet,  just  to  verify  his  tentative 
answers.  He  only  tried  three  values  for  the  width  svh^n  v/orking  at  the  computer  (one  greater  and  one 
less  than  the  correct  one).  Carla,  one  of  the  British  students  used  a  trial  and  ciror  in  the  pre  uuervicw. 
She  wrote  down  SOcm  and  I  cm  and  aliliough  she  knew  that  this  was  incorrect  she  was  not  able  to  refine 
her  solution.  In  the  post  interv'iew  she  was  able  to  successfully  use  a  trial  and  error  siraiegy  {l-ig.  2) 
when  working  on  paper  although  she  said  "it  was  difficult...  it  says  the  Ifn^th  is  M'ur  (fw  wujth  so 
you  find  the  length  first ..  ha!f  that  and  }>ive  it  width  so  I  jiLU  kept  tnin^..." 


Tip  2  Carta's  solution  to  the  Rci.  lantiular  l-icld  Problem  in  tlie  p<^^i  ir.ier\'Kvv 

The  ('hocolates  Problem 

'  C'lKKoiatcs  Problem 

l(K)clKH:olaics  were  distributed  tKiwccii  three  groups  of  children  Hie  se«.v)nd  gioup  rvxei^d  l  tunes  ihe 
chocolates  given  to  tlte  first  group.  Ilic  third  group  received  10  (.h«\olates  more  th.iri  -.l.e  seo>iul  group 
I  low  many  ch(vol:)tes  did  the  lirst.  the  second  and  the  third  group  receive'^  

Table  2a  shows  that  approxtmately  hall  of  the  students  tin  Uiuaui  and  Mexico i  itu  tl  lo  M.lxe  thi:» 
problem  in  the  pre  interview.  Trial  ciror  and  whole/parts  utu-  the  >ii.itegics  -i  cvl  m  tnost  oi  ilic 
eases.  Not  taking  into  account  the  relationships  between  the  unknowns  led  some  Mk*!'  :<<  i..«nicci 
answers  Some  oi  ihcm  jipplied  an  equal  share  wlmle/parts  siiate:'.  .ind  nthcis  used  .m  iitir<tu.d  sh.tie 
siiategy  wiihout  the  lestnciions  ol  the  piohlem  •.tatcinent. 


Pre  inter  \loN\ 

Post  inters ics\ 

Mc-\  Brit 

NV.v  Bin 

(  oirea  soln 

I 

Inconcct  soln 

1  3 

0  0 

No  soln 

4  4 

(1  0 

Total 

7  X 

^  s 

l  ablc  2a  ()vervie%\  of  pre  and  post  interview  results  for  (1i<Kolaics  Problem 
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Paper-based 
Algebraic 
Whole/pans 
Trial  &  [-rror 

Spreadsheet 
No  soln 

Total 


Pre  interview 
Mcx  Brit 


Post  Interview 

Mcx  Brii 


0 
0 

2{2)+ 

6 

0 


+  brackcicd  no  is  no  of  sliulcuts  who  used  ilns  approach  before  using  sprciKkhcci 

Tabic  2a  Overview  of  pre  and  post  interview  strategics  used  by  students  when  solving  the  Chocolates 
Problem. 


As  with  the  Rectangular  I'icld  problem  there  was  a  marked  improvetTicnt  m  the  facility  rate  bciwccn  the 
pre  and  post  interv  iew.  In  the  post- interview  almost  all  of  the  pupils  could  symbolise  iii  ihc  spreadsheet 
the  relationships  prcseni  in  the  problem  and  used  such  expressions  to  find  out  the  solution  to  the  problem 
proceeding  from  the  unknown  to  the  known  (i.e.  by  means  of  varying  one  of  the  unknowns).  Jo  a 
British  student  was  not  able  to  solve  this  problem  in  the  pre-inter\'icw  hut  her  solution  in  the  post 
interview  (with  no  computer  present)  illustrates  the  way  in  which  the  spreadsheet  code  was  beginning  to 
play  a  role  in  her  thinking  |>riKesses 


She  had  dv:\\\n  .i  vprcadvhect  oij  paper  lo  .-support  hei  solulinn  .ind  had  corr«'ctly  written  douri  .ill  (he 
rules  represented  in  the  problem  On  paper  she  had  not  specified  ihe  unknown  but  when  she  worketl  on 
the  spreadsheet  the  "circulai  reteience"  error  message  provided  (eedhack  on  this  en(»r  In  the  poM 
interview  Jci  w.«v  asked  "If  call  tins  cell  X  what  could  you  wnw  down  for  the  nimhr  of  chxoUucs 
in  (he  other  j>ronfK\"  and  she  wrote  down: 

=  X  -Xx4  =Xx4  +  10 
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A  number  of  (he  other  students  were  able  to  use  their  spreadsheet  expericnees  to  represent  the  word 
problems  with  algebraic  synibolism  and  wc  shall  be  focusing  on  this  transition  in  our  ongoing  work. 

Making  a  decision  about  which  of  the  three  unknowns  to  vary  represenial  a  difficulty  for  sonic 
students  They  needed  support  to  realise  that  once  they  had  already  expressed  the  relations  in  the 
spreadsheet,  the  only  cell  to  be  varied  was  the  one  that  did  not  have  a  formula  in.  This  difficulty  Oid  not 
arise  in  the  rectangular  field  problem;  a  plausible  explanation  for  this  could  be  that  in  the  chocolates 
problem,  the  number  of  the  unknowns  was  increased. 


Some  Concluding  Remarks 

llie  majority  of  the  students  in  this  study  became  successful  at  using  a  sprendshcei  to  solve  algebra 
word  problems  similar  to  the  ones  described  in  this  paper.  These  students  had  all  been  relatively 
unsuccessful  with  mathematics  and  the  majority  could  no*  solve  the  Vrord  problems  at  the  beginning  of 
the  study.  The  symbolic  nature  of  the  spreadsheet  look  on  an  imp)oii;ml  mediating  role  in  this  problem 
solving  process.  The  taught  spreadsheet  approach  involved  workmg  from  the  unknown  lo  the  known 
and  this  is  also  a  characteristic  of  the  trial  and  error  approach  to  solvmg  word  problems.  A  numlx-r  of 
students  developed  this  trial  and  error  approach  for  solving  algebra  word  problems  when  working  awas 
from  the  computer.  Working  from  the  unknown  to  the  known  is  an  important  and  difficult  aspect  of 
algebra  and  we  suggest  that  the  spreadsheet  activities  could  provide  a  basis  for  developing  algebraic 
methods.  We  recognise  that  we  have  only  worked  with  a  limited  set  of  problems  and  thai  we  still  need  lo 
investigate  the  links  between  a  spreadsheet  approach  and  an  algebraic  approach.  We  shall  be  working  in 
this  direction  in  our  ongoing  work. 
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TASK-BASED  INTERVIEWS  FOR  A  LONGITUDINAL  STUDY 
OF  CHILDREN'S  MATHEMATICAL  DEVELOPMENT* 

Gerald  A,  Goldin.  Valerie  A,  DeBellis,  Adrian  M.  DeWindl-King, 
Claire  B,  Passantino,  and  Richard  Zang; 
Center  for  Maihematics,  Science,  and  Compuler  Education 
Rutgers  University,  Piscataway,  New  Jersey  08855-1 179  USA 

An  initial  group  of  22  elementary  school  children  from  schools  participating  in  an 
intensive,  constructivist-oriented  mathematics  project  are  being  studied  for  a  three-year 
period.  Sources  of  data  include  videotapes  of  students'  individual  problem  solving  and 
small-group  mathematical  activity,  both  in  and  outside  of  class.  This  paper  discusses  the 
development  of  individual  task-based  structured  clinical  interviews,  two  per  year, 
designed  to  elicit  a  rich  variety  of  problem-solving  behavior.  The  goal  is  to  be  able  to 
observe  the  growth  of  the  children's  internal  representatioml  capabilities  in  some  detail. 
We  describe  the  underlying  principles  and  structure  of  the  interviews,  the  design  of  the 
first  two  interview  scripts,  the  preparation  of  clinicians,  and  some  highlights  of  early 
outcomes  for  illustrative  purposes. 

Mathematics  education  has  come  to  focus  less  on  procedural  and  algorithmic  learning,  and  much 
more  directly  on  conceptual  understanding,  complex  problem  solving  processes,  and  children's 
internal  constnjctions  of  mathematical  meaning  (Davis,  Maher,  and  Noddings,  1990).  Reforms  in 
school  mathematics  endeavor  to  encourage  guided  explorations  by  children,  small-group  problem 
solving,  and  the  discovery  of  patterns  and  ways  of  reasoning  about  them,  in  place  of 
teacher-centered,  direct  instxiiction.  In  this  eontext  it  becomes  increasingly  important  to  be  able  to 
describe  and  assess  the  mathematical  development  of  individual  children  over  time;  to  find  ways  of 
observing  that  permit  inferences  about  the  deeper  understandings  we  seek  to  achieve  through  these 
emphases  (Lesh  and  Lamon.  1992),  The  prcsent  report  describes  one  component  of  an  exploratory, 
in-deplh.  descriptive  study  being  conducted  at  Rutgers  University  ttjward  this  end. 

An  initial  group  of  22  students  are  being  observed  over  a  period  of  three  years:  it  is  expected 
that  at  least  half  will  remain  for  the  full  term  of  the  longitudinal  study.  Observation  began  during  the 
1991-92  school  year,  with  children  in  grades  3  and  4  from  a  cross-section  of  New  Jersey 
communities:  two  urban  schools  [5  third-graders  and  4  fourth-graders);  one  school  in  a  predom- 
inantly blue-collar,  "working  class"  community  (7  fourili-graders):  and  one  in  a  suburban,  "upper 
middle-class"  district  (6  third-graders).  Tliese  schools  are  already  participaUng  in  an  intensive,  con- 

*  The  research  reported  in  this  paper  was  partially  supported  by  a  grant  from  tlie  U.S.  National 
Science  Foundation  (NSF),  "A  Three-Year  Longitudinal  Study  of  Children's  Development  of 
Mathematical  Knowledge  ",  directed  by  Rol>crt  B.  Davis  and  Carolyn  A.  Maher.  The  opinions  and 
conclusions  expressed  are  those  of  the  authors,  and  do  not  necessarily  reflect  tlie  views  of  the  NSF. 


^  X  <'/ 


M98 


slniclivisl-oricmcd  malhemalics  teacher  developmenl  project  (MaPS:  Malhemalics  Projects  in 
Schools),  directed  by  Carolyn  Maher  and  Robert  Davis.  One  reason  for  the  study  is  to  be  able  lo 
assess  some  of  the  project  outcomes  in  relation  lo  individual  children's  mathematical  understandings 
as  they  grow  over  time.  Sources  of  data  are  lo  include  videoU^>cs  ol^lhe  children's  individual 
problem  solving,  as  well  as  their  small-group  mathematical  activity  both  in  and  outside  of  class. 

This  paper  discusses  the  challenge  of  developing  individual,  structured,  task-bajjed  clinical 
interviews  for  the  study-two  per  year,  lo  be  conducted  with  each  child. 

Theoretical  Basis  and  Goals  of  the  Task-Based  Interviews 

Our  broad  goal  is  lo  be  able  lo  describe  in  as  much  detail  as  possible  ihe  growth  of  the  children's 
internal  representational  capabilities  in  matliemaiical  coniexu.  The  tasks  must  therefore  Ixj  able  to 
elicit  a  sufficienlly  rich  variety  of  problem -solving  behavior  lo  permit  inferences  aboul  these 
capabilities.  While  some  psychologists  have  proposed  cognitive  models  based  exclusively  on 
proposiliona!  encoding,  or  combining  proposilional  encoding  and  visual  imagery  (so-called  "dual 
code"  models),  or  including  an  emotional  code  as  a  third  type  of  representation,  we  have  in  mind  a 
descriptive  assessment  based  on  the  model  of  Goldin  for  problem-solving  competency  structures 
(1987,  1988a,b).  This  model  involves  the  following  kinds  of  internal  representational  systems,  all 
regarded  as  equally  fundamental  lo  the  psychology  of  malhemalics  education  (some  related 
inferences  we  ho|x»  lo  make  from  ihe  interviews  are  noled  in  brackeus]:  (1 )  verbal/syntactic  systems 
[use  of  mathematical  vocabulary,  developing  precision  of  language,  and  self-reflective 
(metacognitive)  descriptions];  (2^  umgistic  systems  (evidence  for  non-verbal,  non-notalional  mental 
models  embodying  mathematical  understandings  (such  as  visual  and  kinesUielic  rcpresenlalion  in  two 
and  three  dimensions),  uses  of  external  concrete  represenmtions,  gestures  in  description];  0)forfnal 
notatianai  systems  ^uses  of  notation  and  underiying  concepts,  relation  of  notation  lo  conceptual 
understanding,  evidence  of  the  creation  ot  new  notations];  (4)  a  system  of  planning*,  monitoring,  and 
executive  control  [spontaneous  and/or  prompted  use  of  trial  and  error,  special  cases,  charts,  or  otiier 
heuristic  plans  and  devices,  and  outcomes  of  strategy  use]*  and  (5)  a  system  of  affective 
representation  [not  only  general  "global  affect"  toward  mathematics,  but  changing  "ItKal  affect" 
during  problem  solving,  critical  emotional  events,  interactions  between  affect  and  executive 
decisions,  and  related  belief  systems]. 

A.S  this  is  a  longitudinal  study,  we  arc  especially  interested  in  hov/  systems  of  representation 
(ieveU'p  over  lime,  and  in  changing  student  conceptions  and  misconceptions.  As  we  study  this 
syslemaiically,  looking  for  specific,  anticipated  priKesses  such  as  those  indicated,  we  are  also  con- 
ducting a  continuing  search  for  unanticipated  cwcnUi  whoso  fine  details  we  hope  to  describe. 

There  are  inherent  limitations  lo  the  process  of  inferring  internal  cognition  and  affect  from 
behavior.  Systems  of  internal  representation  are  conjectured,  coniexl-dcpendenl  constructs;  they  are 
one  possible  (not  necessarily  unique)  way  of  understanding  observed  mathematical  behavior.  Some 
essential  ambiguity  is  present,  even  when  the  competencies  described  are  fairly  well-defined.  Affect 
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is  inferred,  with  limited  reliability,  from  external  indicators  such  as  facial  expressions  and  tone  of 
voice.  Our  wish  to  be  open  to  new  possibilities  also  means  that  we  cannot  define  a  priori  in  loo 
definite  a  way  how  particular  behaviors  will  be  interpreted.  In  this  sense  we  are  conducting  an 
entirely  exploratory  study.  However  an  essential  feature  for  scientific  progress  is  tlial  our  structured 
interview  scripts  permit  a  degree  of  comparahility  and  reproducibility:  other  researchers  can  carry  out 
"the  same"  interviews  with  other  children,  and  our  tentative  methods  of  inference  can  be  made 
explicit,  explored,  refined  and  improved,  or  rejected. 

Principles  and  Structure  of  the  Interview  Scripts 

In  this  section  we  describe  the  underlying  principles  and  structure  of  the  interviews,  the  design  of  the 
first  two  interview  scripts,  and  the  preparation  of  clinicians.  Though  each  interview  has  its  own 
particular  focus,  certain  broad  characteristics  arc  maintained  in  ail  of  them.  These  constitute  a  further 
development  of  the  structure  of  clinical  interview  scripts  described  by  Goldin  (1985),  Goldin  and 
Landis  (1985,  1986).  and  Bodner  and  Goldin  (1991).  They  include  the  following:  (1)  Each 
interview  is  based  on  particular  mathematical  ideas  appropriate  for  the  age  group  of  the  children 
being  intcr\'iewed  (grades  3-6).  The  goal  is  to  choose  topics  having  associated  meaningful,  semantic 
structures  as  well  as  formal,  symbolic  structures:  e.g.,  additive  or  multiplicative  suiicturcs,  schemata 
underlying  rational  number  (.-oncepu,.  etc.  We  want  topics  thai  can  be  studied  in  depth,  but  arc 
flexible  enough  to  allow  for  evidence  of  widely  differing  capabilities  on  the  part  of  the  students.  (2) 
Each  interview  consists  of  a  series  of  questions,  posed  in  one  or  more  task  contexts.  The  questions 
become  increasing  difficult,  culminating  in  some  that  can  be  attempted  by  all  the  children  but  will 
pose  major  challenges  even  to  those  who  are  most  mathematically  astute.  (3)  The  children  are 
encouraged  to  engage  in  free  problem  solving  to  the  maximum  extent  possible,  exploring  the 
strategies  that  they  themselves  bring  to  bear,  using  whatever  method  or  methods  seem  most 
appropriate  to  them  as  they  work  on  tlie  task.  They  are  reminded  occasionally  to  talk  aloud  about 
what  tliey  arx;  doing,  and  to  describe  what  they  are  tiiinking.  Hints  and  prompts,  or  new  questions, 
are  offered  only  after  the  opportunity  for  free  problem  solving,  and  iirc  then  followed  by  a  furtlier 
period  of  observing  how  Uie  child  responds  without  directive  intervention.  (4)  All  student  efforts  are 
"accepted"  during  the  interview,  without  imposing  preconceived  notions  about  appropriate  ways  to 
solve  the  problem,  and  treating  "wrong"  answers  similarly  to  "correct"  answers  (with  occasional, 
specified  exceptivins).  Responses  elicit  follow-up  questions  without  indication  of  their  correctness. 
The  rare  exceptions  (guiding  the  students  toward  particular  understandings),  decided  in  advance,  arc 
made  only  where  the  understandings  are  essential  for  subsequent  interview  questions  to  be 
meaningful.  (5)  Multiple  external  rcprescntaUons  arc  available  for  student  use.  varying  from  task  to 
task:  paper  and  pencil,  markers,  cards,  chips  and/or  other  manipulatives,  paper  cut-outs,  computer 
terminals,  etc.  (6)  Each  interview  includes  questions  about  affect,  and  retrospective  questions. 

Task-Based  Interview  #/.  The  first  interview  script  (about  45  minutes)  was  completed  during 
the  academic  year  1991-92.  and  administered  during  May  and  June  1992.  The  task  (motivated  by  a 
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National  Assessment  of  Educational  Progress  problem  designed  for  the  high  school  level)  involves 
laying  out  for  the  child  three  cards,  one  at  a  time,  as  follows:  *'Here  is  the  first  card,  here  is  the 
second  card,  and  here  is  the  third  card.** 


The  cards  are  seen  to  come  from  a  stack  in  an  envelope,  so  that  the  child  may  infer  from  ll>c  context 
that  there  is  a  deck  of  cards  larger  tlian  what  has  been  shown,  and  (possibly,  tacitly)  tJ-iat  there  is  a 
pattern  in  the  cards.  After  a  brief  pause  to  allow  for  spontajicous  response/detection  of  a  pattern,  tlie 
child  is  asked,  "What  do  you  think  would  be  on  the  next  card?" 

The  materials  placed  ahead  of  time  on  the  table  in  front  of  the  child,  within  arm's  reach,  arc: 
blank  index  cards  (the  same  size  as  the  ones  with  dots  on  tliem),  magic  markers  of  different  colors, 
round  chips  (checkers)  in  red  and  black»  a  pad  of  paper,  and  a  pencil.  The  child  can  select  any  or  all. 

After  a  complete,  coherent  response  has  been  elicited,  the  child  is  similarly  asked  (in  slow 
succession)  the  following  questions:  ♦  What  card  do  you  think  would  follow  that  one?  *  Do  you 
think  this  pattern  keeps  going?  ♦  How  would  you  figure  out  what  the  10th  card  would  look  like? 

*  Here's  a  card  (showing  one  wllli  17  dots,  in  the  *'in verted  V"  pattern).  Can  you  make  tlic  card  iliat 
comes  before  it?  ♦  How  many  dots  would  be  on  the  50tli  card? 

For  each  question,  the  fv;< lowing  stages  exist:  ♦  Posing  of  the  question  (free  problem  solving). 

*  Heuristic  suggestions  (if  .io;  spontaneously  evident):  e.g.,  "Can  you  show  me  using  some  of  these 
materials?"  *  Guided  use  of  heuristic  suggestions:  e.g.,  "Do  you  .'kjc  a  pattern  in  the  cards?"  *  Ex- 
ploratory (metacognitive)  questions:  e.g.,  "Do  you  think  you  could  explain  how  you  thought  about 
the  problem?"  The  clinician  seeks  always  to  elicit  a  complete,  coherent  verbal  reason  and  a  coherpiu 
external  representation  before  proceeding  (except  that  for  the  question  about  the  5()th  card,  an 
external  representation  was  not  required).  A  complete,  coherent  reason  means  one  based  on  a 
described  pattern;  this  could  take  place  verbally,  with  a  drawing,  with  a  chip  model,  etc.  However, 
it  is  not  required  (hat  the  "canonical"  card  (e.g.,  the  fourlli  curd  having  7  dots  in  an  inverted  V 
patteni)  be  drawn,  or  that  the  canonical  pattern  be  described.  In  order  for  a  rcs|x)nsc  lo  be  considered 
a  complete  coherent  reason  and  a  coherent  external  representation. 

This  "non-routine"  task  embodies  an  underlying,  additive  arithmetic  structure,  with 
opportunities  for  the  child  to  detect  numerical  and/or  visual  patterns,  to  use  visual,  manipulative,  and 
symbolic  representations,  and  to  demonstrate  reversibility  of  thinking. 

Task-Based  Interview  #2.  This  interview  design  was  completed  in  the  Fall  of  1992.  Tlie 
script  is  (as  tJiis  is  written)  being  used  in  individual  interviews  administered  during  January  1993, 
with  the  same  children  (now  in  the  fomth  and  fifth  grades).  As  in  the  first  interview  a  pad,  a  pencil, 
markers,  and  checkers  are  placed  ahead  of  time  on  tJie  table  in  front  of  the  child,  available  for  use. 
First,  some  preliminary  questions  are  asked  (to  explore  L^c  child's  imaginative  and  visual  processes). 
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The  child  describes  whether  s/he  is  right-  or  left-handed.  Then  die  child  is  asked  to  imagine  a 
pumpkin,  to  describe  it.  to  munipulate  the  iniogc  in  various  ways  (Including  cutting  tlic  pumpkin  in 
half),  to  spell  the  word  "pumpkin",  and  to  spell  it  backward.  In  slow  succession,  the  child  is  then 
asked  a  scries  of  questions:  ♦  "When  you  think  of  one  half,  what  comes  to  mind?"  ♦  "When  you 
think  of  one  third,  what  comes  to  mind?"  *  "Suppose  you  had  12  apples.  How  would  you  take 
(one  halftone  il\ird)?"  *  [Next  cut-outs  are  presented  in  succCvSsion;  a  s<|uapp,  a  circle,  and  a  6- petal 
llower.)  "How  would  you  take  (one  half /(one  third)?"  ♦  [Depictions  arc  presented  of  a  circle  cut-out 
with  one-half,  one-third,  and  one-sixth  represented  conventionally  (as  in  a  pie  graph),  and 
unconventionally  (the  portion  representing  the  fraction  translated  to  the  eerier  of  the  circle).!  "Can 
this  card  he  undcretood  to  repn;scnl  (one  halO(onc  third)?"  *  [A  3-hy-4  array  of  circles  and  6'pctal 
flowers  is  prescnled.l  "How  would  you  take  (one  halO(one  third)?"  For  each  question,  the  child  is 
also  tusked,  where  appropriate,  "Can  you  help  mc  understand  that  better?"  and  "Arc  there  any  other 
ways  to  take  (one  half)(one  third)?"  *  The  child  is  then  asked  to  write  and  inteipret  the  (usual 
notation  for)  the  fractions  "one-half  and  "one-third".  ♦The  child  is  sl;own  a  solid  wooden  cube 
and  asked  some  preliminary  questions  about  its  characteristics  (numl^r  of  faces,  edges,  and 
comers),  guided  if  necessary  lowiu-d  an  understanding.  Next  the  child  is  iisked  to  think  about  culling 
the  cuIh'.  in  various  ways;  ♦  "Now  think  about  cutting  this  cube  in  half.  Wliiii  would  the  two  halves 
look  like?"  "Suppose  we  painted  the  cube  red  and  then  cm  it  the  same  way.  How  many  faces  arc 
painted  red,  for  the  smaller  pieces  you  lold  me  about?"  *  Similar  questions  are  then  asked  about 
cuuing  a  series  of  up  to  5  additional  cubes,  marked  witli  lines  at  designated  vertical  and/or  hori/.ontal 
p(\sitions  (resulting  in  pieces  llmtare  a'spectively  1//3,  1/4,  1/H,  1/9,  and  1/27  of  the  original  cube). 

llu-  script  contains  numerous  suggested  exploratory  questions,  and  retrospective  questions  at 
two  points  points  in  the  interview.  It  is  designed  especially  to  detect  and  explore  in  gixjater  depth 
imagisiic  systems  (visual/spatial  and  tactile/kincslhenlic)  in  problem  solving,  while  attending  to  affect 
and  to  other  kinds  of  internal  representation  (see  also  MeLeod  and  Adams,  1989;  Goldin,  1992). 

/Vf/m  for  Succt'ssivc  Interviews.  In  the  tliiid  interview  we  plan  to  focus  more  deeply  on  affect, 
in  much  the  same  way  that  tlie  second  one  fcxruses  on  visualization  and  imagistic  thinking.  Similariy 
the  fourth  interview  will  focus  on  strategic  thinking.  In  the  fiftli  interview,  we  hoi>c  to  include 
computer  M»fiwaie  designed  for  student  use  as  u  malhemalical  tool  for  problem  solving.  The  sixdi 
and  final  interview  will  return  explicitly  to  selected  malliernalical  ideas  from  die  Ciu-lier  interviews. 

Prepanition  of  Ctiniciwis.  The  clinicians  are  graduate  students  working  towru-d  advanced 
degrees  at  Rutgers  University,  and  one  professor;  all  have  leaching  experience.  The  team  memlxjrs 
design  and  develop  the  interview  scripts,  practice  by  interviewing  each  other,  and  make  prelimimiry 
script  revisions.  Ilie  scripts  inc  next  tried  out  with  individual  children  (personal  acquaintances  of  the 
clinicians),  and  revised  a  second  time.  Final  revisions  take  place  after  a  pilot  study  at  different 
(urban)  school,  where  each  clinician  conducts  a  taped  interview.  Tlie  clinicians  discuss  the  pilot 
tapes,  and  evaluate  critically  each  others'  techniques. 
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Some  Highlights  of  Early  OuUontefl 

M  this  is  wilittn,  the  dAta  analysis  from  ta<sk-bascd  interview  #1  is  in  progress,  and  interview  #2  is 
bci  ^  ftdmlnistcred;  tlius  it  is  too  early  to  report  overall  findings  (which  extend  well  beyond  the  scope 
oi  t  brief  report).  Some  highlights  of  the  early  outconws  arc  included  here  for  illustrative  purposes. 

We  observed  a  rich  variety  of  behaviors.  Here  are  some  examples  of  solution  strategies 
employed  by  fourth-graders  worWng  on  the  problem  from  interview  #1: 

mm       /  <       j_  3  

Otto         Mardn        Diane  JncqueUne 

(schematic  representation  of  student  productions) 

"Otto"  used  checkers  to  describe  adding  two  to  the  bottom  of  each  pattern,  as  in  the  figure. 
(This  was  an  anticipated  solution  strategy.)  He  later  convened  this  visual  idea  to  on  arithmetic 
preceding  of  doubling  the  numl>cr  on  each  si(Jc  and  thtMi  "adding  oric"  to  represent  the  one  at  the  top. 
"Marcia"  drew  dot  patterns,  and  also  added  two  to  each  pattern;  Inil  llie  two  she  added  were  not  at  tlic 
bottom  of  the  previous  pattern  as  anticipated:  instead  she  went  up  Uic  left  side,  and  then  down  the 
right  slcte  of  each  design.  For  example  In  drav^iiig  the  foui'tti  card  (wiili  7  do  is),  she  drew  the  bottom 
left  dot*  went  up  the  left  side  and  made  tlie  4th  dot  at  tlie  apex  of  the  drawing.  Then  she  drew  a  5Ui 
dot  coming  dk)wn  the  right  side,  and  said,  "then  you  add  two  more,  like  this."  She  then  drew  the  6lh 
and  7th  dot^  coming  down  the  right  side  of  the  pattern ,  completing  the  expected  design  (but  not  in 
the  expected  fashion).  Later,  a^s  she  pondered  cards  with  more  dots,  she  changed  her  thinking  more 
than  once  but  retained  the  idea  of  a  left  side"  and  a  "right  side",  arriving  at  the  idea  that  the  number 
of  the  card  was  the  number  of  dots  on  the  left  side,  tlic  number  on  the  right  was  one  less,  and  those 
two  numbers  were  to  be  added.  "Diane'*  revealed  a  perception  of  "triangularity":  when  drawing  the 
4th  card  (with  7  doLs),  she  first  drew  tl>e  five  dots  in  the  pattern  of  the  3rd  card,  and  tlum  squeezed 
two  dots  between  the  bottom  dots  of  llie  pattcm,  forming  an  equilateral  triiinglc.  For  later  cards  she 
avoided  drawing  triangles,  but  expressed  an  idea  that  two  dots  were  to  he  added  to  each  picture 
somehow  forming  a  triangular  design.  (Other  children  "filled  in"  the  inverted  V  with  the  additional 
dots.)  "Jacqueline",  in  response  to  a  heuristic  suggestion  tliat  she  make  a  chart,  disregarded  the 
presented  patteni  and  created  a  chart  with  one  dot  in  the  first  row,  three  doLs  in  the  second  row,  five 
in  the  third  row,  etc.,  continuing  until  she  had  completed  it  for  the  10th  card. 

When  asked  to  describe  the  50th  card,  many  children  switched  strategies  from  tliose  they  had 
useu  to  that  point,  determined  to  find  "an  easier  way."  Several  made  charts  of  numbers;  others 
began  to  multiply,  referring  to  a  lower  card.  For  example  "Myron"  knev/  there  were  19  dots  on  the 
10th  card,  so  he  concluded  that  the  50th  card  would  have  19  x  5  or  85.  He  later  corrected  his 
multiplication  error,  but  clung  to  tlic  sU-atcgy.  We  observed  (among  many  other  things)  differences 
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in  the  nuUhcmaticQl  lexicons  used  at  different  schools;  one  child  in  response  to  the  heuristic 
suggestion  to  make  a  table,  di^cw  a  picture  of  a  tabic  (the  kind  people  sit  at);  In  her  school,  tl)c  word 
"chail"  had  been  used  for  tills,  but  the  synonym  "table"  imd  not.  In  general  the  students  denion- 
sirated  a  rich  variety  of  problem  solving  behaviors.  Some  were  more  visually  oriented,  seeing  geo- 
metric patterns  in  the  cards.  Others  demonstrated  more  numerical  approaches:  adding  two,  focusing 
on  odd  numbers,  doubling,  or  adding  or  subtracting  one  from  a  number  that  had  been  doubled. 
Most  demonstrated  reversibility  in  telling  about  tlw  card  tliat  "comes  before"  the  one  shown. 

Our  success  in  obsei-vlng  a  variety  of  behaviors  and  cnpabi lilies  leads  us  to  think  thai  we  will 
be  able  to  describe  in  considerable  deiai!  the  development  of  the  children's  representations. 
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Count-on:  The  Parting  of  the  Ways  for  Simple  Arithmetic 

gddia  Gray 

Mathematics  Education  Rasaarch  Cantra 
Unlvarslty  of  Warwick 
COVENTRY  CV4  7AU  U.K. 

Thh  paper  considers  the  pivotal  role  that  "count-on"  plays  in  the  development  of 
qualSely  kerentforJ of  thinking  in  simple  arithmetic  W;>v.-d    a  coy  rm,on 
T  "comtiir  procedure,  "count-on"  is  seen  as  one  example  of 
a  bifyroation  in  mathematical  thinking  between  those  who  operate  flexibly  with  precepts  (in 
tXTofOrT&  Tall.  1991)  and  those  who  use  inflexib  e  procedures.  e«<i  "^"v.  .nrf 
qmZativi  evidence  is  presented  which  exhibits  the  .<i'7'-«'"«^'™/'«'"."^,';5'L''?^g«o^ 
tested  in  the  early  stages  of  the  British  National  Curriculum  in  Mathematics  (D.E.S.  1989) 
ms  shows  that  children  can  attain  the  same  level  and  yet  some  may  be  operating  in  a 
different  way  which  inhibits  subsequent  success. 
Diverging  approaches  lo  basic  arilhmclic  have  been  idcnlificd  by  a  number  of  authors  (e.g.  Carpenter. 
Hiebcrt  &  Moser.  1981;  Gray.  1991)  and  often  these  provide  an  indication  as  to  whether  the  child 
operates  nexihly  with  number  or  uses  inflexible  procedures.  This  paper  considers  a  point  in 
development  when  the  parting  of  the  ways  may  occur.  Evidence  is  offered,  both  qualitative  and 
quantitative,  to  suggest  thai  a  significant  divergence  occurs  from  the  application  of  the  "count-on 
pr(Kedure  for  addition:  it  may  .simply  be  a  procedure  to  solve  any  given  addition  problem,  or  a  n.eans 
through  which  new  number  knowledge  is  developed.  The  contention  is  that  for  the  latter  to  happen  the 
concept  of  number  requires  a  Hexible  meaning.  Gray  &  Tall  (199 1 )  used  the  word  "procept"  to  describe 
a  symbol  .such  as  3  +  2  which  could  evoke  both  a  process  (of  addition)  and  a  concept  (of  sum).  Number 
a.s  a  prtK;ept  may  be  composed  and  decomposed  in  many  flexible  ways:  4  +  4  is  8.  so  4  +  5  is  "one 
more",  which  is  9.  In  the  context  of  such  flexible  thinking,  "count-on"  may  he  viewed  as  a  process  to 
huild  up  relationships  between  flexible  number  proccpt.s.  But  if  the  thinking  is  only  prtKedural.  then 
"count-on"  is  simply  a  procedure  to  he  carried  out  in  time  to  solve  a  given  addition  problem  with  each 
problem  seen  in  isolation.  Subtraction  problems  are  treated  very  diffen;..tly.  In  proceptual  terms,  if  16 
plus  something  is  18.  then  the  "something"  mu.st  be  2.  so  subtracUon  i.s  another  way  of  viewing  add.t.on 
facts  In  procedural  terms,  the  reverse  of  the  "count-on"  procedure  is  "count-back".  Counting  back  16 
starting  from  18  is  a  far  more  difficult  operation  to  carry  out.  Thecefon;  the  difference  between  seeing 
"coui.t'^on"  as  a  procedun:  and  as  a  means  of  obtaining  flexible  number  knowledge  may  be  the  parting 
of  Uie  ways  between  an  increa.singly  inflexible  method  in  which  arithmetic  becomes  more  and  more 
difficult,  and  a  flexible  method  which  can  lead  to  long-term  success. 

Retrieving  tlie  solution  to  number  combinations 
The«  appears  to  be  general  agreement  that,  over  time,  then:  is  gradual  change  in  the  way  many  cbildn:n 
handle  ha.sic  number  combinations.  Although  in  essence  this  change  is  manifest  hy  a  decline  in 
counting  methods  and  an  increase  in  fact  retrieval  methods,  the  issue  of  how  respon.ses  are  made  to 
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basic  number  combinations  is  a  contentious  one  which  generates  models  that  focus  either  on  individual 
fact  retrieval  (e.g.  Thomdike»  1922;  Siegler  &  Shrager.  1984;).  cf  on  both  individual  fact  retrieval  and 
nile  and  procedure  generated  responses  (  e.g.  Baroody  &  Ginsburg,  1986). 

The  place  of  counting  in  the  development  of  number  awareness  is  unquestionable,  and  it  is  common, 
certainly  in  England,  for  children  to  be  exposed  to  a  variety  of  number  combinations  in  the  belief  that 
by  solving  them  through  counting  they  may  *understand'  addition  and  subtraction.  However^  an  implicit 
objective  behind  such  exposure  and  practice  is  that  children  will  learn  the  combinations  they  have 
practised.  A.shcrafl  (1985)  indicated  that  incidental  learning  would  predict  tlie  eventual  memory  of  most 
combinations  but  Steffc,  Richard  &  von  Glascrfeld  (1981)  point  out  that  a  problem  witli  practice  aiid 
exposure  methods  is  that  factual  knowledge,  viewed  in  the  context  of  operations  involving  counting, 
would  seem  to  involve  reflective  abstraction.  Carpenter  (1986)  implicitly  supports  this  notion  by 
indicating  that  learned  procedures  may  not  ensure  that  related  conceptual  knowledge  has  been  acquired. 

The  Compression  of  Counting  Procedures. 

This  relationship  between  the  ability  to  use  a  learned  counting  procedure  such  as  "count-all",  or  a 
compressed  procedure  such  as  "count-on",  and  the  ability  to  recall  or  "derive"  the  solution  to  a  number 
combination,  brings  us  face  to  face  with  the  procedural/conceptual  interface,  an  issue  addres.sed  by 
Hiebcrt  &  Lofevre  (1986).  For  Gray  &  Tall  (1991,  1992)  such  an  interface  is  a  cognitive  manifestation 
of  the  characteristics  inherent  in  mathematical  symboli.sm.  They  analyse  the  various  counting 
procedures  in  proceptual  terms. 

"Coiinl-all"  is  seen  as  three  counting  procedures;  count  one  set,  count  another,  put  the  sets  together  and 
count  that.  Its  inverse,  "take  away",  carries  out  the  reverse  process  of  counting  the  whole  set,  counting  a 
part  to  be  removed  and  counting  what  is  left.  As  "count- all"  occurs  in  time  as  three  distinct  procedures, 
it  is  hypothesised  that  this  will  not  easily  lead  to  the  development  of  flexible  known  facts, 

"Count-on",  although  superficially  a  compression  of  "count-all",  is  a  sophisticated  double-counting  in 
which  4  +  2  involves  counting  "five,  six"  at  the  same  time  as  keeping  track  that  two  numbers  have  been 
counted.  The  inverse  of  "count-on"  is  "count-back",  starting  at  the  larger  number  and  reciting  the 
number  .sequence  backwards  to  count  off  the  number  to  be  subtracted.  Although  "count-back"  may  be 
seen  as  a  compression  of  the  lake  away  procedure,  it  also  involves  double  counting  but  the  counting 
goes  in  opposite  directions:  incrementing  and  decrementing  in  ones  at  each  count.  To  do  this  children 
generally  need  some  form  of  counting  aid  to  maintain  a  check  of  the  amount  counted  back.  An 
alternative  approach  is  "count-up"  but  this  involves  recognition  of  a  proceptual  link  between  addition 
and  subtraction.  The  relation.ship  between  a  number  triple  5-3  can  be  identified  by  incrementing 
using  a  procedure  in  the  same  way  that  3  +  []  =  5  can  be  solved  by  incrementing  with  a  procedure. 
Here,  however,  it  is  conjeciurcd  thai  a  proceptual  link  has  been  recognised  between  the  subtraction  of 
three  from  five  and  the  addition  of  something  to  the  three  to  make  five. 
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Count-on:  The  Parting  of  tiic  Ways 
li  is  conjectured  that  the  use  of  "count-on",  and  its  complementary  procedures  of  "count-up"  and 
"coum-baek",  leads  to  a  divergence  between  those  who  apply  flexible  thinking  through  Uie  use  of 
precepts  and  those  who  think  procedurally.  Such  a  divergence  has  been  termed  the  proceptual  divide 
(Gray  &  Tall,  1991).  Figure  1  places  "count-on"  in  a  pivotal  role  prior  to  this  parting  of  the  ways. 
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Figure  1 :  Count -on.  The  pivot  for  a  procoptual  divide  in  wmpio  arrthmetic. 
The  cognitive  compression  of  the  "count-all"  strategy  into  "count-on^  implies  a  compression  in  the 
number  of  procedures  used.  It  does  not  imply  compression  in  the  time  taken  to  implement  the 
procedure.  This  may  happen  if  the  physical  or  mental  supports  used  arc  suitable  and  Uien  "count-on" 
may  have  the  potential  for  rcRective  ahstracUon.  If  the  inpuu  and  the  outputs  which  are  the  results  of 
the  incremental  or  decremental  procedures  are  linked  there  is  a  possibility  of  reHection;  3  +  5  =  B  may 
now  be  seen  as  Uie  procept  of  sum.  Of  course  this  may  be  remembered  as  an  isolated  piece  of  factual 
knowledge  and  herein  lies  the  problem  of  identifying  whether  of  not  a  known  fact  is  rote  learned  or 
whether  it  is  a  proceptually  known  fact  -  the  distinction  made  between  an  elementary  procept  and  a 
prcKcpt  (Gray  &  Tall.  1992)  rcnecis  this  observed  cognitive  reality.  In  isolated  instances  the  an5  wer  to 
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this  question  is  not  easily  resolved.  Indeed  resolution  may  only  come  with  evidence  of  one  known  fact 
being  used  lo  form  another,  but,  this  could  be  almost  instantaneous!  The  distinciion  between  proceptual 
thinking  and  procedural  thinking  may  be  identified  through  the  integrated  use  of  known  facts,  derived 
facts  and  procedures  on  the  one  hand  and  the  extensive  use  of  procedures  and  isolated  known  facts  on 
the  other.  It  is  through  the  absence  of  the  ambiguity  that  we  may  identify  the  proceptual  divide.  From  a 
procedural  point  of  view  the  essence  of  strategies  such  as  "count-on",  "count-back"  or  **count-up**  is 
that  they  may  be  refined  to  such  a  degree  that  though  they  may  become  very  efficient  at  one  level  they 
may  not  only  mitigate  against  rcflectioh  but  also  against  success  at  the  next  higher  level. 

Evidence  for  the  bifurcation  caused  by  count-on 

Method 

Evidence  for  the  parting  of  the  ways  arises  from  the  analysis  of  the  responses  made  by  a  class  of  mixed 
ability  children  (N=29).  aged  between  6  years  8  months  and  7  years  7  months,  in  the  numerical 
components  of  a  series  of  Standard  Assessment  Tasks  (SAT),  (SEAC  1992)  allied  to  die  National 
Curriculum  of  England  and  Wales.  The  tests  were  administered  during  the  summer  term  of  1992.  The 
numerical  components  were  part  of  a  broader  spectrum  of  Mathematics  Assessment  Tasks  (MAT) 
which  included  the  option  of  Data  Handling  and  Probability. 

The  numerical  components  included  addition  and  subtraction  number  combinations.  The  maximum 
time  allowed  for  each  item  was  five  seconds  but,  for  a  child  to  achieve  a  particular  level  of  attainment, 
only  one  error  in  addition  and  one  error  in  subtraction  was  allowed.  As  a  result  of  their  responses 
children  were  identified  as  having  the  following  levels  of  achievement: 

Lc\c\  I  (LI):  Could  add  and  subtract  objects  where  the  numbers  involved  were  no  greater  than  ten. 
Level  2  (L2):  Achieved  ihc  above  and  illustrated  that  they  were  able  to  recall  the  number 

combinations  to  ten  without  calculation. 
Level  3  (L3):  Achieved  the  above  and  illustrated  that  they  were  able  to  recall  the  number 
combinations  to  twenty  without  calculation. 

The  children  were  recorded  on  camera  during  the  formal  elements  of  the  tests,  where  problems  were 
presented  orally,  and  then  interviewed  separately  in  a  second  interview,  whefe  problems  were  presented 
orally  and  through  written  symbols,  within  three  weeks  of  the  fonnal  testing. 

Results 

The  analysis  of  both  test  video  and  interview  video  indicates  that  for  many  of  the  children,  even  though 
the  purpose  of  tlie  time  limit  was  to  prevent  calculation,  counting  was  the  dominant  means  through 
which  solutions  were  obtained. 

Children  who  v.'ere  unsuccessful  at  L2,  not  only  failed  to  recall  the  solutions  to  most  of  the  number 
combinations  but  then  attempted  to  use  a  procedure  which  was  either  inefficient  or  too  lengthy  to 
satisfy  the  timed  criteria.  For  example,  when  attempting  the  formal  component  Simon  tried  to  obtain 
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solutions  through  "count-all"  using  his  fingers  as  a  procedural  anchor.  His  procedure  was  so  inefficient 
and  lengthy  that  he  not  only  ran  out  of  time  to  obtain  a  solution,  but.  his  concentration  on  its  application 
inevitably  meant  that  he  also  failed  to  hear  the  first  part  of  the  subsequent  combinaUon.  Joseph,  on  the 
other  hand,  tried  to  carry  out  all  of  the  counting  in  his  head  with  no  external  physical  support.  There  is 
no  evidence  to  indicate  whether  he  was  attempting  count-all  or  count-on.  Whichever,  he  found  his 
strategy  very  hard  and  would  sit  for  extended  t^criods  with  no  obvious  sign  of  action  but  he.  '\.Mked 
trying  to  do  things  my  head  I  like  them  to  be  harder  because  when  I  grow  up  I  wiU  be  able  to  do  harder 
things."  Joseph  failed  to  obtain  the  solution  to  any  of  the  L2  addiuon  or  subtracUon  combinations. 
When  they  counted,  most  of  the  children  successful  at  L2  used  their  fingers  to  support  a  *'count-on" 
procedure.  Frequently  a  subitised  display  of  fingers  equivalent  to  the  second  set  was  used  to  maintain  a 
check  on  the  amount  counted.  When  subtracting,  many  children  used  an  approach  which  involved  the 
immediate  display  of  the  large  amount  through  extending  a  number  of  fingers  equivalent  to  it. 
immediately  curling  a  number  of  fingers  equivalent  »o  the  value  of  the  small  set  and  the  subitising  of 
the  value  of  the  remaining  extended  fingers.  This  enactive  subitising  involved  no  actual  counting,  the 
child  seemed  to  need  visual  support  of  the  numbers  in  a  concrete  form;  to  sec  that,  three  add  five  equals 
eight. 

At  the  fonnal  level,  achieving  L2  took  no  account  of  the  means  by  wl}ich  the  level  was  attained;  there 
was  no  differentiation  between  those  who  extensively  used  counting  and  those  who  solved  every 
combination  by  recalling  the  solution  to  the  addition  and  subtraction  combinations.  Only  when  the 
children  began  to  attempt  the  L3  of  the  MAT  that  the  real  differences  began  to  emerge. 
Many  children  who  failed  to  achieve  the  L3  level  of  attainment  not  only  knew  very  few  of  the 
combinations  to  twenty  but  also  attempted  to  use  a  procedure  which  they  could  not  generalise  within 
the  time  limit.  The  general  pattern  that  emerged  from  those  who  achieved  L2.  but  failed  to  achieve  L3. 
was  that  they  recalled  solutions  to  combinations  such  as  17  +  0.  7  +  7  and  1 5  -  0  hut  for  all  of  the  others 
i.e.  9  -h  6.  4  -h  1 1.  15    2.  17  -  6.  1 1  -  9.  and  even  18-10  they  attempted  to  use  a  counting  procedure. 
Children  successful  at  L3  not  only  knew  many  combinations  but  their  solution  of  others  demonstrated  a 
considerable  degree  of  flexibility  through  the  use  of  alternative  approaches:  9  +  6.  "Yau  get  nine,  add 
one  to  make  ten.  and  then  add  fiver  \  19  -  13.  "You  have  thirteen  and  count  on  to  the  nineteen-you  add 
some  of  the  nineteen  onto  the  thirteen:''.  11-9.    took  one  away  from  the  eleven.  That  leaves  ten.  You 
take  one  away  from  that  and  that  leaves  niner  This  flexibility  also  included  the  rfficient  use  of  a 
procedure.  Jonathan,  for  example,  recalled  all  of  the  solutions  to  the  combinations  apart  from  two.  To 
obtain  the  solution  to  17  -  6  he  counted  hack  six  from  seventeen.  When  attempting  20  -  5  he  knew  that 
-fifteen  add  five  is  twenty  so  t^^'enty  take  away  five  isfifteen\  However,  though  it  was  not  unusual  tor 
children  who  achieved  L3  to  demonstrate  a  limited  use  of  counting  some  recognised  its  limiUitions. 
They  did  not  u.se  it  if  they  felt  it  wjis  an  unreasonable  apprxiach.  Anthony  didn't  do  19  -  13  because"...// 
was  a  bit  too  hard  and  I  knew  I  couldix '/  count  it  in  quickly". 
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Figure  2  illustraies  the  overall  percentage  of  number  combinations  attempted  through  the  use  of  a 
counting  procedure  whilst  figure  3  shows  the  percentage  of  occasions  when  these  attempts  counted 
towards  the  achievement  of  a  particular  level  of  attainment 

Of  particular  interest  in  figures  2  and  3  is  the  overall  extent  with  which  counting  was  used  and  the 
extent  with  which  it  led  to  success.  The  difference  between  those  who  did  not  achieve  L2  and  those 
who  achieved  L3  is  particularly  striking.  Not  only  did  the  latter  use  counting  considerably  less 
frequently  but  if  they  used  it  they  did  so  with  more  success  than  children  within  the  other  groups. 
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}""igurc  2:  Percentage  of  solutions  to  basic  number  combinations  attempted  through  counting 
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l-igurc  ^.  The  percentage  of  su«ces,sful  solutions  obtained  Uimugh  aiunting. 

For  the  children  who  failed  to  achieve  L2  and  for  those  who  failed  to  achieve  L3  the  focus  appeared  to 
be  on  the  doing  aspect  of  the  arithmetic.  An  inability  to  recall  the  solution  to  a  number  combination 
appeared  to  turn  their  attention  to  the  identification  of  an  action  which  would  enable  them  to  arrive  at  a 
solution;  their  concentration  was  then  on  the  implementation  of  this  action.  The  more  successful 
children  demonstrated  that  they  had  alternatives  available  to  them;  through  this  flexibility  they  cither 
established  the  solution  to  a  combination  through  a  derived  fact  or  used  a  very  efficient  counting 
procedure. 
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Conclusion 

In  one  sense  the  MATcomponenl  relating  to  the  knowing  and  using  number  facts  achieved  its  purpose 
of  differenUating  between  children  over  three  levels.  However  a  longer  term  prognosis,  which  only 
takes  note  of  a  child's  current  level  of  attainment  as  a  starting  point  without  noUng  how  the  attainment 
was  achieved,  may  lead  to  a  very  different  outcome. 

Clearly,  asking  children  to  atletnpt  what  is  considered  to  be  the  same  range  of  problems  presents  each 
child  with  a  different  level  of  difficulty.  This  is  not  only  dependant  upon  what  they  know  and  the  way 
in  which  they  use  what  they  know  but  it  is  also  a  function  of  their  procedural  approach  and  particularly: 
.    The  frequency  with  which  the  procedure  was  used  by  an  individual  child  at  the  lower  level. 
•    The  efficiency  of  the  procedure, 
.   The  ease  with  which  the  procedure  can  bo  generalised, 
.    The  ability  to  recognise  the  limitations  of  the  procedure. 
In  the  context  of  simple  arithmetic,  it  is  believed  that  at  some  point  all  children  u.«  "count-all"  but 
within  a  varying  amount  of  time  this  is  compressed  into  "count  on".  "Count-on"  provides  them  all  with 
not  only  a  potentially  more  efficient  procedure  to  handle  problems  but  it  also  acts  as  a  springboard  to  a 
different  quality  of  thinking.  In  this  sense  it  acts  as  a  "junction  box";  it  can  cause  a  bifurcation  that  leads 
to  a  parting  of  the  ways  between  tho.w  who  arc  successful  and  those  who  are  not  successful,  fhe 
evidence  from  the  sample  points  to  what  is  hap|Kning  at  the  time  of  bifurcation.  In  the  longer  temi  it  .s 
hypothesised  that  many  of  the  L2  childien  will  develop  a  proceptual  view  of  simple  arithmetic.  Through 
their  experience  of  "count  on"  they  will  move  to  an  even  faster  track  -  that  provided  by  proceptual 
thinking  -  which  provides  them  with  greater  fiexibility  (see  for  exiimple,  Gray,  1991).  Other  children 
may  oscillate  between  the  relative  speed  obtained  through  fairly  efficient  "count-on"  procedures,  and. 
in  isolated  instances,  attempts  at  prt>ceptual  thinking.  Gray  &  Tall  (1992)  illustrate  examples  of  below 
average  ability  children  who  use  derived  facts  to  obtain  some  solutions  to  basic  number  combinations. 
In  some  cases  their  use  is  almost  procedural,  for  example,  "when  I  have  to  add  4  and  5 1  always  say  nvo 
fives  and  then  take  away  one"  (Thomas,  age  1 1).  In  other  cases  the  derivation  is  so  cumbersome  that 
eventually  it  is  felt  that  the  child  will  stop  using  the  approach  and  resort  to  procedural  methods. 
Tlie  difficulties  that  children  have  in  establishing  a  proceptual  view  of  simple  arithmetic  should  be  a 
sipnal  us  to  the  difficulties  they  may  have  in  more  complex  areas  of  arithmetic.  How  may  we 
reasonably  expect  children  to  under.stand  the  multiplication  and  division  if  in  simple  addition  and 
subtraction  that  are  still  procedural?  Diflicultics  that  children  have  in  establishing  a  proceptual  view  of 
simple  arithmetic  should  be  a  signal  to  us  of  the  difficulties  they  will  have  in  developing  a  proceptual 
view  of  fractions.  However  there  is  a  big  difference  between  the  two.  Whilst  in  .simple  arithmetic  it  is 
advantageo.u  for  the  child  to  think  proceptually,  when  operating  with  rational  numlwrs  it  is  incumlnnt 
upon  them  to  do  so.  For  the  child  to  operate  the  addition  and  subtraction  of  fractions  successfully  they 
need  to  be  able  to  see  the  same  fraction  in  many  different  ways. 
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U  is  conjectured  that  the  problem  of  the  proccptual  divide  that  occurs  in  simple  arithmetic  is  a 
microcosm  of  the  problems  that  occur  as  mathematics  becomes  more  complex;  at  each  higher  level  a 
prtxreplual  divide  occurs.  Some  children  lake  to  the  fast  route  fairly  easily  to  become  successful,  otiiers 
lake  the  slower,  procedural  route  to  achieve  success  at  one  level  only  to  be  faced  with  another  parting  of 
the  ways  through  which  they  lake  an  even  slower  route  which  eventually  leads  to  failure. 
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IDENTIFYING  SOLO  LEVH^  IN  THE  FORMAL  MODE 
John  Peg^ 

University  of  New  England,  Armidalc. 
Carmcl  Coadv 

University  of  Western  Sydney.  Nepcan. 

The  SOLO  Taxonomy  of  Biggs  and  CoUis  has  become  a  useful  framework  for  categorising  the 
Quality  of  student  responses  to  questions.  Its  value  has  been  demonstrated  m  a  nutnber  of  subject  and 
topic  areas  (e.g..  Biggs  and  Collis,  1982:  Pegg  and  Davey.  1989;  PmJ992).  However,  the  major 
focus  of  this  work  has  been  directed  at  only  one  of  the  five  modes  offunctiomng  described  by  the 
Taxonomy.  This  mode,  the  concrete  symbolic,  is  that  most  closely  associated  with  primary  and 
secondary  schooling  and  typical  of  adult  functioning  In  every  day  life. 

The  purpose  of  this  paper  is  to  explore  student  responses  in  the  mode  of  functioning  referred  to  as 
formal.  A  sample  of  60  students  (1 7-20  years  of  age)  were  tested  on  a  series  of  questions.  Success  m 
these  questions  required  satisfying  conditions  attributed  to  formal  thinking.  The  results  highlighted  that 
the  ability  to  consider  various  cases  which  take  into  account  a  'range  of  possibilities  and  associated 
limitations'  is  a  key  indicator  for  performance  in  this  mode. 

Background 

The  SOLO  Taxonomy  evolved  out  of  identified  shortcomings  of  the  views  of  Piagei.  In 
particular,  'Jie  notion  of  a  characteristic  way  of  thinking  for  a  student  across  a  variety  of  content  areas,  and 
even  within  the  same  topic  area,  was  found  not  to  be  supported  by  empirical  data  from  the  classroom.  To 
overcome  this  issue  Biggs  and  Collis  (1982)  directed  their  attention  towards  the  nature  or  quality  of  the 
response  and  away  from  development.  There  are  two  basic  categorisations  associated  with  the 
Taxonomy.  One  is  concerned  with  modes  of  functioning  and  the  otlier  with  a  scries  of  levels  associated 
with  each  mode.  The  reader  is  directed  to  rcrent  reports  (Collis  and  Biggs,  1991;  Pegg,  1992)  for  more 
detail. 

However,  relevant  to  this  paper  arc:  two  modes,  namely,  concrete  symbolic,  and  fonnal;  and  three 
levels,  namely,  unistructural,  multistructuml,  and  relational. 

Brief  descriptions  of  tlie  two  modes  are: 

Concrete  symbolic  (accessible  from  about  6  years)  concerns  the  use  of  second  order  symbol 
systems,  such  as,  written  language  and  written  music.  Responses  in  this  mode  are  linked  closely  with 
experiences  or  observations  of  the  real  world. 

Formal  (accessible  from  about  16  years)  concerns  the  use  of  abstract  constructs.  Responses  in 
this  mode  go  beyond  particular  circumstances  by  consideration  being  given  to  various  possibilities  and 
alternatives. 

A  recent  evolution  of  the  Taxonomy  related  to  modes  of  functioning  is  that  the  developing  mode 
is  no  longer  seen  to  replace  an  earlier  mode  of  functioning.  Two  important  implications  of  this  are  (i)  an 
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earlier  mode  can  be  assessed  by  a  student;  and,  (ii)  an  earlier  mode  can  be  used  to  provide  support  for  a 
response. 

The  key  cliaracicristics  of  the  three  levels  are: 

Unistnictural  -  the  response  uses  only  one  relevant  aspect 

Multistnictural  -  tlie  response  uses  several  relevant,  but  apparently  isolated  aspects. 

Relational  •  the  response  includes  relevant  aspects,  but  also  takes  into  account  relationships  between  the 
aspects. 

Associated  with  cues  or  information  used  in  a  question  arc  other  features  which  help  explain  the 
level  of  response  provided.  Most  important,  in  this  present  context,  is  the  working  memory  capacity 
available.  Not  only  docs  a  student  need  the  necessary  memory  space  to  carry  out  the  procedures  but  also 
to  monitor  the  procedures  being  used.  As  students  gain  more  familiarity  with  certain  concepts  their 
procedures  become  more  rout  incised  and  hence  more  memory  space  is  cleared  for  additional  mental 
processing. 

The  Study 

Introduction 

Despite  a  large  and  growing  research  effort  directed  at  the  SOLO  Taxonomy  there  has  been  scant 
attention  paid  to  the  formal  mode.  In  particular,  there  has  been  no  re.'^carch  directed  at  verifying  the 
existence  of  a  unistructurdl-multistnictural-relational  cycle  in  the  fommt  mode. 

A  useful  direction  for  such  an  investigation  flows  from  earlier  endeavours  by  Collis  (1975)  and 
KUchemann  (1981)  regarding  the  notion  of  a  variable.  KUchemann  stated  that  the  "concept  (of  a  variable) 
implies  ....  some  understanding  of  how  the  values  of  an  unknown  change  "(p.  110).  However,  he 
qualified  this  comment  by  adding  "precisely  what  this  might  mean  is  hard  to  pin  down...  because  many 
items  tliat  might  be  thought  to  involve  variables  can  nonetheless  be  solved  at  a  lower  level  of 
interpretation"  (p.  110).  While  there  arc  some  differences  between  the  stances  taken  regarding  the 
hierarchical  nature  of  the  understanding  of  letters,  boUi  researchers  attribute  abilities  associated  with 
variables  with  higher  order  (i.e.,  formal)  functioning. 

The  Research  Questions 

Tlie  study  aimed  to  explore  two  research  questions,  namely. 

Was  it  possible  to  identify  empirical  evidence,  associated  with  students'  understanding  of  a 
variable,  for: 
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(1)  the  qualitative  difference  between  the  concrete  symbolic  aixl  formal  modes  of  response;  and, 

(2)  a  series  of  levels  within  the  formal  mode  which  satisfied  the  level  conditions  of  tlie  SOLO 
Taxonomy.  That  is,  would  there  be  examples  of  students'  responses  which  focused  on  one 
aspect  only,  several  independent  aspects,  and  several  related  aspects? 

Research 

To  investigate  the  formal  responses,  60  students  from  Year  1 1  to  Year  I  at  University  (17-20  year 
olds)  were  asked  to  complete  a  series  of  questions  which  involved  the  notion  of  a  variable.  Two 
questions  are  considered  below  in  detail.  These  were  chosen  as  they  are  representative  of  the  questions 
asked  and  encapsulate  tlie  general  thrust  of  tlw  overall  results. 

Qu^stiQQjL 

If  p  is  a  real  number,  discuss  the  following 


This  question  was  developed  to  address  a  number  of  issues. 

1 .  To  minimise  possible  rote  responses  tlie  word  'discuss'  was  used  rather  than  'solve'  and  'p'  was 
chosen  as  the  unknown  rather  than  'x'. 

2.  The  question  allows  for  at  least  one  apparently  'successful'  but  incorrect  response.  To  achieve 
this  a  student  simply  manipulates  the  symbols  to  obtain  1  >  p2  and  then  I  >  p.  This  type  of 
response  would  be  seen  as  belonging  to  the  concrete  symbolic  mode  as  the  student  has  simply 
worked  within  the  system  of  given  symbols. 

3.  A  consideration  of  different  cases  would  be  an  indication  of  a  fomial  response.  In  such  answers, 
students  would  need  to  maximise  their  working  memory  space  by  not  reaching  an  answer  until  a 
range  of  various  possibilities  and  associated  limitations  for  the  variable  were  ttMcn  into  account. 

Results/Discussion 

An  analysis  of  the  responses  enabled  a  clear  dichotomy  to  be  identified.  Tlic  key  clement  that 
separated  the  students  was  the  inability  of  one  group  to  consider  different  cases.  This  group  simply 
worked  witliin  the  system  given.  Three  different  types  of  responses  were  identified.  Typical  examples 
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included: 


Type  1. 


1  >p2 


or 


1  >p2 


.*.  p  must  be  smaller  tlian  V 


p<±l 


Students  who  gave  tliis  type  of  response  worked  as  they  might  have  done  when  solving  im  equation.  No 
special  considemtion  was  given  to  cither  the  iiicquulity  sign  or  the  nmlliplication  of  botJi  sides  by  p. 


In  both  the  examples  above  students  have  selected  a  positive  integer  greater  than  one.  tested  it  iuid  tlicn 
drew  a  conclusion  based  solely  on  this  information. 

Type  3.     "p    0  ^  can't  bc>  p  /.  ihc  statement  is  false" 

Some  students  vs^eie  aware  that  p  9^  0  but  made  no  use  of  the  knowledge.  While  this  might  be  considered 
an  indication  of  taking  a  constraint  into  account  it  seemed  that,  for  most  students,  this  was  a  drilled  or 
rote  response.  Follow  up  intcr/iews  confinned  that  "teachci"S  expect  you  to  write  it  down". 

Responses  that  did  take  into  account  different  cases  represented  a  qualitative  different  an.swer  from 
Uiosc  described  above.  Tlie.se  responses  arc  consideied  to  belong  to  the  fomial  mode  as  they  satisfied  the 
necessary  rcquircm.cnt  described  earlier.  An  analysis  of  the  responses  enabled  each  to  be  considered 
where  appropriate  under  unistructiiral-multistructaral-relational  headings  although  there  were  often 
different  forms  of  responses  at  each  level.  Typical  examples  and  a  brief  discussion  of  each  arc  provided 
below. 

12ni«^tl•^fiM^^^  responses  (fonral  model 
llicrc  were  two  groupings  identified  here. 

.  ,  .r  111 

Group  1 ,    "p  must  be  a  fraction  e.g.  if    p    2  •**  I  ^2 


Type  2. 


"not  true  e.g.:  ^  >  7' 


"no  p  value  holds  for  this  equation" 


"pel- 


Group  2.    "If  p  is  a  positive  number  Uien  tlie  equation  is  fal.se.  however,  if  it  is  negative  it  is  tnie" 
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"p  must  be  a  negative  number" 

In  both  groups  the  focus  has  been  on  the  consideration  of  one  case.  In  Group  1.  the  focus  was  on 
positive  real  numbers  and  consideration  was  given  to  values  on  either  side  of  p  =  1 .  The  word  "fraction" 
was  commonly  used  and  was  meant  to  be  a  "number  less  than  one".  Zero  was  not  included.  Often 
students  felt  the  need  to  provide  concrete  symbolic  support,  that  is,  n  particular  example  with  their 
answer  to  help  clarify  the  meaning. 

Tiw  answer  of  "p  <  1"  was  relatively  common.  No  manipulation  of  symbols  was  provided  and  students , 
in  interview,  described  what  they  did  as  "working  in  my  head",  i.e.,  substituting  numbers  and 
generalising  it  to  a  result 

Group  2.  responses  are  also  unistructural.  Here  the  focus  was  also  on  one  case  but  the  coniparison  was 
between  positive  and  negative  numbers.  This  has  arisen  when  students  had  chosen  (say)  p  =j  7  and  pj=-7. 
Tltey  saw  that  p  »  -7  "works". 

Again  separate  groupings  of  rcsiKinscs  were  identified.  Typical  examples  wcrc: 
Group  1 .       "p  /  0,  p  must  be  less  than  1  and  greater  than  zero  i.e.,    for  the  statement  to  tx:  tnie." 

"p  must  be  a  fraction  or  decimal  bciwcen  0  and  1  for  this  statement  to  t)C  true,  p  0  and  p 
?*  1" 

Group  2.       "p  <  0  and  p  ?^  - 1 " 
"p<-l" 

"p  has  to  be  not  =^  to  0 
false  when  p  >  0  p    - 1 
true  when  p  <  0 
/.  tnic  for  all  p  <  -1" 

Group  3.  "p  must  equal  a  proper  fraction,  this  v/ill  allow  the  statement  to  be  correct.  If  p  was  a 
'.egativc  number  tlic  statement  would  also  hold  true.  P  will  equal  all  'alues  when  p  <  1 
except  when  p  =  0" 

In  each  of  the  above  groupings  two  or  more  cases  were  considered.  However,  in  each  case  there 
were  clear  inconsistencies.  Group  1.  responses  continued  to  focus  only  on  positive  reals  and  have 
generally  token  into  account  the  possibilities  within  this  restricted  domain.  Group  2.  responses  have 
considered  the  negative  reals.  The  third  group.  Group  3.,  represents  those  responses  who  managed  to 
cover  many  of  the  cases  but  have  fallen  short  of  a  complete  overview  of  the  question.  Otlier  features  of 
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these  answers  include  a  tendency  for  long  responses,  often  with  ideas  repeated.  Tlierc  were  also 
instances  of  concrete  symbolic  support. 

Relational  responses  (fomnil  mode) 

The  students  whose  responses  were  relational  had  a  complete  overview  of  the  problem.  Typical 
answers  were: 

"  0  <  p  <  1  and  p  <  -1" 

"p?sO.  Ip:  p<  -1 1  w  |p:0  <p  <  M" 

The  responses  to  the  question  analysed  above  were  similar  to  other  questions  uskcd  of  the 
suidents.  Questions  which  involved  inwjuaUties  such  as  p  >  p2  and    >  Vp  provided  further  support  for 

the  t>pcs  of  categorisation  provided  alwvc. 

Wlttn  can  you  say  about  x  given  the  followhig  expression 

Kesults/Dincus.sion 

This  question  w;is  ditfcmit  from  the  earlier  question  in  that  there  is  clearly  nothing  to  'solve'.  It 
was  thought  that  this  feature  may  have  a  cueing  effect  and  assist  students  to  focus  their  attention  on  the 
various  cases.  There  was  some  evidence  of  this  effect.  However,  a  number  of  students  were  not  able  to 
respond  in  this  manner  and  chose  to  work  within  the  system  provided.  'Ilicsc  responses  could  clearly  be 
coded  as  concrete  symbolic.  Ilierc  were  two  basic  types  of  responses  identified. 

lype  1 .         Sludcnls  attempted  to  mmiipulaic  tlie  nunwnttor       cither  by  factorising  into  {2-x){2+x) 

by  pcrfiirnnn£^  a  *siinpliricalion'  such  as      -  .t  ^  ->  2  -  x 
Type  2  Students  attempted  to  work  with  tlie  dertoininator  usually  by  multiplying  the  expression  by 

As  in  tlie  previous  question  some  students  did  include  A*  v^-l.  However,  once  again,  it  was  usually 
written  as  an  initial  statement  and  then  ignored. 

Formal  responses,  those  tliat  considered  various  cases,  could  be  again  coded  using  the 
unistiiicturdl-inultisimctural-rclational  cycle. 
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Typical  examples  included: 


Unismictural  responses  (fonrnl  mode) 


"jc  =-1  does  not  exist,  ic  docs  not  make  a  real  number" 
"x  cannot  equal  ±  2" 


"x  ^  2  because  we  cannot  have  a  V negative" 


Here  the  students  focused  on  only  one  condition,  either  in  the  numerator  or  the  denominator  but  not  both. 
There  was  also  evidence  of  some  confusion  as  to  whether  the  numerator  was  "allowed  to  be  zero". 

Multistnictural  response  (formal  mode) 

"x^-2,x2:-r 

"x;^2,  x^2to exist 

X  *1  to  exist" 

"x:^2,  x*"l" 

Again  more  than  one  condition  was  considered  but  students  have  not  achieved  a  complete  overview  of 
the  question. 

Relational  responses  (fomial  mode) 
"-2^x  ^2andx9t-r' 

Students'  responses  at  this  level  were  able  to  take  into  account  all  the  necessary  restrictions. 


This  paper  has  provided  examples  of  student  responses  which:  (i)  highlight  the  qualitative 
difference  between  the  concrete  symbolic  and  formal  modes  of  functioning;  and,  (ii)  detail  empirical 
support  for  levels  within  the  formal  mode,  'ITie  focus  of  the  investigadon  was  on  the  understanding  of  a 
variable  and  in  particular  the  spontaneous  use  of  different  cases  to  determine  possible  values  of  a 
pronumcral. 

A  feature  of  the  answers  was  the  degree  of  consistency  of  student  responses  across  the  items 
asked.  For  example,  it  was  usual  for  a  student  who  provided  a  concrete  symbolic  answer  for  one 
question  to  give  the  same  type  of  response  in  another  quesdon  -  despite  different  wording  or  question 
structure.  This  is  consistent  with  feamrcs  of  the  Taxonomy.  While  it  is  possible  for  students  to  answer 
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questions  at  almost  any  level,  at  or  below  their  ability,  it  would  be  expected  that  snidents  who  were  giving 
their  best  would  answer  close  to  their  potential. 

Further  support  for  these  findings  was  evidenced  in  the  robust  nature  of  the  responses  when  tlie 
students  were  interviewed.  Even  under  extensive  prompting  few  students  who  had  provided  a  concrete 
symbolic  answer  were  comfortable  or  capable  of  considering  various  cases.  Those  students  who  had 
given  unistructural  or  multistructural  answers  in  the  formal  mode,  were  able,  in  general,  to  provide  under 
prompting,  more  detailed  answers.  However,  very  few  of  the  students  who  gave  un.structural  responses 
were  able  to  attain  a  relational  answer.  Once  again  these  findings  are  consistent  with  features  of  the 
SOLO  Taxonomy. 

Clearly  much  more  work  is  needed  in  this  area  if  real  advances  arc  to  be  made  in  the  way  we 
identify  and  teach  higher  level  skills.  It  is  important  that  empirical  evidence  is  gathered  for  a  range  of 
learning  experiences  across  the  formal  mode.  Only  with  such  knowledge  will  the  SOLO  Taxonomy 
achieve  its  potential  as  an  assessment  tool. 
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ON  TEACHERS'  CRITERIA  TO  ASSESS  MATHEMATICAL  ACTIVITIES 

Dr.  Erkki  Pehkoncn 
Department  of  Teacher  Education 
University  of  Helsinki  (Finland) 

Summary: 

We  will  concentrate  on  some  results  concerning  the  use  of  a  certain  type  of  open- 
ended  problems  in  the  research  project  'Vpen  tasks  in  mathematics" ,  The  project  tried 
to  clarify*  the  effect  of  open-ended  problems  on  pupils'  motivation,  the  methods  and 
how  to  use  them.  In  the  project,  altogether  20  open-ended  problems  wers  used  in 
classrooms  during  the  years  1989--92  (in  grades  7-'9),  Here  we  will  deal  with  the 
interviews  of  four  teachers  from  a  suburban  junior  high  school  in  Helsinki  (Finland), 
Criteria  given  by  the  teachers  to  assess  open-ended  problems  in  six  follow-up 
interviews  are  discussed.  The  criteria  could  be  classified  into  three  main  categories: 
Convenience  to  use,  Pupils  motivatedness,  and  Support  in  learning  objectives.  Into 
these  classes,  they  were  distributed  almost  uniformly 

The  metliod  of  using  open-ended  problems  in  classroom  for  promoting 
mathematical  discussion,  the  so  called  "open-approach",  was  developed  in  Japan  in  the 
1970's  (Shimada  1977,  Nohda  1988).  About  at  the  same  time  in  England,  the  use  of 
investigations  in  matlieniatics  teaching  became  popular  (Mason  1991),  and  the  idea  was 
spread  more  by  Cockcroft -report  (1982),  In  the  1980's,  the  idea  to  use  open  problems 
(or  open-ended  problems)  in  classroom  spread  all  over  the  world  (see  Pehkoncn  1991), 
and  research  of  tlie  possibilities  to  use  open  problems  is  especially  now  very  vivid  in 
many  countries  (e.g.  Pehkoncn  1989,  Silver  &  Mamona  1989,  Nohda  1991, 
Zimmemiann  1991,  Clarke  &  Sullivan  1992), 

Here,  we  will  concentrate  on  some  results  concerning  the  use  of  a  certain  type  of 
open-ended  problems  in  the  research  project  "Open  tasks  in  mathematics"  (Pehkoncn  & 
Zimmcntiann  1990).  The  puipose  of  this  paper  will  be  to  answer  the  following 
question:  Which  criteria  do  the  teachers  use  when  assessing  open-ended  problems  used 
in  the  experiment?  But  firstly,  the  research  project  is  briefly  described. 

Research  project 

The  aim  of  the  project.  The  purpose  of  the  project  was  to  improve  mathematics 
leaching  in  junior  high  schools,  especially  to  develope  and  foster  methods  for  teaching 
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problem  solving.  The  project  tried  to  clarify  the  effect  of  open-ended  problems  on 
pupils*  motivation,  the  methods  and  how  to  use  them.  Thus,  open-ended  problems 
were  used  here  as  a  method  for  change  in  mathematics  teaching.  In  realizing  the 
experiment,  we  tried  to  stay  within  the  frame  of  the  "normal"  teaching,  i.e.  in  the  frame 
of  the  valid  curriculum,  and  to  take  account  the  teaching  style  of  the  teachers  when 
using  open-ended  problems. 

The  theoretical  framework  for  the  research  project  was  the  constructivist 
understanding  of  learning  (e.g.  Davis  &  al.  1990).  In  order  to  see»  whether  there  are 
any  changes  in  mathematics  classes,  one  should  try  to  see  and  understand  mathematics 
lessons  from  "inside".  This  implies  interpretative  research  methodology  which  means 
here  interviews,  classroom  observations  and  careful  interpretation  of  questionnaire 
resuhs. 

On  the  realization  of  research.  The  project  started  in  the  autumn  1987,  and  ended 
in  the  summer  1992.  In  the  pilot  study  of  the  project  during  1987-89,  the  research 
design  was  tested,  measurement  instruments  were  developed  and  the  problem  material 
was  worked  into  its  final  form.  The  main  experiment  was  planned  to  begin  in  the 
autumn  1989  both  in  Hamburg  and  in  Helsinki  with  ten  grade  7  classes  and  to  be 
continued  with  those  classes  through  the  whole  Fitinish  junior  high  school  (up  to  grade 
9),  i.e.  to  the  summer  1992.  Unfortunately,  the  German  counterpart  could  not  get  any 
finance  for  his  part  of  the  research  project.  So,  the  main  experiment  was  realized  only 
in  the  Greater  Helsinki  area  (Finland). 

Both  in  the  beginning  and  at  tlie  end  of  the  experimental  phase,  teachers'  and  pupils' 
conceptions  of  mathematics  teaching  were  gathered  using  questionnaires  and  interviews. 
In  the  main  experiment,  experimental  group  1  (nine  teachers)  and  experimental  group  2 
(six  teachers)  differed  in  the  point  that  from  the  mathematics  lessons  of  experimental 
group  1  about  20  %  (i.e.  once  a  month  about  2-3  lessons)  was  reserved  for  dealing  with 
open-ended  problems.  There  was  a  questionnaire  for  each  open-ended  problem  in 
which  the  pupils'  evaluations  of  using  that  open-ended  problem  were  ascertained.  'Hie 
teachers'  evaluations  of  using  open-ended  problems  were  obtained  with  short  interviews 
after  each  term.  The  teachers  in  experimental  group  2  were  told  that  they  were 
participating  in  an  experiment,  whose  aim  was  to  investigate  the  development  of  pupils' 
problem  solving  skills.  They  were  told  notliing  about  open-ended  problems  nor  the 
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experimental  group  1.  Pupils  in  both  experimental  groups  solved  in  their  class  work 
some  open-«nded  problems  which  were  the  same  for  both  groups. 

The  problems  and  the  teachers 

Open-ended  problems  used.  In  the  project,  altogether  20  open-ended  problems 
were  used  in  classrooms  during  the  years  1989-92.  On  each  grade  level  (grades  7-9)» 
there  were  about  seven  open-ended  problems.  In  the  autumn  when  the  school  began, 
the  teachers  were  given  a  booklet  of  open-ended  problems  for  the  school  year.  In  the 
booklet,  nine  open-ended  problems  were  described,  and  the  teachers  should  select  seven 
of  them  to  use  during  the  school  year.  The  description  of  each  open-ended  problem  was 
contained  in  average  in  four  pages.  Firstly,  there  was  one  page  of  background 
knowledge  which  was  structured  as  follows:  grade  level,  topic  area  in  the  curriculum, 
mathematical  entries,  objectives,  preknowledge,  materials,  teaching  hints;  the  other 
pages  were  for  tasks. 

Behind  most  of  the  open-ended  problems,  there  is  a  well-known  problem  (e.g. 
Tangram)  from  which  a  sequence  of  problems  has  been  developed.  In  classroom,  an 
open-ended  problem  will  take  about  2-3  lessons  to  deal  with.  For  example,  the 
following  tasks  with  figures  on  two  pages  were  given  for  Tangram:  (1)  Make  a 
tangram-puzzle  according  to  the  figure  given!  Which  bigger  pieces  can  you  make  with 
the  smaller  ones?  (2)  The  area  of  the  whole  puzzle  is  100  cm^.  Calculate  the  area  of 
each  piece!  (3)  Which  "wellknown'*  polygons  can  you  make,  if  you  are  using  only  a)  2 
pieces,  b)  3  pieces,  ...» f)  7  pieces?  (4)  Calculate  the  area  of  each  polygon  you  have 
found! 

The  test  subiects.  The  research  project  was  realized  in  junior  high  schools  in 
Helsinki  and  in  JMrvenpSS.  The  four  mathematics  teachers  in  question  here  were  all 
from  the  same  suburban  school  in  Helsinki. 

Anja  (36;  10)^  is  a  silent  introvert  person  who  gives  the  impression  that  teaching  is 
for  her  only  a  job.  She  does  not  look  at  all  to  be  an  eager  teacher,  but  she  is  very 
seldom  showing  her  eagerness  of  any  matter.  In  the  first  interview,  she  stressed  beside 
"number  mathematics**  also  mathematical  applications  and  understanding  of 

•  Numbers  refer  to  the  physical  age  and  to  the  teaching  experience  of  the  teacher, 
both  in  years. 
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computational  rules. 

Jari  (48;  23)  is  the  natural  leader  of  the  mathematics  teachers  in  the  school.  He  is 
always  active  and  full  of  life  and  is  experimenting  often  new  approaches  in  his  class, 
and  he  is  always  ready  to  share  his  results  witli  his  collegues.  In  the  first  interview,  he 
emphasized  that  mathematics  is  on  the  first  place  calculations.  But  in  his  teaching,  he 
seems  to  lay  very  much  emphases  on  promoting  pupils'  thinking  skills. 

Pentti  (55;  15)  is  acting  as  a  mathematics  teacher  in  the  junior  high  school  since  15 
years.  He  is  very  good  company  in  the  school,  who  is  all  the  time  joking,  also  about 
himself.  Usually  everything  will  suit  for  him.  In  the  first  interview,  he  told  that 
mathematics  reminds  him  of  many  matters:  basic  calculations,  logical  thinking  and 
applications. 

Toivo  (32;  1),  a  fresh  teacher,  is  a  silent  thinker  who  tries  his  own  ideas  in  all 
silence.  But  when  he  has  worked  some  useful  material  into  an  applicable  form,  he  is 
ready  to  bring  it  to  his  colleagues.  In  the  first  interview,  he  transmitted  the  view  that 
mathematics  means  computing  and  following  of  the  rules. 

Some  preliminary  findings 
In  the  follow-up  interviews  about  the  use  of  open-ended  problems,  the  teachers 
were  asked  to  assess  the  problems  used  during  the  last  term.  As  the  last  question  of  the 
interview,  they  were  invited  to  order  the  open-ended  problems  according  to  their 
preference.  The  question  used  was  as  follows:  "Give  the  order  of  your  preference  for 
the  open-ended  problems  used."  At  the  same  time,  they  were  asked  to  give  their  reasons 
for  the  order. 

Firstly,  the  teachers  were  invited  to  order  the  last  three  or  four  open-ended 
problems  used.  And  secondly  to  try  to  order  these  with  all  earlier  problems.  If  the 
teachers  wondered  what  the  order  of  preference  could  mean,  they  were  said  tliat  it 
means  the  order  of  selection  which  they  as  teachers  will  use.  As  the  criteria  -  for  and 
against  -  given  by  the  teachers  in  six  different  interviews  were  gathered  together,  one 
could  find  in  them  a  clear  pattern. 

On  the  criteria  in  general.  The  criteria  given  by  the  teachers  could  be  classified 
into  three  main  categories:  Convenience  to  use.  Pupils'  motivatedness,  and  Support  in 
.'earning  objectives.  Into  these  classes,  they  were  distributed  almost  unifomily.  The 
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responses  reflecting  the  teachers*  personal  preference  has  been  left  out,  e.g.  "I  think 
this  has  been  one  of  the  best  problems".  This  categorization  will  also  be  supported  by 
the  teachers*  reasons  for  why  some  open-ended  problem  has  not  been  considered  to  be 
as  good  as  the  other  ones  (a  so  called  negative  criterium).  In  categorization,  one 
criterium  entirety  was  used  as  a  unit.  Thus,  about  ten  positive  criteria  and  some 
negative  ones  came  into  each  main  caterogy  (Table  I ). 


Mia 

Jari 

P^ntti 

Toivo 

Convenience 
to  use 

6 

0 

7 

2 

Pupils* 

motivatedness 

4 

3 

I 

4 

Support  in 
learning  objectives 

4 

7 

2 

3 

Table  I.  The  distribution  of  the  criteria  given  by  the  teachers, 

llie  following  characteristics  of  open-ended  problems  pertain  to  tlie  group 
Convenience  to  use:  the  minor  amount  of  v/ork  required  from  the  teacher,  facility  to 
realize,  and  material  at  hand.  Some  examples  of  reasons  which  represent  these  aspects 
are  e.g.  "one  is  not  compelled  to  do  much  work  for  it" ,  '*it  was  the  eascst  one  to 
realize",  and  "tnaterial  is  always  at  hand".  Some  reasons  representing  negative  selection 
are  e.g.  "you  should  work  much  for  it*\  and  "it  was  not  so  easy  to  realize". 

The  group  Pupils*  motivatedness  contams  pupils*  eagerness  and  success.  This  type 
of  reasons  are  as  follows:  "The  pupils  worked  on  it  really  eagerly",  and  "the pupils 
reached  many  of  these  alternatives  rather  nicely".  One  can  also  see  the  same  meaning  of 
eagerness  in  negative  selections,  e.g.  "I  somehow  did  not  liave  an  inspiiing  effect  on 
the  pupils". 

Tlie  group  Support  in  learning  objectives  is  compound  of  two  areas,  on  the  one 
hand  of  promoting  thinking  and  on  the  other  hand  of  teaching  managements.  These 
groups  of  reasons  arc  represented  e.g.  by  following  statements:  "Then  something  is 
happening  also  in  pupils'  brain" ,  and  "since  it  is  suitable  in  so  many  places'^  Negative 
reasons  of  this  group  are  e.g.  "it  is  more  entertainment" ,  and  "it  was  not  so  promoting". 

On  criteria  according  to  each  teacher.  The  diversity  of  the  teachers  in  question  can 
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be  seen  in  the  favour  of  different  criterium  categories  (Table  I):  Tht  responses  of 
Pentti  (55;  15)  were  tnainly  gathered  into  the  category  Convenience  to  use.  Also  the 
most  of  Anja's  (36;  10)  reasons  are  placed  into  the  first  category  (Convenience  to  use), 
althrough  she  also  gave  many  reasons  which  were  categorized  into  the  second  (Pupils* 
motivatedness)  and  the  third  group  (Support  in  learning  objectives).  The  responses  of 
Jari  (48;  23)  concentrated  in  the  category  Support  in  learning  objectives,  none  of  the 
responses  were  in  the  first  category.  The  responses  given  by  Toivo  (32;  1)  were 
distributed,  perhaps,  most  uniformly  into  these  three  categories. 

Beforehand,  one  could  have  expected  that  the  category  Pupils'  motivatedness  will  be 
the  largest  one,  since  teachers  when  selecting  a  "different"  task  usually  explain  it  with 
the  need  to  motivate  pupils.  But  behind  the  suiprioingly  large  category  Convenience  to 
use,  one  may  find  a  very  human  characteristics  of  teachers:  desire  for  convenience. 

If  wc  compare  the  distribution  of  the  reasons  given  by  the  teachers  with  their 
pictures  given  a  couple  of  pages  before,  we  can  see  some  connections.  Pentti  is  very 
good  company,  and  for  him  everything  seems  to  be  a  joke,  also  teaching.  A  tendency  to 
minimize  the  work  done  for  teaching  suits  very  well  to  his  picture.  Anja  has  also  taught 
so  long  that  the  job  might  be  formed  already  a  routine  for  her.  She  tries,  according  to 
the  role  of  a  "good  teacher",  to  take  the  different  components  (as  pupils'  needs  and 
mathematical  demands)  into  consideration,  but  she  will  not  forget  to  take  care  of  her 
own  amount  of  work.  Jari  is  an  idealistic  teacher  for  whom  the  teaching  has  important 
meaning  on  his  life.  He  is  still  able  to  begin  the  pondering  of  teaching  situations  from 
the  point  of  mathematics  and  pupils.  His  own  amount  of  work  is  not  so  important. 
Toivo  represents  a  fresh  teacher  who  has  still  in  good  memory  the  ideas  of  teacher 
education,  and  who  liko*^  to  ponder  and  experiment  himself  new  teaching  situations. 


The  criteria  described  for  selection  of  open-ended  problems  are  gathered  from  six 
different  interviews,  but  each  time  the  question  was  the  same.  The  interviews  were 
realized  always  in  the  beginning  of  the  next  school  term  (i.e.  each  half  year).  Tho  four 
first  interviews  were  done  by  the  author,  and  the  two  last  ones  by  a  research  assistant. 
ITie  reasons  given  by  the  teachers  were  held  during  these  three  years  very  similar,  thus 
one  can  think  the  infomiation  gathered  to  be  reliable. 
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On  the  other  hand  when  evaluating  the  findings,  one  should  take  account  that  the 
teachers  in  the  experiment  represent  the  best  ones  in  the  teacher  population.  They 
participated  voluntary  the  experiment  which  had  caused  them  some  extra  work,  and 
they  are  interested  in  their  job  and  respected  among  other  teachers.  Just  their  type  of 
teachers  will  be  used  as  a  specialist  of  teaching  practice  by  the  school  administration  atid 
by  publishers  of  learning  materials.  Therefore,  the  resuhs  are  not  necassary 
representative. 

The  research  findings  gave  more  infomiation  to  the  **pictures"  of  the  teachers 
described  earlier.  On  the  other  hand,  the  pictures  of  the  teachers  explained  in  a  certain 
amount  the  distribution  of  the  reasons  into  the  main  categories.  However,  the  diversity 
of  the  teachers  may  be  grounded  on  their  different  conceptions  about  mathematics 
teaching.  Therefore,  the  search  of  explanations  might  demand  to  outline  and 
understand  their  '^mathematical  world  view*'. 

Questions  based  on  the  research  f:ndings.  Based  on  the  research  findings,  some 
questions  arose.  Firstly:  On  which  reasons  do  the  teacher  actually  form  his  assessment 
of  the  selection  of  an  open-ended  problem  (or  more  generally  of  mathematical  teaching 
material)?  It  seems  that  a  part  of  teachers  base  their  assessment  on  the  convenience  to 
use  the  material.  This  explanation  can  be  heard  by  the  publishers  when  they  demand 
from  the  authors  of  learning  materials  that  the  material  should  be  easy  to  use.  And  this 
demand  seems  to  be  justified. 

Secondly:  Which  kind  of  objectives  should  we  pose  for  those  conducting  the  change 
in  teaching?  In  the  research  project,  one  aimed  with  open-ended  problems  to  cause 
change  in  mathematics  teaching.  In  the  research  fijidings,  we  see  that  about  one  third  of 
the  reasons  given  by  the  teachers  are  connected  with  the  convenience  to  use  the 
material.  Thus  in  order  to  reach  change  with  the  aid  of  teaching  material,  one  can 
choose  at  least  between  two  ways:  (1)  One  emphasizes  the  pupil-centemess  and  tlie 
mathematical  content  of  the  tasks.  This  leads  to  the  problem  of  teacher  in-service 
education.  (2)  One  is  satisfied  with  the  offering  of  easy-to-use  materials  to  teachers. 
Tliis  leads  to  the  problem  of  producing  materials. 

At  the  end,  it  will  be  given  a  short  comment  about  the  relevance  of  tine  findings  to 
the  research  itself:  If  a  researcher  will  ask  teachers  to  assess  teaching  materia) 
according  to  its  appHcability,  how  reliable  is  such  an  information?  On  which  criteria  do 
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the  teacher  base  such  an  assessment?  It  seems  that  tlie  researcher  should  also  be  ready 
to  clear  out  teachers'  conceptions  about  matliematics  teaching,  i.e.  teachers  mathematical 
beliefs  at  least  in  some  range. 
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Tim  paper  reports  on  a  project  m  wMna  elementan-  and  seamdan-  mathematics  teachers  engaged 
in  a  procJs  of  using  autobiographical  stories  of  their  teaching  as  a  means  of  professtonal  den-lopmc-,, 
The  stories  wire  uied  to  determine  "frames-  that  influenced  the  teachers  actions  m  he  classroom.  The 
meaning  and  roots  of  these  frames  were  detennined  by  reflecting  on  professional  ""<^,^"<^'''' 
The  outcome  indicated  that  the  process  helped  the  teachers  to  reflect  more  deeply  about  thetr  teaclung 
thus  developing  a  personally  meanitigftd  umlerstanding  of  it  and  how  they  could  enhance  it. 

The  focus  of  this  paper  is  the  use  of  mathematics  teachers"  autobiographical  stories  of  their 
teaching  to  help  these  teachers  to  understand  their  leaching  and  thus  bring  about  their  osvn 
development. 

BACKGROUND 

The  changing  climate  in  mathematics  education  seems  to  be  reflected  also  in  how  educators 
anJ  researchers  are  beginning  to  viesv  mathematics  teachers.  Traditionally,  the  trend  in  research  o,. 
the  learnhig  and  teachit.g  of  mathctnaties  has  generally  been  to  "by  pass"  the  teachers  who  svere 
treated  more  as  inert  transmitter,  of  facts.  But  growing  dissatisfaction  with  this  systematic  control 
of  the  teacher  and  teacher  related  variables  (for  eg.  Silver,  Lester.  Thompson  and  Grauws.  all  in 
Silver  198.S)  seems  to  be  resulting  in  increased  interest  in  the  teachers'  role  in  the  teaching  and 

learning  of  mathematics. 

Thompson  (1992)  reported  a  significant  increase  in  studies  on  mathematics  teachers  with 
particular  focus  on  teachers'  belief  about  mathematics  and  mathematics  teaching  and  learning.  C. 
Hoyles.  in  her  plenaiy  address  at  PME  (1992),  also  provided  an  overview  of  recent  studies  that  focus 
on  mathematics  teachers'  belief.  The  general  pattern  of  the  findings  of  these  studies  is  that  te.iehers' 
belief  influences  classroom  behaviours.  In  resonance  to  this,  and  perhaps  the  changes  teachers  are 
being  req.iired  to  adopt,  the  impact  of  teachers' beliefs  on  teachers' change  has  also  gained  increase 
attention.  Iloylcs  (1992)  reported  on  a  set  of  studies  that  focused  on  in-service  teacher  training 
where  it  was  argued  that  it  made  sense  to  explore  the  belief  systems  of  teachers  bcfoie  attempting 
to  introduce  changes.  My  work  with  in-service  teachers  reflects  this  perspective,  but  it  does  not  seek 
to  explore  teachers'  belief  systems  as  if  they  were  isolated  entities.  Instead,  it  engages  teachers  in 
a  process  of  understanding  their  own  belief  systems  to  understand  their  teaching  and  thus  facilitate 
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change.  This  process  uses  autobiographies  teachers'  stories  of  their  teaching  and  persona!  lives. 
Since  this  process  defines  the  mctliodology  of  the  study  being  reported,  it  seems  appropriate  to 
briefly  describe  tiic  body  of  Hteralurc  that  validates  it. 

Over  tlie  past  decade,  teacher  narratives  have  emerged  as  a  significant  means  of  research  on 
teaching  and  teacher  development  (Solas  1992  contains  a  comprehensive  review/reference  of  this). 
Biogiaphy  (Butt  &  Raymond  1987),  autobiography  (Grumet  1930.  Pinar  1981).  biographical 
narrative  (Berk  1980),  narratives  (Connelly  &  Clandinin  1990,  1991),  and  stoi^  (Elbaz  1991)  have 
all  been  promoted,  with  varying  definitions,  as  means  of  undersumding  teacher  thinking  and 
classroom  behaviour.  These  approaches  recognize  the  personal  dimension  of  teaching  and  the 
teacher.  They  focus  on  the  personal  experiences  —  professional  and  social,  past  and  present  of 
icachers.  They  capture  events  in  the  teachers'  past  personal  and  professional  lives  that  were  and  arc 
infiuential  in  shaping  how  they  think  and  act  in  current  classroom  situations.  They  recognize  that 
"each  teaching  action  and  the  thinking  associated  with  it  is  nested  within  uniquely  personal, 
situational  and  conlexnial  deterininantsnnd  infiucnces"  (Butt  &  Raymond  1987).  'Hiey  promote  that 
to  understand  our  actions,  we  do  not  simply  observe  and  theorize  about  them,  but  we  look  at  our 
history  or  biography  and  our  intentions  to  recover  the  menning  to  them,  for,  as  Bruner  (1990)  points 
out,  the  narrative  we  construct  or  the  storii  s  we  lell,  reflect  who  we  are  and  thus  contain  the 
meaning  of  our  actions. 

'Ihese  processes,  howevei,  ate  not  limifcd  to  researching  teaching,  but  have  been  used  to 
facilitate  developineiil  and  growth  of  in-service  teachers.  In  the  book,  "Understanding  teacher 
development"  (Margreavcs^  I  'ulhin  199::),  several  situations  are  described  involving  these  processes. 
My  use  of  stories  falls  in  this  category  of  teacher  development  with  a  similar  goal  of  raising 
awareness  of  the  relationship  between  thought,  action  and  experience.  However,  unlike  most  of  the 
situations  cited,  in  my  work  the  telling  of  the  stories  or  analyzing  each  story  is  not  an  end  in  itself. 
The  stories  are  used  to  identify  "frames"  that  infiuence  the  teachers'  thinking  and  behaviour. 

"I  ramcs"  refer  to  the  underlying  assumptions  or  unconstMOUs  dispositions  that  influence 
teachers'  actions  in  the  classroom.  As  Uarnes  (1992)  notes,  they  are  not  discrete  entities,  but 
patterns  that  help  us  to  organize  and  understand  the  complex  events  in  which  we  take  part.  In 
discussing  the  effec<j>  of  frames  and  framing  on  teachers  behaviour,  Barnes  (1992)  further  points  out, 
"When  teachers  theorize  ...  the  theories  are  not  always  closely  related  to  their  actual  behaviour  in 
lessons,  niis  is  not  because  they  wish  to  deceive  but  because  they  are  often  acting  upon  a  set  of 
priorities  (frames)  of  which  they  are  not  fully  aware."  This  could  cxjilain  the  inconsistency  between 
teachers'  professed  beliefs  and  their  practice  in  some  studies  on  mathematics  teachers  noted  by 
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Molycs  (1992).  Simply  interviewing  teachers  about  their  beliefs  will  not  by  itself  necessarily  recover 
underlying  frames  since  the  teachers  are  unlikely  to  be  aware  of  them.  This  is  why  the  story  telling 
process  has  to  move  beyond  the  telling  of  the  story  to  help  bring  into  focus  basic  dimensions  of 
teaching  that  are  taken  for  granted,  llie  remainder  of  this  paper  will  describe  the  portion  of  my 
ongoing  work  with  in-service  teachers  that  deal  with  recovering  frames  and  their  meanings. 
TIIK  PROCESS 

The  participants  v/ere  nine  in-service  mathematics  teachers  (4  elemental^,  5  secondary)  with 
teaching  experiences  of  5  to  25  years.  I  functioned  as  facilitator  and  met  with  the  teachers  as  a 
group  and/or  individually  to  discuss  the  process  being  investigated.  Tliis  process,  described  below» 
provided  the  daui  for  the  study,  i.e.  teachers*  stories,  teachers*  reflective  journals  and  written 
feedback*  my  responses  and  my  notes  on  group  and  individual  discussions.  The  process  consisted 
tjf  the  fotlowittg  four  stages: 

K  The  participants  wrote  7  stories  over  a  period  of  7  weeks.  They  were  told  that  each  stoiy 
should  be  of  a  personal  experience  in  their  teaching.  The  stories  should  include  as  much  details  as 
possible  (whei^,  where,  with  whom,  feelings,  actions,  etc.)  and  should  be  telling  of  their  teaching. 
Hiey  were  not  to  analyze,  ihcorize,  philosophize  or  do  any  other  "ize"  with  the  stories  as  they 
reported  them.  Tliey  were  only  to  describe  the  stories  as  they  happened,  i.e.  a  detailed  literal 
description  of  the  actual  experiences.  liach  story  was  submitted  to  me  for  feedback  before  the  next 
was  written.  The  only  feedback  I  provided  at  this  time  was  v/hether  the  stories  satisfied  the  above 
criteria. 

II.  l-ach  participant  reviewed  his/her  seven  stories  for  themes  or  patterns  underlying  his/her 
behaviour  in  the  stories,  llie  teachers  were  instructed  not  to  analyze  the  individual  stories,  but  to 
try  to  get  some  sense  of  the  holistic  picture  whh  respect  to  their  behaviour.  Tliis  required  standing 
back  from  t!ie  stories  and  considering,  for  example,  the  conflicts,  tensions  and/or  harmony  embodied 
in  the  actions  of  the  actors  in  the  stories  in  relation  to  the  teachei.  'l"hey  were  then  to  reflect  on  the 
patterns  or  frames  they  recovered  in  terms  of  what  these  frames  meant  from  their  perspective.  Tliis 
was  done  with  no  int  invention  by  me.  Hielr  reflections  were  recorded  in  journals. 
Ill*  I  also  reviewed  the  stories  for  "frames"  before  seeing  what  the  teachers  recovered  in  stage  U. 
(In  most  cases  mine  and  theirs  bore  some  resemblance  to  each  other.)  'FTiey  were  given  the  "frames" 
I  recovered  at  the  same  time  I  received  theirs  and  their  journals.  They  were  required  to  reflect  on 
my  suggested  frames  from  their  perspective.  Tliis  reflection  was  not  to  take  place  only  within  the 
boundaries  of  the  stories,  but  within  those  of  the  teacher's  life  as  a  person  and  a  mathematics 
teacher,  llius  they  were  to  go  beyond  the  literal  meanings  reflected  in  the  stories  to  get  to  a  deeper 
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undersUnidingof  the  meaning  and  roms  of  the  frames.  These  reflections  were  recorded  in  journals. 
IV.  Finally,  the  teachers  wrote  journals  reflecting  on  the  consequences  of  their  findings  on  their 
ongoing  teaching. 

The  process  was  not  as  simple  as  it  may  appear  on  the  surface.  The  teachers  usually  found  it 
frustrating  deciding  on  stories  to  tell,  difficult  writing  the  stories  without  theorizing  and  challenging 
finding  underlying  patterns.  This  made  the  process  time  consuming  for  them.  TJius  the  process  was 
spread  out  over  3  months.  Tliis  period  also  seemed  to  be  necessary  to  allow  their  reflection  to 
evolve  with  depth. 

SAMPtK  DATA  AND  RKSULTS 

Because  of  the  restriction  on  space,  it  isn't  possible  to  include  a  complete  set  of  stories  to 

illustrate  the  process.  Since  the  stories  were  dealt  with  holistically,  fragmented  pieces  froni  each 

could  be  misleading.  So  only  one  story  will  be  presented  in  its  entirety  (with  no  editing)  as  an 

rxample  of  the  naiure  of  the  Mories. 

Tliis  stoiy  lakes  place  in  a  mathematics  30  [grnde  12)  class.  We  had  discussed 
properties  of  the  parabola  and  I  thought  that  it  was  tmie  for  the  class  to  be  exposed 
to  a  more  formal  and  rigorous  approach  to  the  topic.  As  a  result,  I  sat  and  planned 
a  lesson  that  would  reveal  the  derivation  of  the  general  formula  of  a  parabola  at  the 
origin. 

I  had  previously  exposed  my  class  to  the  idea  of  a  directrix,  vertex  and  focus  and 
had  given  the  locus  definition  of  the  parabola.  We  had  spent  a  lesson  looking  at 
paral)olas  and  identifying  tliese  features  and  a  second  lesson  looking  at  equations  of 
parabolas  and  seeing  how  we  could  identify  the  coordinates  of  the  focus  and  vertex 
and  the  equation  of  the  directrix.  1  thought  that  the  students,  once  seeing  the  specific 
cases,  would  appreciate  the  derivation  of  the  general  formula. 

I  began  my  planning  by  taking  out  a  sheet  of  paper,  drawing  a  parabola  at  the 
origin  (pointing  up)  and  labelling  the  vertex  (0,0),  the  focus  (0,f)  and  the  directrix  y 
~  c.  I  saw  that  my  placement  of  these  features  were  not  accurate  so  I  erased  my 
parabola  and  continued  to  plot  points  by  measuring  a  constant  distance  between  focus 
and  directrix.  I  plotted  about  six  such  points  and  then  joined  them  to  make  a  smooth 
cuive.  I  was  much  more  pleased  with  the  result. 

Once  plotted,  I  turned  to  the  locus  definition  and  substituted  the  words  with  the 
general  coordinates  that  I  had  chosen.  As  I  waded  through  the  algebra  I  was  struck 
by  the  elegant  and  intimate  relationship  between  the  dehnition,  the  graph  and  the 
algebra.  After  measuring  with  a  ruler  one  or  two  more  times  to  satisfy  myself  that  I 
had  drawn  an  accurate  parabola  and  double  checking  my  manipulations  of  the  algebra 
I  took  this  sheet  and  photocopied  it  for  the  class.  The  next  day  I  entered  class, 
handed  out  my  photocopied  sheet,  went  to  the  blackboard  and  "re-did"  the  derivation 
for  them.  When  I  was  done  I  turned  to  the  class  and  asked  if  there  were  any 
questions.  The  students  were  silent.  I  took  this  as  an  indication  that  they  followed 
along  quite  nicely.  I  left  the  derivation  of  parabolas  pointing  down,  left  and  right  as 
exercises.  The  students  diligently  put  pencils  to  paper.  As  they  progressed  I  circulated 
to  see  how  they  were  doing.  I  found  that  most  of  them  used  the  photocopied  sheet 
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as  a  guide  and  simply  re-oriented  the  coordinates  of  the  focus,  vertex  and  directrix 
to  make  them  consistent  with  the  parabola  that  opened  in  the  direction  they  wished. 
None  of  them  tackled  the  problem  in  the  manner  that  I  did;  by  drawing  their  own 
parabolas  and  working  from  the  definition. 

I  questioned  a  student  to  check  for  her  understanding  of  the  exercise.  She  told 
me  that  things  were  going  "O.K.".  I  asked  her  to  give  me  the  definition  of  the 
parabola.  She  did.  I  asked  her  to  tell  me  what  the  coordinates  of  the  focus  and  vertex 
v/ere.  She  did.  I  asked  her  what  the  derived  equation  meant  to  her.  She  couldn't 
answer  that  one.  I  probed  and  asked  her  what  each  literal  symbol  meant  Her  answer 
indicated  that  she  couldn't  distinguish  a  variable  from  a  constant.  To  her  all  the 
letters  were  "variables".  She  was  unable  to  see  the  difference  between  "some  value" 
and  "any  value".  I  started  checking  with  other  class  members  and  found  that  this  was 
a  common  misunderstanding.  It  was  only  then  that  I  saw  that  perhaps  the  students 
weren't  ready  for  the  lesson  that  I  had  just  delivered. 

My  observation  of  the  set  of  stories  of  this  teacher  was  that  he  tended  to  treat  content  and  teacher's 

interest  as  the  most  significant  part  of  the  mathematics  curriculum.  This  was  consistent  with  what 

he  had  observed  on  his  own,  He  noted  in  his  initial  journal: 

...there  seems  to  be  a  conflict  at  the  heart  of  most  of  my  stories,  that  is,  my  struggle 
with  mandated  curriculum.  I  found  it  very  surprising  in  reviewing  my  stories  that  the 
bulk  of  them  dealt  with  the  way  that  I  delivered  subject  matter.  I  always  thought  of 
myself  as  a  teacher  who  cared  more  about  the  students  rather  than  the  content.... 

Excerpts  from  his  follow-up  reflections  (after  becoming  aware  of  my  observations): 

...It  became  obvious  to  me  as  I  re-read  my  stories  that  I  am  struggling  with  the 
demands  of  content  in  my  teaching.  Most  of  my  stories  centered  around  concerns  of 
planning  and  delivering  concepts  to  students.  I  found  it  enlighteningthat  in  practically 
all  of  my  stories  there  was  a  conflict  between  how  I  thought  students  would  react  and 
how  they  actually  did.  In  my  stories,  I  shared  experiences  of  frustration  when  the 
content  that  I  delivered  was  either  over  the  heads  of  my  students  or  not  challenging 
enough  for  them.  Yet,  I  continued  to  put  the  content  first. 

...I  realize  that  my  responsibility  is  to  plan  new  ways  of  delivering  the  content  so  that 
my  students  will  be  able  to  enact  with  it  in  a  more  meaningful  way.  However,  I  do  not 
sec  that  I  must  "throw  away"  content  concerns  in  order  to  be  true  to  needs  of  my 
students. 

...I  realize  that  I  must  teach  content  to  students;  my  concerns  over  their  growth  as 
human  beings  is  motivated  by  my  duty  to  teach  content. 

...1  must  be  sure  that  the  content  docs  not  overshadow  the  needs  of  the  students. 
...I  plan  lessons  that  stimulate  my  interest.  I  present  math  to  my  students  in  a  manner 
that  makes  obvious  the  wonderment  that  I  feel  when  I  first  engage  with  the 
mathematical  ideas.  ...I  realize  that  my  interest  must  include  a  vision  of  the  world  that 
students  live  in.  I  wrote  a  story  that  dealt  with  planning  a  lesson  that  revealed  the 
coruK'Ctions  between  algebra,  geometry  and  logical  reasoning  in  proving  the  locus 
definition  of  the  parabola.  I  was  stimulated  by  the  exercise  in  planning  for  the  lesson. 
The  connections  were  obvious  and  fascinating  TO  MH.  However,  I  failed  to  take  into 
account  the  view  of  my  students.  To  them  this  lesson  came  off  as  dry  and  separate 
knowledge.  I  failed  at  looking  at  the  world  through  their  eyes.  I  should  have  included 
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some  work  that  dealt  with  their  mathematical  world;  perhaps  a  hands  on  approach 
with  manipulatives,  a  computer  application,  or  an  artistic  approach.  In  retrospect  all 
of  these  would  have  stimulated  my  interest  and  met  the  students  at  a  place  where 
they  were  comfortable.... 

Further  reflection  by  him  included  a  storying  of  historical  personal  experiences  that  could  have 
shaped  his  belief  about  the  math  curriculum  in  terms  of  content,  of  changing  personal  social 
experiences  (eg.  becoming  a  parent)  that  have  been  reshaping  his  view  of  his  students  and  of  how 
he  now  understands  reconciling  the  conflict  between  teacher-content,  student-content  and  teacher- 
student  relationships. 

This  teacher's  situation  reflects  those  participants  whose  stories  revealed  something  significant 
of  which  they  were  unaware.  Another  example  is  the  teacher  who  became  aware  that  her  frame  of 
caring  was  dominating  her  desire  of  giving  more  responsibilit)'  to  her  students  for  their  learning  and 
behaviour.  This  conflict  resulted  in  negative  consequences  in  her  teaching  and  interaction  with  her 
students.  With  her  new  understanding  of  the  situation,  she  is  now  working  on  developing  a  more 
compatible  balance  in  her  behaviour. 

Not  cveiyone.  however,  had  surprising  revcLilions.  For  a  few,  the  outcome  was  enlightening 
as  a  reinforccr  and  a  way  of  understanding  or  confronli.ig  the  underlying  meanings  of  what  they 
were  aware  of  on  the  surface.  For  example,  one  way  in  which  another  participant  now  understands 
the  constant  changes  he  has  made  over  the  years  of  his  teaching,  is  in  terms  of  the  tension  beiAveen 
the  traditional  approaches  the  mathematics  curriculum  and  text  books  dictated  and  his  seemingly 
uncontrollable  desire  to  teach  mathematics  from  a  personal  problem  solving  perspective.  He 
referred  to  this  problem  solving  perspective  as  "learning  by  experience"  which  he  traced  to  his 
childhood  experiences  outside  of  school  and  described  how  it  has  continued  to  influence  his 
behaviour  as  an  adult.  He  notedr  "My  initial  way  of  dealing  with  anything  new  or  different  is  to  try 
and  figure  it  out  without  anyone  telling  me,  showing  me  or  by  some  written  explanation  of  how  or 
what  to  do."  However,  although  problem  solving  has  now  become  an  integral  part  of  the  curriculum, 
the  tension  ha.s  continued  because  of  what  he  now  sees  as  a  conflict  between  his  personal 
perspective  of  it  and  those  prescribed  in  text  books.  He  has  begun  to  work  on  establishing  a 
compatible  balance  between  the  two. 

"Hie  effectiveness  of  the  process  depended  on  the  nature  of  ihc  stories.  Stories  that  described 
the  teachers*  actions  and  thoughts  as  they  occurred  were  more  revealing  of  underlying  assumptions. 
Only  for  a  few  of  the  participants  were  such  stories  written  consistently.  'ITie  others  would  at  times 
focus  on  a  student  or  a  colleague  and  include  themselves  as  a  minor  or  passive  actor.  In  such  cases, 
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the  stories  were  more  telling  of  what  the  teacher  consciously  valued  or  dislike  in  his/her  teaching. 
Thus  they  were  reinforcing  but  not  necessarily  enlightening.  However,  of  the  seven  stories  written, 
a  minimum  of  three  that  focused  on  the  teacher  was  sufficient  to  get  a  meaningful  pattern. 

The  teachers  were  surprised  at  how  much  they  were  able  to  learn  about  themselves  from  the 
process.  One  noted:  "I  am  learning  that  one  cannot  hide  from  reality  when  the  storying  process  is 
used."  However,  the  process  didn't  seem  to  make  sense  to  them  until  they  started  looking  for 
"frames".  This  reinforced  for  me  that  simply  telling  the  stories  is  not  necessarily  meaningful 
particularly  for  mathematics  teachers  who  are  likely  to  find  this  activity  in  conflict  with  what  they 
would  associate  with  a  mathematics  teacher.  In  fact  most  of  participants  found  looking  for  the 
frames  the  "most  fun  part"  because  they  perceived  and  approached  it  as  problem  solving. 

In  general,  the  process  increased  the  teachers'  awareness  of  their  teaching  of  mathematics, 
some  of  the  underlying  assumptions  consciously  and  unconsciously  influencing  their  teaching  and 
the  possible  roots  of  these  assumptions.  It  provided  them  with  a  personal  understanding  of  how  to 
alter  their  behaviour  to  enhance  their  teaching.  This  was  evident  not  c  nly  from  the  suggestions  they 
made  but  from  follow-up  journals  on  what  they  had  actually  started  to  do  or  tried  in  their 
classrooms  with  encouraging  results. 
CONCLUSION 

The  autobiographical  process  seems  to  be  a  viable  way  of  facilitating  mathematics  teachers* 
development,  of  helping  them  to  understand  the  meaning  of  their  actions  and,  hopefully,  to  become 
more  liberated  and  effective  teachers.  However,  more  work  is  needed  to  determine  the  long  term 
effect  of  the  process  on  teachers*  behaviour. 
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TIE  STUDY  OF  UNDERSTANDING  IN  ARITHMETIC  EDUCATION 
UNDERSTANDING  PHASE  AND  LEARNING  PROCESS  MODEL 
-  IN  CASE  OF  AREA-LEARNING  FOURTH  GRADERS  - 


Hi(kamru_F^^   lUrano  Primary  School  Attached  to  Osaka  Kyoiku  University 
Shigoki  Yamaraoto:  Sakai  Municipal  EishOu  Primary  School 

This  study  focuses  on  analyzing  the  pupiJs  '  understanding  process  of  a^^^  To 
anaJvze  this  is  far-reaching  and  beyond  our  abiJity    Then      aade  the  first  step  in 
Ze^m  themJe  ^  get  through  practice.    One  is  to  present  the  fourth  graders 
^Zmfdi^o^ss  Sf  area-iearm'ng.    The  other  is  to  present  instruction  learning 
^ess  to  iM>£^a  deeper  understanding.    The  forj^r  is  jnodaJi  ty  ^eJ  concerning 
^^a  j  Jrnf^^ the  Jatter  is  process  ^ej.    7'he  purjx?se  of  this  study  is  to  waAe 
a  fcg^J  ^amo^rk  of  the  ^eJ^hich  gren  out  fro^  the  cJassroo^.    In  order  to  oo 
thif  ^rangements  nHJ  be  nade  of  the  severaJ  gix?unds  concerning  understanding 
Droce<7s     Then  through  comparing  those  grounds  f^ith  MiodeJs,  genera  J  JogicaJ 
^h^ihesJs^Jl  be  Jiven  aT ^o'iode/  structuring  and  the  results  hHJ  be  considere^L 

1,  Introduction: 

We  are  interested  in  a  fact  when  pupils  have  solved  F-1  problem  after  finishing 
area- learning.    M()St  pupils  triod  to  solve  the  problem  using  (length  X  width)  formula 
carefully.    Then  they  can  solve  area  problem®but  in  case  of  probleni(Din  spite  of 
the  time  si^nt  dividing  into  pieces,  we  got  a  lot  of  incorrect  answers  because  of 
using  the  formula  many  times.    However,  there  were  sorao  pupils  who  solve  the  problem 
by  formulating  adequately  voluntary  unit  (1/8  of  the  figure  of  problem fX))  after 
watching  the  figure  sometime  without  trying  to  solve  at  once.    To  those  pupils,  this 

problciD  was  like  a  puzzle  and  fun.  aiKl  the  given  answer  was  correct.    This  was  quite 

a  shock  to  us  aiid  made  us  think  what   

it  is  to  uiKJerstand  deeply  the  :    p-i  wiiich  is  larger  ©or®? 

concepts  of  area.  ; 
It  so  happened  that  a  phrase  has 

changed  in  tlio  course  of  study  and  : 

giiidolinos  for  aritlunetic    'Have  \ 

IMiplls  to  understand"  )iab  changed  ; 

into  "piipils  understand".  Wliat 

snnms  to  Ixi  a  drastic  change 

concei-ning  imderstai\ding  process  has  ; 

not  l)Con  seriously  considered.  Most  : 
mople  don't  iiay  a  serious  attention 

to  the  change.    Wo  have  focuRCxl  our  study  ujxm  "undnrstandinp"  lK>c;uise  we  wnrn 
doubtful  of  the  conventional  teaching  and  we  wanted  t(.  know  the  uaderf.tn.idii.g 
process  of  nrltlimetic. 
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What  is  it  for  pupils  to  "underslaiid"  arithmetic.    This  is  exactly  what  m  try  to 
find  out  in  our  study.    But  to  solve  this  is  far  reaching  aixJ  beyond  our  ability. 
Then  hc  present  our  first  step  through  one  example  He  got  in  the  classrooci.    It  may 
be  difficult  to  investigate  pupils  understanding  process  of  airithmetic  but  it  may  not 
be  so  (lificult  to  investigate  what  it  is  like  for  pupils  to  understand  the 
orea-learning  (fourth  grade),    Wo  will  elaborate  upon  it  in  the  following  chapter. 

2.  Preceding  Study: 

(1)  Tlie  interpretation  of  R.R.Skemp 

The  core  of  the  famous  work  of  Skemp  is  the  distinction  between  relational 
understanding  and  instrumental  understanding,    lie  stated  in  the  report.  "He 
distinguishes  these  tuo  imderstaiiding:    relational  understanding  and  instrumental 
understanding.    The  former  means  that  both  how  and  why  are  understood,  instrumental 
understanding  was  not  considered  as  understanding  until  recently.    Formerly  it  was 
called  regulation  without  reasoning"* (2) 

Without  knowing  the  reason  one  can  obtain  the  circle -area  only  with  the  knowledge 
that  radius  x  radius  x  3.14.  Tliis  is  instrumental  imderstanding.  On  the  other  hand, 
relational  u/iderstanding  is  knowing  the  reasoning  of  the  circle-area. 

(2)  The  interpretation  of  S.I.Brown. 

The  core  part  of  Drown  is  the  distinction  between  internal  understaiidii»g  and 
external  understajuiing  .    Brown  defined  the  two  understandings  as  follows:  "To 
understand  internally  what  X  means  is  to  know  the  relationship  inside  the  X  itself 
and  to  understand  X  externally  is  to  know  how  it  is  related  with  others  while 
considering  X  as  a  whole.'** (3)     As  a  matter  of  fact,  to  obtain  the  circle  area  by 
adopting  "radius  x  radius  X  3.14  formula,  and  also  to  know  the  formula  is  in  the 
category  of  internal  undcrstmiding .    On  the  other  hand.  "Wliat  is  the  use  of  liKlucing 
area  formula  in  moasnring  area?"  and  "Ifliy  do  fieople  try  to  measure  the  area?"  seem  in 
the  cat(>gory  of  external  understanding. 

(3)  The  interpret  a ion  of  Yutako  Saeki 

Yutiika  Saeki  mentions  in  his  book  "Understanding"  as  ftjllows:     "To  undorstaml 
d(M»ply  things  or  {ihenomenon  will  coincide  with  thn  following  accumulated  factors. 
Tliat  is:0)  solving  the  practical  problems  (problem  solving) .  (^)  showing  tlio  reasoning 
nf  things  (grounds  for  it).  (J?)  correlations  between  actual  society  and  culture 
(practicing  socially) .  (i)  widening  of  correlate<i  society  (devoiopmcntaj 
eninrgemiit )  "*  (4)    That  is.  iinderstamiing  occurs  when  the  practical  problems  are 
solv(xl.  the  rpastniitig  is  shown,  and  acccudijjj^ly  combinat itin  of  a<:tual  society  and 
cnlturo.   then  wiclruinj:^  of  cdi  r  c  lat  cd  socinty. 
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3.    Mcxia)ity  rxxlcl  and  Process  model  in  aroa-loarning : 

We  made  the  study  of  understanaing.  focusing  upon  "luulerstaiiding  the  area"  in  the 
children's  behaviour.    As  a  result,  based  upon  the  F-1  research  problem,  the  oUier 
problems,  which  you  Hill  find  later  in  the  pajxir.  suggested  that  there  ore  phav.ns  in 
tho  uiidorstanding  of  area  learning.     This  is  obviously  endorsed  Iry  the  rosult  from 
the  problem  1  solving  the  area  of  3  cm  x  5  on  rectangle.    Vmen  we  had  our  pupils 
explain  the  roeanitig  of  15  cm*  pupils  came  into  two  categories:    One  could  only 
explain  "as  a  result  of  the  formula"  and  the  other  could  explain  how  many  times  of 
area  unit  perspective.    We  thought  that  the  framework  of  the  two  groups  corresponds 
with  that  of  Skomp's  instrumental  understanding  and  relational  understanding. 

Moreover,  according  to  "Adding  up  and  Consideration  of  Achievement  Analysis"  at 
Tokyo  Arltlimctic  Education  Study  Group,  1990  *(5),  there  is  as  low  as  47  percent  of 
correct  answer  to  the  problem  asking  the  area  of  classroom  among  34143  fourth 
graders.    The  problem  is  a  multiple  choice:  to  choose  60  cm'.  600  an'.  0000  cm\  60  m'.  6 
W.    The  pupils  came  into  two  groups:  one  group  have  tlie  ability  of  calculating  in 
tlie  situational  setting  and  the  other  group  do  not  have  such  ability.    This  sliows 
that  there  are  more  phases  of  understadning  besides  Skemp's  instrumental 
understanding  and  relational  understanding  which  we  discussed  iK^fore.    And  there  need 
to      another  set  phases  to  explain  our  result. 

Then  we  call  the  Skemp's  set  of  phases  of  instrumental  understajiding  aiKl 
relational  understanding,  "shallowing  understojKiing  phase".    We  thought  that  tho  set 
of  phases,  with  which  we  cannot  explain  our  result,  corresixjnds  with  Brown's  external 
understadning  or  Saeki's    practicing  socially  and    dove loj^mental  enlargement.    And  we 
set  up  a  hyixjthesls  and  call  it,  "deep  understadning  phase". 

Then  the  fact  suggests  us  that  tlie  following  four  phases  (motiality  mcxiel)  . 

-  SkpBp  - 


JnslrvKnIftI  unterittjvllng   telntlavil  miJfriliuKJiw 
^  —  •  QruHn  - 


Intcniol  untfcrstBndlitg 


oxtoriwl  uudorslmxlliig 


|iiolilr«<^  by 
usii>{!  foitivtln 

only  5o)vn  Uio 
prolilowj  l>y 
ii<;li)(;  (oinil'i 

rinly  siilvo  Ilii> 
piiibltins  liy 
ii'ilii(^  rnimtln 

Lilly  sdIvo  tlir 

HKibliMns  by 
ir.ln;^  I  in  m  l.i 

\iiuryO  h 

recall  tlin 

tiw^i  (if 

mill  nrrn 

rtHjnll  llu> 
tlw";  «if 

lUlK  ilM'l 

tix-;ill  tlin 

1  |w";  .If 
null  nir.-t 

iuhIi'!  slaiKl  the 
rr.TJuiin  t>f  wliy 
iuilvi'i<;.i]  iiitli 
Is  iiukIiii  mI 

itixlri ';<  I'liil  Hii> 
((•n<;iiiis  (if  xliy 
nnlvni-.Ml  inilt 

Is  lllfMlU.fxl 

tiiiil(>r<;!;iiKl  Uii' 
(iMVPSS  nf 
bv-niiliit:  to 
ro.is.iii.  t1i«. 

bii n'T 
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Phase  A:  Pupils  cannot  solve  the  problem  by  using  the  formula.    Phase  D:  Pupils 
can  use  the  formula  and  also  can  explain.    Phase  C:  Pupils  can  understaiKi  the  birth 
of  universal  unit  in  addition  to  phases  A  and  D.    Phase  D:  Pupils  can  understand  tlie 
necessity  of  using  larger  units  or  smaller  units  in  addition  of  all  the  phases  above 
mentioned. 

These  models  are  bases  upon  the  classroom  teaching  at  elementary  school  and  the 
phase  D  pupils  can  be  considered  to  have  readied  the  "deep  understanding"  which  we 
believe  to  be  ideal.    The  consideration  of  phase  D  piipils  can  develop  the  creative 
activities  themselves  through  Hliicli  to  find  "unit".    With  the  unit  Ihey  can  adjust 
themselves  after  entering  a  wider  society,  such  as  play -ground  mid  jwrks,  out  frofti 
the  classroom  situation.    Phase  D  pupils  can  also  distinguish  themselves  at  changing 
persjvect ives .    AJso,  thoy  arc  t!ie  children  who  can  name  their  own  luiit  because  of  the 
attachment  of  the  unit  based  upon  thoir  own  classroom  activities.    Using  the  unit, 
they  further  can  create  the  new  units  one  after  another  according  to  the  iie;^ 
situations.    As  a  result,  they  will  have  grovfn  into  the  children  who  can  understand 
the  backj»round  of  the  brith  of  universal  unit. 

We  consldormi  the  phase  D  pupils  to  have  a  gowl  understanding  of  llio  area  and  we 
made  a  format  of  learning  process  model  and  practised  at  some  elementary  schools. 

 -LEAIWING  PnOCnSS  MODEL  OF  UNDF.RSTANUIKG"  

FIRST:  Understanding  Hhy  universal  unit  is  produced 

(1)  Creating  the  area  of  my  omi.  (torritory  gaining  gunw) 

(2)  This  is  the  unit  of  my  own.   (naming  tho  voluntary  unit  of  onn's  owi  fin<iinf?) 

"1  OthoUo".  "i  Sakato".  "1  Mario".  "1  tXmino". 

(3)  Til  is  is  the  miit  of  our  own.  (producing  the  <:oiifKm  unit  usable  in  classroom  socioty) 

"IF"    F  is  tho  initial  of  homeroom  teacher. 

(4)  Hy  si7.o  ia  "14F'  .md  roy  size  is  "IBF" 

SF.CONU:  (liKler standing  how  poople  lonrn  to  roeaniro  Ihn  Inif^pr  sizo  and  smallor  size. 

(1)  Tho  lUiit  of  our  ovm  usable  anywhoro;  "IF" 

(2)  Lot's  Croat 0  tho  larger  unit...  IF 
Uit's  create  the  SBaller  unit... If 

(.1)  The  size  of  our  classroom  is  lOOF. 
The  size  of  a  telophonn  card  is  Bf . 

THIRD:  llu<i(>rstanding  tho  grounds  of  aroa  formula  bcinR  fwrdtimi. 

Let's  prociuco  the  formula.    It's  troublesome  to  Jay  t^nits  oJI  the  while. 
(/UU:A)-(WU;n!)x(LEN(7ri!) 

FOURTH;  lIiKlorstainling  the  reasons  of  Iioh  ihn  universal  unit  J",  produced. 
Wo  Hont  to  knoH  tho  convenloiit  unit  cowixjiily  iisM  in  the  wirhl. 
CTQ*  to?  km.   


4.  Comjvirisfm  Detwoen  Modality  Motlel  and  Understanding^  Tluuiry: 

In  the  process  of  our  study  w(»  wire  ainazcxi  at  the  fact  that  Skomp  took  up  as  an 
example  of  area  sulvinj^  when  he  discusses  lelalional  understanding  mid  instnimontal 
understand inp,.     In  this  case  he  do fines  the  instrumental  understanding  the  solution 
g(>ttinp.  by  the  usp  of  the  formula  width  X  )r>ngth.    !!p  <:alls  the  knowlcMlj^n  f)r  w!iy  to 
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Bultiple.  relational  undorstandiiiR. 

This  IS  to  say  that  our  notion  of  phas'os  arising  frora  solving  the  area  of  3      x  5 
on  rect^igle  corresix^nds  witli  tlist  uiguislung  iiistruinental  uiKlcrstaiulinp;  aiKi 
relational  iirxler standing. 

Let  us  compare  phaso -concept  wo  prGscntod  with  "relational  understaiKling"  nml 
"instruiTiGntal  understanding". 

Our  phase  A  oi  being  able  to  solve  t!ir  problem  by  using  the  formula  is  iu  the 
category  of  instrumental  under staiKiing  and  our  phase  B  of  being  able  to  use  the 
formula  and  also  to  explain  it,  is  in  the  category  of  relational  uixJerstanding.  Rut 
the  difficulty  lies  in  the  discussion  of  phase  C  and  phase  D  |)upils.    Those  inipils 
who  understand  the  birth  of  universal  unit  are  the  pupils  who  have  the  knowledge  of 
understanding  the  background  of  cm* and  m'in  the  society,  because  they  have 
experlonced  the  birth  of  valid  unit.    Ho  find  it  rather  difficult  to  put  those  ^nifuis 
in  the  category  of  relational  luidnr standing.    Another  category  would  \x\  m^edod. 

The  same  is  also  true  of  phase  D  pupils,  who  are  able  to  cliange  pGrsix?ctives  on  a 
case- by  case  basis.    Those  pupils  arc  also  difficult  to  discuss  witliin  the  fnunework 
of  relational  luiderstanding .    To    ai)in-oach  changing  f)erspective  roalliemjitically,  we 
think  that  in  addition  to  relational  uiKJerstanding,  we  would  also  need  intuitional 
understanding  and  logical  underslruiding  profiosGd  by  two  Cajiadions.  Dyers  and 
Hersrovics. 

Hero  we  must  distinguisii  between  internal  urKlerstanding  and  external  luidarstai-KUng 
before  comparing  internal  understanding  and  external  understanding,  as  BroKii  put  it, 
anti  our  unders  t  and i  ng  mode  1 . 

As  monMoned  in  the  first  section.  Drown  defines  tlie  distinction  between  the  two 
understandings.    Hirabayashi  meiUions  that  wo  hold  an  "understanding  rofx?"  and  lliat 
new  olijert  is  to  Ix?  himg  ujxm  tiie  rorK>  to  identify  its  location.  This  is  what  he 
thinks  external  unders tarKJing  and  pupils  U^in  exaniining  the  object  "hung  un  th<? 
rojx?".    This  is  like  a  spider  approaches  the  liunt  nii  the  web  and  this  process  (xui  Ik? 
consitlerrnl  to  l)o  internal  \uiderstnnding.    Hy  *(3).  this  idea  of  extninal  and  intnriial 
umlerstandings  can       thouglit  to  lx»  set  in  a  dt'finito  fianK?work.    Accord i Jig ly,  tlie 
problem  is  what  kimJ  of  framework  is  to  Ix^  set-    Mirabayaslii  says,  "Math  etkicatiou  in 
Jajj^m  can  be  characterized  as  {X}rhaps  something  luidorp inning  internal  unders t ami ing 
of  materials  and  lacking  external  understantllng.    This  is  exnctly  like  "neiiig  luinlile 
to  se<?  the  w(xxl  for  tlie  trees"  which  is  often  (i;iote<l  to  imply  tcxiay's  e^hicational 
system.    Therefore,  the  differeiue  U>twtHMi  the  fiafoework  of  interit;rl  tuul<*is landing 
and  exteruiil  unders taiiding  is  that  the  concept  of  internal  ujKlerstmxling  is  mialyzing 
and  external  luiderstanding  is  bow  to  Icjcate  the  concept  in  the  wlwile  area.  In 
coiuu><Mi(m  of  (uir  p<xiel.  (>Jiaso  A  in  wliiLh  p.npils  can  analyze  its  formula  ran 
thought  to       internal  unders t ruul i ng .    An<l  to  1k>  able  to  mvlerstand  the  liirth  of 
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univftrsal  unit  is  to  be  able  to  imdorstaiid  its  background  process,  so  this  could  l>e 
fram(>d  into  oxtornai  undorstcinding.    Phaso  D  in  which  pupils  can  understand  in 
addition  to  tho  phases  above  raentionod.  tho  nocossity  of  using  larger  units  or 
sroallor  units  could  be  in  the  fraroowork  of  external  understanding. 

This  brings  us  to  believe  that  "imderstanding  phases"  we  presented,  tliat  is, 
ino()Mlity  JiKxiol.  is  the  model  which  includes  both  internal  and  external 
luiderstandings.    The  developioent  of  class  through  "learning  and  studying  process 
iwxlol"  which  created  phase  D  pupils  can  the  thought  to  bo  the  learning-process  model 
bjisos  uixjn  external  imderstaiiding.  the  ty^KJ  of  model  never  develoixxl  in  Japjii  l>ofore. 

Saoki  mentions  in  his  book  *(4)  that  there  are  four  conditions  in  the  process  of 
umlerstanding  (1)  problem  solving.  (D  grounds  for  it.®  practising  socially.  ®  develop 
mental  enlargement  of  it.    This  is  to  say.  tho  pliase  in  which  concrete  problems  caji 
lx>  solve<l  and  the  reasoning  can  bo  presented  corresponds  with  ratxlel  A  and  D,  If 
practicing  it  socially  is  to  be  something  including  imiversal  miit  of  social 
backfironnd.  it  corresponds  with  pliase  C,    And  If  doveloixnental  onlargemont  of  it  is 
to  b*i  considered  to  create  unit  from  the  different  pcrsiwctlve.  it  fits  exactly  phaso 
U  and  the  mcxlel  ho  presented. 

Accordingly,  what  Skcmp,  Drown,  arui  Saeki  say  about  lUidGrstmuling  corrosixnuis 
wonderfully  with  our  model, 

5    Results  and  Consideration: 

In  order  to  verify  the  effectiveness  of  "uiuierstandlng  learning  fno<ielb"  we  protwse 
which  helps  pupils  reach  deep  understanding  (phase  U) .  we  made  evaluating  pr(jl)lems  1 
to  5  and  considered  the  results.    Here  we  evaluted  phase  A  as  problem  1.  phase  B  as 
problem  2.  phase  C  as  problem  v3,  and  phase  D  as  problems  4  and  5. 

"Ul'SUI.rS  01-  UNI)I*nsiANUINC  MUASUIiMt-NT** 

PUPILS  IN  BACH  Pt^ASK  GKNblRAL  GIW     HYPQTtUTICAL  GROUP 

staying  in  phase  A                              u  %  0  % 

staying  in  phase  B  34  n 
stayinjT  in  phaso  C  IG  15 
having  reached  phase  D  9  74 

Note:  Phase  A  pupils  can  only  solve  tho  problems  by  using  formula. 

■  base  B  pupils  can  uiiderstanu  the  meaning  of  formula. 

Phase  C  pupils  can  understand  the  birth  of  universal  unit. 

Phase  D  pupils  can  understand  the  larger  and  smaller  units. 

The  results  indicated  that  among  ptipils  In  general  group  those  who  are  not  able  to 
undnrstand  the  meaning  of  formula  ar«d  try  to  obtain  the  answer  formally  consist  41 
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On  the  othor  linnd.  those  who  stayed  in  phaso  A  consist  0%.    This  m.iim^  tliat  pupils  in 
general  group  staycxl  in  Skcmp's    inslrnnKHilal  tuidorstaiiding  .  whereas  most  pupils  who 
had  exi)orloncod  this  lonrnine.  m(xlol  attaintxl  rolntionnl  understanding.  The 
excessively  low  ratios  of  pupils  among  gcnoral  grot.p  in  phase  C  and  phase  D  and  higli 
ratio  OAX)  nmong  exixjrimnntnl  group  indimto  that  pupils  who  exijcriencux^  thin 
learning  model  have  readu^d  not  only  inner  understanding  hue  also  external 
understanding,  as  Brown  put  it.    Wn  slumld  like  to  omit  the  other  researelies  and 
problems  for  lack  fo  space.    Bnt  in  discussing  the  pupilr.  in  tlie  process  of 
oxiKjrimonting  this  learning  mo(k>l .  the  phase  in  wliich  pupils  solve  tlie  practical 
area  problem  and  are  able  to  explain  the  grounds  for  it  corresi)onds  with  Saoki's 
solving  tlie  practical  problems  and    showing  the  roasonin^  of  things.    And  tliose  who 
reache^l  phase  C  have  grown  into  pupils  who  find  voluntary  unit  and  creale  new  units 
one  after  the  other  because  of  a  deep  attachment  to  utiits.    They  go  on  to  understand 
the  backgromid  of  tlie  birth  of  universal  miit  now  being  used.    In  (Ulier  words,  they 
recoRni7.n  the  uicessity  of  crealiny^  common  unit  when  a  socioty  meets  another  society. 
Tills  can  be  regarded  as    practising  socially.    And  pliase  D.  the  deei)ost  form  of 
imderstanding  we  proi^osed  involvmj.  nddwd  to  the  llneo  othor  phases,  the  ability  to 
conceive  units  corros^^ondlng  to  each  sceno.    Pupils  in  phase  1)  wo  just  discussed  are 
those  who  develop  activities  which  corresixind  lo  widnr  society  out  of  classroom 
situation,  such  as  playgroimds  or  ixirks.    And  in  these  activities  Wxvy  can  create 
their  own  uiiits  and  see  things  In  a  diffeieut  i)ers|XH:tivc.    This  can  l>e  loek(Kl  ur)on 
as  widening  of  correlatiKl  soiety. 

For  reasons  mentioned  alx)ve.  "uiKleist amUng  pliMsft  m^Vil"  we  projxjsed  is  a  new 
concept  on  understanding  (frajnework  of  understanding)  which  is  not  only  basc^d  on 
Skemp's  concept  but  also  combined  with  Iho  understanding  concepts  of  Browt»  and  Sneki. 
Our  •■undorstadning  model"  surely  helps  pupils  attain  whal  we  call  "deep 
uiKlerstanding".    Ho  firmly  helicve  the  validity  of  our  learning  m(Klel. 


I  Calculate  the  area  of 
the  following  r(><  tang  lev 


f  0  f  mil  I  a 


<  rim  a  n  I  n  K 


2  Wliich  is  laiger  A  or-  H? 
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I     '  ' 
I  I  1 
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CAUSAL  RKUTIONSHIPS  BKTWEKN  MATHEMATICS  ACIIl KVKHKNT. 
ATTITUDES  TOWARD  HATIITOTICS  AND  PERCEPTION  OF 
MATHEMATICS  TFACIIER  nN  SECANDARY  SCHOni.  STUDENTS 


Tnshihiro  Uai 
Faculty  of  Ediicallon,  Wakayaia  Univorsiiy 

( Abstract  )  ^         .  .  .  .  • 

The  purpose  of  this  study  is  to  f  ifxi  wusa]  relationships  between  stiKlent  isathcuatics 
achieveacnt,  attitudes  toward  lathcuatics.  and  student  pcrceptiod  of  lathtiMt  cs  eachor 
on  two  eodels.  Model  1  reveals  influence  fro.  perception  of  aathcuatios  teacher  and 
altitudes  toward  «atho«atlcs  to  wtheaiatics  achicyment.  2. repeals  n  h^^^ 

mathcaalics  achieveient  and  perception  of  aathciatics  teacher  to  at  tides  toward 
BalhcMtlcs.   Path  diaxrass  were  ciistructeti  with  algniricant  stamlarti  partial  regression 

^"tK  w'eVc^M^^^^  l^otwcen  p^^rcrption  of  nathcttatins  teacher  ai\d 

alt ituLs  toward  iathcia tics.  There  were  few  significant  direct  relatioj^shu's  iKitweon 
perception  of  aathcuatics  tcaufier  ar>d  lathfaatics  achievrweiil. 

I.  Introduction 

Recently  evaluation  of  attitude  toward  iBathe»alics  has  been  a  topic  of  concern,  and  the 
topic  related  to  the  affective  variables  have  been  attended  at  lenKlh  in  Japan  .  There 
have  been  several  extensive  reviews  of  research  on  attitudes  toward  tnathnialics  and 
affective  variables  as  related  to  wathcmatics  learning.  (  Aiken  1070,  ll)7G.  Kuln  19B0, 
l.orentzJ082,  Reyes  19B4) 

Lorentz's  review  revealed  that  it  was  not  only  iBportant  to  find  a  relationship  between 
■alhematics  achievenent  and  attitudes  toward  natheaatics.  Init  it  was  also  inporlant  to 
find  relationships  among  affective  variables  relating  to  attitudes  on  Batheiaties. 

There  are  internal  variables  and  external  variables  relating  to  attitudes  toward 
aalheiatics.  The  forier  are  Batheiatics  achlevenent  and  intelligent  level,  and  the  latter 
are  teacher  variables,  learning  envirnoaont  and  one's  bote  envirnoaent. 

Haladyna  elc.(19fl3)  found  a  causal  relationship  aaong  student  activation  ,  teacher 
quality,  social  psychological  class  cliaate.  aanagcm  nt  -  organUatioii  class  rlimate.  and 
altitudes  toward  aatheaatics. 

Etlngton  and  Woiflo  (1984)  examined  the  reason  men  and  woann  differ  in  Biathemalirs 
achieveaenl  by  aeans  of  a  oovariance  structure  in  a  causal  model  of  Bathenalies 
achieveaent. 

In  Japan  Mlnato  and  ^anata  (1008)  tried  to  find  the  causal  relationships  between 
aititedes  toward  aathenatics  and  mathematics  achleveicent  with  CLPC  analysis.  They  found 
certain  relationships  about  then,  but  didn't  find  any  clear  relationships  with  teacher 
variables. 

laai(1985)  found  relationships  between  attitudes  toward  nathenal I cs  and  aatbenatlcs 
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anhlcvcient,  between  attitudes  toward  aathciatlns  and  perception  of  aathoiitlcs  teacher. 

Sasftkl  and  Iiai(l9B4, 1985)  found  relationships  between  altitiidc.  toward  i  ihciialics  and 
student  feeling  of  parental  attitude  toward  lathoxatics. 

In  this  study  I  will  focns  to  find  the  causal  relationships  beti/ri  ;  eaheaialics 
achJevcient.  attitudes  tDward  nathoiatino,  and  perception  of  nathesi^it  irs  tec  nr 
.2.  A  Bodel  for  sose  v.iriables  as  related  to  ■atheiatics  achiovoif-nt,  a  nu«l»-  toward 

■atbciatics  and  perception  of  njitheiat Ics  teacher 

Blooi.B.S.  set  up  the  instruction  learning  Process  lodel  about  cogi.iiiv;  picttise 
ability,  affective  preuise  charaotenstk,  attainient  level,  affectUe  fruit. 


Cognitive  prenlse  ability 
afft'Ctlve  pietise  characteristics 


instruction 
-  learning 

 * 

attainit'Mt  loci 
affectWe  fruit 


These  variables  are  shown  with  liie  passing  In  this  aodel.  In  addition  to  this  iimlcl, 
I  think  teacher  variables  like  external  variables  affect  natheaatlcs  athievcicnv  and 
attltudei>  toward  iathoiatlcs.  I  will  try  to  find  the  relationships  between  attitudes 
toward  ■atheiatics  (AT)  as  affective  variables,  ■atheaatlcs  achlevpaont  (AD  as  cognitive 
variable,  and  perception  of  nalhciat Ics  teacher  Cleacher  'arlable)  as  ext  rnal  varlble 
(KV),  using  thcfie  models.  We  can  find  Influenoe  fro«  attitudes  toward  natheiiaticn  and 
perception  of  oaiheiatics  teacher  to  nalhcButlcs  achloveient  on  Model  I;  froR  aalhcinatics 
achleveienl  and  perception  of  Balhema t I cs  tcicher  lo  attitudes  toward  aathciQlics  on 
Model  2 


Model  1 


AT 

AC 

[ 

AT 

KV 

KV 

1 

!  Hodel  2 


3.  Hcltiod 

(1)  Sanple 

159  Junior  high  school  slU(leiils(STl )  and  0.1  senior  high  school  sludrnts  (ST2) 
participated  In  this  study.  All  slndenls  were  taught  by  the   sane  teacher. 

(2)  Instrument 

MathcBatlcs  Ach le^'eienls  (ACl,  A(:2)  were  rcMills  of  periodir  pxaiilnation  In  their 
school.  ACl  was  a  result  of  first  exaisination  (  Junior  high  school:  nu«ber  and 
caUiculation,  siiple  equation,  senior  high  school:  triangle  function,  experiaiental 
function  )  and  AC2  was  a  result  of  final  exaaluation  (  junior  high  school:  nuiibcr  and 
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caliiculation.  siaple  equation,  direct  and  inverse  proportion,  geoaetry.  senior  high 
school:  eleientary  function,  nu.ber  line,  calculus).  I  leasured  attitudes  toward 
■atheiatics  by  the  Hatheiatics  Attitude  Inventory  (  Sandaan.1973.  HAI ;  Motivation  (HO). 
Enjoyient  UN).  Self-concept  (SC).  Value  (VA).  Anxiety(AN)).  There  are  two  reasons  why 
this  particular  instruBent  was  used:  One  reason  is  that  MAI  is  constructed  by 
Bultidiaentional  scales.  The  other  reason  is  that  Aiken  estiiated  this  instrument  as 
being  useful  in  his  review. 
Brassel  investigated  junior  high  school  student  attitudes  toward  kathe.atics  with  MAI. 

(BrasselI.l98C) 

Uai(1986)  analyzed  the  varidity  and  reliability  at  HAI  on  juior  high  school  students 
of  Japan.  I  used  the  instrument  measuring  perception  of  iathematics  teacher  (PHT).  which 
1(1985)  developed  in  order  to  measure  teacher  variables  relating  to  student  mathematics 
learning  in  a  previous  study  .  This  scale  consisted  of  14  subcategories.  7  categories  and 

29  Itens.  , 

Difficulty  toward  mathematics(I)I)  and  willingness  about  mathematics    learning  (WI)  were 
measured  on  seven  point  scales  with  "Hath  is  difficult  "  -    "Hath  is  easy",  and   "1  want 
to  study  math  willingly"  -   "I  don't  want  to  study  nath  willingly". 
<  Variables  > 

ACI,  AC2  Mathematics  achievement 

f^l  Attitude  toward  mathematics 

HO  Motivation  in  mathematics 

EN  En.ioyaent  of  mathematics 

SC  Self-concept  in  mathematics 

VA  Value    of  mathematics  in  society 

AN  Anxiety    toward  mathematics 

01  Difficulty  toward  mathematics 

WI  Willingness  about  mathematics  learning 

PV  External  variables 

Tl  Teacher  character 

T2  Favor  toward  math  teacher 

T3  Confidence  toward  math  teacher 

T4  Teacher's  attitude  toward  math 

T5  Teacher's  instruction 

T6  Device  of  motivation 

T7  Teaching  how  to  think  and  solve  problem 

(3)  Procedure  ..... 

1  measured  attitudes  toward  mathematics  in  the  final  term,  and  1  measured  students 
perception  of  the  mathematics  teacher  in  first  term  and  final  term.  The  administrator  read 
all  itens  to  the  junior  high  school  students.  High  school  students  read  all  items 
themselves  and  responded  lo  them. 
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I  caliiculated  4,3,2,1  points  to  responses  for  "  strong  agree  "/*  agree      "  disagree 
"  strong  disagree  "  on  HAI  and  I  caliiculated  5,4,3,2,1  points  to  responses  for  "  strong 
agree        agree       "  disjudgeient  ",  "  disagree       strong  disagree  "  on  PTE  . 

Data  were  elinlnated  for  students  who  completed  only  part  of  inventory.    All  responses 
were  anonyiotis  to  encourage  honest  responses  and  to  ensure  confidentiality. 
.  (4)  Analysis  of  data 

Internal  correlation  coefficients  aiong  14  scales,  ACl  or  AC2.  HO,  EN,  SC.VA.  AN. 01  or 
WI.  Tl,  T2,  T3,  T4,  T5,  T6,  T7,  were  caliiculated.  To  investigate  the  validity  of  these 
■odels  and  to  explain  causal  detenination  of  relationships  aiong  thei,  the  technique  of 
path  analysis  was  used  (  Ethington  &  Woefle.  1984  ).  This  procedure  is  useful  for 
examining  direct  and  indirect  effects  of  the  constructs.  Stalisllcally  ordinary  least- 
squares  regression  analysis  was  used  to  estiiate  path  coefficients  (  standard  partial 
regression  ).  I  analyzed  the  significance  of  standard  partial  regression  coefficients 
froi  independent  variables  to  dependent  variables.  Significance  of  standard  partial 
regression  coefficients  were  estimated  with  F  statistics  which  were  caliiculated  froi  the 
difference  of  Rr^C  full  aodel  )  and  Rn^(  restricted  lodel  ). 
4.  Results  and  discussion 
(I)  Model  1 

On  path  diagrara  of  junior  high  school  studentsC  Fig.l  )  there  were    significant  path 
relations  froa  EN,  SC  and  AN  to  AC2,  but  not  fro.  PTE  (Tl  -T7)  to  AC2.    These  results 
reveal  that  the  nuiiber  of  significant  relations  froi  attitudes  toward  latheiatics   to  An2 
is  nore  than  the  nimber  of  significant  relations  froi  perception  of  latheiatics  teacher  to 
AC2.       There  were  significant  path  relations  froi  01  to  soie  attitude  variables  (  for 
exaiple  :  HO,  EN.  SC,  AN).  There  were  significant  path  relations  froi  T4(  Teacher  attitude 
toward  uatheiatics  )  and  T5(  Teacher's  instruction  )to  Dl.    There  were  soie  significant 
path  coefficients  froi  perception  of  latheiatics  teacher  to  attitudes  toward  aatheiatics. 
These  were  significant  relations  about  T2 EN.  T2  ->SC.  T2  ^  VA.     These  results  sug^-^"* 
a  huianistlc  relationship  between  teacher  and  students  influence  the  students'  att 
toward  aathematics.      There  were  significant  path  relations  froi  T6  to  EN  and  VA.  Tncse 
results  stress  that  for  enjoyient  of  latheiatics  to  increase  and  for  favorable  feelings 
about  the  value  of  latheiatics  to  be  achieved  the  teacher's  influence  lust  be  positive. 
On  the  path  diagrai  of  senior  high  school  students  there  were  significant  path  relations 
froB  HO.  SC  and  T2  to  AC2.      Relations  froi  EN  and  AN  to  AC2,  which  were  significant  on 
junior  high  school  students,  were  not  significant  on  senior  high  school  students.  But 
relations  froi  T2  to  AC2.  which  were  not  significant  on  junior  high  school  students,  were 
significant  on  senior  high  school  students.    This  result  reveals  that  students'  favorable 
relationship  toward  their  latheiatics  teacher  relates  to  latheiatics  achleveient  as  fruits 
of  aathcBatics  learning.     Relations  froi  Tl  to  attitudes  toward  latheiatics  were  not 
slifnificant  on  junior  high  school  students,  but  relations  froi  Tl  to  HO. EN  and  SC  were 
significant  on  senior  high  school  students.      These  results  suggest  that  teacher's 
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characteristic(Tl)  relate  to  lore  attitude  variables  on  senior  high  school  students  than 
that  on  junior  high  school  students.  We  would  like. to  pay  attention  to  the  results  of  the 
relation  froi  T5  to  EN,  which  were  not  significant  on  junior  high  school  students,  but 
were  significant  on  senior  high  school  students.  This  result  insists  that  teacher'", 
instruction  influences  students'  enjoyient  on  latheiatics  in  senior  high  school.  There 
were  significant  path  relations  froi  01  to  SC  and  AK  in  senior  high  school.  And  there 
were  significant  path  relations  about  T4,  T5  -  DI  -►HO,  EN»  SC,  AH  in  junior  high  school. 
The  latter  result  reveals  that  DI  is  a  sediui  variable  between  perception  of  latheiatics 
teacher  and  attitudes  toward  latheiatics  on  junior  high  school  students. 
(2)  Model  2 

On  the  path  diagrai  )n  junior  high  school  (Fig. .3)  WI  related  to  HO  and  T5  significantly. 

There  were  significant  relations  froi  ACl  to  attitudes  toward  aatheaatlcs  (HO, EN. SCAN), 
froi  perception  of  latheiatics  teacher  to  attitudes  toward  aathesatics  (  T2     EN,  VA,  T6 
EN,  VA,  T5      AN  ). 

I  think  that  T2,T5  and  T6  relate  to  attitudes  toward  aatheiatics  greatly.  Soie 
relations,  froi  perception  of  aatheiatics  teacher  and  oatheaatics  achieveaent  to  attitudes 
toward  latheiatirs  about  ACl  -•'HO,  TI  -*  HO,  EN,  SC,  T4     EN,  T5  •*  EN,  T5     SC,  T5     AN,  T6 

VA,  T6  •*  AN  were  significant  on  senior  high  school  students.  Results  about  senior  high 
school  students(  Fig. 4  )that  had  no  significant  relationship  frop  perception  of 
eathcaatics  teacher  to  nathenatics  achieveaent,  stress  that  perception  of  latliciatics 
teacher  are  not  relative  variables  to  latheiatics  achieveaent.  There  were  significant 
relations  froi  T6  to  VA  on  both  junior  and  senior  high  school  students.  These  results 
stress  that  the  teacher's  influence  on  ■otivation(T6)  affect  students'  feeling  on  the 
value  of  iatheialics  and  latheiatics  learning.  Soie  relations  about  T2  EN,  T2  -»  ACl  -♦ 
EN  ,  T2  -»  VA  which  were  significant  on  junior  high  school  students,  were  not  significant 
on  senior  high  school  students.  Relation  froa  T5  to  AN  was  significant  path  relation  on 
junior  high  school  students  and  on  senior  high  school  students.  These  results  reveal  that 
nethodlogical  instruction  aspects,  for  exaaple  the  degree'  of  the  ease  to  understand, 
relate  greatly  to  students'  feeling  of  anxiety  toward  satheiatics  and  ■atheaatics 
learning.  A  significant  relation  between  T6  and  VA  stresses  that  perception  of 
■atheiatics  teaching  about  instructional  influence  on  students'  aiatheiiatics  learning 
translate  to  the  students'  feeling  about  the  value  of  latheratics. 
5.  Conclusions  and  iaplication 

This  research  is  a  pilot  study  concerning  the  causal  relationships  between  latheiatics 
achievement  as  cognitive  variables,  attitudes  toward  latheaatics  as  affective  variable, 
and  perception  of  eatheiatirs  teacher  as  exirrnal  variables  on  Jap.mpse  secondary  school 
students. 

I  found  aany  causal  relationships  on  two  «odels.  The  following  were  the  lajor  points  : 
•There  were  lany  significant  causal  relationships  between  attitudes  toward  latheiiatirs 
and  perceptions  of  latheiatics  teacher  on  junior  high  school  students  and  senior  high 
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school  students. 

•  There  were  few  significant  direct  "elalions  between  perception  of  aatheiatics  teacher 
and  latheiatics  achieveient. 

•  Difficulty  toward  latheiatics  is  lediate  variable  between  perception  of  latheiatics 
teacher  and  natheiatics  achieveients. 

Perception  of  aatheiatics  teacher  was  the  only  external  variable  used  with  the  two 
■odels  in  this  study.  I  would  like  to  analyze  the  causal  relationships  on  various  nodels 
containing  lany  external  variables  in  the  future. 
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Table. 1     Standard  partial  regression  coefficient  (Model  1)(ST1) 


AC2 


Dl 


HO 


EN 


SC 


VA 


AN 


Tl 
T2 
T3 
Tl 
T5 
TB 
T7 
Dl 
HO 
KN 
SC 
VA 
AN 


-0.D96 

0. 151 

0. 107 

0.085 
-0.023 
-0.145 
-0.016 
-0.043 

0. 191 
-0.381** 

0.4l9** 

0.007 
-0.294* 


0.034 
-0.049 
-0. 107 
0.245** 
-0.293** 
-0.009 
0.041 


0.039 
0.061 
0.125 
0.061 
-0.026 
0.157 

0.117  ...... 

-0.230**  -0.480** 


0,069  -0.013  0.103 

0.296**  0.238**  0.249* 

0.018  -0.043  0.043 

0.109  0.155*  0.07i 

■0,025  -0.034    -0. 100 

0,196*  0.032     n, 189* 

0.104  -0.062  0.050 
0.f)32**-0. 122 


-0. 145 

0,042 
-0.019 
-0,021 
-0. 167 
-0,002 

0,  121 

0.474** 


Significanl  level 


**  \X 


*  5X 


Table. 2     Slaiulard  partial  regression  cneffiru?nt  (Model  1)(ST2) 


AC2 


Dl 


HO 


i:N 


VA 


AS 


Tl 
T2 
T3 
T4 
15 
TO 
T7 
Ul 
HO 
KN 
SC 
VA 
AN 


089 
327* 
140 
062 
102 
,078 
.128 
,  130 
,  20,')* 
,052 
.254* 
,084 
,094 


0,  191 
-0.  170 
-0,248 

0,065 
-0,097 
-0, 175 
-0.023 


-0,315* 
0,09i 
0.091 
0.067 
0.263 
O.lOi 
-0.012 
-0.220 


-0.449* 
0.078 
0.059 
I).  306* 
0.39(1* 

o.nn 

-0.075 


-0.418*  -0.112 


0.020 
0.120 
0.185 
0.336* 
0.  132 
-0,170 


0.276 
0,010 
0.  157 
0.020 
0.;H2* 


-0,l3i)     -0,338*  -O.OOfl 


0.  122 

0.180 

0,050 
-0,064 
-0.010** 
-0.257 

0.237 

0.320** 


Significant  level  :  **  \X 


Tablu.3     Standard  parli<»l  regress  inn  cocfficiPttt  (Mmlel  2)  (SI  1 ) 


Wl 


ACl 


HI) 


F.N 


SC 


VA 


AN 


Tl 
T2 
T3 
T4 
T;. 
T6 
T7 
ACl 

m 

KN 
SC 
VA 
AN 


0.020 

-0.121 
0.047 
0.1 4:i 
0.202* 

-O.OUl 
0.019 

-0.080 
0, 191* 
0,213 
0,051) 
0,081 

-O.lDi 


-0.004 
0.212* 
0.132 
0.012 
0.070 
-0.008 
-0.024 


0.050 

0.029 

0.123 

0.002 

0.024 

0.179 
-0.113 
-0.204** 


-0.060 
0.260* 
0.045 

-0.010 
0,  100 
0.218* 

-0. llfl 
0, 180* 


0.002 
0. 189 

-0.032 
0.020 
0.003 
0.071 

-0.070 


I) .  053 
0.242- 
0,048 
0.010 

-O.OBO 
0.  107* 

-0.047 


0,35:1**  0.0111 


.  160 

,087 

,027 

.000 

.281* 

.  128 

,133 

.321** 


Signilitant  levpl  :  **  U  * 
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Table, 4     Standard  parlial  regression  coefficient  (Hodel  2)(ST2) 


WI 

ACl 

HO 

EN 

SC 

VA 

AN 

Tl 

0.055 

-0.065 

-o.riB* 

-0.471** 

-0.478* 

-O.lUl 

0.  183 

72 

0.  172 

-0.005 

t).1.13 

0.  102 

0.978 

0.278 

0.  133 

T3 

-0.  m 

0.201 

-fl.UI9 

0.008 

0.030 

-0.056 

0.137 

T4 

0.044 

0.158 

0.036 

0.302* 

0.  197 

0.129 

-n.081 

T5 

-0. 163 

0.164 

0.238 

0.391* 

0.359* 

-0.007 

-0.638** 

T6 

-0.041 

-0.209 

0.201 

0.217 

0.204 

0.354* 

-0.321* 

T7 

0.046 

-0.019 

-0.001 

-0.069 

-0.162 

-0.039 

n.228 

ACl 

-0. 149 

-0.277* 

0.078 

0.059 

0.  173 

-0.027 

HO 

0.  192 

YM 

0.276 

SC 

0.089 

VA 

0.07B 

AN 

-0.115 

.  1    Si«ri  I  f  icr.nt  riMd  1  ii»ns|;  i 
on  Mntlnl  1     STl  > 


Tl 

T2  Sii 

T3 

T4 

lb- 

in  - 

T7 


3     Si);rn  f  icinl  [  pIhIi nnsliips 
(in  '1oili-l  2     Sri  I 


Tl 

TL' 

T3 

T4  ' 

If)^ 

TB 

T7 

M 

T3 

Tl- 
T5^, 

T7 


V    Sign  I  f  Iran  I  rcl-J  I  i(inshu»s 
MM  H.nlfl   1  ^  ST2  ) 


■■■■ 

All  /sr 

VA 
>  A\ 


1    Sit;ni  f  i( -ifil  rcla 1 1 (in<^lni>s 
on  M.irjfl  2  (  ST2  ) 


Tal)|i>, 


S.mpio  Urns  of 


scilr  (iirasiirnm  inTcrpl  i dm  Inwjint  nitli  Ifarlipp 


sample  itcra 


Tl:  Tr.irlicr    cliarMc  I  it 

T2:  Favur  toward  r.'illi  tPrhc 


My  n.^llicoat  ICS  IraiiKT  li-ni  ln's  ni-  kiniily    ulicn  1  ask 
liK:!  .1  •iiirsi  imi. 
As  ciy  njillirnjdl  if:s  I'sichrr  is  iirisnrMhU',  I  do'nl  likr 
hi  0] , 

T3:  Ton f  ulo'K'e  l(i\^3?il  n  itli  tt  nlicr    As  ny  nallienal  u-s  loai  Imt  is  imiucsi,  I  rcspccl  ny 

natlif'taal  irs  K^actnT. 

Tl:  Tcarhrr's  allitiulc  lowani  nnlh  Hy  na  1  Iii'ej.i  1  i  is  liMtticr  is  iMlcrrslHl  in  na  Hir'cia  I  ics . 
Tfi:  TnacliiM's  i  lis  I  nut  i  on  Hy  aa  llirna  1 1  rs  UmiIicp  tcaclii^s  rja  t  Imnaf  irs 

Milcl  I  iMitily. 

T6:  Dpv  I  CP  nf  ootivalinii  My  a^llicnal  irs  li-arhor  ^wvos  us  various  practtm 

act  ivi  I  u's  III  onr  ca I  lii-raa I  ics  i  la>>'>. 
T7:  Tnaihinn  Imw  tn  llnnk  aii'l  My  □alliraal  li  s  Irachcr  p.iKcs    us  always  tliink  uhy  a 

snivi'  piolilrn  prolili-n  ran  hi'  solvj  in  .i  particular-  w.is. 
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A  SURVEY  OF  CURRENT  CONCEPTS  OF  PROOF  HELD  BY  FIRST  YEAR  MATHEMATICS  STUDENTS 

Keir  Finlow-Bates.  Stephen  Lerman.  Candia  Morgan 
South  Bank  University,  London,  UK. 

This  paper  presents  results  of  a  questionnaire  concerning  concepts  of  proof  held  by  (irst  year 
undergraduates.  Students  were  asked  to  comrrent  on  arguments  which  were  presented  to  them  as 
'proofs'.  Their  reasons  for  judging  the  validity  of  arguments,  rather  than  being  based  on  logic  or  rigor, 
mirrored  Hanna's  (1989)  description  of  the  practising  mathematicians' criteria  for  accepting  theorems.  Three 
modes  of  judgement  have  been  identified:  empirical,  logical  and  aesthetic.  Problem  areas  for  students 
included  following  the  chain  of  reasoning,  using  mathematical  concepts  and  knowledge,  and  making  sense 
of  mathematical  language. 

Introduction 

Although  formal  proof  plays  a  prominent  role  in  higher  (degree  level)  mathematics  (Manna.  1989.  1983). 
attempts  to  teach  the  notion  of  proof  are  somewhat  haphazard  at  all  stages  of  British  mathematics 
education,  particularly  at  school  level.  Furinghetti  &  Paola  (1991)  descrit>e  a  similar  situation  in  Italian 
schools.  Students  are  expected  by  their  university  tutors  to  have  built  up  a  concept  of  'formal  proof  from 
examples  given  in  the  classroom,  with  very  little  or  no  guidance.  The  fact  that  the  term  'proof  has  a 
substantially  different  meaning  in  mathematics  to  that  in  everyday  life,  and  the  current  philosophical 
confusion  about  what  proof  really  Is  (Tymoczko,  1979)  are  further  hindrances.  The  student  therefore  faces 
the  unenviable  task  o';  building  a  construction  of  the  concept  of  proof  to  match  that  held  by  the  established 
mathematicians  who  set  the  examinations,  if  they  are  to  be  able  to  provide  the  required  answers.  As  Senk 
(1985)  has  shown,  a  nigh  proportion  of  students  fail  to  achieve  this. 

In  this  paper  we  pref,ent  an  analysis  ol  a  questionnaire  to  investigate  Ihe  current  concepts  of  proof  held  by 
first  year  undergraduate  students  at  South  Bank  University,  in  the  (irst  semester  of  the  Mathematical 
Contexts  and  Strategies  course.  This  analysis  is  the  first  stage  of  an  ongoing  project  desigrwd  to  develop 
and  evaluate  materials  for  teaching  the  notions  of  proof  to  sixth  form  and  first  year  undergraduate  students. 

The  questionnaire  attempts,  initially,  to  determine  what  experience  of  proof  students  had  at  school. 
Subsequently  the  theorem  that  the  angles  of  any  (Euclidean)  triangle  sum  to  180*  Is  presented,  and  the 
students  are  asked  to  comment  on  the  validity  of  a  selection  of  "proofs"  given  to  establish  this  fact. 

Proof  at  school 

The  first  question  asked  was:  "Whilst  at  school,  did  you  ever  "prove"  anything  in  mathematics?  If  your 
answer  is  yea  could  you  also  give  a  short  example  of  something  you  proved.*  The  word  "prove"  was  placed 
in  quotation  marks  to  draw  attention  to  it,  and  yet  leave  its  exact  meaning  purposely  vague.  Typical 
examples  of  theorems  proved  at  school  included  a  variety  of  trigonometric  identities,  such  as  lanx  =  '^^j- 

Pythagoras'  Theorem,  various  theorems  connected  with  circles,  and  a  few  analysis  theorems  such  as  the 
fact  that  the  sum  of  two  even  numbers  is  even. 
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One  ot  the  answers  given  stood  out. 

tf(tanx)       •>  , 
•No.  but  I  was  asked  lo  wnte  down  a  proof  of  something,  e.g.  — ~ —  -  sec"  x 

It  seems  that  the  student  has  read  the  question  'did  you  "prove"  anything  at  school'  to  mean  'did  you 
personally  "prove"  anything  new',  the  emphasis  being  placed  on  'you'  and  not  on  '"proved"'.  {If  this  Is  a 
correct  interpretation  olthe  answer  given  would  need  to  be  established  in  e  later  inion^iew.) 

The  fact  that  over  two  thirds  of  the  students  answered  'No'  or  left  this  question  blank  indeed  suggests  that 
there  is  some  confusion  concerning  the  notion  of  proot  in  British  school  mathematics.  Proofs  of  various 
theorems  will  have  been  presented  at  school,  but  possibly  without  the  fact  that  they  are  proofs  being  made 
explicit.  This  may  have  resulted  in  some  students  being  unsure  what  was  meant  by  the  term  "prove".  Even 
those  aware  of  the  term  may  have  been  expressing  the  view  indicated  in  the  quote  above,  namely  that  their 
writing  out  a  proof  does  not  constitute  "proving"  a  theorem. 

A  thtortm  about  th«  turn  of  th«  interior  tng}«a  of  a  trtangia 

The  next  section  of  the  questionnaire  offered  six  arguments  purporting  to  prove  the  theorem  that  the  angles 
cf  a  Euclidean  triangle  sum  to  180'.  The  students  were  asked  to  consider  each  argument  in  turn,  and 
discuss,  with  reasons,  whether  it  was  a  'good  proof  or  not.  The  following  table  categorises  tho  comments 
written  by  the  students  on  each  proof: 


Proof 

Good 

Not 

Lack  of 

Undecided/ 

number 

Good 

understanding 

Blank 

1 

11 

17 

0 

5 

2 

11 

11 

2 

9 

3 

21 

5 

1 

6 

4 

21 

2 

2 

8 

5 

13 

9 

1 

10 

6 

7 

6 

5 

15 

rig.  1  -  A  Ttb)e  Classifying  Student  Comments  on  a  SelectkHi  of  Proofs 


We  have  used  Lacic  of  undaratandlng  to  indicate  that  the  student  expressed  an  opinion  which  clearly 
indicated  a  lack  of  comprehension  of  the  proof  given  -  such  as  writing  'I  don't  understand  this  proof.  Where 
Xtte  decision  to  include  a  comment  in  the  Lack  of  understanding  column  instead  ot  in  another  column  was 
difficult,  the  strategy  of  giving  other  columns  precedence  was  adopted.  For  example  when  one  student 
stated  'This  is  not  a  good  proof  because  the  angles  on  a  straight  line  might  sum  to  200"  hts  comment  was 
tallied  under  Not  Qood,  and  not  in  the  Lack  of  undaratnnding  column,  because  despite  being  unaware 
that  two  right  angles  equal  180'  (an  obvious  case  of  lack  of  understanding)  the  student  made  a  clear 
statement  that  he  was  against  the  proof. 

Proof  1  The  'proof  given  for  the  theorem  involved  measuring  and  summing  the  angles  of  a 
thousand  tnangles.  and  showing  that  the  average  of  thtese  sums  was  ISO'  by  using  a  protractor.  At  most, 
this  could  bo  considered  to  be  an  empirical  verification  of  the  theorem  for  a  number  of  lest  cases.  It  is  not  a 
mathematical  proof. 

Commonts  made  by  students  indicatirtg  that  this  was  not  a  good  proof  included: 

'There  are  an  inlimte  number  of  mangles  m  existence.  One  of  these  could  possibly  disprove  this  fomiuia.' 
'This  proof  IS  inaccurate  For  a  topic  such  as  mathematics  accuracy  ts  a  key  feature ' 

o  r  f'^- 
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"An  approximation  and  therefore  not  a  definite  conclusion" 
AS  can  be  seen  above,  the  two  reasons  given  tor  disliking  proot  1  were  that  It  was  Inaccurate,  and  that  there 
might  be  an  unexamined  counterexample.  None  of  the  criticisms  of  the  proof  mentioned  that  It  did  not  use 
any  form  of  logical  reasoning. 

Some  of  the  comments  made  by  students  suggesting  this  was  a  good  proof  were: 

•It  is  a  good  proof  because  i(  you  are  a  mathematician  proving  something  the  different  results  that  you  get  thoir 

rsTrrhgrnmal  meTum  oMh^ Z^T.  .nang^  Is  equa,  ,o  «,o  ngh,  a^ies  ^use  we  can  proof  .-^ 

angles  of  a  tnangle  add  up  to  1 80* .' 

"A  good  proof  as  he  found  the  conect  measurement; 

The  reasons  given  (or  liking  the  proof  were  usually  unclear.  In  a  few  cases,  such  as  the  first  quote,  an 

empirical  jusUfication  was  given  -  namely  that  if  we  try  enough  cases,  and  get  a  low  error  then  it  is  highly 

probable  that  the  conjecture  is  correct.  The  statement  '5  or  4  points'  Is  possibly  a  reference  to  the 

convention  in  school  science  of  consideriny  an  experiment  successful  if  the  estimated  error  is  less  than  5% 

of  the  result  obtained. 


fig.  2  •  The  Diagram  for  Euclid's  Proof. 
This  proof  of  the  theorem  is  that  given  in  book  1  of  Euclid's  Elements.  It  ralies  on  previous  propositions  of 
the  equality  of  alternate  and  corresponding  angles,  and  the  construction  of  a  line  parallel  to  one  of  the 
triangle's  sides,  and  passing  through  the  remaining  vertex  (See  fig.  2).  Comments  made  Indicating  that  this 

proof  was  good  included: 

■|  approve  of  this  method  as  It  shows  logic."  .      k  i 

■1  agree  with  the  proof  as  I  have  used  its  assumptions  of  alterr^to  and  corresponding  angles  when  I  was  at 

school." 

Most  comments  also  included  labelling  the  unlabelled  angles  of  the  diagram  given,  and  writing  out  the 
algebraic  sums  of  the  angtes  involved  with  the  proof.  It  is  noteworthy  that  although  this  is  a  classic  example 
of  a  textbook  proof,  only  one  third  of  the  students  considered  it  to  prove  the  theorem. 

Some  of  the  comments  made  against  this  proof  included: 

"Doesnt  prove  it  Statements  don't  follow  and  are  not  rolevant  to  proor 

"This  proof  soems  vague  to  me  as  it  do«s  not  mention  anything  about  the  extended  BC,  nof  the  parallel  !me 
CE  * 

■It  doesn't  follow  from  what  has  previously  been  said  in  the  proof.  If  the  angles  in  a  triangle  added  up  lo  200". 
everything  else  about  t>i8  proof  would  sbli  bo  correct  oxcepi  for  the  last  line.' 

The  most  common  reason  for  disliking  the  proof  was  due  to  a  misunderstanding  of  one  of  the  steps  In  the 

proof,  by  not  understanding  how  one  step  led  to  the  next,  or  by  disagreeing  with  one  of  the  initial  premises. 
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Problems  arose  about  the  extension  of  BC.  and  the  construction  of  CE.  with  most  of  the  students  wanting  to 
know  why  this  was  done. 

Other  problems  arose  with  the  hidden  premise  that  the  angles  on  a  straight  line  sum  to  180'.  The 
convention  of  labelling  the  angle  of  a  straight  lino  with  the  symbols  '160"  is  usually  stated  as  plain  fact  at 
school,  without  its  implications  on  later  propositions  being  considered.  Some  of  the  stiKlents  wrote  that  they 
could  see  that  the  three  angles  of  the  triangle  corresponded  to  three  angles  on  the  line  BCD.  centred  at  C. 
but  for  some  reason  faitod  to  see  that  therefore  the  sum  of  these  three  angles  must  equal  180*.  The  results 
on  this  part  of  the  questionnaire  verify  studies  by  Schoenfeld  who  says: 

"...  much  of  the  mathematical  knowledge  that  the  students  had  at  their  disposal,  and  that  they  shoukJ  have 
been  able  to  use.  went  unused  in  problem  solving.'  (1985.  p.  13) 

This  statement  Is  true  for  students  analysing  proofs  as  well  as  for  those  involved  In  problem  solving. 

In  a  couple  of  cases  It  was  clear  the  students  had  tailed  to  grasp  some  of  the  mathematical  concepts 
required  to  understand  the  proof,  for  example; 

'No  values  for  the  angles  are  given,  therefore  it  is  not  possible  to  find  the  sum.' 
It  is  possible  that  the  student  cannot  cope  with  the  concept  of  a  general  triangle,  or  the  fact  that  it  is 
sometimes  not  necessary  to  know  the  values  of  variables  In  an  equation  to  find  their  sum  (e.g. 
4x-5x  +  x  =  0  for  all  x).  Another  student  did  not  understand  the  meaning  of  'Extended  BC  to  D",  and 
showed  this  by  making  the  following  comment: 

"BCD  may  not  be  a  straight  line' 
We  interpret  this  example  as  a  lack  of  understanding  of  mathematical  language,  rather  than  a  lack  of 
understanding  of  the  mathematical  concepts  involved. 

Proof  3 


N 


Fig.  3  •  The  diagram  for  Arniutd's  Proof 

This  proof  of  the  theorem  is  that  given  In  Book  VIM  of  Arnauld's  Nouveaux  6l6ments  de  g6om^trie.  The 
proof  removes  the  assumption  of  corresponding  angles,  and  relies  purely  on  Euclid's  parallel  postulate  and 
the  equality  of  alternate  angles,  by  constructing  a  triangle  with  two  vertices  on  one  line,  and  \\ye  third  vertex 
on  a  parallel  line  (see  fig.  3).  Proof  3  can  be  viewed  as  a  clearer  versbn  of  proof  2  (Barbin,  1989),  although 
the  perception  that  a  proof  Is  "clear"  Is  obviously  subjective  and  requires  further  investigation.  Some  of  the 
positive  comments  made  about  this  proof  were: 
'I  leel  that  the  proof  is  self-explanatory.' 

'This  tells  us  about  angles  on  a  straight  line,  therefore  it  is  possible  to  prove.' 
'Yes.  proof  works.  Easy  to  understand  Clear,' 

'This  proof  is  like  the  last  one,'  ( The  student  wrolo  positively  atx>ut  proof  2.) 
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The  main  reason  for  liking  the  proof  in  each  case  was  due  to  the  fact  that  it  was  clear,  and  seemed 
'reasonable'.  It  is  interesling  to  note  that  only  two  students  remarked  on  the  fact  that  proof  2  arxj  proof  3  are 
almost  identical.  However,  tha  extra  clarity  of  proof  3  resulted  In  the  number  of  positive  statements  made 
about  it  being  double  the  number  made  about  proof  2. 

Some  of  the  reasons  given  as  to  why  proof  3  might  be  a  bad  proof  were  «» follows: 

'This  would  not  convinco  me  to  believe  the  theorem,  bwjausa  nothing  panicutar  points  »o  the  actual  figure  of 
180.' 

To  prove  something  we  have  to  u&e  pure  mathematic  way  not  use  shape  or  drawing  something.' 
'Too  absuact  * 

As  can  be  seen  from  the  comments  above,  the  reasons  for  disliking  proof  3  were  varied.  Some  students 
disliked  the  proof  because  they  could  not  follow  its  reasoning.  Other  students  Indicated  that  the  proof  was 
too  abstract,  or  not  abstract  enough.  Once  again  some  students  failed  to  see  why  the  sum  of  the  angles  of  a 
triangle  should  be  180*.  even  though  the  previous  line  of  the  proof  convinced  them  that  the  three  angles  of 
that  triangle  were  equal  to  three  angles  on  a  straight  line. 

Proof  4 


Fig.  4  .  The  Diagram  for  a  LOGO-Styk  Prrwf 
This  proof  is  based  on  a  LOGO  style  ot  presentation,  and  asks  the  students  to  consider  the  angle  a  'robot' 
would  turn  through  as  it  moves  along  the  edges  of  a  triangle.  Although  not  found  m  any  textbook,  the  proof 
is  valid,  and  has  the  advantage  of  being  a  general  proof  for  the  sum  of  the  interior  angles  of  any  convex 
polygon  (see  fig.  4).  Comments  made  in  favour  of  the  proof  included: 

'This  gives  a  much  clearer  proof  Giving  a  specific  formula  is  oasierto  prove ' 
'The  logic  t>ehinci  (this  proof]  is  very  straightfoi'ward ' 

•This  IS  very  clear  I  wouW  be  convirx:od  by  this  proof,  and  it  is  very  simple  to  follow ' 

't  IhinH  It's  best  way  to  prod  because  each  step  of  prool  has  been  explained  and  o  person  which  doesn't  know 
anything  about  triangle  can  understand  the  reason  of  a  <■  b   c«  160" 

The  reasons  for  liking  proof  4  were  similar  to  those  given  for  proofs  2  and  3.  namely  that  It  was 

straightforward  and  logical.  The  fact  that  the  workings  of  the  proof  could  be  reconstructed  visually,  by 

actually  imagining  a  'robot'  moving  abound  the  triangle  may  have  helped.  Finally,  the  proof  relies  on  fewer. 

more  intuitive  premises,  unlike  the  Euclidean  proofs  in  2  and  3  (the  concepts  of  corresponding  and  alternate 

angles,  and  the  construction  of  parallel  linos  are  not  present),  and  it  is  likely  that  this  made  the  proof  clearer 

and  therefore  more  credible  to  the  students  (Tall.  1092.  1979). 

Only  two  of  the  students  disliked  this  proof.  Their  comments  were: 

'Wo  do  no!  know  the  angles  a,  b  and  c ' 
'Poor' 
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This  proof  had  the  smallest  negative  rosponso  of  all  the  arguments  given. 

That  almost  a  quarter  of  the  students  made  no  response  or  gave  no  decisive  opinion  is  most  likely  due  to 
the  fact  that  it  is  the  longest  proof  presented  in  the  questionnaire  -  it  contains  at  least  twice  as  much  text  as 
any  othar,  and  some  students  may  have  been  put  off  by  this. 

Proof  5  The  theorem  is  demonstrated  tor  a  particular  triangle,  by  cutting  It  in  three,  and  placing  the 

angles  on  a  line.  Although  visually  appealing,  this  does  not  constitute  a  proof,  as  ttie  theorem  Is  only  tested 
on  one  triangle.  Responses  in  favour  of  this  proof  included: 

'Does  not  involve  complex  mathomatical  equations. ' 
'It  IS  easier  to  understand  things  p(ctonaily ' 

As  the  comments  show,  the  reasons  for  liking  this  'proof  wore  mainly  because  It  was  a  visual.  *hands-orr 

argument,  and  was  very  easy  to  understand. 

Only  a  few  of  the  comments  indicated  dissatisfaction  due  to  the  lack  of  generality  of  the  demonstration; 

'Good  for  one  tnangle  onl/  Poor  to  assume  all  triangios' 
Most  comments  against  the  'proof  centred  on  the  fact  thai  using  paper  and  scissors  would  not  be  accurate, 
or  that  it  would  bo  easy  to  force  the  corners  of  the  triangle  to  fit  onto  a  straight  line,  for  example: 

'We  could  say  that  some  of  this  has  been  iiddles,  i  o  inaccurate  cuttings,  adjusting  parts  ol  the  cut  tnangles ' 

Proot  5  IS  written  In  'art  and  crafts  language",  referring  to  scissors,  card,  and  ripping  up  paper  triangles.  This 
may  have  caused  many  of  the  students  to  switch  out  of  a  mathematical  mode  of  thinking  and  into  an  every- 
day mode  As  a  result  there  are  very  few  criticisms  of  the  lack  of  formality  or  rigor  of  the  argument  given, 
with  most  comments  focusing  on  the  limitations  of  paper  and  scissors. 

Proof  6 


A  B  D 

Fig.  5  •  The  Dlagmm  For  Proof  6 
This  argument  relies  on  the  continuous  variation  of  a  triangle.  Mathematical  terms,  a  complicated  diagram 
(see  fig.  5).  and  authoritative  language  such  as  'intuitively  wo  feel'  are  used  to  trick  the  reader  into  believing 
the  argument  constitutes  a  proof.  The  method  of  continuous  variation  is  not  valid  In  this  case,  there  Ls  no 
evidence  that  all  possible  triangles  have  been  considered,  and  the  result  of  180'  is  obtained  by  callitig  a  line 
segment  a  triangle. 

A  high  proportion  of  the  students  gave  no  opinion  on  this  argument.  This  is  probably  due  to  the  fact  that 
they  did  not  feel  they  understood  it  sufficiently  to  write  something  valid,  combined  with  the  fact  that  it  was 
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one  of  the  later  proofs,  and  some  of  the  students  may  have  felt  less  enthusiastic  about  wntirKl  comments  by 

this  lime.  There  Is  however  also  some  ovidenco  against  this  conclusion,  as  it  was  clear  from  notes  written  | 

on  the  questionnaire  that  some  of  the  students  answorod  the  questionnaire  backwards,  working  from  proof 

6  to  proof  1 1 

Five  studentji  actually  wrote  M  do  not  understand'  or  words  to  that  effect,  which  was  by  far  the  highest  result 
in  the  Lack  ol  understanding  colun^n.  In  previous  proofs  many  students  seemed  unwilling  to  admit  that 
tf^oy  failed  to  understand  the  arguments  given,  but  it  was  seen  as  acceptable  to  confess  to  confusion  in  the 
case  of  this  proof. 

Seven  of  the  students  wrote  comments  indicating  a  positive  attitude  towards  the  argument.  Responses 

included: 

'ConUismg  but  logical ' 

'Also  a  proof,  bul  rather  confusing  lo  sl&rt  off  wlh  and  nol  as  straight  for\vard  as  some  of  tho  olhers 

•The  proof  IS  correct  because  n  \'S  easy  to  follow  and  is  straight  lorward  arxl  can  be  done  prociir-ai  quickly  anO 

domonsirale  easily ' 

Tho  last  comment  was  unusual  lor  Ihis  'proof  •  most  comments  indicated  that  the  'proof  was  very  difficult  to 
follov/.  it  soems  likoly  that  the  students  had  bewn  coerced  by  the  authoritative  matrromatical  stylo  used  {Do 
Vilhers.  1991 ).  m  particular,  the  claim  that  the  proof  is  'logical'  has  no  other  basis 

Six  studonis  disliked  the  proof  Tho  reasons  they  gave  included 

Vety  hard  lo  follow  Diagram  is  contusing  as  is  proof ' 

"Poor,  using  "miuitivoly  we  feo'" 

This  IS  loo  complicalcd  and  didicull  lo  undorsland ' 

Only  one  of  the  conviont'  picked  up  on  the  lack  of  justification  for  some  of  the  steps  takun  in  tho  'proof. 

The  rest  of  the  comments  indicated  that  the  'proof  was  poor  because  i!  was  hard  to  understand. 

Conclusion 

In  More  than  Format  Proof  (1989)  Hanna  states  the  following- 

Ti'u  dttvolopment  of  mathemalics  and  the  commenls  of  practising  mathomnticians  suggest  that  most 
mathomatictans  accept  a  new  tneorom  whtire  sojtic  combination  of  the  following  factors  is  present 
1  Thoy  uixJersiand  ino  IMeotom  iho  concoDts  embodied  m  it.    .  and  Ihero  ts  nothing  to  suggest  -t  -s  not 
true. 

?  tho  theorem  ts  sigmficanl  enough  to  have  impltcalions  in  one  or  more  branches  of  mathematics  (aixJ  is 
tnus  importanl  and  useful  enougn  lo  warrant  dolailed  study  and  analysts), 
a  Tho  thoor9rn  is  cons'Slenl  with  tho  body  o<  accepted  mathomattcal  results. 

4  The  author  has  an  unimpeachable  ropulation  as  an  export  m  ihe  subject  'natlor  of  the  theorem. 

5  Ihero  is  a  convincing  malhemalicul  arguniont  for  il  (rigorous  or  otherwise),  of  a  type  they  have 
encouniered  twiore ' 

Hanna  is  writing  about  the  acceptance  of  theorems,  but  she  could  equally  have  been  wrifng  about  the 

acceptance  of  proofs  She  goes  on  to  say 

"If  there  is  a  rank  order  of  cntena  for  admissibtlity  then  Ihwiie  five  cnlena  all  rank  higher  than  ngorous  proof ' 
When  we  look  at  tlie  comments  made  by  the  students  on  the  proofs  of  the  triangle  theorem,  we  find  a 
surprising  number  of  points  in  common  with  [\\Q  way  Hanna  suggests  tho  mathematical  community  accepts 
theorems.  Students  consistontly  ranked  the  proofs  on  thesr  clarity,  usefulness,  consistency,  how  convincing 
they  were,  and  how  easy  they  were  to  understand  before  considering  if  they  were  logical  and  rigorous. 
Hanna  s  fourth  point  on  reputation  holds  as  well  •  the  arguments  were  all  called  proofs,  and  as  a  result  there 
were  only  a  few  cases  where  students  wrote  that  the  argument  presented  was  'not  a  proof. 
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By  focusing  on  the  responses  of  each  studant  individually  we  have  classified  three  modes  of  thought  used 
to  judge  the  'proofs'  given,  namely  cmpincal.  logical,  and  aesthetic.  The  siudents  tended  to  think 
predominantly  in  one  mode.  Students  thinking  empirically  favoured  those  arguments  providing  evidence 
supporting  the  triangle  theorem,  namely  proofs  1  and  5.  Students  thinking  logically  favoured  proofs 
providing  a  rational  argument  demonstrating  the  theorem  from  accontablo  premises,  namoly  proofs  2.  3 
and  4.  Students  thinking  aesthetically  favoured  proofs  which  they  found  visually  or  intutHvoly  appealing, 
such  as  proofs  4  and  5.  It  is  the  logical  mode  of  thought  that  is  normally  considered  to  bo  the  most 
mathematical. 

A  Closer  look  at  the  comments  given  on  proofs  2.  3  and  4  allowed  us  to  identify  three  problem  areas  in 
understanding  formal  proofs,  failing  to  (oilow  the  chain  of  reasoning,  misunderstanding  a  mathematical 
concept,  and  misunderstanding  the  language  used  The  term  'misunderstanding'  Is  used  as  a  stmrthand  for 
the  phrase  'failing  to  Interpret  ...  in  the  same  manner  as  the  teacher'.  Failure  in  following  the  chain  of 
reasoning  frequently  occurs  when  one  of  the  steps  in  the  argument  is  considered  to  be  'obvious'  and  is 
therefore  !et1  out.  Mathematical  concepts  are  misunderstood  In  several  ways  •  examples  Include  using 
axioms  from  an  alternate  mathematical  'rame,  or  lailing  to  use  previous  doJinltions  and  premises  (e.g.  the 
case  when  one  of  the  siudents  wrote  that  the  angles  on  a  straight  line  .•*'ight  sum  to  200').  Failure  to 
understand  the  language  used  occurs  when  a  word  or  phrase  has  a  specific  meaning  in  mathematics,  but  Is 
iniorpreted  according  to  its  everyday  usage,  or  when  the  student  has  never  encountered  the  word  or  phrase 
before. 

The  results  obtained  from  this  paper  will  be  used  to  evaluate  further  stages  of  the  research  project  on 
developing  teaching  materials  on  notions  ol  proof  through  the  use  of  computer  software,  currently  running  at 
South  Bank  University. 
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On  Shifting  Conviction  in  Conceptual  Evolution 

Tatsuya  Mizoguchi 
University  of  Tsukuba,  Japan 

Abstract.  Ho^v  does  a  learner  shift  his  conviction  through  the  event  in  the  process 
of  conceptual  evohition  by  overcoming  the  epistetnologicai  obstacle?  In  conclusion, 
we  can  see  the  learner's  justification  of  an  event  as  social  adaptation.  For  tliis, 
tlirough  the  ninth  grade  classroom  observation,  conceptual  evoluUon  is  seen  as  tfie 
decision-making  situation,  and  tlie  notion  of  utility  is  useful  to  tfie  study. 

1 .  Introduction 

Wc  can  sec  the  phenomenon  \^hich  the  learner's  pre\  ious  knowing  turns  out  to  a  dcHancc 
or  a  difhculty  when  he/she  is  going  to  acquire  a  new  concept.  Some  previous  studies  call  such 
difficulties  the  epistcmological  obstacles  (Brousscau,  1983.  Sierpinska,l985,  Comu,1991). 
Learners  should  o\ercome  these  obsliicles  for  sound  and  firm  conceptual  e\oluuon.  TherefoiX, 
research  on  the  epistcmological  obstacles  and  processes  for  overcommg  them  suggests  that  a 
teacher  should  decide  how  to  teach  his/her  students;  and  conjectures  how  students  could  learn. 

This  report  rather  focuses  on  the  overcoming  process  for  epistcmological  obstacle. 
However,  the  present  study  is  part  of  wider  one  which  aims  to  reconstruct  mathematical  teaching 
and  Icaming  process  for  introducing  the  notion  ot  epistcmological  obstacle  to  make  clear  the 
above  mentioned  phenomena,  and  it's  just  beginning.  So  v  e  consider  the  conviction  as  a  basis  of 
learner's  way  of  knowing  especially  m  this  report.  The  rescaixh  problem  is  "How  does  a  learner 
shif'his  conviction  through  tlie  event  in  the  process  of  conceptual  evolution?" 

2.  Conceptual  Evolution  and  Decision-Making 

In  this  report,  wc  use  a  nKxlel  for  a  leai-ner's  overcoming  cpi.stcinnlugical  obstacle  as  a 
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framework  to  understand  his/her  conceptual  evolution  (Mi/,oguchi,l992).  This  model  consists  of 
the  relation  with  four  kinds  of  nodes,  that  is.  notion,  conviction,  event,  and  cpislcmological 
obstacle,  so  conceptual  evolution  is  characterized  as  overcoming  obstacle. 

Notion  is  learner's  ambiguous  idea,  knowledge,  or  menial  model.  Conviction  is  connected 
with  the  notion  for  a  background.  Conviction  means  learner's  attitude  towards  mathematical 
knowledge,  and  it  could  be  a  criteria  which  the  learner  evaluate  the  notion.  A  set  of  notion  and 
conviction  forms  learner's  way  of  knowing.  The  notion  also  corresponds  with  some  eve/if..  Event 
means  learner's  experienced  things  for  acquinng  his/her  previous  nouon.  that  is,  solving 
problems,  examples,  or  metaphor,  so  it  includes  the  thing  \vhich  the  learner  his/herself  generated 
as  well  as  the  thing  presented  by  other  students  or  a  teacher .  The  learner  doesn't  evaluate  the 
notion  itself  directly,  but  through  the  event  as  indeed.  Hence  conviction  is  also  a  criteria  to 
evaluate  the  event. 

At  first  the  learner  has  a  naive  nolion(Nj  and  aconviciion(C,)  for  a  background  of  N,. 
The  learner's  way  of  knowing  at  this  phiise(K,)  consists  of  Nt  and  Cy     acts  on  a  evcnt(E,) 
like  some  problems  which  the  learner  has  solved  successfully  until  then,  or  something 
understandable.  A  new  situation  in  a  face  to  a  new  evcntCEj)  may  occur,  where  the  learner  needs 
to  understand  the  new  notionCNg)  to  accept  E^.  If  the  learner  sticks  to  the  previous 
convictton(C,).  his/her  way  of  knowing  becomes  the  epistemological  obsiacle(EO)  for  accepting 
Eg.  It  IS  needed  to  shift  towards  a  new  con\  icUontCj)  corresponding  to     for  o\  ercoming  EO. 
By  shifting  towards  Cj.  the  learner  could  accept  Ng.  and.  at  last,  amve  at  Uic  new  way  of 
knowingCK^)  which  consists  of  N2  and  C2.  Thus,  the  Icitmcr  could  o\'crcume  the  EO.  Figure  1 
illustrates  this  discussion. 

We  can  also  see  such  learner's  conceptual  evolution  as  a  situation  of  his/her 
decision-making.  In  the  report,  the  act  of  dccision-makmg  is  represented  with  choosing  st^me 
alternaiivcs.  Each  alternative  has  a  related  outronw  which  is  assigned  ////7/fy.  winch  gives  an 
e-xtenl  of  subjective  preference  or  rauonalily  (Baron.  1988,  Fishbum,iy88). 
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Figure  1 


Now,  ilic  previous  nolion(N,)  and  ihc  new  noiionCNg)  corresponding  to  the  new  event(E2) 
can  be  seen  altcmaiivcs  m  decision -making.  Il  is  decided  which  the  learner  chooses  any  one,  not 
by  comparing  aJlemaiivcs  dircct'y,  but  by  referring  to  ouicomes(i.e.  events)  connected  ihem.  At 
this  time,  the  learner's  conviction  evaluates  the  event  If  the  previous  convieUon(C,)  evaluates  the 
event  Ej,  the  new  nolionlNj)  and  ilic  event  Ej  connected  to  Nj  arc  ajcctcd,  so  the  previous 
nolion(N,)  is  chosen,  or  maintained.  However,  by  shifting  the  learner's  convielion(C,)  towards 
C,,  he/she  can  evaluate  llic  event  Eg  on  C^.so  the  new  notion  is  chosen,  or  the  notion  evdvcs. 

Utility  isacritenaor  rationality  for  a  learner's  decision-making.  So  utility  means  a 
prepiirator>'  condition  with  the  learner's  special  making.  Thus  utility  is  the  learner's  attitude  in 
this  sense.  Though  notion  and  alternative,  or  e\  ent  and  outcome  are  in  corresponding  relations, 
utility  IS  attitude  towards  more  general  making  than  conviction  or  altitude  towards  mathematical 
knowledge,  and  it  is  prcscnbcd  as  a  including  relation.  It  is  conjectured  that  learners  make 
decisions  based  on  altitudes  which  arc  noi  always  convieUons.  By  intrcxlucing  the  notion  of 
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Utility,  \vc  could  grasp  learners'  actual  decision-making  activities  when  we  analyze. 

In  brief,  conceptual  evolution  is  seen  as  a  decision- making  situation,  and  we  could  consider 
the  leamere'  attitude,  which  evaluates  events,  as  utility,  which  assigns  subjective  rationality  to 
outcomes,  by  introducing  this  notion. 

3,  Classroom  Observation 

3.1  Method    —subjects,  material,  and  procedure— 

The  ninth  grade  class  at  a  private  junior  high  school  in  Tok70  was  observed.  The  class  had 
10  students.  The  observed  lesson  was  aimed  to  introduce  square  root.  The  lesson  was  done  by  a 
ordinary-  teacher,  and  observed  by  VTR.  A  position  set  VTR  is  at  the  left  in  back  of  the 
classroom,  ajid  all  the  students,  ilie  teacher,  and  the  blackboard  were  put  in  one  frame  of  VTR. 

At  some  other  day,  a  student  EUK  was  exiracied  and  interviewed  .  Here,  we  discuss  ElIK's 
performance  especially. 

3.2  RIK's  Performance  and  Discussion 

The  implemented  lesson  was  aimed  to  inlonm  that  numbers  which  cannot  be  represented 
by  finite  decimal  fractions  exist,  and  to  introduce  a  new  represeniation( symbol  -f )  with  such 
numbers.  A  posing  problem  was  to  fmd  a  length  of  a  side  of  a  square  wluch  area  was  50,  In  the 
lesson,  beginning  to  use  that  the  length  of  a  side  of  a  square  which  area  was  lOO  was  10,  they 
looked  for  the  length  of  a  side  of  a  square  which  area  was  half  of  the  rirel(sce  figure  2). 


10 


10 


Figure  2 


The  lesson  made  progress  as  follows; 
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[1]  Students  already  found  that  the  length  was  about  7  in  the  previous  lesson; 
(21  In  this  lesson,  beginning  to  confirm  that»  they  looked  for  a  more  accurate  value  by 
using  calculators; 

[3]  After  investigating  to  a  certain  extent,  the  teacher  suggested  that  it  is  impossible  to 

represent  it  with  a  finite  decimal  fraction; 
[4]  The  teacher  informed  that  a  new  representation  was  needed  to  represent  such  a 


At  the  progress  (2],  the  followmg  communication  with  the  teacher  and  the  students  was 
observed.  (Treacher,  RRIK.  Siother  students) 

T  So.  if  the  area  is  50.  the  length  of  the  side  is  (longer)  than  7.06...  ("longer"  was  not 

said  because  the  adjccuvc  n  the  last  m  a  sentence  in  Japanese) 
S  Longer. 

T;  Yc5,  it  nccdi  to  be  longer. 
S.  49  9849 
T.  WTial'' 
S  707 

T  It  becomes  closer,  but  a  litijc  insufficient,  so  it  is  (longer)  than  7.07 
S  Longer 
S:  Hi, 7071. 
T:  If  7.071 
S  49.999041. 

T  It  becomes  much  closer,  bul  ntii  enough  If  7  072 
R-  All  Right' 70711 
T  \Vbat'' 

R  U  becomes  50  000 

Al  the  end  of  above,  RIK  answered  "50.(X)0"  as  1.01 1 1  \  and  it  was  the  length  of  a  side  of 
a  square  which  area  v. as  5()  for  him.  This  means  that  RIK  dctls  with  cvcr>  number  as  finite.  And 
ai  the  intcmcw,  it  was  shown  how  RIK  dealt  with  it  He  said  as  fallowing  ai  the  beginning  of 
interview. 


number: 


[5]  Introducing  square  rooi(/* ). 
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I:  Wbal  is  the  number  which  Is  10  by  square? 
R  ^  (dcscripiioD) 

I:  Can  you  rqircscni  ii  wiih  dcamal  frnciion'' 
R-  (using  calcuialor)  3 . 1 622776- ■  •  (descrip uon) 
1:  What  "  oieans? 
R:  Forcvcr. 

I  Forever,  (showing  protocols  of  the  lesson  calculaiiog  ^  using  calculator)  Why  did 

you  say  "50  000"  without  last  455  at  that  time'' 
R:  I  counted  fractions  of  .—5  and  over  as  a  unit  and  cut  away  the  rest  ("Shishagonyu"  in 

J2pau««) 

As  shown  above,  RIK  dealt  wilh  Ihc  infinile  number  as  finite  by  rounding  in  the  lesson. 
But  he  describe  ^  as  3, 1622776'  ■  *.  He  said  Ihe  foUowings  for  this  reason. 
I.  So,  how  do  you  disuoguish  rounding  and  describing  "••■"? 
R.  On  problem. 

And  he  said  the  foUowings  about  his  previous  notion. 
R  1  had  rx)unded  any  number 
I  Why  did  you  change  your  thinking? 
R  Because  I  knew  irrational  numbers 
I  Have  you  ever  seen  the  number  Msnv^  ".  ."*» 

R  A  few.  Bui  iu  fact,  such  a  number  e.\ibts.  and  it  can  be  represented  using  /* 
As  se;:n  the  above  protocols,  in  alternatives  with  the  treatments  of  infinite  decimal  fractions, 
that  is,  "rounding  ever\-  number"  or  'rounding  dependent  on  problcm\  RIK  chose  the  latter  at 
lasL  In  compliance  with  the  former,  it  is  interpreted  that  RIK  could  get  an  outcome      —7.071 1 
on  the  utility  which  means  empirical,  actual  necessary,  so  it  is  also  conviction.  However,  for  the 
outcome  of  introducing  the  symbol  7",  that  is.  the  number  7.07 10678-  •  •  may  represent      ,  it 
was  prompted  to  shift  towards  the  utility  or  :hc  conviction  of  formalism  of  mathematical 
representation,  and  he  makes  decision  to  choose  the  latter. 

Why  was  RIK  able  to  evolve  his  notion,  or  why  was  his  treatment  with  infinite  numbers 
able  to  change? 

At  fn-sl,  RIK  was  not  able  to  represent  an  accurate  length  of  a  side  w  hich  area  is  5()  by  his 
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usual  representation,  thus  he  performed  the  operation  of  rounding  in  the  process  of 
approximating  one  by  one.  Then  the  s>-mbol  J~  was  introduced  by  the  teacher.  RIK  could  be 
interpreted  as  experienced  the  following  activiues  to  aeeepi  a  symbol  presented  by  his  teacher. 
First,  this  new  representation  was  recognized  "true"  for  RIK.  Because  not  only  RIK  indeed 
approximated  one  by  one,  but  also  it  was  presented  by  his  teacher.  If  RIK  chooses  his  pre\'ious 
notion  or  "rounding  ever)'  number",  he  turns  out  to  get  risk  in  decision-making.  Because  to 
choose  it  is  not  necessar)-  to  introduce  a  new  representation,  and  it  is  considered  that  he  judged 
that  doing  so  produced  bad  results.  RIK  learns  mathemaucs  instructed  by  his  teacher  from  now 
on.  If  he  didn't  accept  his  teacher's  ipJlruction,  he  might  perform  another  mathematics.  So  RIK 
proceeded  to  remove  this  risk.  If  we  call  the  nsk  removing 7/iJ//^ca//<7/»,  RIK  shifted  the 
conviction  of  empirical,  actual  nccessar>'  towards  the  con\  iction  of  formalism  of  mathematical 
representation  to  justify  the  event  of  introducing  a  new  symbol  f  by  his  teacher.  This  means 
that  RIK  accepts  his  teacher's  preseniaUons  and  statements,  and  it  turns  out  to  produce  good 
results  for  his  learning  from  now  on.  Thus  we  call  that  jmtijication  of  an  event  as  social 
adaptation  by  RJK. 

4.  Concluding  Remarks 

As  seen  above,  RIK  shifted  his  pre\  ious  conviction  to  new  one.  And  it  was  in  the  slate 
e\olved  mathematically.  Howc\  er,  the  prtx:css  seen  there  is  never  desirable.  Clearly,  it  is  a 
product  which  RIK  concluded  an  interest  between  he  and  his  leiicher  We,  educators,  rather 
e.xpect  for  RIK  to  conclude  mathematically.  And  for  this,  \se  have  to  inquire  how  e\  enls  are 
needed.  They  may  require  teacher's  instruction,  or  to  prepare  the  situation  where  learners  ma\ 
discoverer  create  something. 

We  also  ha\  e  to  deepen  the  inquiry  on  conviction  for  the  background  of  notion.  Although 
iOmc  previous  studies  (e.g.  Sierpinska,1987,  English,  et  d.,  1992)  investigated  students'  attitudes. 
It  IS  learners'  attitudes  towirds  mathcmaUail  kmwledge  that  we  need  exceedingly,  because  our 
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research  focus  is  on  cpistemological  obstacle.  It  was  the  cpistemdogical  obstacle  related  to  limits 
that  RIK  showed  in  his  performance.  As  taken  notice  of  conviction,  the  author  now  thinks 
necessary  to  investigate  succcsively  from  tlie  elementary  level  relative  to  notion  concerned  rather 
than  invesiigaiion  at  one  point  in  time  (e.g.  RIK  was  at  the  ninth  gratle).  In  the  case  of  research 
on  cpistemological  obstacle  related  to  limits,  it  is  corresponding  to  search  for  the  area  of  a  circle 
at  the  fifth  grade  in  Japanese  curriculum.  On  a  gap  between  to  search  for  the  areas  of  polygons 
and  of  curved  figures  which  are  essentially  required  the  concept  of  limit,  what  is  the  Icarocr^ 
previous  conviction,  and  what  is  the  learner's  new  conviction?  These  are  our  next  issues. 
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CATALYSING  TEACHER  ATTITUDE  CHANGE  WITH  COMPUTERS 

Candida  Moreira' 
Institulo  de  Educagoo,  UniversUlade  do  Minho.  Portugal 

Richard  Noss 
Instituu  of  Education,  University  of  London,  UK 

TeacheR'  attitudes  towards  mathematics  and  mathematics  teaching  arc  often  seen  a.s  constraints  in 
atusmpts  to  reshape  the  mathematics  curriculum.  Viewed  from  this  perspecUve,  teachers  are 
view<^  as  obsucl«  in  the  way  of  new  pedagogical  ideas,  and  in  need  of  'tniattnents  whtch  wUl 
enable  them  to  grasp,  and  subsequently  'implemenf  them.  Some  authors  (e.g.  Sikes  1992. 
Hovles  and  Noss,  1992).  however,  have  criticised  this  kind  of  view,  preferruig  instead  to 
r^ognise  that  schools  are  settings  with  their  own  rules  of  dL«ourse.  and  that  teachers  are  not  so 
much  constrained  by  their  setting  as  reciprocally  acting  on  it  and  influenced  by  u.  In  Uus 
scenario,  teachers     not  need  'treatments'  to  cure  their  lack  of  'enthusiasm,  thoroughness  and 
peRistence'.  they  iv^  to  be  offered  ways  of  thinking  about  their  pracuce  which  fi  with  ihe^ 
own  ideas  and  beliefs,  and  for  which  they  can  play  the  major  part  in  deve  opmg  altemauves. 
Unfashionable  though  this  approach  is.  it  seems  possible  that  it  may  provide  a  way  fonvard_ 
Nos  Sutheriand  and  Hoyles  (1991)  designed  a  year-long  computauonally-based  course  which 
hiEhlighted  the  complexities  of  teachers'  development  with  the  computer,  and  pointed  to  some 
general  descriptive  and  analytical  conclusions  concerning  the  ways  it  might  become  a  central 
element  ofthc  existing  mathematical  culture.  M00l^  «»ndi«int 

Both  in  Clark  and  Peterson's  (1986)  perspecuve.  and  in  Noss  et  als  (1991)  standpoint 
.he  cenirality  of  the  teacher  appears  established.  However,  there  are  many  quesuons  that  remain 
unanswered.  What  are  teachers'  purposes  and  motivaUons  to  engage  wiUnnnovaUons?  How  do 
teaeheR  relate  to  the  innovations  in  the  course  of  their  implemenuuon?  What  factors  ^^'j^^ 
^explaining  teachers'  interactions  with  the  innovations?  How  do  innovauot^  change  as  teachers 
woik  throueh  their  implications  in  practice?  .   ,    .  j 

This  paper  addresses  a  set  of  questions  related  to  these  issues.  In  particular,  it  documents 
the  nature  of  teacher  change  by  looking  at  the  cases  of  two  teachers  who  attended  a  course  aimed 
^introducing  primary  usachers  to  a  Logo-mathematical  culture,  and  attempung  to  identify  what 
was  at  stake  for  them  in  interacting  with  such  a  culture. 

Course  desien  and  aims  ,  ,  , 

A  mathematical  Logo-based  in-service  course  which  aimed  at  providing  a  setting  for  personal  and 
professional  exploration  and  change  was  designed  and  implemented.  The  title  of  the  course. 
-Sng  and  Laming  Mathematics  with  Logo  in  the  Primary  School",  emphasised  that  the 
ultimate  goal  of  the  course  was  on  mathematics.  Moreover,  it  placed  the  onus  not  only  on  pupils 
but  ako  on  the  teachers'  own  development  wiOi  the  subject.  The  course  took  place  dunng  the 
Summer  term  of  the  1988/89  academic  year,  and  was  run  by  the  first  of  tiie  authors. 

of  ihe  LogoMillij  comsc. 
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The  coui'sc  was  designed  to  last  for  an  academic  tenn  and  to  comp-ise  twelve  sessions, 
each  of  the  sessions  lasting  two-and-a-half  to  three  hours.  The  first  five  sessions  were 
concentrated  into  a  fortnight.  This  was  intended:  (a)  to  provide  the  participants  with  the  basics  of 
the  Logo  language,  the  definition  of  procedures,  as  well  as  the  technicalities  of  managing  the 
computer  in  a  relatively  short  period  of  time;  and  (b)  to  prevent  them  forgetting  what  tivcy  would 
have  learnt  and  developed  from  one  session  to  another.  After  the  fifth  session  the  participants 
were  introduced  to  more  complex  features  of  Logo  (e.g.  recursion,  multiple  turtles,  words  and 
lists).  They  were  also  expected  to  use  Logo  with  their  pupils  in  the  classroom.  From  session  nine 
onwards,  the  development  of  a  Logo  raicroworld  was  the  main  focus  of  the  participants'  activity. 
The  frequency  of  the  sixth  through  twelfth  sessions  was  mostly  once  a  week  with  the  scheduling 
left  flexible  allowing  for  changes  to  suit  the  convenience  of  the  participants. 

The  objectives  of  the  study  were  specifically: 

•  To  explore  and  describe  the  attitudes  towards  mathematics  and  mathematics  teaching  that 
the  teachers  who  volunteered  for  the  course  held  initially,  as  well  as  their  motives  for 
joining  such  a  course. 

•  To  examine  the  extent  to  which  and  the  ways  in  which  the  attitudes  towards  mathematics 
and  mathematics  teaching  of  the  participating  teachers  that  were  recognisable  at  the 
beginning  of  the  LogoMaths  course  interacted  with  other  factors  throughout  their 
participation  in  the  course,  and  to  discover  these  factors. 

•  To  investigate  what  kind  of  influences,  if  any,  might  the  participating  teachers'  involvement 
with  the  LogoMaths  course  had  on  their  attitudes  towards  mathematics  and  mathematics 
teaching. 

A  framework  for  understanding  teacher  change 

The  key  construct  used  in  this  study  in  connection  with  teachers  change  witJi  regard  to 
mathematics  and  mathematics  teaching  was  attitude.  Our  interpretation  of  this  construct  is  in  line 
with  those  social  psychologists  who  use  the  term  in  a  broad  sense  and  avoid  distiT.<guishing 
between  attitudes  and  other  constructs  such  as  values,  thoughts,  beliefs,  and  opinions  (e.g.  Petty 
and  Cacioppo,  1986).  Making  sense  of  attitudes  in  this  way  allowed  us  to  explore  a  range  of 
issues  which  are  commonly  found  in  the  literature  dealing  with  mathematics  and  mathematics 
teaching.  These  include:  (a)  teachers*  views  about  mathematics  and  school  mathematics;  (b)  their 
personal  feelings  towards  mathematics  in  terras  of  both  enjoyment  and  confidence;  (c)  their 
opinions  about  the  aims  of  teaching  mathematics  in  school;  (d)  their  pedagogy  and  teaching 
strategics;  and  (e)  their  opinions  about  the  role  of  computers  in  children's  mathematical  leaming. 
Concomilantly,  based  on  what  is  known  about  perspectives  on  people's  attitudes  and  attitude 
change  (not  just  teachers),  we  identified  three  most  basic  considerations  to  be  used  as  action 
guidelines  in  the  study: 

Principle  1:  Attitudes  can  be  understood  only  as  the  history  of  attitudes.  The  point  here  is 
that  altitudes  are  developed  and  are  continually  evolving  as  a  result  of  a  wide  range  of 
experiences.  Hence,  it  is  relevant  not  only  to  recognise  what  teachers'  attitudes  are,  but  also  to 
know  why  they  hold  such  attitudes.  It  is  not  suggested  that  all  the  experiences  contributing  to 
teachers'  attitudes  should  or  could  be  brought  to  light,  but  that  efforts  should  be  made  to  uncover 
some  of  the  factors  that  might  explain  those  attitudes.  In  particular,  it  seems  important  to  attempt 
to  trace  teachers'  past  experiences  with  mathematics  as  pupils. 

Principle  2:  Change  can  be  understood  only  as  the  history  of  change.  In  attempting  to 
document  eventual  changes  in  teachers'  attitudes  towards  mathematics  and  mathematics  teaching 
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associated  with  a  course,  it  is  essential  to  try  to  understand  the  trajectories  followed  by  the 
participating  teachers.  In  particular,  special  attention  should  be  given  to  the  teachers'  motives  for 
joining  the  course,  and  whether  or  not  they  had  already  felt  a  need  for  change. 

Principle  3:  The  main  agent  for  educational  change  is  reflection.  This  third  principle 
captures  the  spirit  of  Olson's  (1985)  reflexive  principle  of  change,  namely  in  that  bringing 
teachers  to  come  to  know  new  ideas  can  stimulate  them  tn  try  new  ideas  in  their  jobs,  and  act  as  a 
catalyst  for  promoting  them  to  reflect  upon  their  old  atUtudes  and  pracUccs.  But  it  takes  further 
Olson's  reflexive  principle  by  pointing  out  that  those  interested  in  promoting  change  should  also 
reflect  upon  ilicir  attitudes  and  practices  to  bring  about  change.  We  were  interested  in  what  the 
participants  did  with  the  course,  not  just  wliat  the  course  did  to  the  participants. 

Data  collection  and  analysis 

The  parUcipants  in  the  study  were  ten  primary  teachers  (all  female)  from  six  schools  of  the 
Oporto  area  (Portugal)  who  volunteered  to  attend  a  Logo-based  mathematical  couisc.  The  data 
collection  plan  for  this  study  was  modelled  on  that  of  Hoyles.  Noss  and  Sutherland's  (1991) 
investigation.  Four  main  different  sources  of  data  were  used  to  assess  the  course  participants* 
attitudes  throughout  the  study:  (1)  serai-structured  interviews,  (2)  atUtude  questionnaire,  (3) 
participant  observation,  and  (4)  dribble  flies  (permanent  computer  records  of  the  participants' 
work  with  the  computer  saved  in  disks).  Participating  teachers  were  interviewed  twice,  once 
before  the  course  and  then  again  after  the  course.  Before  and  after  the  course,  and  prior  to  being 
interviewed,  all  the  course  participants  were  administered  the  attitude  questionnaire  which  had 
been  used  in  a  previous  study  of  teachers'  attitudes  towards  mathematics  and  mathematics 
teaching  (Moreim,  1991).  Details  may  be  found  m  Morsira  (1992). 

The  procedures  used  to  analyse  the  data  were  designed  to  map  the  participants' 
interactions  with  the  course  activities  in  a  systematic  manner,  one  which  would  allow  for  both 
illuminating  the  history  of  each  participant  throughout  the  course  and  making  comparisons  across 
participants.  To  this  end,  an  interaction  profile  was  created  for  each  participant.  As  a  first  step, 
each  participant's  dribble  files  were  run  and  analysed,  and  the  Logo  work  records  were 
transformed  into  descriptions  of  the  character  of  this  work  and  the  strategies  used.  Once  all  the 
dribble  files  for  a  single  participant  were  analysed,  a  second-level  analysis  took  place.  This 
consisted  of  putting  together  the  data  provided  by  the  dribble  files  analysis  and  field  notes  for 
each  participant  for  each  of  the  twelve  course  sessions.  The  basic  unit  of  analysis  was  still  the 
participant's  work  during  a  particular  session^  but  this  work  was  analysed  in  terms  of  common 
categories  and  components  across  the  sessions.  These  components  and  characteristics  were 
qualitative  in  nature.  Tney  included,  for  example,  the  kinds  of  activiUes  a  participant  was  engaged 
in  one  particular  session,  with  whom  he/she  was  working,  his/her  level  of  involvement  with  the 
work,  the  Logo  programming  features  he/she  was  using,  and  the  nature  of  mathematical  activity 
associated  with  the  Logo  work. 

The  participants'  answers  to  the  pre-intcrvicws  together  with  their  answers  to  the  attitude 
questionnaire  before  the  course  started  were  used  to  make  sense  of  their  interactions  with  the 
course,  and  at  the  same  time  these  interactions  were  used  to  undersund  their  attitudes.  The 
participants'  interactions  were  then  used  to  explain  possible  changes  in  Uieir  atUtudes.  From  the 
start  we  were  interested  in  a  set  of  factors  which  included  participants'  attitudes  towards 
mathematics,  and  towards  matliematics  teaching,  as  well  as  their  motives  for  joining  the  course; 
but  we  were  prepared  to  refine  our  category  system  by  including  additional  categories  and 
discarding  some  of  those  initially  considered.  The  categories  which  came  finally  to  be  considered 
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were  as  follows:  (1)  motives  for  joining  the  course,  (2)  readiness  to  use  computers,  (3) 
sensitivity  to  matiiematics,  (4)  views  of  (school)  mathematics,  (5)  pedagogical  mathematical 
expertise,  (6)  pedagogy/teaching  strategics,  (7)  learning  orientation,  and  (8)  course  climate  and 
cultural  norms. 

The  analytic  process  was  simultaneously  inductive  and  deductive.  Data  from  the 
individual  participants  were  used  to  generate  cross-case  findings,  and  these  were  in  turn  used  to 
write  the  story  of  each  participant.  As  a  final  analysis  step,  we  focused  upon  the  coses  of  those 
participants  who  (a)  appeared,  ab  initium,  to  be  motivated  to  change  their  attitudes,  and  (b)  had 
already  been  using  computers  and  Logo. 

Two  mini-stories 

In  the  remainder  of  lliis  paper,  we  first  outline  two  miniature  stories  of  two  participants  designed 
to  locate  the  issues  which  played  a  part  in  the  participants'  reactions  to  the  course,  and  the  ways 
in  which  they  interacted  with  it  (for  case  studies  see  Moreira,  1992).  We  then  draw  some  brief 
conclusions  from  these  two  cases,  and  outline  more  general  implications  of  the  studies. 

Alice:  a  case  of  attitude  cfumge 

In  her  mid  40s,  Alice  has  been  a  primary  teacher  for  more  than  25  years,  eight  of  which  were 
in  her  current  school.  At  the  time  of  the  Logo  course,  she  was  teaching  a  class  of  fourth 
graders.  (As  is  common  practice  in  Portugal,  Alice  has  taught  these  pupils  through  their  four 
years  of  primary  schooling).  Although  committed  and  dedicated  to  her  profession,  Alice  was 
probably  not  fully  satisfied  with  it.  She  has  not  had  other  professional  experience  apart  from 
teaching  primary  school  children,  but  teaching  did  not  seem  to  be  her  vocation.  Looking  back 
to  her  decision  to  become  a  primary  teacher,  she  remarked  that  she  would  have  rather 
preferred  to  go  into  something  related  to  the  arts  and  that  she  had  yet  relinquished  this 
aspiration. 

The  advent  of  computers  in  education  in  Portugal  might  have  tapped  into  Alice's 
relative  frustration  with  her  job  and  her  aspiration  to  do  something  different.  She  belonged  to 
the  first  wave  of  teachers  who  volunteered  to  implement  computers  in  primary  schools  in 
Portugal  as  part  of  the  MINERVA  project  (the  national  project  to  introduce  computers  in 
Portuguese  schools).  She  described  herself  as  'Tascinated  and  attracted"  by  computers. 
On  the  other  hand,  Alice's  feelings  of  enjoyment  of  and  confidence  with  mathematics  seemed 
to  be  relatively  lower  than  those  of  the  majority  of  the  Portuguese  participants.  She  spoke  of 
bating  the  subject  and  finding  it  difficult  when  she  was  in  school,  and  even  of  wanting  to  give 
up  studying  because  of  maths,  but  she  was  able  to  get  the  equivalent  of  0-level  in  the  subject. 
Her  view  of  the  subject  was  connected  to  her  views  of  children's  enthusiasm  for  it:  "I  don't 
know  whether  it's  because  they  have  mental  laziness...  Maths  demands  the  learning  by  heart 
of  tables,  doing  calculations...  All  of  that  is  probably  too  dull  for  thetn... " 

Enrolling  in  the  Logo  course  provided  Alice  with  the  avenue  she  needed  to  challenge 
her  attitudes  towards  mathematics  and  mathematics  teaching  with  wliich  slie  appeai'ed  to  be 
already  uncomfortable.  Although  on  entering  the  course  she  was  not  primaiily  concerned  with 
mathematics  (as  most  of  the  participants,  Alice  was  most  interested  in  trying  and  learning 
about  the  use  of  computers  and  Logo  in  school),  she  was  prepared  to  justify  to  herself  the 
necessity  of  making  a  mathematical  input  during  her  involvement  with  the  Logo  course. 

Her  trajectory  in  the  course  was  most  mfluenLcd  by  her  strong  personal  enthusiasm 
and  confidence  in  using  computers.  Logo  captured  and  sustained  her  interest  during  the 
course,  and  enabled  her  to  reshape  her  attitudes  to  mai  hematics.  In  particular,  such  an  interest 
and  enthusiasm  for  the  computer  seemed  to  Iiave  spilled  over  into  a  desire  to  engage  in  Logo 
programming  activity.  Moreover,  entering  the  course  with  more  experience  than  most  of  Uie 
other  participants  seems  to  have  helped  her  to  feel  comfortable  and  resourceful,  thus 
increasing  her  self-confidence. 

In  addition,  the  relative  freedom  and  flexibility  offered  by  the  course  approach 
matched  Alice's  orientation  to  leaming.  and  she  came  to  develop  a  deeper  confidence  with  and 
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appreciation  of  mathcmaUcal  activity.  A  sense  of  pride  and  saUsfacUon  were  reflected,  for 
example,  in  her  post-interview  remarks  about  a  mathemaUcal  InvestigaUon  (an  acuvity  total  y 
unknown  to  Portuguese  teachers):  7  didn't  have  time  to  do  it  during  the  course  sessions,  but  I 
did  it  here  in  school..  I  found  it  very  stimulating...  I  had  to  use  my  brams  a  lot,  I  had  to  do  a 
lot  of  calculations,  but  it  was  quite  satisfying  andfiuu.. The  course  also  provided  her  wth 
the  grounding  of  a  new  kind  of  cognitive  and  metacogniUve  mathematical  literacy.  As  the 
courec  progressed,  she  had  lo  evolve  her  perspective  of  Logo  and  mathemaucs  m  order  to 
accommodate  to  the  kinds  of  activities  that  were  suggested.  By  the  end.  Ahce  appeared  to 
have  shifted  away  from  a  predominandy  rule-oriented  pcrspecUve  of  mathematics  to  a  more 
problcm^^m^onc.^^^^^  with  the  computer  and  Logo  during  the  course  had.  however,  two 
major  unintended  effects.  The  fust  is  that  v«lh  a  rclaUvely  weak  background  m  rnaOjemaucs. 
AUce  seemed  to  have  found  some  of  the  features  of  programmmg  with  Lo^o  difficult  and 
demanding  a  lot  of  effort.  As  a  result,  she  came  to  consider  that  matheraaucs  is  a  subiect 
suited  for  people  'with  a  special  mind*.  Tlie  second  effect  involves  what  might  be  called 
excessive  personal  involvement  with  the  computer.  At  the  beginning  of  the  course,  Alice 
indicated  that  she  was  mainly  interested  in  the  applications  of  Logo  in  the  classroom.  As  mc 
course  progressed,  however,  she  appeared  to  have  developed  more  interest  m  increasing  her 
own  competence  with  Uie  language.  Her  comments  in  rctroi>pect  in  the  post-mter\tew  confirm 
this  tendency:  "..my  expectations  at  the  level  of  what  I  have  to  teach  in  school  were 
completely  fulfilled.,  but  what  I  want  to  hww  goes  beyond  what  I  have  to^  do  with  pupils... 
It's  out  of  my  own  personal  interest,..  Because  I'm  eager  to  know  things...  .  ^ 

A  disadvantage  of  this  development  is  that  ii  appears  to  have  curbed  Alices  ability  to 
participate  fuUy  in  the  course  activities  focussing  on  the  use  of  Logo  by  cluldren  and  hmdcrcd 
her  reflection  upon  pedagogical  issues.  Thus,  while  it  would  be  ovcr-opUmisUc  to  argue  that 
Alice's  views  and  bcUefs  underwent  radical  revision,  there  was  at  least  some  evidence  Uiat  the 
course  produced  some  perturbation  in  those  atutudes.  The  possibility  remams  that  shifts  occur 
as  Alice's  experience  in  working  with  Uic  computer  and  Logo  in  the  cUi:;sroom  accumulates. 
As  she  put  it:  "things  take  time  to  percolate..." 

A  diffrent  evolution:  a  sketch  of  Diana  w  u  c^wi 

Diana,  in  her  late  30s.  has  been  a  primary  teacher  for  16  years.  14  in  her  present  school,  a 
private  catholic  school  in  Oporto  city.  Diana  imd  already  has  been  using  computers  and  Logo 
with  her  pupils  (a  class  of  second  graders)  for  about  one  year.  Taking  advantage  of  parents 
social  backftround.  participation,  and  involvement  witli  children  s  school  life,  she  managed  to 
buy  two  small  microcomputers  for  her  class.  She  considered  that  computers  were  inevitable 
and  therefore  the  sooner  they  were  introduced  to  kids  the  better.  She  was  the  first  and  only 
teacher  in  her  school  to  do  so.  and  found  in  Uie  father  of  one  of  her  pupils  (an  engineer)  Uie 
technical  support  that  she  needed.  The  influence  of  the  computer  in  Dianas  teaching 
appeared  to  be  negligible,  hi  fact,  she  evidenced  litUe  rcalisadon  of  the  potenual  of  computer 
for  crcaUng  qualitatively  different  kinds  of  learning  environments.  The  computer  was  more 
like  a  new  subiect  to  teach  than  a  tool  to  teach  old  subjects. 

Like  Alice,  in  joining  the  course.  Diana  seemed  to  be  pnnianly  interested  in 
broadening  her  perspectives  of  how  to  use  Logo  in  school.  To  a  lesser  extent.  Diana,  too. 
appeared  to  have  seen  the  course  as  a  means  of  redefining  her  teaching  ot  mathcmaUcs  within 
thecontext  of  a  computer  environment.  Indeed,  she  seemed  to  have  reached  a  stage  in  which 
she  was  no  longer  satisfied  wiUi  her  approach  to  teaching  the  subject: 'To  tell  you  the  truth  I 
teach  Mathematics  in  a  way  that  I  don't  like.  Maybe  I'm  compelled  to  do  so  owing  to 
constraints  such  as  time,  the  curriculum,..,  but  I  think  that  I  teach  in  a  very  structured  way.  I 
try  to  be  less  structured  as  possible,  but  I  reckon  that  it  is  still  quite  structured.. 

Diana  saw  mathematics  as  something  to  be  presented  in  small,  straightforward  steps 
above  all  in  a  way  that  was  'fun'.  Nevertheless,  she  admitted  that  of  her  32  pupils,  only 
two  liked  mathematics.  Much  of  this  may  be  explained  in  terms  of  her  narrow  concepUon  of 
mathematics  ~  Uiat  of  the  primary  school  curriculum.  But  Diana/s  business-like  eoncepuon 
of  teaching  may  also  be  greatly  influenced  by  the  school  ethos.  Discussion  of  her  attitudes  to 
teaching  was  frcquenUy  accompanied  by  suggestions  that  she  felt  isolated  in  the  school  and 
that  she  had  to  frame  her  work  with  her  pupils  in  terms  of  parents*  expectations  and 
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rcssurcs.  What  wc  saw  v/hcn  wc  visitwl  Diana's  classroom  was  that  her  pupils  inherited  the 
uslness-like  air  that  seemed  to  characterise  Diana's  management  of  her  teaching. 

What  is  fascinating  about  Diana  is  her  struggle  between  a  desire  to  leach  differently 
and  her  difficulty  in  rcallsing  her  wish.  This  apparent  impotence  did  not  appear  to  derive  from 
her  lack  of  awareness  of  alternatives,  even  if  these  were  only  perceived  in  general  terms:  she 
expressed  an  eloquent  dissatisfaction  with  her  mitial-iraining.  and  a  desire  to  'go  into  a  teacher 
training  course  again,  so  that  I  could  learn  more.. '  Diana  was  looking  for  a  less  structured' 
approach,  but  the  tension  she  felt  was  largely  based  on  the  institutional  context  in  which  she 
worked.  But  we  must  also  consider  Diana's  personal  characteristics. 

Despite  Diana's  initial  motivation  for  changing  her  attitudes  towards  mathematics  and 
mathematics  teaching,  the  course  seemed  contributed  in  only  a  limited  way  to  catalysing  sucli 
a  shift.  In  fact,  certain  factors  made  Diana's  development  with  the  Logo  course  less  tl:an 
easy.  As  a  teacher.  Diana  might  have  felt  the  course  activities  and  suggest'ons  were  loo  remote 
from  the  reality  of  her  cla.wroom  and  of  her  school.  These,  in  general,  did  not  suit  her 
teaching  style  based  upon  transmitting  information  within  a  structured  environment. 
Interestingly,  however,  she  accepted  well  some  of  the  innovatcry  Logo  ideas  suggested  in  the 
course,  such  as  the  Floor  Turtle  activities.  The  tendency  to  favour  these  activities  was  perhaps 
relatcil  to  the  fact  that  ~  precisely  because  t\xy  were  new  —  they  did  not  collide  wiUi  her 
established  ways  of  doing  things. 

As  a  learner,  Diana  appeared  to  feel  uncomfortable  with  the  course  approach  whicn 
emphasised  interaction  among  peers.  Coming  from  a  school  where  there  was  little  co- 
operation among  the  s'^f,  Diana  had  some  troubles  in  mlating  to  her  peers  as  they  "had  a 
different  way  of  approaching  things".  Further  disappointment  appeared  to  have  emerged  from 
tl»e  clash  between  the  cou^  emphasis  on  self-direction  and  Diana's  orientation  to  Jeaming  as 
mainly  a  matter  of  being  told  what  to  do  and  follow  the  instructions.  Equally  problematic  was 
her  relative  low  background  in  mathematics  coupied  with  her  narrow  views  of  the  subject. 
Tims,  the  course  environment  did  not  constitute  for  Diana  an  opportunity  to  use  mathematics 
in  an  iniegmled  and  meaningful  way  and  to  generate  new  perspectives  about  the  subject. 

At  the  end  of  the  course  most  of  her  expressed  views  remained  largely  similar  to  those 
at  tlie  start.  In  particular,  Diana  continued  to  regard  the  computer  in  education  as  a  form  of 
preparation  for  pupils'  future  lives,  and  she  continued  to  hold  an  undifferentiated  and 
fragmented  view  of  mathematics  dominated  by  the  mathematics  of  the  school  curriculum.  In 
addition,  she  did  not  appear  to  have  moved  (^r  away  from  her  entering  perspectives  about 
teaching  mathematics.  Furthermore,  at  the  end  like  at  the  beginning  of  the  course,  Diana 
appeared  to  be  willing  to  extend  her  altitudes  and  practices  associated  with  mathematics 
teaching,  but  was  sanguine  as  to  the  extent  to  which  she  could  realise  a  change  in  her  school 
practice. 

Some  conclusions 

We  outline  a  small  number  of  conclusions  around  the  theme  of  course/participant  interaction. 
These  are  drawn  from  the  two  cases  above,  although  we  would  want  to  refer  the  interested  reader 
to  the  more  detailed  conclusions  derived  from  a  much  larger  empirical  base  in  Morcira  (1992). 

First,  we  note  that  the  main  differences  between  Alice  and  Diana  does  not  lie  in  the  length 
of  their  teaching  career,  their  fonnal  education,  or  their  previous  experience  with  computers. 
Both  Alice  and  Diana,  were  experienced  teachers,  and  had  been  using  computers  for  little  more 
than  one  year.  They  also  had  similar  mathematical  backgrounds  and  had  pursued  identical 
programmes  of  teacher  training.  Tlieir  contrasting  reactions  to  the  course  have  then  to  be 
dcscril>ed  in  terms  of  variables  other  lhan  these  professional/cognitive  factors.  What  seems  to  be 
at  the  heart  of  the  differences  in  Alice  and  Diana's  involvement  >vith  'Jie  Logo  course  were 
factors  that  were  more  fully  integrated  into  their  personal/emotional  lives,  as  well  3S  tl-.e 
contextual  conditions  of  their  schools. 

The  intensity  of  Alice's  involvement  with  the  course  might  have  emanatcu,  Trst  of  all, 
from  her  feelings  towaids  computers,  coupled  witli  her  view  of  the  computer  as  a  tool  to  support 


ERIC 


2  8 '6 


1-274 


U,c  curriculum.  These  two  factors  together  seem  to  have  s:;t  her  at  his  ease  freed  her  U.  th.nk 
about  questions  of  learning  (and  to  a  lesser  extent  teaching)  n  athemaucs  with  U>go  raOier  Oian 
focussbig  on  the  surface  features  of  the  course.  Diana  had  also  incorporated  computers  based  on 
her  own  iniUaUve.  but  she  saw  the  computer  very  much  as  3Ji  i  nd  in  itself  -  a  technical  object 
which  involved  little  intellectual  or  emotional  commitment. 

It  also  seems  that  Alice  and  Diana's  different  reacUom.  to  the  course  were  seriously 
inttuenced  by  the  match  (or  mismatch)  between  tl.eir  preferred  persona',  ways  of  leanung.  their 
style  and  the  course  orienlaUon.  The  course  represented  for  Alice  an  opportumty  to  be  an  acuve 
participimt  in  her  leanung  process:  she  clearly  enjoyed  its  freedom.  Diana,  in  contrast,  felt  uneasy 
Uiroulout  tlie  proceedings,  although  this  was  not  evident  at  the  beginning  of  the  course.  Diana  s 
business-like  orientaUon  to  teaching  extended  to  a  similar  orienution  to  leanung  (or  v.«  versa) 
-  indeed  she  re^nled  the  cooperaUve  stance  of  the  course,  as  weU  as  bemg  expected  to  be  in 
control  of  her  own  learning.  In  fact,  the  potential  mismatch  '^'^'^f "  ,7'^.^"^. 
course's  approach  nught  have  been  less  serious  in  a  longer  cour^;  and  tliis  points  to  a  limitation 
of  the  study  in  general.  Noss  et  al  (1991)  have  shown  how  even  considerably  onger  courses 
only  scrape  the  surface  of  teachers'  beliefs  and  aiUludes.  and  -  not  surpnsingly  -  how  the 
evidence  suggesui  that  time  is  a  key  element.  r,i,„ 
A  fiute  poiiit  that  emerges  from  these  two  case  studies  is  that  related  to  the  culture  of  the 
teachers'  school.  In  other  words,  it  is  clear  that  insUtuUonal  contexts  generally  arc  at  least  as 
important  as  individual  considerations.  Alice's  school  was  a  school  in  movement.  Some  of  the 
u^acheni  in  this  school  had  joined  the  MINERVA  project  and  were  already  using  computers  m 
their  teaching  Two  other  tcadiers  were  enroUed  in  the  Logo  course.  One  may  well  say  that  at  the 
Ume  of  aie  study,  computers  were  seen  as  a  school  priority.  In  such  a  setUng.  it  is  not  surpnsmg 
that  Alice  was  able  to  discuss  and  reflect  on  course  events  with  her  colleagues  In  Dianas 
school,  she  was  alone  in  her  attempts  to  work  with  computers.  Her  headteacher  and  colleague 
were  not  supportive,  and  given  that  her  school  was  private  (unlike  Mce's).  it  was  to  be  expected 
-  in  the  Portuguese  system  -  that  she  would  be  extremely  constrained  in  the  extent  to  which 
she  was  free  to  innovate,  and  her  autonomy  severely  compromised  by  the  authority  of  the 

Diana  enrolled  on  the  course  looking  for  alternative  approaches  and  willing  to  consider 
changes  in  her  pedagogical  approach  towards  mathematics.  But  the  alternative  s.rnp.y  did  not 
mesh  with  what  she  saw  as  possible  within  her  context.  It  is  possible  that  she  saw  new 
possibilities  on  the  course  which  she  was  prepared  to  consider,  but  she  simply  did  not  see  a 
possibility  of  integrating  these  possibilities  v.ith  her  own  beUefs  and  -  more  importantly  -  he 
practices.  Not  su.prisingly.  she  had  no  altemaUve  other  than  sticking  with  her  tned  and  tested 
views  rather  than  plunging  into  the  unkownteriitonr  represented  by  LogoMaths. 

In  this  respect,  we  ought  to  view  this  kind  of  phenomenon  as  a  limitaUon  of  the  course, 
rather  than  of  Diana.  Or  perhaps,  that  Diana's  belief-system  did  not  fit  with  those  of  the  course. 
But  it  would  be  more  useful  to  consider  Diana's  beliefs  in  practice  rather  llian  m  the  absttaci;  it  is 
not  that  she  'believes'  this  or  that  about  mathematics  education  or  computers,  it  is  that  these 
beliefs  are  situated  in  particular  practices  -  Diana  as  teacher.  Diana  as  smff-member  in  a  private 
school.  This  creates  a  methodological  difficulty  regarding  interviews.  If  it  is  unhelpful  to  regard 
beliefs  as  abstractly  held  and  then  applied,  what  were  we  finding  when  we  interviewed  Duma  a 
the  outset  of  the  course?  Interviews  are  not  'dccontcxtualiscd'.  they  consututc  a  context  which  is 
different  from  the  beliefs  in  practice  with  which  Diana  operated  in  her  professional  practice.  To 
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be  sure»  an  interview  with  a  researcher  is  a  context  with  its  own  rules  of  discourse,  but  hardly  the 
ones  we  were  hoping  to  investigate. 

We  might  also  note  how  the  two  sketches  illustrate  the  coarseness  of  the  distinction  in  the 
literature  between  personal  and  professional  motivation.  Alice  and  Diana  both  came  to  the  course 
'intrinsically'  motivated  —  Alice's  primarily  personal,  and  Diana's  largely  professional.  But  their 
expecutions  differed.  Alice  used  the  course  to  develop  her  personal  interest  in  computers,  and 
used  that  as  a  bridge  to  reevaluate  aspects  of  her  professional  practice.  For  Diana,  the  personal 
element  was  never  kindled  by  the  course. 

A  fmal  point  It  is  often  assumed  that  teachers  (and  incidentally,  pupils)  develop  attitudes 
towards  innovatory  practices  in  an  incremental  way,  and  that  radical  visions  of  new  possibilities 
might  serve  alienate  them  from  the  innovations  being  propKDsed.  Whatever  truth  there  may  be  in 
this  assertion  in  general,  it  is  worth  noting  that  in  Diana's  case,  the  facet  of  the  course  with  which 
she  engaged  most  closely  was  Turtle  geometry,  an  activity  which  was  radically  different  from 
her  traditional  practice  and  which  therefore  did  not  conflict  with  her  traditional  practice. 
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ATTITUDES  TO  TEACHING  MATHEMATICS 
THE  DEVELOPMENT  OF  AN  ATnTUDES  QUESTIONNAIRE 

Ifw  Relicb  and  Jenni  Way 
University  of  Western  Sydney,  Nepean 

The  attitude  of  teachers,  particularly  primary  teachers,  to  tfie  teaching  of  mathematics  have  long  been 
considered  as  important  precursors  to  the  formation  of  positive  attitudes  to  mathematics  among  pupils 
(e.g.,  Aiken,  1976).  While  the  research  evidence  that  such  a  relationship  does  exist  is  somewhat 
tenHotL^,  there  is  a  strong  belief  among  pre-service  teacher  trainers  that  positive  attitudes  need  to  be 
fostered  in  teacher  education  courses.  Unfortunately,  the  research  evidence  suggests  that  high 
proportions  of  pre-service  teachers  hold  negative  attitudes  towards  mathematics  (€.g.,  Kelly  <S 
Tomhave,  1985).  Although  many  instruments  measuring  affea  in  areas  like  self-concept,  anxiety  etc. 
fiave  appeared  in  the  literature  over  the  years,  no  comprehensive  instrument  on  attitudes  is  available  to 
help  teacher  trainers  monitor  attitudinal  changes  among  pre-senice  teachers  to  the  teaching  of 
mathematics  over  the  period  of  training.  This  research  re-examines  attempts  to  de^'elop  such  an 
instrument  in  Australia  (Nisbit,  1991)  and  posits  an  alternative  and  refined  version. 

DcfiniUons  of  attitude  generally  include  the  idea  that  attitudes  manifest  themselves  in  one's  response  to 
the  objector  situation  concerned.  One  such  definition  states...  "Attitude  is  a  mental  and  neural  state  of 
readiness,  organised  through  experience,  exerting  a  directive  or  dynamic  influence  upon  the  individual's 
response  to  all  objects  and  situations  with  which  it  is  related"  (Allport  in  Kulm.  1980.  p  356).  When 
exploring  the  attitudes  of  pre-scivice  teachers  toward  mathematics  it  is  necessary  to  not  only  consider 
their  attitude  towards  the  subject  itself,  but  also  their  attitude  regardinc  the  teaching  of  mathematics. 

The  attitudes  of  prc-ser%-ice  teachers  arc  of  particular  importance  because  of  their  potential  influence  on 
pupils.  Although  the  research  evidence  is  certain'.y  not  conclusive,  it  h.s  been  sufficient  to  suggest  that 
positive  teacher  attitudes  contribute  to  the  formation  of  positive  pupil  attitudes  (Aiken.  1 976;  Sullivan. 
1987).  Some  studies  have  indicated  that  teacher  attitudes  towards  a  subject  and  the  teaching  of  that 
subject  influence  the  instructional  techniques  they  employ  and  that  these,  in  turn,  may  have  an  effect  on 
pupil  altitudes  (Carpenter  &  Lubinski,  1990;  Williams,  1988). 

Although  there  is  littie  hard  evidence  tliat  holding  positive  attitudes  towards  mathematics  is  actually 
beneficial,  it  is  difficult  to  argue  against  their  desirability.  The  widespread  belief  in  the  relevance  of 
positive  pupil  attitudes  towards  mathematics  is  reflected  in  the  following  extract  from  the  National 
Statement  on  Mathematics  for  Australian  Schools  "An  important  aim  of  mathematics  education  is  to 
develop  in  students  positive  attitudes  towards  mathematics  and  their  involvement  in  it..."  (Australian 
Educational  Council,  1991.  p  31). 
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One  argument  presented  in  support  of  the  need  of  positive  attitudes  is  that  such  attitudes  can  enhance 
achievement  in  mathematics  at  primary,  secondary  and  tertiary  level  (Dungan  &  Thurlow,  1989).  Most 
studies  on  tlie  relationship  between  attitude  and  achievement  have  revealed  a  low  but  significant 
correlation  (Aiken,  1976;  Kulm,  1980).  However,  the  nature  and  direction  of  this  relationship  is  yet  to 
be  unravelled  (Daane  &  Post.  1989.  Kulm.  1980;  Suydam.  1984). 

Research  into  attitudes  has  explored  various  components  of  attitude  such  as  anxiety,  enjoyment,  self- 
concept  and  belief  in  the  usefulness  or  value  of  mathematics.  One  component  that  has  received  much 
attention  is  that  of 'mathematics  anxiety'.  There  is  no  doubt  as  to  the  existence  of 'mathematics  anxiety' 
and  a  number  of  instruments  for  mc^uring  levels  of  anxiety  have  been  developed  and  implemented 
(Richardson  &  Suinn.  1972).  However.  Sovchik.  Meconi  and  Steiner  {H  V.)  suggest  that  tlie  construct 
matliematics  anxiety'  is  not  as  well  defined  and  measurable  as  assumed  by  some  mathematics 
researchers.  There  is  some  doubt  as  to  whether  anxiety  is  in  fact  a  separate  construct  It  may  just  be  a 
reflecdon  of  some  deeper  attitude  (Wood,  1988).  Anxiety's  relationships  to  other  factors  such  as 
enjoyment,  general  attitude  towards  mathematics  and  performance  are  unclear.  There  is  growing 
evidence  that  self-concept  is  a  better  measure  of  how  people  feel  about  themcclves  as  teachers  of 
mathemadcs,  and  that  self-concept  has  an  influence  on  Uie  fomiation  of  attitudes.  Studies  have  also 
found  a  consistently  high  positive  relationship  between  scLf-conccpt  and  mathematics  achievement 
aiackett  &  Betz,  1989;  Marsh,  Cairns,  Relich,  Barnes  &  Debus,  1984;  Reyes,  1984). 

If  it  is  accepted  tliat  it  is  highly  desirable  for  teachers  of  mathematics  to  exhibit  positive  attitudes  then 
the  high  proportions  of  prc-service  teachers  found  to  hold  negative  attitudes  towards  mathemadcs  is 
somewhat  alarming  (Becker,  1986;  Kelly  &  Tomhave,  1985;  Sullivan.  1987).  Recent  research  with 
prc-service  teachers  has  begun  to  reveal  a  series  of  lirJcs  between  mathematics  attitudes,  the  choice  or 
avoidance  of  mathemaUcal  studies,  sclt-concept  and  attitudes  towards  the  teaching  of  mathematics.  U 
appears  that  students  (both  male  and  female)  with  low  self-concepts  in  mathematics  arc  less  likely  to 
pursue  mathematical  studies.  Not  surprisingly  then,  studies  have  revealed  that  most  pre-service 
teachers  who  exhibit  negative  attitude.";  towards  mathematics  have  not  chosen  to  study  mathematics  in 
their  final  years  of  high  school  (Aiken.  1976;  Sullivan,  1987). 

Tlie  potential  of  teacher  training  courses  to  change  the  negative  altitudes  of  pre-service  teachers  towards 
mathematics  needs  to  be  considered.  Sullivan  (1987)  found  that  almost  half  of  the  students  entering  a 
teacher  raining  course  possessed  negative  attitudes  towards  mathematics.  He  states.... "The  course 
improved  their  attitudes  overall,  but  those  who  started  with  negative  attitudes  still  had  the  most  negative 
attitudes  at  the  end"  (Sullivan,  1987,  pi).  He  concluded  that  if  these  initial  attitudes  are  so  significant, 
teacher  education  courses  may  need  to  establish  entry  criteria  based  on  the  mathematics  background  of 
tlie  applicants. 
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If  the  attinidcs  of  prc-scrvicc  teachers  arc  to  be  improved,  there  first  needs  to  be  a  reliable  instrument 
with  which  to  measure  levels  of  attitudes  and  perhaps  to  identify  sroups  of  students  witli  special  needs 
(Aiken,  1976;  Nisbct,  1991;  Watson.  1987).  Nisbct  (1991)  attempted  to  develop  an  instrument  which 
consisted  of  the  Fennema-Sherman  (1976)  'Mathematics  Attitude  Scales'  plus  some  parallel  items 
constructed  by  Nisbct  to  cover  the  'Attitudes  to  Teaching  Mathematics'  aspect. 

The  subsequent  factor  analysis  resulted  in  a  22  item  questionnaire  with  4  factors  (Anxiety,  Confidence 
and  Enjoyment,  Desire  for  Recognition  and  Pressure  to  Conform).  An  analysis  of  these  results  suggests 
that  the  factor  analysis  conducted  by  Nisbct  arguably  may  not  have  isolated  the  most  accurate  or  useful 
factor  solution.  The  data  was  therefore  rc-cxamined  through  similar  factorial  analysis.  Because  no 
self-concept  items  were  included  in  Nisbit's  questionnaire  our  initial  questionnaire  was  supplemented 
with  items  on  math'.matics  self-concept  developed  by  Marsh  (1988). 

METHOD 

The  information  reported  by  Nisbet  did  not  include  complete  correlation  tables  on  factor  loadings 
therefore  it  was  not  possible  to  rcanalysc  the  dm.  Instead  we  opted  to  re-administer  the  battery  of  sub- 
scales  used  in  the  initial  developmental  stages  as  well  as  some  additional  self-concept  items  and  to 
factor  analyse  the  new  data  set  to  see  whether  a  similar  pattern  of  results  would  emerge. 

Subjects 

The  battery  of  tests  was  administered  to  345  prc-scrvice  students  in  the  Diploma  of  Teaching/Bachelor 
of  Education  program  at  tlie  University  of  Western  Sydney.  Ncpcan.  All  students  in  the  three  years  of 
undergraduate  study  were  invited  to  participate  in  the  study  in  their  normal  class  time  for  lectures  in 
mathematics  education.  Approximately  20  students  declined  to  participate.  The  subjects  ranged  in  age 
from  17  years  to  43  years  with  39.6%  classified  as  mature  age  students,  over  21  years  of  age.  The 
majority  of  the  sample  was  female  (79.1%),  was  represented  in  similar  proportions  within  the  mature 
age  group  (73.8%),  had  a  large  proportion  of  recent  school  leavers  (81.6%)  and  had  studied  maths  to 
Year  12  (88.5%). 

Materials 

Nisbct  argued  against  the  inclusion  of  mother's  and  father's  attitudes  towards  one  as  a  teacher  of 
mathematics  on  the  grounds  that  a  large  proportion  of  the  sample  (up  to  50%)  indicated  that  they  were 
undecided  or  did  not  respond  to  these  items.  He  docs  not  include  these  items  in  his  final  scale.  In  the 
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interest  of  limiting  the  number  of  itcnx  included  in  our  questionnaire  and  in  order  to  include  the  Marsh 
self-concept  items  without  lengthening  the  questionnaire  unduly,  we  decided  to  eliminate  tJiis  set  of 
items  from  our  quesUonnaire,  Therefore  the  range  of  items  described  by  Nisbet  and  which  were 
derived  from  the  Fennema  and  Sherman  (1976)  attitude  scales  and  the  Marsh  (1988)  Self-Description 
Questionnaire  were  included  in  our  65  item  questionnaire  designed  to  measure  general  attitudes  to  the 
teaching  of  mathematics. 

The  sub-scales  include  the  Confidence  in  teaching  mathematics  (items  1,  9,  1 1.  17, 26, 41, 49,  53,  60): 
Mathematics  teaching  anxiety  (items  2,  18,  27,  32,  37.  38.  42,  51,  54.  61);  Attitude  toward  success  in 
teaching  mathematics  (items  3,  12,  19, 43,  55.  62);  Mathematics  teaching  as  a  male  domain  (items  4, 
13. 21,  28,  22,  44,  56,  63);  Usefulness  of  teaching  mathematics  (items  6,  14.  22,  29,  34,  46,  57,  65); 
Effectance  motivation  in  teaching  mathematics  (items  7,  16, 23.  31.  36.  39, 47,  52,  58,  64);  Perception 
of  teacher's/ lecturer's  attitudes  towards  one  as  a  teacher  of  mathemcacs  (items  8, 24, 48.  59);  and, 
self  concept  in  mathematics  (items  5,  10.  15.  20,  25,  30,  35, 40, 43.  50). 

RESULTS 

In  order  to  determine  how  the  sample  matched  Nisbct's  with  reference  to  training  in  high  school 
mathematics,  we  cross  tabulated  age  group  with  study  in  high  school  mathematics,  here  defined  by  the 
NSW  syllabus  as  Maths  in  Society,  2  unit,  3  unit  and  4  unit  at  Year  12  level.  For  this  group  10.8% 
studied  Maths  in  Society  and  51.7%  and  12.9%  two  unit  and  three  unit  respectively.  No  students 
entered  the  program  having  studied  four  unit  maths. 

These  results  clearly  indicate  that  mature  age  students  in  general  have  studied  significantly  less  (Chi- 
Square  =  70,06,  p<.00l)  mathematics  than  their  younger  counterparts  and  conforms  widi  Nisbct's 
findings.  This  further  emphasises  the  serious  implications  for  this  group  as  entrants  into  primary 
teacher  education  programs  without  die  t^quisite  background  in  mathematics  as  recommended  in  the 
Discipline  Review  of  Teacher  Education  in  Mathematics  and  Science  (1989). 

A  six  factor  solution  (sec  Table  1)  using  Principal  Axis  Analysis  and  varimax  rotation  resulted  the 
clearest  distribution  of  items  into  identifiable  sub-scales.  Two  major  factors  cnwrged  which  while 
similar,  measure  two  different  aspects  of  self  perceptions  related  to  mathematics,  that  is,  individual 
attitudes  of  prc-scrvice  teachers  as  teachers  of  mathematics  (ATM)  and  their  self-concept  as 
mathematiciatxs  (MSG).  In  addition,  we  found  evidence  for  a  distinct  mathematics  teaching  as  a  male 
domain  (MTMD)  scale,  usefulness  of  teaching  mathematics  (HTM),  excellence  as  a  teacher  of 
mathematics  (ETM)  scale  and  an  other's  perceptions  of  me  as  teacher  of  mathematics  {OTM)  scale. 
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The  first  sciilc  which  consists  of  an  anialganiation  of  30  items  from  a  variety  of  the  original  subscalcs 
lends  to  reflect  a  gcnci^  attitude  towards  the  teaching  of  malliematics.  In  fact  all  bar  two  items 


7 

14 

II 

•11 

Aft 

I? 

71 

70 

61 

65 

42 

65 

M 

|7 

64 

II 

M 

5t 

59 

5o 

W 

52 

5<* 

50 

5) 

51 

it 

49 

47 

46 

7J 

^ 

6t 

20 

44  Ci5 
60 

40 

60 

10 

55 

15 

40  M 

71 

6t 

Ij 

57 

St 

t| 

57 

44 

1) 

57 
S) 

21 

49 

56 

47 

63 

4) 

2) 

22 

79 

54 

77 

14 

72 

6 

h\ 

57 

54 

29 

46 

65 

45 

4) 

€6 

55 

$9 

12 

47 

62 

) 

57 

l« 

42 

46 

-«2 

41 

59 

24 

Mr*: 

Dniml  (Khnu  ire  omtttnL     Vabn  kn  thvi  40  ire 

(1)  Am 

Alitutfi  to  iMchng  milhtowtks 

(4)  UTM 

UM^facw  <A.  kftdung  in«tiMiruiic< 

a)  Msc 

M*th«nulka  l«lf-CDnc«p4 

(5)  ETM 

ExeeU&^MO  u  i  tMch^r  of  rmthi 

())  vnMi> 

KUtScmUki  TcMhmf  m  •  imU  ^cnnin 

(6)  OTM 

OtWi  f«eftff><ioM  u  1  iMchrr  of  nutiw 

I-2B1 

s^HJcifically  mention  the  act  of  teaching  as  part  of  the  content.  The  coefficient  alpha  rcHabillty  was  ,96, 
The  second  factor  (coefficient  alpha  =  .89)  on  the  oUier  hand,  reflects  eight  of  the  ten  Self  Description 
Questionnaire  items  and  is  spccificgJly  relevant  to  personal  performance  on  mathematical  tasks.  All  of 
these  items  load  to  some  extent  on  the  first  factor  but  form  a  distinct  separate  factor.  The  third  factor 
(coefficient  alpha  =  .79)  includes  all  of  the  items  from  the  maihernatics  teaching  as  a  male  domain 
scale  and  two  items  from  the  effectance  motivation  in  teaching  mathematics  scale  but  the  loading  of 
one  of  Uiese  items  is  very  low.  The  founh  factor  (Coefficient  alpha  =  ,78)  contains  seven  of  the  eight 
usefulness  of  teaching  mathematics  scale.  The  last  two  factors  which  cnvrrge  arc  not  as  clearly 
delineated,  nor  as  rcliahle  as  the  first  four,  but  may  be  identified  as  excellence  as  a  teacher  of 
mathematics  (coefficient  alpha  =  .57)  scale  and  other's  perceptions  of  me  as  a  mathematics  teacher 
(coefficient  alpha  =  .29)  scale. 

One  of  the  other  major  differences  in  the  findings  of  lliis  research  in  contrast  to  Nisbit's  is  the  inclusion 
of  mathematics  teaching  as  a  male  domain  scale  in  the  item  pool  to  be  analysed.  Not  only  did  this  set 
of  items  clearly  stand  out  as  a  separate  construct  but  further  analyses  of  the  scale  showed  that  there  arc 
significant  differences  (t=4,17.  pcOOl)  in  response  with  females  scoring  higher  than  males  (Female: 
M=74.4,  SD:=6,2  vs  Male:  M=:70.7,  SD  =:  6.6),  It  is  debatable  whether  such  a  statistical  difference 
is  important  as  both  groups  score  very  high  overall  (maximum  score  possible  80).  The  only 
other  significant  difference  (t  =  3,9,  p<,CX)l)  in  response  between  males  and  females  was  found  for  the 
mathematics  self'Concept  scale  with  males  (M=  45,1,  SD==  10,4)  scoring  higher  than  females  (M=:39,5, 
SD=U.9)  (maximum  score  possible  =  64),  This  is  consistent  with  all  the  current  literature  which  does 
indicate  a  consistent  trend  for  males  to  rate  themselves  more  highly  than  females  on  this  construct, 

DISCUSSION  AND  CONCLUSION 

This  factor  structure  does  not  confomi  to  the  Nisbet  factor  pattern  which  defines  both  a  confidence  and 
an  anxiety  factor.  He  sutes  "Anxiety  and  confidence  in  teaching  mathematics  are  independent  factors. 
They  are  not  opposite  extremes  of  the  one  continuum.  The  most  confident  students  are  not  necessiuily 
the  least  anxious,"  (p  45). 

Tne  factor  structure  we  propose  does  not  differentiate  between  anxiety  and  confidence  rather  it 
combines  these  two  scales  along  with  *hc  restructured  Shennan  and  FennCitia  (1976)  Effectance 
Motivation  scale,  into  a  conglomerate  scale  which  seerns  to  reflect  general  attitude  to  the  teaching  of 
mathematics  and  personal  feelings  towards  this  activity.  Interestingly,  the  self-concept  items  derived 
from  the  Marjh  (1988)  Self- Description  Questionnaire  constitute  a  distinct  factor  but  one  which  shares 
consideniblt*  variance  (55%)  with  the  initial  factor,  suggesting  that  attitudes  and  confidence  (here 
derived  from  the  self-concept  variable)  are  inextricably  associated.  In  contrast  to  Nisbet's  results,  these 
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results  suggest  that  personal  perceptions  of  one's  adequacy  as  a  mathematician  should  iinph^gc  on 
attitudes  to  teaching  mathematics  and  arc  part  of  a  continuum. 

The  evidence  for  mathematics  anxiety  as  a  separate  construct,  particularly  as  a  construct  different  from 
confidence,  is  not  convincing  as  has  been  aigucd  in  the  literature  review.  The  factor  structure  which 
emerged  from  the  analyses  of  this  set  of  data  provides  additional  evidence  for  tliis  point  of  view. 

Further  analysis  of  our  results  has  led  to  tJic  development  of  a  comprehensive  20  item  attitude 
questionnaire.  It  includes  only  two  factorial  sub-scales,  attitude  and  self-concept.  The  30  item  ATM 
scale  wa!>  reduced  to  a  12  item  questionnaire  by  eliminating  items  with  very  high  inica'orreUilions. 
Despite  tlie  reduction  from  30  to  12  items  the  reliability  of  tliis  scale  was  rc<Iucc<l  only  marginally  from 
.96  to  .90.  Surprisingly  this  scale  is  an  amalgam  of  three  of  the  Fonncma  Shennan  subscalcs. 
Confidence  in  Teaching  Matlicmaiics,  Mailicmaiics  Teaching  Anxiety,  and  Effccioncc  Motivation  in 
Teaching  Matl^ematics.  The  Marsh  self-concept  items  retained  their  integrity  as  a  scale  with  only  one 
item  drifting  to  the  altitude  scale.  The  remainder  of  the  subscalcs  wore  eliminated  on  the  grounds  of 
their  poor  reliability  or,  as  in  the  case  Mathematics  Teaching  as  ii  Male  Domain,  l>ecausc  of  their  lack  of 
variability  mid  extreme  response  profiles. 

It  is  our  intention  to  test  the  reliability  and  validity  of  tJus  new  instrunKni  as  part  of  an  on-going 
development  program.  We  believe  that  aititudinal  changes  among  prc-scivj  x  teachers  is  an  important 
affective  consequence  of  a  viable  and  successful  training  program.  To  measure  such  change  through 
the  use  of  a  reliable  and  valid  instrument  will  allow  tertiary  educators  to  more  accurately  evaluate  the 
success  of  their  prognuiis  in  this  vital  area. 
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THE  PSYCHOSOCIAL  LEARNTHG  ENVIRONMENT 
IN  THK  HONG  KONG  MATHEHAVICS  CLASSUOOM 

Wong  Nqai  Y.ing 
DopartTOont  of  Curriculum  and  Instruction 
The  Chinese  Univorsity  of  Hong  Kong 

Introduciion 

Learning  problem  in  of  major  concern  in  many  countrion 
whoro  compulsory  education  is  iwplomonted  and  the  creation 
of  a  learning  environment  conducive  to  learning  hi\a  become 
one  of  the  major  tanko  of  cchool  toachox-a.  The  importance 
of  ciufiyroom  environment  to  learning  can  be  reflected  the 
conducting  the  lEi'v  (International  Studioo  in  Kducatlonal 
Achievement)  clanuroom  environment  ctudy  in  the  paet  fcjw 
yoaru  (Andoroon,  Ryan      Shapiro,  1909). 

Since  tho  late  sOn,  oducatlonai  rHc;oorcher^i  have  chown 
incroatiing  intererit  in  the  otudy  of  clautiroom  learning 
environment.  Thovgh  motit  of  thonc  inveotigatione  locuGOd  on 
actual  environment  and  academic  ochlovoment,  otudontn' 
approaches  to  learning  were  found  to  have  a  close 
relationship  with  the  claDaroom  onvironmont  that  they 
preferred  (Hattio  &  Watkiny,  198E).  Those  Rtudonto  who 
prefer  a  cortain  type  of  clantiroom  environment  arc  more 
likely  to  take  up  a  particular  apr«roach  to  learning. 

Another  research  focuw  hae  been  atudent  achievement  an  a 
function  of  poroon-environment  fit.  It  ii?  uhown  (Rentoul  C 
FraBor,  1980)  TraBer  S.  Fisher,  19838,  1983b)  that  cognitive 
outcomes  can  be  predicted  by  actual-pref errod  congruence, 
that  is  a  student  tend  to  achieve  better  in  a  learning 
environment  close  to  his  or  her  preference. 

Thus,  both  the  preferred  and  actual  classroom  environment 
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would  influonc(!  tho  approachoc  to  loarnlng,  which  would,  In 
turn,  gonorato  offoct  on  tho  loarning  outcome . 

Doflplto  tho  groat  amount  of  effort  dovotod  to  tho 
anaiycin    of    clunjflrooin    onvlroninont  Wowtorn  countrioa. 

thoro  aro  not  many  roKonrahoG  of  this  kind  on  Aoian 
ntudenty.  Actually,  tho  Hon^j  Konrj  clanfu-oom  hoR  Ito 
particular  toaturoc*  Jt  hao  a  larcjo  olzo  and  ic  crowded 
(Vifiltlnij  Pnnol,  1002).  In  addition,  tho  curriculum  lis 
examination  drivon  and  modorn  Chinooo  paronta  plnco  qroat 
omphafJltJ  on  tho  uohiovomont  of  thoir  childron  (Mo,  1906). 
Croat  cmphaf-Ur.  Id  laid  on  lecturing ,  roto"*  loarning  and 
proparation  for  in~r.chool  and  public  oxumlnatlono  in  tho 
Hong  Kong  oJafuiroom  (Morrif;,  JOOJi,  1900). 

Jn  l  aot,  nathtlaotory  rol  la))i  1  Itioti  woro  not  obtained  in 
a  numbar  of  rotiourohou  u^;ing  Wo u torn  InGtrumonto  (ouch  an 
cluuoroom  Bnvironmont  f^icalc)  in  tho  local  ciituation  (Chan, 
iD'jif  chong,  iOOL^;  choung,  lyoi!).  It  iu  thoroforo  noconoary 
to  analyco  tho  Hong  Kong  uituation,  and  thoro  it;  a  noad  to 
dovolop  inutrumoMtt^  to  umuoso  itu  clauaroom  onvironmont  in 
ordor  to  further  invontigate  how  it  af  facts  tjtudcnto' 
approaches  to  loarning  atid  loarning  outoomoH. 

McUu>dolo|»y 

Qualitative  roi^oarch  by  using  opon-ondod  guowtiono 
(appendix  1)  and  oomi-r.tructurod  Intorviows  (appondix  2)  way 
porformoO  among  thirty  fivo  Grade  Nino  tjtudonto  from  oovon 
dlfforont  »ocondary  schoolK  in  Hong  Kong.  T!io  Intorviewts 
w(?rG  transcribod  and  content  analyscjd.  DoBcriptoro  wore 
Qxtractod  and  tho  dimontsions  of  tho  learning  onvironmont  of 
tho  II  TTi  Kong  matheraaticEs  classroom  woro  constructed.  The 
instrvHtionts  will  thus  be  dovoloped. 
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Results 

By  content  analysis,  the  following  results  were  obtained. 

1.  The  roost  important  factor  leading  to  good  mathematics 
results  as  perceived  by  students  is  making  effort  and 
doing  of  more  exercises. 

2.  Students  also  think  that  the  teacher  is  crucial  in  the 
mathematics  classroom.  Whether  the  classroom  is  "good" 
or  not  depend  solely  on  the  teachor. 

3.  A  good  mathematics  teacher  as  perceived  by  students  is 
one  who 

-  explains  clearly, 

-  shovs    concerns    about     students    and    treat    them  as 
friends , 

-  makes  sure  that  the  students  understand, 

-  teaches  in  a  lively  way, 

-  is  conscientious  and  well-prepared, 

-  answers  students'  queries 
( in  that  order) . 

4.  A  good  mathematics  teacher  should  also  provide  more 
exercises  and  should  generate  a  lively  atmosphere  but 
keep  good  order. 

5.  A  good  learning  environment  is  one 

-  which  is  not  boring, 

-  in  which  the  classmates  are  quiet, 

-  with  classmates  engaged  in  learning, 

-  with  order  observed, 

-  in    which    discussion    with    classmates    possible  after 
lesson 

(in  that  order) . 

6.  Factors  leading  to  making  effort  are 

-  previous  experience  of  success, 

-  perceived  ability, 

-  understanding  the  lesson. 

7.  Having  someone  ( family  members,  classmates,  tutors)  to 
ask  after  school  in  also  helpful  to  learning. 


Dl-287 


By  extracting  the  descriptors,  the  following  dimensions 
of  the  mathematics  classroom  were  identified,  which  are 
enjoyable,  order,  involvement,  achievement  orientaiion,  leacher  led,  teacher  support, 
teacher  involvement  and  collaborativeness  * 

The  resulting  instrument  consists  of  8  items  in  each 
dimension.  The  reliabilites  obtained  in  the  pilot  study 
range  from  .55  to  .90. 

Direction  of  further  research 

In  the  forthcoming  study,  about  360  students  from  9  Grade 
Nine  classes  will  be  invited  to  participate  and  the 
following  research  model  would  be  investigated  (Fig.  1). 
The  Learning  Process  Questionnaire  (Biggs,  1986)  will  be 
used  to  identify  the  approach  to  learning,  cognitive 
variables  will  be  measured  by  the  Attainment  Test  and  School 
Mathematics  Grades,  the  affective  variables  will  be  measured 
by  Attitude  Towards  Mathematics  Scale  (Minato,  1983)  and 
part  of  the  Self -Description  Questionnaire  (Marsh,  1988), 
whereas  the  preferred  and  actual  classroom  environment  will 
be  measured  by  the  newly  developed  scale. 


Affective  input 
Cognitive  input 
Preferred  class- 
room environment 


Actual  classroom 
environment 


Figure  1.     The  research  model 
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We  will  also  take  into  consideration  the  approach  to 
mathematical  problems.  For  this  purpose,  open-ended 
questions  were  being  asked  among  some  240  Secondary  Three 
students.  From  the  preliminary  analysis,  three  dimensions 
were  identified,  which  are  understanding,  revising  A  working  hard  and 
asking  others  for  help.  Another  instrument  to  measure  the 
approaches  to  tackling  mathematical  problems  will  be 
developed  according  to  the  above  dimensions.  However, 
further  qualitative  research  will  be  needed  to  clarify  the 
concept  of  understanding  in  the  context  of  mathematics 
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Appendix  I    Written  form  for  the  qualitative  research. 

Students  are  requested  to  respond  to  some  open-ended 
questions  at  the  beginning  of  the  interview.  This  will  last 
for  10-15  minutes. 

Please  use  any  adjective  you  think  appropriate  to  describe 
the  followings. 

1.  Mathematics  is  . 

2.  My  mathematics  teacher  is  . 

3.  My  mathematics  classroom  is   . 

4.  My  classmates  in  the  mathematics  class  are   

5.  My  mathematics  learning  is  .  . 

Appendix  2  Questions  asked  in  the  interview  will  include  the 
following  areas. 

A.  Do  you  enjoy  your  mathematics  class  ? 

1.  What  elements  of  the  class  do  you  like  most  ? 

2.  What  elements  of  the  class  do  you  like  least  ? 

3.  What  are  the  differences  between  the  mathematics  class 
this  year  and  that  of  last  year  ? 

4.  What  elements  of  the  class  do  you  like  to  retain  when 
you  are  promoted. 

B.  What  elements  of  your  class  do  you  think  are  conducive  to 
learning  ? 

1.  What     elements     of     your     class     are     conducive  to 
learning  ? 

2.  What    are    the    elements    of    your    class    that  obscure 
learning  ? 

3.  How  can  your  class  be  improved  so  as  to  make  it  more 
conducive  to  learning  ? 
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C.  How  do  you  revise  your  mathematics  lesson  ? 

1.  Would  you  revise  differently  in  another  class  ? 

2.  Would   you    revise    differently    if    you    are    taught  be 
another  teacher  ? 

3.  Would  you  revise  differently  in  another  subject  ? 

4.  Would  you  revise  differently   if  you  are  with  another 
group  of  classmates  ? 

D.  What     would     you     do     when     you     have     difficulty  in 
mathematics  ? 

1.  Would  you  ask  your  classmates  ? 

2.  Would  you  ask  your  teachers  or  private  tutors  ? 

3.  Would  you  look  up  text  books/reference  books/notes  ? 

E.  What  kind  of  activities  are  often  carried  out  in  class  ? 

1.  What  are  often  carried  out  in  class  ? 

2.  What  do  you  prefer  ? 

3.  Do  you  frequently  have  group  activities  ? 

F.  How  would  you  prepare  for  your  mathematics  tests  ? 

1.  How  would  your  prepare  for  your  tests  ? 

2.  How  satisfied  are  you  with  your  results  in  the  recent 
mathematics  test  ? 

3.  What  do  you  think  leads  to  this  result  ? 

4.  How  does  the  class  affect  you  in  your  tests  ? 


ERIC 


1-293 


AddrMsoft  of  Authors  Presenting  Rosearch  Reports  at  PME  XVII 


Artigue,  Mlch^le  11-1 

IREM.  Unlvers,t6 de Paris? 

2  Place  Jussieu 

F-75251  Paris,  Cedex  5 

FRANCE 

Bartolinl-Bussl,  Maria  G.  11-97 

Dip.  Matematica-UnlversitadI 

Modena 

Via  Campl  213/B.  Modena.  1-41100 
ITALY 

Becker.  Gerhard  111-97 


Brown,  Dawn  L  11-137 

Dept.  of  Math.  Edu.-219  MCH 

Florida  State  University 

Tallahassee,  FL  32305 

USA 

Chapman,  Olive  1-228 

The  University  of  Calgary 

EDT702,  2500  University  OR 

N,W,  Calgary 

Alberta.  T2N-1N4 

CANADA 


Universitat  Bremen 
Fachberelch  Mathematik  und 
Informatik 
Postfach  33  04  40 
D-2800  Bremen  33 
GERMANY 

Bell,  Alan 

Shell  Centre  tor  Math.  Education 
University  Park 
Nottingham,  NG7  2RD 
UNITED  KINGDOM 

Bishop,  Alan  J. 
Faculty  of  Education 
Monash  University 
Wellington  Road 
Clayton,  Victoria  31 68 
AUSTRALIA 

BjOrkqvist.  Ole 
Faculty  of  Education 
ABO  AkademI 
PB31 1,65101  VASA 
FINLAND 

Boutl.  Ada 

University  of  Athens 

Pedagogics  Department  of 

Elementary  Education 

33  Ippokratus  Str. 

Athens 

GREECE 


ChiappinI,  Giampaolo  1-138 
institute  Matematica  Applicata 
Via  L.B,  Alberti  4 
Geneva.  16132 
ITALY 

Cobb,  Paul  11-215 

I-  130  Vanderbilt  University 

Peabody  College 
Box  330 

Nashville.  TN  37203 
USA 

II-  202  Cortes,  Anibal 

Lab  PSYDEE-CNRS 
46  rue  ST-Jacques 
75005  Paris 
FRANCE 

Davis,  Garv  il-i83 
i-107  Dept.  of  Mathematics 
LaTrobe  University 
Bundoora,  Victoria  3083 
AUSTRALIA 

Davis,  Robert  B.  IH-ios 
11-207  Graduate  School  of  Education 
Rutgers  University 
10  Seminary  Place 
New  Brunswick.  NJ  08903 
USA 

DeGuire,  LindaJ.  "-222 

Mathematics  Dept. 

California  State  Univ.,  Long  Beach 

Long  EJeach,  CA  90840 

USA 


ERLC 


307 


1-294 


Doig.  Brian 

The  Australian  Council  for 
Educational  Research 
P.  O.  Box  210 
Hawthorn.  Victoria  3122 
AUSTRALIA 

Ddrfler,  Willi 

Institut  far  Mathematik 

Unlversitat  Kiagenfurt 

UnlversitatsstraOe  65-67 

A-9020  Klagenf  urt 

AUSTRIA 

Emori.  Hideyo 
2-28-3  Horinouchi 
Omiya-shi.  Saitama,  330 
JAPAN 

Ernest.  Paul 
School  of  Education 
University  of  Exeter 
St.  Lukes.  Exeter. 
Devon.  EX12LU 
UNITED  KINGDOM 

Evans,  Jeff 

School  of  Mathematics 
Middlesex  University 
1  Granville  Rd. 
London,  N4  4EJ 
UNITED  KINGDOM 

Even.  Ruhama 

Department  of  Science  Teaching 
Weizmann  Institute  of  Science 
Rehovot.  76100 
ISRAEL 

RIloy,  Eugenio 
Cinvestav 

Dakota  428  (2^  Piso)  Col.  Napoles 

Mexico  D.F.  03810 

MEXICO 

Rschbein,  Efraim 

School  of  Education 

Tel  Aviv  University 

Ramat  Aviv.  Tel  Aviv.  69978- 

ISRAEL 


11-57  Fujii.  Toshiakira  I- 173 

University  of  Yamanashi 
Faculty  of  Education 
4-4-37  Takeda 
Kofu-shi,  Yamanashi,  400 
JAPAN 

11-145  Fujita.  Hidehaai  1-236 
Sejuru-Fukai  4-205 
1888-1  Fukai-nakamachi 
Sakal-shl.  Osaka 
JAPAN 

Goldin.  Gerald  A. 
l!-230  ar.  for  Mathematics.  Science,  & 
Computer  Education 
SERC  Building,  Room  239 
Busch  Campus 
Rutgers  University 

II-  238  Piscataway.  NJ  08855-1179 

USA 

Gray,  Edward  Martin  1-  204 

Math.  Education  Research  Centre 
University  of  Warwick 
Coventry,  CV4  7AL 

III-  210  UNITED  KINGDOM 

Greer,  Brian 
School  of  Psychology 
Queen's  University  of  Belfast 
Northern  Ireland.  BT7  INN 
UNITED  KINGDOM 

11-81 

Groves,  Susie 
Deakin  University 
221  Burwood  Highway 
Burwood,  Victoria  3125 
AUSTRALIA 

1-154 

Gutierrez,  Angel 
Depto.  de  Didacticade  la 
Matematica 

Unlversidad  de  Valencia 
Apartado  22045.  46071 -Valencia 
1-162  SPAIN 

Hancock.  Chris 
TERC 

2067  Massachusetts  Ave. 
Cambridge,  MA  02140 
USA 


111-138 


11-9 


11-153 


ERLC 


3oy 


1-295 


Harada,  Kouhei 

1-  18-5-307  Sengen 
Tsukuba-siii,  IbarakI,  305 
JAPAN 

Harrison,  Julie 
School  of  Pshchology 
Queen's  University 
Belfast,  BT71NN 
UNITED  KINGDOM 

iHasegawa,  Junichi 
Kagawa  University 
Saiwai-cho 

Takamatsu-shi,  Kagawa,  760 
JAPAN 

Hazama.  Setsuko 

Osaka  University  of  Education 

Yamadai-MlnamI  Elementary 

School 

Hlgashl-Kuraji  5-4-6 
Katano-shI,  Osaka.  576 
JAPAN 

Hershkovitz,  Sara 

Centre  for  Educational  Technology 

16Klausner  st.  Ramat-Aviv 

Tel-Aviv.  6901 1 

ISRAEL 

Hunting,  Robert 

Institute  of  Mathematics  Education 
La  Trobe  University 
Bundoora.  Victoria  3083 
AUSTRALIA 

lida.  Shinji 

Fukuoka  University  of  Education 

2-  29-3  Izumigaoka 
Munakata-shi,  Fukuoka,  811-41 
JAPAN 

Imal.  ToshihIro 

1-301  Nishitakamatsu-godo 

shukusha 

1-13-7  Nlsiiitakamatsu 
Wakayama-shi.  641 
JAPAN 


11-146 


11-105 


11-161 


11-113  ishida,  Junichi 

Yokohama  National  University 
3-15-16  Maborikaigan 
Yokosuka-shi.  Kanagawa,  239 
JAPAN 

Iwasaki,  Hideki 
Hiroshima  University 
1-33  Shinonome  3-chome 
Minaml-ku,  Hiroshima,  734 
JAPAN 

Jeon,  Pyung  Kook 
Dept.  of  Mathematics  Education 
Korea  National  University  of 
Education 

Cheongwon,  Chungbuk.  363-791 
SOUTH  KOREA 

Kieran,  Carolyn 

University  du  Quebec  ^  Montr6al 
Dept.  Math-Info.  CP8888 
Succursale  "A",  Montreal 
Quebec  H3C  3P8 
CANADA 

Koyama,  Masataka 
Hiroshima  University 
1-1-2  Kagamlyama 
Higashi-Hiroshlma-shi.  724 
JAPAN 

Kumagai,  Koichi 
Joetsu  University  of  Education 
1  YamayashikI 
Joetsu-shi,  Niigata,  943 
JAPAN 

■  17 

Lerman,  Stephen 

Centre  for  Mathematics  Education 
South  Bank  University 
103  Borough  Road 
London.  SE1  OAA 
-244  UNITED  KINGDOM 

Leung,  Shukkwan  Susan 
Dept.  of  Applied  Mathematics 
National  Sun  Yat-Sen  University 
Kaohsiung,  804 
TAIWAN 


111-25 


11-246 


III- J  21 


-25 


11-9 


-154 


II-  65 


11-  218 


-252 


111-33 


ERLC 


I-2SG 


Lo,  Jane-Jane 
Education  Unit 

Arizona  State  University  West 
P.O.  Box  37100 
Phoenix.  AZ  85069 
USA 

Lopez-Real,  Francis 
Faculty  of  Education 
Universiti  Brunei  Darussalam 
Bandar  Seri  Begawan 
BRUNEI 

MacGregor,  Mollie 

School  of  Sci.  &  Math.  Education 

Institute  of  Education 

University  of  Melbourne 

Parl<ville,  Victoria  3052 

AUSTRALIA 

Mamona-Downs,  Joanna 
School  of  Educational  Sciencies 
University  of  Cyprus 
Kalllpoleos  75 
P.O.Box  537,  Nicosia 
CYPRUS 

Mariotti,  Maria  Alessandra 
Dip.  Matematlca,  University  Pisa 
Via  Buonarroti  2,  Pisa.  56127 
ITALY 

Matsuo,  Nanae 

2-  25-3-201  Kamikashlwada 
Ushlku-shl.  Ibaraki,  300-12 
JAPAN 

Melssner ,  Hartwig 
Westf.  Wilh.  Univ.  Muenster 
Mathematik-Elnstelnstr.  62 
D^OO  Muenster 
GERMANY 

MiyazakL  Mlkio 

Ken-ei  6-301 ,  Koshlba  4-1-1 

Ryugasakl-siil.  Ibaraki,  305 

JAPAN 

Mlzoguchi.  Tatsuya 

3-  18-10-1-11  Amakubo 
Tsukuba-shl.  Ibaraki.  305 
JAPAN 


11-162  Neuman.  Dagmar 
Fagerstrand  131 
S-16571  Hasselby 
SWEDEN 

Noss,  Richard 
lnst'*.ite  of  Education 

II-  169  University  of  London 

20  Bedford  Way 
Lond')n.WClHOAL 
UN17uD  KINGDOM 

NOnez.  Rafael 

I-  181  Dept.  of  Psychology 

University  of  Fribourg 
Rte  des  Foug^res. 
Fribourg.  CH-1701 
SWITZERLAND 

Nunokawa.  KazuhIko 

III-  41  Dept.  of  Mathematics 

Joetsu  University  of  Education 
Joe^su-shl,  Nligata.  943 
JAPAN 

Ohtanl,  Minoru 
Institute  of  Education 

II-  177  University  of  Tsukuba 

Tsukuba-shl.  Ibaraki.  305 
JAPAN 

Olivier.  Alwyn 
11-113  Faculty  of  Education 

University  of  Stellenbosch 
Stellenbosch,  7600 
SOUTH  AFRICA 

II-  89  Peard.  Robert 

Queensland  University  of 
Technology 

Kelvin  Grove.  Queensland 
AUSTRALIA 

III-  130  Pegg.  John 

Dept.  of  Scl.,  Tech.  &  Math.  Edu. 
University  of  New  England 
Arnnldale.  NSW  2351 
AUSTRALIA 

1-260 


111-170 


1-268 


11-121 


II-  49 


11-254 


li-  73 


lll-l 


1-212 


ERLC 


3  a) 


1-287 


Pehkonon,  Erkkl 

Dept.  of  Teacher  Education 

University  otHalslnkl 

Ralakatu  6A 

SF-00120  Helsinki 

FINLAND 

Ponte,  Joao  Pedro  da 
Universidade  de  Usboa 
Calgadado  Galvao,21 
1400  LIsboa 
PORTUGAL 

Presmeg,  Norma  C. 
Mathematics  Education  8-182 
219  Milton  Carothors  Hall 
The  Florida  State  University 
Tallahassee.  FL  32306-3032 
USA 

Relich,  Joe 

University  ot  Western  Sydney. 
Nepean 

Faculty  ot  Education 
PO.  Box  10 

KIngswood,  NSW  2747 
AUSTRALIA 

Rojano,  Teresa 

Centre  do  Investlgaci6n. 

Avanzados  del  IPN 

Secclon  Matematica  Educativa 

Nicolas  San  Juan  1421, 

Mexico,  D.F.  03100 

MEXICO 

Sasaki.  Tetsurou 

AlchI  University  of  Education 

Shukusha  2*401 

1  Hirosawa,  Igaya-cho 

Kariya-shl.  Alchi,  448 

JAPAN 

Schroeder,  Thomas  L 
Faculty  ot  Education 
University  ot  British  Columbia 
2125  Main  Mall 
Vancouver,  EC,  V6T  124 
CANADA 


I-  220  Sekiguchi,  Yasuhiro 

Institute  of  Education 
University  ot  Tsukuba 
Tsukuba-shI,  Ibaraki,  305 
JAPAN 

Shigematsu,  Kellchi 

II-  33  Nara  University  ot  Education 

Takabatake,  Nara-shI,  630 
JAPAN 

Shimizu.  Yoshinori 
Tokyo  Gakugel  University 

III-  57  4^M  Nukui  KIta-Machi 

Koganel-shl,  Tokyo,  184 
JAPAN 

Shin,  Hyun  Sung 
Dept.  ot  Mathematics  Education 
College  of  Education 
1-276  Kangweon  National  University 
Chuncheon, 

Kangweon  Do.  200-701 
SOUTH  KOREA 

Sowder,  Judith  T. 

Ctr,  tor  Research  in  Mathematics  & 
Science  Education 

I-  189  San  Diego  State  University 

San  Diego,  OA  92182-0315 
USA 

Takahashi.  Hitoshi 
Araya  Senior  High  School 
77*3  Ishldazaka-kamazuka 
Toyolwa,  Akita-shl.  010-16 

II-  262  JAPAN 

Tall.  David 

Math.  Education  Research  Centre 
University  of  Warwick 
Coventry,  074  7AL 
UNITED  KINGDOM 


11-270 


11-278 


.73 


-U4 


11-178 


111-65 


TIrosh,  Dina 
School  ot  Education 
Tel  Aviv  University 
Tel  Aviv.  69978 
ISRAEL 


11-191 


11-41 


1-122 


3il 


i-Z98 


Trigo,  Manuel  Santos 
Clnvestav.  Dakota  379 
Colonla  Napolos 
03810  Mexico.  D.F. 
MEXICO 

Van  don  Houvel-Panhuizen.  Marja 
Freudenthal  Institute 
Tlbordreel  4 
3561  GG  Utrecht 
THE  NETHERUNDS 

Watanabe,  Tad 
Dept.  of  Mathematics 
Towson  Slate  University 
Towson.  MD  21204 
USA 

Wenzeiburger  G.,  EHrlede 
Maestria  en  Educaclon  Matematica 
UACPYP  DEL  CCH  -  UNAM 
Oficlnas  Admlnlstratlvas#2,  ler. 
PIso 

Av.  Unlversldad  3000. 
Cludad  Unlversltarla.  04510 
MEXICO 


111-81  Whitman.  Nancy  0. 

University  of  Hawaii  at  Manoa 
1776  University  Ave. 
Honolulu,  HI  96822 
USA 

111-186  Wong.  Ngal-Ying 
Facutty  of  Education 
The  Chinese  Univ.  of  Hong  Kong 
Shatin 

HONG  KONG 

111"  194  Yackel,  Erna 

Purdue  University  Calumet 
Dept.  of  Math..  Computer  Soi., 
&  Statistics 
Hammond.  IN  46323 
USA 


11-129 


l-?iJ4 


II- 109 


11-49 


Yamaguchl.  Takeshi 
Faculty  of  Education 
Hiroshima  University 
Kagamiyama  1-1-2 
HIgashl-Htroshlma.  Hiroshima.  724 
JAPAN 

Zack.  Vickl 

St.  George's  School 

5622  Einstein  Ave. 

Montreal.  QC.  H4W  2Y6 

CANADA 


II-  m 


II-  'm 


ERLC 


2 


Proceedings  of  the  Seventeenth  International  Conference  for  the 
Psychology  of  Mathematics  Education 

Published  by  the  Program  Committee  of  the  17th  PME  Conference. 
Japan. 

All  rights  reserved. 

Editors;  Ichlcl  Hirabayashi,  Nobuhiko  Nohda,  Kciichi  Shigcmatsu  and  Fou-Lai  Lin 
Symbol  mark  design  and  cover  layout:  Yoshimasa  Kaneko 


n-i 


PME  17  PROCEEDINGS 
Edited  by  Ichici  Hirabayashi.  Nobuhiko  Nohda,  Kciichi  ShigcmaLsu  and  Fou-L^i  Lin 


PREFACE 

The  fct  meeting  of  PME  took  place  in  Karlsruhe,  Germany  in  1976.  Thereafter  different 
countries  (Netherlands,  Germany,  U.K.,  U.S.A.,  Belgium.  Israel,  Australia,  Canada,  Hungary, 
Mexico.  Italy)  hosted  the  conference.  In  1993.  the  PME  conference  will  be  held  in  Japan  for  the  first 
rime.  The  conference  will  take  place  at  the  University  of  Tsukuba,  in  Tsukuba  city.  The  university  is 
nov^'  twenty  years  old.  It  is  orgaiuzed  into  three  Clusters  and  two  Institutes.  There  are  about  11,000 
students  and  1.500  faculty  mcmbcis.  The  Institute  of  Education  at  the  University  of  Tsukuba  has  a 
strong  commitment  to  mathematics  education. 


The  academic  program  of  PME  17  includes: 
t  88  research  reports  (1  from  an  honorary  member) 
t  4  plenary  addresses 

•  1  plenary  panel 

t  11  working  groups 

•  4  discussion  groups 

•  25  short  oral  presentations 

•  19  poster  presentations 


The  review  process 

The  Program  Committee  received  a  total  of  102  research  proposals  that  encompassed  a  wide 
variety  of  themes  and  approaches.  After  the  proposers'  research  category  sheets  had  been  matched 
with  those  provided  by  potential  reviewers,  each  research  report  was  submitted  to  three  outside 
reviewers  who  were  knowledgeable  in  the  specific  research  area.  Papers  which  received  acceptances 
from  Lt  least  two  external  reviewers  were  automatically  accepted.  Those  which  failed  to  do  so  were 
then  reviewed  by  t'.vo  members  of  the  International  Program  Committee,  In  the  event  of  a  tie  (which 
sometimes  occurred,  for  example,  when  only  two  external  reviewers  returned  their  evaluations),  a 
third  member  of  the  Program  Committee  read  the  paper.  Papers  which  received  at  least  two  decisions 
"against"  acceptance,  that  is  a  greater  number  of  decisions  "against"  acceptance  than  "for",  were 
rejected.  If  a  reviev^'er  submitted  written  comments  they  were  forwarded  to  the  author(s)  along  with 
the  Program  Committee's  decision.  All  oral  communications  and  poster  proposals  were  revicwea  by 
the  Inlcmutional  Program  Committee. 


n-  ii 

ACKNOWLEDGMENTS 

We  wish  to  express  our  thanks  to  the  following  organizations: 

Monbusho  [The  Ministry  of  Education  in  Japan] 
University  of  Tsukuba 

This  PME  seventeenth  conference  is  supported  by  The  Commemorative  Association 
for  the  Japan  World  Exposition  (1970.). 


We  also  wish  to  express  our  heartful  thanks  to  the  following  locaJ  commitiee  and 
local  supporters  who  contributed  to  the  success  of  this  conference: 

Local  Committee 

Ichiei  Hirabayashi.  Nobuhiko  Nohda.  Keiichi  Shigematsu 
Wei  Du.  Toshlakira  FuJII.  Setsuko  Hazama.  Shinji  lida.  Hideki  Iwasaki.  Masataka 
Koyama,  Saburo  Minato.  Tadao  Nakahara  (Ishida).  Minoru  Ohtani.  Yasuhiro 
Seklguchi.  Hanako  Senuma.  Katsuhiko  Shimizu.  Shizumi  Shimizu.  Yoshinori 
Shimlzu.  Mlnoru  Yoshida.  Masaki  Yoshlkawa 


Local  Supporters 

Hideyo  Emori.  Fumi  Ginshima.  TakashI  Inooku.  Masami  Isoda.  Aida  M.  Istino.  HiroshI 
Iwasaki.  Toshiyuki  Kimura.  Tadayuki  Kishimoto.  Hiroko  Koike.  Takahiro  Kunioka. 
Nanae  Matsuo.  Yukiko  MInamioka.  Mikio  Miyazaki.  Tatsuya  Mizoguchl.  Norihiro 
Nishinaka.  MIna  Shimizu.  Takeshi  Yamaguchi 


ERLC 


3i\ 


LiGt  of  PME  XVII  Reviewers 

The  Program  Committee  wishes  to  thank 
review  process. 

Josette  Adda.  France 

Miriam  Amit,  Israel 

Alessandro  Antoniette,  Italy 

Mich6le  Arligue,  France 

Bill  Atweh,  Australia 

Md.  Nor  Baker.  Malaysia 

Nicolas  Balacheff,  France 

Arthur  Baroody.  USA 

Mariolina  BartolinI  Bussi.  Italy 

J.  Thomas  Bassarear.  USA 

M.Carmen  Batanero.  Spain 

LuclanaBazzini,  Italy 

Nadine  Bednarz,  Canada 

Alan  Bell.  United  Kingdom 

Alan  Bishop,  Australia 

Paolo  Boero,  Italy 

George  Booker.  Australia 

Rosa  Maria  Bottino,  Italy 

David  Carraher,  Brazil 

Giampaolo  ChiappinI,  Italy 

Douglas  Clements,  USA 

Paul  Cobb.  USA 

Jere  Confrey.  USA 

Anibal  Cortes,  France 

Barbara  Dougherty,  USA 

Tommy  Dreyfus.  Israel 

Ed  Dubinsky.  USA 

Claire  Dupuis.  France 

Willibald  DOrtler,  Austria 

Laurie  D.  Edwards.  USA 

Theodore  Eisenberg,  Israel 

Nerida  Ellerton,  Australia 

Rafael  Nunez  Errazuriz.  Switzerland 

Gontran  Ervynck.  Belgium 

Glen  Evans,  Australia 

Pierluigl  Ferrari,  Italy 

Olimpla  Figueras.  Mexico 

Eugenic  Filloy-Yague.  Mexico 

Alex  Friedlander.  USA 

Fulvia  Furinghetti,  Italy 

Elisa  Gallo,  Italy 

Elisabeth  Gallou-Dumiel,  France 

Claude  Gaulln.  Canada 

Joaqulm  Gim6nez.  Spain 

Juan  Diaz  Godino,  Spain 

Gerald  Goldin.  USA 

Brian  Greer,  United  Kingdom 

Jeff  Gregg.  USA 


following  people  for  their  help  during  the 


Angel  Guti6rrez,  Spain 
Klaus  Hasemann,  Germany 
Rina  Hershkowltz,  Israel 

Hiebert,  USA 
Fernando  HItt,  Mexico 
Celia  Hoyles,  United  Kingdom 
Adela  Jaime,  Spain 
Bernadette  Janvier,  Canada 
Barbara  Jaworsky,  United  Kingdom 
Rob  A.  de  Jong,  The  Netheriands 
Murad  Jurdak,  USA 
Sonia  Kafoussi,  Greece 
Ismail  Kallany,  Malaysia 
Cllve  Kanes,  Australia 
Rochelle  Kaplan,  USA 
Christine  Keitel.  Germany 
David  Kirshner,  USA 
Konrad  Krainer.  Austria 
G6\z  Krummheuer,  Germany 
Colette  Laborde,  France 
Susan  Lamon,  USA 
Marsha  Landau,  USA 
Enrica  Lemut,  Italy 
Stephen  Lerman,  United  Kingdom 
Frank  KLester.  USA 
Francis  Lopez-Real.  Brunei 
Eric  Love,  United  Kingdom 
Carolyn  A.  Maher,  USA 
Nicolina  Malara,  Italy 
Zvia  Markovits,  Israel 
John  Mason,  United  Kingdom 
Jos^  Manuel  Mates.  Portugal 
Douglas  B.  Mcleod,  USA 
Hartwig  Meissner.  Germany 
AnaMesquita,  Portugal 
Luisa  Morgado,  Portugal 
Hanlie  Murray,  South  Africa 
Ricardo  Nemlrovsky,  USA 
Dagmar  Neuman,  Sweden 
Richard  Noss,  United  Kingdom 
Terezlnha  Nunes,  United  Kingdom 
Alwyn  Ivo  Olivier.  South  Africa 
Anthony  Orton.  United  Kingdom 
Iman  Osta,  USA 
Domingo  Paola,  Italy 
Michole  Pellerey,  Italy 
Barbara  J.  Pence,  USA 
Marie-Jeanne  Perrin-Glorian.  France 


ji. 


n-iv 


Ange^a  PescI,  Italy 
David  Pimm,  United  Kingdom 
Jo&o  Pedro  Ponte,  Portugal 
Norman  C.  Presmeg,  USA 
Ian  Putt.  Australia 
Sid  Rachlin.  USA 
Mohamad  R.  Razall.  Malaysia 
Mattlas  Reiss,  Germany 
Luis  Rico.  Spain 
Thomas  Romtjerg,  USA 
Andee  Rubin.  USA 
Susan  Jo  Russel.  USA 
Victoria  Sanchez,  Spain 
AnalOcia  Schli'dmann,  Brazil 
Thomas  L  Schroeder.  Canada 
Falk  Seeger,  Germany 
Christine  Shiu,  United  Kingdom 


Martin  A.  Simon,  USA 

Judith  Sowder.  USA 

Kaye  Stacey,  Australia 

Ruth  Stavy,  Israel 

Heinz  Steinbring,  Germany 

Rudolf  Straesser,  Germany 

Leen  Streefland.  The  Netherlands 

Alba  Thompson,  USA 

DinaTlrosh.  Israel 

Sonia  Ursini,  Mexico 

Elfriede  G.  Wenzelburger,  Mexico 

Steeven  Williams.  USA 

Terry  Wood.  USA 

Erna  Yackel,  USA 

Michal  Yerushalmy.  Israel 

Noer  Azian  A  Zanzali.  Malaysia 


ERLC 


3id 


n-v 


PSYCHOLOGY  OF  MATHEMATICS  EDUCATION  (PME) 


PRESENT  OFFICERS  OF  PME 

President:  Carolyn  Kieran  (Canada) 

Vice-President;      Gilah  Leder  (Australia) 
Secretary:  Martin  Cooper  (Australia) 

Treasurer:  Angel  Gutierrez  (Spain) 


OTHER  MEMBERS  OF  THE  INTERNATIONAL  COMMITTEE 


Mich^le  Arligue  (France) 
Jere  Confrey  (USA) 
Paul  Ernest  (UK) 
Gila  Hanna  (Canada) 
Chronis  Kynigos  (Greece) 
Keiichi  Shigematsu  (Japan) 
Dina  Tirosh  (Israel) 


Marlolina  BartolinI  Bussi  (Italy) 
Bemadette  Denys  (France) 
Claude  Gaulin  (Canada) 
Barbara  Jaworski  (UK) 
Carolyn  Maher  (USA) 
Judith  Sowder  (USA) 


LOCAL  ORGANIZING  COMMITTEE 

Ichiei  Hirabayashi,  President 
Nobuhiko  Nohda,  Secretary 
Keiichi  Shigematsu 

CONFERENCE  SECRETARY 

Nobuhiko  Nohda 


PROGRAM  COMMITTEE 

Ichiei  Hirabayashi  (Japan),  President 
Carolyn  Kieran,  (Canada) 
Bernadette  Denys  (France) 
Fou-Lai  Lin  (Taiwan) 


Nobuhiko  Nohda  (Japan),  Secretary 
Martin  Cooper  (Australia) 
Gilah  Leder  (Australia) 
Keiichi  Shigematsu  (Japan) 


EXECUTIVE  SECRETARY 

Joop  van  Dormolen 

Kapteynlaan  105,  NL-3571  XN  Utrecht,  The  Netherlands 
Telephone  and  fax  (during  European  daytime):  31  -  30  -  714420 


n-vi 

HISTORY  AND  AIMS  OF  THE  P.M.E.  GROUP 

At  the  Thtxxl  Intemadcnal  Congress  on  Matliematical  Education  (ICM£  3,  Karlsruhe,  1976) 
Professor  E.  Rschbcin  of  the  Tcl  Aviv  Univcrsiiy,  Israel,  instituted  a  study  group  bringing 
together  people  woridng  in  the  area  of  the  psychology  of  mathematics  education.  PME  is  affiliated 
with  the  Internationa}  Commission  for  Maihematical  Instruction  (ICMI).  Its  past  presidents  have 
been  Prof.  Efraim  Flschbein,  Prof.  Richard     Skemp  of  the  University  of  Warwick,  Dr,  Gerard 
Vergnaud  of  the  Centre  National  de  la  Recherche  Scientiifique  (C,N.R.SO  in  Paris,  Prof.  Kevin  E 
Coliis  of  the  University  of  Tasmania,  Prof.  Pearla  Nesher  of  the  University  of  Haifa,  Dr.  Nicolas 
Balacheff,  C.N.R.S.  -  Lyon. 

The  major  goals  of  the  Group  are: 

•  To  promote  intcmatiofial  contacts  and  the  exchange  of  scientific  infonmation  in  the  psychology 
of  mathematics  education; 

•  To  proQKKe  and  stimulate  interdisciplinary  research  in  the  aforesaid  area  with  the  cooperation  of 
psychologists,  nuthematicians  and  mathematics  teachers; 

•  To  further  a  deeper  and  better  understanding  of  the  psychological  aspects  of  teaching  and 
-  learning  mathematics  and  the  implications  thereof. 

Membership 

Membership  is  open  to  people  involved  in  active  research  consistent  with  the  Group's  aims,  or 
professionally  interested  in  the  results  of  such  research. 

Membership  is  open  on  an  annual  basis  and  depends  on  payment  of  the  subscription  for  the  current 
year  (January  to  December). 

The  subscription  can  be  paid  together  with  the  conference  fee. 


Acldrwe«  of  Presenters  of  Plenary  Sewlons  at  PME  XVII 


Comiti.  Claude 

Institut  Universitaire  de  Formation 
des  Maitres 

30.  avenue  Marcelin  Berthelot 
38100  Grenoble 
FRANCE 

Hart,  Kathleen 

Shell  Centre  tor  Mathematical  Education 
University  of  Nottingham 
University  Park 
Nottingham  NG7  2RD 
UNITED  KINGDOM 

Hirabayashi.  Ichiei 
201  Kohpo  Okamoto 
3-11-25  Okamoto 
Ise-shi.  Mie,  516 
JAPAN 

Leder.  Gilah 
Faculty  of  Education 
Monash  University 
Clayton.  Victoria  3168 
AUSTRALIA 

Lin.  Fou-Lai 

Dept.  of  Mathematics 

National  Taiwan  Normal  University 

88SEC5.  Din-Jo  Road 

Taipei  704  867 

TAIWAN 


Nohda,  Nobuhiko 
Institute  of  Education 
University  otTsukuba 
Tsukuba-shi.  Ibaraki.  305 
JAPAN 

Schroeder,  Thomas  L. 
Faculty  of  Education 
2125  Main  Mall 
University  of  British  Columbia 
Vancouver.  BC.  V6T  124 
CANADA 

Silver.  Edward  A. 

729  Leamig  Research  and  Development 
Center 

University  of  Pittsburgh 
3939  O'Hara  Street 
Pittsburgh.  PA  15260 
USA 

Tirosh,  Dina 
School  of  Education 
Tel  Aviv  University 
Tel  Aviv  69978 
ISRAEL 


II- ix 

CONTENTS  OF  VOLUME  I 

p.  I-  i 

Preface  p.  I-  ^ 

Acknowledgments  „  \.  ijj 

List  of  PME  XVII  Reviewers  z;  ^ 

Psychology  of  fviathematics  Education  (PME)  ^  •  ^. 

History  and  Alms  ot  the  PME  Group  .dmcvx/h  d  I- vii 

*  Addresses  ot  Presenters  ot  Plenary  Sessions  at  PME  XVII 

Plenary  SeMions 

p.  I-  1 

Plenary  Panel 

Lin  F  L  (Chair).  Comitl.  C.  Nohda.  N..  Schroeder.  T.  L.  &Tirosh  D. 
■  How  to  link  affective  and  cognitive  aspects  in  mathematics  education 

Plenary  Addreasas 


Hart.  K.  M. 

Confidence  in  Success 
Hirabayashi.  I 


p.  I-  17 
p.  I-  32 
p.  1-  46 

p.  I-  66 


%fct^al\equirements  to  psychological  research  in  mathematics  education 

Reconciling  affective  and  cognitive  aspects  of  mathematics  learning:  Reality 
or  a  pious  hope? 

Silver.  E.  A. 

On  Mathematical  Problem  Posing' 
Working  Groups 

Advanced  mathematical  thinking  P-  ^' 

Organizers:  Gontran  Ervynck  et  al 

Algebraic  processes  and  structure  P- 
Organizers:  Rosamund  Sutherland  et  al. 

Classroom  research 
Organizers:  AnneTeppo  et  al. 

Cultural  aspects  in  mathematics  learning 
Organizers:  Bernadette  Denys  et  al. 

^       .  P 
Geometry 

Organizers:  Angel  Gutierrez  et  al 


p.  I-  91 
p.  I-  92 


ERLC 


O  7 
u  ^  O 


n-x 


Psychology  of  mathematics  teacher  development 
Organizers:  Nerida  Ellerton  et  al. 

Ratio  and  proportion 
Organizers:  Fou-Lai  Lin  ei  al. 

Representations 
Organizers:  Gerald  A.  Goldin  et  al. 

Social  psychology  of  mathematics  education 
Organizers:  Jeff  Evans  et  al. 

Teachers  as  researchers  in  mathematics  education 
Organizers:  Stephen  Lerman  et  al. 

DlscuMion  Groups 

Enhancement  of  underrepresented  countries  in  South  East  Asia  and  East  Europe 
Organizer:  Hideki  Iwasaki 

Interactive  geometry  with  Cabri-Gdom^tre 
Organizer:  Jean-Marie  Laborde 

Philosophy  of  mathematics  education 
Organizer:  Paul  Ernest 

Using  open-ended  problems  in  classrooms 
Organizer:  Erkki  Pehkonen 

RM6arch  Reports 

1.  Advancod  MathBtnatlcat  Thinking 

BjOrkqvist.  O. 
Interpretations  of  double  modalities 

Shin.  H.  S. 

Constnjcting  the  instaictional  hierarchy  through  analysis  of  students'  error 
pattern  and  strategies  used  in  solving  calculus  problems 

Tirosh,  D.  &  Stavy.  R. 
Analogies  in  science  and  mathematics  Continuity  versus  discreteness 

2,  Algebraic  Thinking 

Bell.  A.  &  Malone,  J. 
Learning  the  language  of  algebra 

Chiappini.  G..  Arzarello.  F.,  &  Bazzlni.  L 

Cognitive  processes  in  algebraic  thinking.  Towards  a  theoretical  framework 

Cortes,  A. 

Analysis  of  enors  and  a  cognitive  model  in  the  solving  of  equations 


p.  I-  102 
p.  I-  103 
p.  I-  10-1 

p.  I-  107 
p.  I-  114 

p  I-  122 

p.  I-  130 
p  I-  138 
p  I-  14i\ 


ERIC 


p.  1-154 


^^^^D^idacilc  model^cognition  and  competenco  in  the  solution  of  arithmetic  & 
algebra  word  problems 

Fischbeln.  E.  &  Barash.  A.  •  „^M^nnc  ^'^'^^^ 

Algorithmic  models  and  their  misuse  in  solving  algebraic  problems 

^^A  clinical  interview  on  children's  understanding  and  misconceptions  of  literal 
symbols  in  school  mathematics 

MacGregor.  M.  &  Stacey.  K. 

Seeing  a  pattern  and  writing  a  rule 

Roiano.  T.  &  Sutherland.  R.  .    .       ^  ^  ^' ^^'^ 

Towards  an  algebraic  approach:  The  role  of  spreadsheets 

3.  ABBsasnwiit  Mnd  Bveiluatlon 

Goldin.  G.  A..  DeBellis.  V.  A..  DeWindt-King.  A.  M..  Passantino.  C.  8.,  ^ 

Task^based  inter/iews  for  a  longitudinal  study  of  children's  mathematical 
development 

^^^Count'on:  The  parting  of  the  ways  for  simple  arithmetic 

Pegg.  J.&Coady.  C. 

Identifying  SOLO  levels  in  the  formal  mode 

Pehkonen.  E  .  ,  . 

On  teachers'  criteria  to  assess  mathematical  activities 

4.  Pupil's  Beliefs  and  Teacher's  Beliefs 

^^Fad^tating  in-service  mathematics  teachers  self-development 

Fuiita  H.  &  Yamamoto.  S.  , .  ^    .   ^.     »,«  ^' "^^^ 

The  study  of  understanding  in  arithmetic  education  ■  Understanding  phase 
and  learning  process  model  •  in  case  of  area-learning  fourth  graders 

Imai  T  ^ 
Causal  relationships  between  mathematics  achievement,  attitudes  toward 
mathematics  and  perception  of  mathematics  teacher  on  secondary  school 
students 

Lerman.S..Fin!ow-Bates.  K..&  Morgan.  C  ^„^^^,^        P  I- 252 

A  survey  of  current  concepts  of  proof  held  by  first  year  mathematics  students 

p.  I-  260 

Mizoguchi.  T.  ,  , 

On  shifting  conviction  in  conceptual  evolution 


p.  I-  204 
p.  I-  212 
p.  I-  220 

p.  I-  228 


323 


Il-xii 


Noss,  R.  &  Moreira.  C. 


p.  1-268 


Catalysing  teac{ier  attitude  change  with  computers 

Rellch.  J.  &  Way.  J.  p  1.076 
Attitudos  to  teaching  mathematics:  The  development  of  an  attitudes 
questionnaire 

Wong.N.  Y.  p.  1-284 
The  psychosocial  learning  environment  in  the  Hong  Kong  mathematics 
classroom 


AddrMS^t  of  Authors  Presenting  Research  Reports  at  PME  XVII  p.  |.  29i\ 

CONTENTS  OF  VOLUME  II 
Reseiirch  Reports  (continued) 

5.  Coniput^a  §nd  Calculators 

Artlgue,  M.  &  Dagher.  A.  p.  ||- 1 

The  use  of  computers  m  learning  (o  correlate  algebraic  and  graphic 
representations  of  functions 

Groves.  S.  p. 
The  effect  of  calculator  uso  on  third  graders'  solutions  of  real  world  division 
and  multiplication  problems 

Hancock.  C.  &  Falbol.  A.  p  11-17 

Coordinating  sets  and  properties  when  representing  data:  The  group 
separation  problem 

Kieran,  C  .  GaranQon.  M.,  &  Boiloau.  A  p.  11-25 

Using  a  discrete  computer  graphing  environment  in  algebra  problem  solving: 
Notions  of  infinity/continuity 

Ponte.  J.  P.  &  Canavarro  A.  P.  p 
Graphic  calculators  in  the  classroom  Students'  viewpoints 

Tall.  D.  &LI.  L.  p. 
Constructing  different  concept  images  of  sequences  &  limits  by  programming 

Wenzelburger  G.,  E.  p.  \\.^[) 

A  learning  model  for  functions  in  a  computer  graphical  environment 

6.  Early  Number  Learning 

Doig,  B.  p.  11-57 

What  do  children  believe  about  numbers'^  Some  preliminary  answers 

Koyama.  M.  p.  \\.^^r^ 

Research  into  relationship  between  the  computational  estimation  ability  ar)d 


ERIC 


Il-xiii 

strategy  and  the  mental  computation  amy  Analysis  ot  a  survey  of  the  M 
fifth,  end  sixth  graders  in  Japan 

^'t'lunta!;^^^^^^^^^^^ 

7.  Functlona  and  Grtipha 

^TeXT£dMs'  wevvs  on  student  reasoning 

Meissner,  H.  &  Mueller-Philipp.  S. 
Teaching  functions 

8.  Gtomttrlcal  »nd  SpatM  Thinking 

"^eSnS  prSfs  and  mathematical  machines:  An  exploratory  study 

tormation  of  triangle  and  quadrilateral  in  the  second  grade 

""'ws'  understanding  ol  geometrical  figures  in  transition  Horn  van  Hide 
level  1  to  2 

^'^BgSid  small  infinilies.  Psycho-cognitive  aspects 

^^^^^^^^^ 

Hiele  love!  theory 

^7y%%)inZ'^^^^^^^ 
mathematical  reasoning 

^^iZH'cyln  a  dlscourseor  manipulation  of  mental  objects? 

""'ta'nalisilXAents'  use  of  mental  images  ..hen  making  or  imagining 
movements  of  polyhedra 

Hazama.  S  &  Akal.  T  rf^nrf^sentations  of  a-dimensionaf  figures  ■  On 

'°SA'.se  o Sams  as  a  problem-sol.ng  strategy 


p  11- 89 
p  !l-*)7 

p.  n-ios 

p.  Il-ll''^ 
p  \\'\?\ 

p.  II-137 
p.  II- MS 

p  ll-ir,:-i 
p  iMr.i 

p  11-161) 


ERLC 


II-  xiy 


P  11-177 


p. 


Marlotti.  M.  A. 

The  Influence  of  standard  Images  in  goomotrlcal  reasoning 
Davis.  G.  &  Waywood.  A 

Takahashl.  H..  MInato.  S..  &  Honma.  M 

Formats  and  situations  for  solving  nrnthemcttical  story  problems  ^' 
Yackel.  E. 

Children's  talk  in  mathematics  class  as  a  function  of  context  ^' 

11,  Epi»t0mo!oQy,  MH^cognlthn,  0nd  Soclnl  Construction 

Boufl.  A.  &  Kafoussl.  S. 

Lesrning  oppoHunitios  in  an  in-service  teachar  development  program  ^ 
Ccbb.  P. 

Scmo  thoughts  about  cultural  tools  and  nmtlwmaticai  loarmng  ' 
DoGuIro,  L  J. 

Develoi^mg  metacognition  dunng  problem  aolving  '''''' 
Emorl,  H. 

Tho  machanit,m  of  communication  in  learning  mathematics  ^ 
Ernest.  P. 

Matlwmatical  activity  and  fhetorfc  A  social  constructivist  account  ^ 
Iwasakl.  H..  Hashimoto.  M..  &  Takazav/a  S 
gmdT^''^^  /r/  tho  elementary  concepts  of  fraction  in  the  case  of  the  3rd 

Ohtanl.  fvl. 

mT^^'f ^  ^'T  '^^"'^^  ^constructor  ■  An  ethnomethodoiogical  analysis  of 
mathematical  sense-making  activity  ^     anwysis  oi 

Sasaki.  T. 

The  constructing  meanings  by  social  interaction  in  mathematical  teaching  ^ 
Soklguchl.  Y. 

social  interaction:  An  ethnoqraphic 

inquiry  In  a  mathematics  classroom 
Shigematsu.  K.  &  Katsuml.  Y 

Zack.  V. 

Children's  perceptions  of  the  usefulness  of  peer  explanations  ^ 


r!c  328 


P  ll-L^IO 


P  II- LT)-! 


p.  II-L70 


P  ll-r/H 


1I-5CV 


Addr6MM  of  Authors  Prwontlng  Research  Reports  at  PME  XVll 

CONTENTS  OF  VOLUME  III 

Research  Reports  (continued) 

1Z  ProbMblilty,  Statlstica,  and  CombinatorlcB 

Peard.  R.  ,  ^ 

The  concept  of  fairness  in  simple  games  of  chance 

13,  Problem  Solving 

Hershkovitz.  S.  &  Nesher.  P. 

Who  can  benefit  from  pedagogical  devices  and  when 

^^%a{ue'laden,  context-bounded  and  open-ended  problem  solving  in 
mathematics  education 

E/fecte  of  explicit  teaching  of  problem  solving  strategies:  An  exploratory  study 

^^ISaifimatical  problem  posing:  The  influence  of  task  formats,  mathematics 
Knowledge,  and  creative  thinking 

Mamona-Downs,  J. 

On  analysing  problem  posing 

Nunokawa,  K.  ^.  , 

Prospective  strictures  in  mathematical  problem  solving 

^'^Smat?cs-  'A  bunch  of  formulas'?  Interplay  of  beliefs  and  problem  solving 
styles 

Rrhroeder  T  Goova,  Z.,  &  Lin.  G.  . .  ^ 

TathM^  solving  in  cooperative  small  groups.  How  to  ensure 

that  two  heads  will  be  better  than  one? 

^^Thedevefopment  of  collaborative  dialogue  in  paired  mathematical 
investigation 

^'Tfhtt  problem  solving  course:  What  students  show  from  their  previous 
experience 


p.  11-293 


p.  Ill-i 

p.  III-9 
p.  111-17 

p.  m-25 
p.  111-33 

p.  111-41 
p.  Ill-  49 
p.  IM-57 

p.  111-65 

p.  111-73 

p.  111-81 


ERLC 


O  Aw  1-/ 


n-xvi 


Yamaguchi.  T. 


p.  111-89 


A  study  of  metacognition  in  mathematical  problem  solving:  The  roles  of 
metacognition  on  solving  a  construction  problem 

14,  M0ihod9  of  Proof 

Becker.  G.  p.  111-97 

Teacher  students'  use  of  analogy  patterns 

Davis.  R.  B.  &  Maher.  C.  A.  p.  iii-io5 

Children's  development  of  methods  of  proof 

Harada.  K.,  Nohda.  N.,  &  Gallou-Dumiel  E.  p.  ill- ji3 

The  role  of  conjectures  in  geometrical  proof-prob'.em  solving:  France-Japan 
collaborative  research 

Jeon,  P.  K.  &  Park.  S.  S.  p.  111-121 

The  effects  of  elaboration  on  logical  reasoning  of  4th  grade  children 

Miyazaki.  M.  p.  \\\.izo 

Translating  a  sequence  of  concrete  actions  into  a  proof 

15,  Rational  Numbers  and  Proportion 

Greer.  B.  p.  m- 138 

The  mathematical  modelling  perspective  on  wor(l)d  problems 

Harrison.  J.  &  Greer.  B.  p.  m- 146 

Children's  understanding  of  fractions  in  Hong  Kong  and  Northern  Ireland 

Hunting.  R..  Davis.  G..  &  Pearn,  C.  p.  Ill- 154 

Iterates  and  relations:  Elliot  &  Shannon's  fraction  schemes 

Lo,  J.  J.  &  Watanabe,  T.  p.  m- 162 

Conceptual  bases  of  young  children's  solution  strategies  of  missing  value 
proportional  tasks 

Neuman.  D.  p.  m- 170 

Early  conceptions  of  fractions  A  pheno monographic  approach 

Sowder.  J.  T.,  Philipp.  R.  A..  &  Flores.  A.  p.  |||- 178 

Conceptualizing  rate:  Four  teachers'  struggle 

Van  den  Heuvel-Panhuizen.  M.  p.  |||- 186 

New  forms  of  assessment  but  don't  forget  the  problems 

Watanabe.  T.  p.  111-194 

Construction  and  coordination  of  units:  Young  children's  fraction  knowledge 

16,  Social  Factors  and  Cultural  Factors 

Bishop.  A.  J.  p.  \\[.2iy^ 

Cultural  conflicts  in  mathematics  learning:  Developing  a  research  agenda  for 
linking  cognitive  and  affective  issues 


ERIC 


D-xvii 


Evans,  J.  &  Tsatsaroni.  A.  .      .    ^  i  .^r^^^r^h 

Unking  the  cognitive  and  affective:  A  companson  of  models  for  research 

^"/IScons/sfe^    in  levels  of  interaction:  Microscopic  analysis  of  mathematics 
lesson  in  Japan 


p.  111-210 
p.  111-218 


Oral  Communiciitlons 

Abe.  Y..  Isoda.  M..  &Takehana.  F. 
A  study  of  evaluation  in  relation  to  mathematical  problem  solving 

Ab6l6  A 

Consistent  thinking  in  the  primary  school 

Amaiwa.  S.  &  Yoshlda.  H.  ^     >■    .  ^ 

Cross-cultural  study  on  teachers'  activities  in  mathematics  lessons  at 

elementary  schools 

Comiti  C  Grenier.  D..  Bonneville,  J.  F..&Lapierre,G. 

Focusing  on  specific  factors  occuring  in  classroom  situation  that  leads  the 
teacher  to  change  his  practice  and  make  him  modify  his  original  plan 

^^ThTi^e  ^nd  function  of  a  hierarchical  classification  of  quadrilaterals 

^^Grai^ic  representation  of  reaNife  space:  French  and  Japanese  cultural 
environments 

Ervynck.  G. 

Testing  the  limit  concept  with  a  cloze  procedure 

Garcia  M  Escudero.  1..  Llinares.  S..  &  Sanchez.  V. 

Learning  mathematics  for  learning  to  teach'  Analysis  of  an  experience 

Geltman.  E.  G..  Grinshpon.  S.  J..  Demidova.  L  N..  Kholodnaja.  M.  A.. 
Wcltengaut.  J.  J..  &  Malova.  I.  E. 
Formation  of  an  open  cognitive  attitude 

""TrSonannv^lTnt  tr  ^.iscourage.ent  D.emmas  at  a  secondary  sal^ool 
mathematics  teacher 

Hirai,  Y.  .  , 

Levels  of  composite  unit  in  single  addition 

^Tanguage  modes  in  mathematics  classroom  discourse:  A  window  on  culture 
Ikeda  T 

A  study  on  a  treatments  about  mathematical  problem  posing 


p.  111-227 
p.  111-228 
p.  111-229 

p.  111-230 

p  111-231 
p.  111-232 

p.  111-233 
p.  111-234 

p.  111-235 
p.  Ill- 236 

p.  Ill-  237 
p  111-238 
p.  Ill-  2:^9 


ERLC 


331 


Il-xviii 


Kotagiri,  T. 

The  changes  of  children's  number-cognition  in  the  learning/teaching  process 
Kunioka,  T. 

On  roles  of  inner  representations  in  mathematical  problem  solving 

Laridon,  P.  E.  &  Glencross,  M.  J. 
Intuitive  probability  concepts  in  South  African  adolescents 

Lawler.  R.  W. 
Consider  the  particular  case 

Leal.  L.  C.  &  Ponte.  J.  P. 
Innovation  in  practice:  The  difficult  way  of  being  a  teacher 

Matos.  J.  F.  &  Carreira,  S. 
Conceptual  analysis  of  a  mathematical  modelling  episode 

Morgado.  L..  Bryant.  P..  &  Nunes,  T. 
A  comparison  of  the  understanding  of  multiplication  among  English  and 
Portuguese  children 

Nishimoto.  K.  &  Yoshida.  M 

Concerning  the  characteristics  of  problem  solving  by  students  in  school  for 
the  deaf 

Pence.  B.  J. 

Thoughts  about  algebra:  Teachers'  reflections  as  learners  and  as  teachers 
Sowder.  L. 

A  proiect  to  link  the  arithmetic  operations  and  their  uses 

Streefland.  L. 

Directed  and  negative  numbers,  concrete  or  formal? 

Yoshida.  H.  &  Amaiwa.  S, 

Cross-cultural  study  on  teachers'  intervention  in  terms  of  interaction  between 
teachers  and  students 


p.  111-240 
p.  111-241 
p.  (11-242 
p.  111-243 
p.  111-244 
p.  111-245 
p.  111-246 

p.  111-247 

p.  111-248 
p.  1(1-249 
p.  (((-250 
p.  ((1-  251 


Poster  Presentations 

Borralho.  A..  Rodrlgues.  A..  Fernandes.  D..  Amaro.  G  .  Cabrita.  (.. 
&  Fernandes.  (H. 

Problem  solving:  Teaching,  assessing  and  teacher  education 

Dengate.  R  W 

Teacher  perceptions  of  mathematics  and  pedagogy 

Fujimura.  N 

Proportional  reasoning  of  elementary  school  children 
Gim6nez.  J 

When  referents  were  used  Betv/eeness  problems  in  rational  line  A  case 
study 


p  III-  253 
P  1(1-  254 
p.  (((-  255 
p.  (((-  250 


ERLC 


332 


n-xix 


Hashimoto.  Y.,  Isoda.  M..  lljima.  Y..  Nohda.  N..  &  Whitmam.  N.  C.  P-  HI-2S7 

Results  of  examination  using  van  Hiele  theory:  Japanese  case 

Honda,  S.  A.  P- 
The  seven  tools  of  the  geometric  origami 

lijima.  Yasuyuki  ^  P-  '""^^^ 

Activities  which  can  be  introduced  by  use  of  Geometric  Constnjctor 

Kajikawa.  Y.  &  Uehara.  S.  ^-  '""^^^ 

Problems  in  teaching  mathematics  at  Kosen  (National  colleges  of  technology) 

Kholodnaja,  M.  A..  Geltman,  E.  G..  Grlnshpon.  S.  J..  Demidova.  L.  N  . 
&  Lobanenko,  N.  B.  p.  111-^51 

How  do  we  motivate  a  student  to  learn  mathematics'^ 

Kobayashi.  I.,  Sato.  K..  Tsuyuki.  S..  &  Horiuchi.  A.  P-  "l"  252 

MoViL-Teaching  mathematical  concepts  through  moving  visual  language 

Mitchelmore.  M.  C.  P-  '''-263 

Concrete  contexts  for  abstracting  angle  concepts 

Mok  Ah-Chee.  I.  P-  ^^'^ 

The  understanding  of  the  distnbutive  law 

Mousley.  J.  &  Sullivan.  P.  P- 
Concepts  of  exemplary  practice  versus  constructivism 

Ros.  R.  M.  &  Febregat.  J.  P- 
Conies  and  sundials 

Saeki.  A.  P  '""^^^ 

The  development  of  a  tool  for  exploratory  learning  of  the  graph  of 
ysAsin(BX'hC)+D 

Saralva.  M.  J.  &  Ponte.  J  P.  P  ^^'^ 

remodelling  in  the  mathematics  classroom 

White,  p.  P  '"-^'« 

Abstraction  and  generalisation  in  calculus 

Winter.  P.  A.  &  Craig.  A.  P.  ...  ^ 

The  development  of  meta-  and  epistemic  cognitive  cues  to  assist 
underprepared  university  students  in  solving  disguised  calculus  optimization 
problems  (DCOP's) 

Yamashita.  H.  .      ■  ^  ^  '''^^ 

Mental  structure  analysis  applying  fuzzy  theory  Do  you  like  mathematics^ 

Addresses  of  Authors  Presenting  Research  Reports  at  PME  XVII  P  HI-  ^'73 


n-t 

THE  USE  OF  COMPUTERS  IN  LEARNING  TO  CORRELATE  ALGEBRAIC 
AND  GRAPHIC  REPRESENTATIONS  OF  FUNCTIONS 

Antoine  Daghcr,  Michfele  Artieue. 
DIDIREM  team.  University  Paris?,  lUFMde  Reims 

ABSTRACT :  We  present  a  research  whose  aim  is  on  the  one  hand,  to  study  tlie  adaptation  processes 
^■^iKdhVsmde^  facedwith  a  computer gmm  basedon  the  interplay  between  grapluc  andalgebratc 
rZeSions  of  functions  and  the  way  these  processes  can  be  related  to  the  construction  of 
SXtic7h,Zud^e  and  on  the  other  hand,  to  study  the  possibility  of  integrate  some  elements  of 
TilpTessa^Ss  i'^^o  the  software  «.  order  to  provide  the  teacher  or  th^  user  wuh  a  detailed  and 
pertinent  account  oja  ga/ne  session. 

I  -  INTRODUCTION 

A  mathcmauca!  concept  is  not  a  monolithic  object.  A  single  concept  may  be  understood 
from  several  points  of  view  and  may  have  several  different  representations;  in  mathematics  one  needs  to 
be  able  to  move  freely  between  these  points  of  view  and  representations,  adapting  them  to  the  setung  m 
which  a  concept  is  used  [Douady.  19841  Acquiring  this  mobility,  however,  requires  a  substantial 
investment  of  effort  and  training.  For  the  concept  of  function,  a  growing  body  of  research  over  tlK  past 
decade  has  attempted  to  identify  the  problems  involved,  to  make  precise  the  cognitive  procedures  that 
underlie  the  corresponding  learning,  and  lo  find  ways  to  optimize  the  relationship  between  teaching  and 
learning  (cf.  the  survey  [Lcinhardt  &  al..  19901).  Our  research  takes  place  in  this  global  framework  but 
it  is  limited  to  mvcstigatmg  how  students  learn  to  correlate  algebraic  and  graphic  representations  of  a 
function,  using  specially  designed  software.  Therefore  it  is  most  similar  to  research  like  that  of 
[Schocnfeldi&al.,  1990]. 

11  -   DEFINITION  OF  THE  PROBLEM   AND  RESEARCH  METHODOLOGY 
1  -  The  problem 

The  goal  of  our  research  is  to  study  ho^^■  students  learn  to  play  a  computer  game  based  on  the 
interplay  between  graphic  and  algebraic  representations  of  functions.  We  are  trying  to  answer  the 
following  questions:  what  leads  to  success  in  the  game?  Docs  success  necessarily  imply  the  acquisition 
of  mathematical  knowledge  that  can  be  used  outside  the  game?  Can  it  be  achieved  in  a  relatively  short 
interaction  with  the  software  and  if  so.  under  what  conditions?  Do  game  strategies  exist  that  favor 
success  or  make  it  less  likely?  Are  different  strategies  equally  effective  at  leaching  mathematics? 

These  questions  are  essentially  cognitive,  but  they  lead  to  more  theorelical  and  melhodoiogical 
questions.  The  record  of  the  student/machine  mtcruction.  which  is  the  basis  for  our  anaiyi;is.  provides 
us  with  extremely  deUuled  observations  of  behaviour.  How  can  these  data  be  used,  both  efficiently  and 
economically?  How  can  we  discern  significant  pttcms  from  them?  How  can  we  proceed  from  this 


II-2 


microscopic  level  to  intei-prctations  that  are  more  global  in  lerms  of  schemes,  knowledge,  concepts?  Is  ii 
possible  10  incorporaie  feedback  into  the  game,  so  that  the  software  responds  to  the  student's  behaviour, 
changing  the  parameters  so  as  to  optimize  her  Icammg  of  mathematics? 

Of  course,  our  research  does  not  claim  to  answer  all  these  questions,  but  we  hope  to  conlribulc 
to  progress  in  answering  them. 

2  -  Methodology 

After  a  standard  search  of  the  literature,  we  designed  software  that  was  intended  both  to  develop 
students'  ability  to  infer  the  algebraic  representation  of  a  function  from  its  graph,  and  to  enable  us  to 
study  the  effect  of  certain  variables  on  students'  success  at  the  game  (variables  that  are  thought  to  be 
didactic,  that  is,  likely  to  modify  the  way  students  play  the  game  and/or  the  sense  of  observed 
behaviour). 

The  Software 

The  principle  of  the  game  is  straightforward:  a  curve  appears  on  the  screen  and  the  student  must 
produce  an  equation  in  a  specified  algebraic  form.  The  version  used  in  the  research  dealt  with  straight 
lines  and  parabolas;  for  the  latter,  three  algebraic  forms  were  used!  Fi  (Ax^+Bx+C),  F2  (A(x-P)''*+Q) 
and  F}  (A(x-R)(x-S)).  The  current  version  also  includes  trigonometric  functions,  homographic 
functions  of  the  form  (Ax+B)/(Cx+D).  logarithms  and  exponentials.  To  enable  us  to  study  the  effect  of 
the  presumed  didactic  variables,  the  game  depends  on  parameters  that  can  be  freely  modified  by  the 
researcher  (starting  from  default  values)  using  a  "dialogue"  module.  The  principal  parameters  are: 
lype(s)  of  function  and  choice  of  the  type  (imposed  or  fixed  by  the  student  for  each  game),  algebraic 
form  for  a  given  type  (also  fixed  by  the  researcher  or  chosen  by  the  student),  the  number  of  points 
assigned  the  player  at  the  beginning,  the  availability  and  eost  in  points  of  assistance  such  as  additional 
sketches,  displaying  of  coordinates,  algebraic  chcckmg  of  answers  coefficient  by  eocfficient,  graphic 
checking  by  drawings... 

The  experiments 

The  two  experiments  completed  and  analyzed  so  far  were  organized  the  same  way:  pre-test, 
computer  session  and  post-test.  Pre- test  and  post-test  consisted  of  paper  and  pencil  exercises  testing  the 
ability  to  correlate  algebraic  and  graphic  representations.  The  two  experiments  differed  in  the  functions 
treated  and  in  whether  or  not  these  functions  were  still  being  taught  as  part  of  the  regular  classroom 
teaching  at  the  time  of  the  experiment. 

-The  first  experiment  involved  33  students  16  to  18  years  old  from  two  classes  in  the  last  two 
years  of  high  school  (premiere  and  terminale);  they  worked  with  second  degree  polynomial  functions  in 
the  forms  Fi,  F2and  Fj. 
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-The  second  expcrimenl  involved  21  siude-.,ls  14  to  15  ycais  old  (irolslfcmc,  or  9th  grade);  they 
worked  with  functions  of  degree  one  in  the  form  x  -•>  ax+b. 

In  the  first  case,  the  students  had  studied  the  functions,  but  the  correlation  of  graphic  and 
algebnuc  represcntaUons.  even  if  it  hadn't  been  ma^uercd.  was  no  longer  the  official  object  of  classroom 
teaching.  The  second  experiment  took  place  immediately  after  the  students  were  taught  cquauons  for 
straight  lines.  The  following  discussion  concerns  only  the  first  experiment. 

Jhe  notion  of  iH"ms  of  knowledge 

To  study  the  students'  ability  to  infer  algebraic  representations  of  functions  from  their  graphs. 
we  have  introduced  the  notion  of  alonts  of  knowledge. 


-  An  atom  of  knowledge  expresses  the  relationship  between  a  property  of  a  coeff  .cient  of  an  algebraic 
representation  of  a  function  and  its  graphic  rcprcscnlation. 

-  This  relationship  should  in  Uieorv  be  accessible  by  simply  ■reading''  the  graph.  _   


For  example,  for  a  parabola  of  form  Fi,  F2  or  F3: 
..  the  equivalence  K .  (the  parabola  is  cu^shaped  if  and  only  if  A>0)  is  an  atom  of  knowledge; 
...he  equivalence  K2  (the  parabola  has  a  positive  slope  where  it  crosses  the  y-axis  if  and  only  if  B>0) 
is  an  atom  of  knowledge;  t    j    1  r 

-.  the  equivalence  K3  ("he  vertices  of  the  parat»las  P,  and  P2  have  the  same  x.coordmate  if  and  only  if 
B,/A  ,=  B2/A2)  is  not  an  atom  of  knowledge  because  it  simultaneously  deals  with  two  coefficients. 

This  notion  of  atom  of  knowledge  meets  several  needs: 
..  It  takes  into  account  the  complexity  of  the  cognition  underlying  the  ability  to  switch  between  forms  of 
representation  (a  complexity  shown,  for  ex^uiiple.  by  [Duval.  1988]  and  [Schoenfeld  &  al,  19901. 
..  It  makes  it  possible  to  recognize  partial  success  at  correlating  graphic  and  algebraic  rcpresentaUons. 
.-U  facilitates  the  automatic  treatment  of  data,  in  particular  in  entering  successive  coefficients  in  a  file  for 
each  student. 

The  pre.tests  and  posLtests  were  designed  to  test  the  most  elementary  atoms  of  knowledge.  In 
the  case  of  parabolas  we  tested,  for  the  cocff-cient  A.  students'  ability  to  determine  its  sign  (s.gnA),  to 
determine  whether  the  two  coefficients  Ai  and  Ajwere  equal  or  opposite  (Aeg  and  Aop).  and 'o  rank 
parabolas  according  to  the  magnitude  of  A  (when  both  coefficients  A,  and  A2  are  positive  (OrdA+), 
both  are  ncgaUvc  (OrdA.)  or  the  two  are  of  different  signs  (OrdA)). 

For  the  coefficient  B  of  fonn  F,,  we  tested  the  ability  to  interpret  B=0  (B„„|)  and  equal  or 
opposite  values  of  B  for  parabolas  with  identical  openings  (Beg)  and  (Bop);  we  did  not  test  the  atom  of 
knowledge  K2  (cf.  above),  since  it  is  too  complex.  For  the  coefficient  C  of  form  Fi.  we  tested 
students'  ability  to  interpret  its  sign  (SignC),  its  magnitude  (C„,d),  the  case  where  C=0  (Cnul),  and 
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whether  two  coefficcnts  were  equal  or  opposite  (Ccg)  and  (Cop);  the  same  atoms  of  knowledge  were 
tcsicd  for  the  coefficients  P  and  Q  of  parabolas  of  the  form  F2.  For  the  coefficients  R  and  S  of  form  F3. 
we  tested  the  ability  to  interpret  the  equality  of  R  and  S  (Rseg)  and  Uielr  signs  (RS-H-,  RS--,  Rs-h). 

The  notion  of  atoms  of  knowledge  was  also  used  to  analyze  the  way  students  played  the  game. 
Since  the  coefficients  in  the  software  were  necessarily  whole  numbers,  we  looked  at  only  the  following 
atoms  of  knowledge:  sign,  approximate  size  (to  within  one  in  absolute  value),  the  magnitude  of 
coefficient  A,  and  the  sign  and  exact  value  for  the  other  coefficients. 

Analysis: 

In  tJie  first  stage,  we  established  a  file  for  each  student  that  summarizes: 

-  results  of  pre-tcst,  post-test  and  computer  session,  in  terms  of  atoms  of  knowledge, 

-  game  strategies,  based  on  the  choice  of  forms  and  options  and  on  possible  changes  observed  during 
the  session; 

"  global  results:  number  and  type  of  exercises  treated;  success,  both  overall  and  by  type;  number  of 
parabolas  encountered... 

These  results  were  subjected  to  qualitative  statistical  treatment:  factorial  analysis,  hierarchical 
analysis  of  similarities  and  implicative  aniilysis  [Larher,1991].  We  then  applied  them  to  our  original 
questions.  On  some  points  the  analyses  converged  and  gave  clear  answers  but  on  others  they  rx:mained 
difficult  to  interpret  or  even  incoherent. 

In  the  next  stage  we  chose  a  certain  number  of  student  files  which  from  the  point  of  view  of 
statistical  analysis  seemed  to  be  typical  or  particularly  problematic.  The  detailed  study  of  these  files  led 
us  to  refine  our  original  analysis  of  game  strategies,  which  had  guided  us  when  we  first  set  up  the  files. 
This  enabled  us  to  formulate  hypoUiescs  on  the  possible  sources  of  the  ambiguities  and  incoherences  we 
had  seen;  it  also  enabled  us  to  see  cases  where  a  student's  ability  to  move  from  a  graphic  to  an  algebraic 
representation  suddenly  "crystallized,"  and  to  identify  features  of  the  game  that  were  likely  to  pnamote 
this  cr>'stallization:  what  we  call  "catalysts." 

In  the  third  stage  we  tested,  on  all  the  files,  all  the  hypotheses  we  had  made  in  the  second  stage, 
concerning  strategies,  the  phenomena  of  crystallization  and  catalysts. 

HI  ■  RESULTS 

I  -  Pre-tcst 

Pre-test  results  coiifinr  the  findings  of  the  research  cited  above  on  the  failure  of  standiu-d 
instruction  to  leach  students  how  to  correlate  algebraic  and  graphic  representations.  The  percentages  of 
success  for  the  three  forms  F|,  F2  and  F3  and  the  related  atoms  of  knowledge  are  as  follows: 
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Forme 
SiRnA 

Fl : 

Aeg 

Aop 

Aord 

Bnul 

Beg 

Bop 

SignC 

Cnul 

Copp 

Cord 

56 

11 

11 

6 

17 

0 

0 

6  . 

6 

6 

0 

0 

Fonne 

jF2: 
Aeg 

Aop 

Aord 

Pnul 

SigP 

Pcfi 

Pop, 

Pord 

Qnul 

Qop 

Qord 

53 

27 

13 

7 

27 

13 

7 

7 

7 

27 

20 

20 

13 

13 

Forme  ■ 
SignA 

Acs 

Aop 

Aord 

RS-h^ 

RS- 

RSCR 

50 

18 

9 

6 

9 

^.9 

3 

3 

These  rcsulL.  highlight  the  students'  inability  to  correlate  algebraic  and  graphic  representations: 
the  only  task  at  which  more  than  50  percent  were  successful  was  interpreting  the  sigr,  of  A  (regardless 

of  me  form.  F. .     or  F3).  They  "  "''^P'"'  ""^  

[       _jign^->^    A.y   >  >    Aord.  for  all  three  forms.  _ 


ir.  addiuon  the  pre-test  shows  mat  students  consistently  have  more  trouble  with  relationships  of 
magnitude  than  they  do  with  equalities  or  op(x,siti6ns.  and  that  they  have  a  great  deal  of  difficulty 
reading  graphs  point  by  point  (for  example  looking  at  intersections  with  the  axes),  even  though  that 
appixwch  is  often  considered  to  be  Ihc  easiest. 


Post-test 


Post-test  results  show  a  definite  improvement  which  it  is  r«isonable  to  attnbutc  to  the  computer 
session,  the  only  time  spent  officially  on  this  subject  (students  were  not  told  what  they  did  nght  or 
wrong  on  the  prc-tcst).  The  results  arc: 
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The  overall  success  was  59  percent,  compared  to  13  percent  on  the  pre-test.  Some  of  the  initial 
rankings  also  changed:  for  example,  while  students  still  did  best  overall  on  interpreting  the  si^;n  of  A. 
they  did  almost  as  well  on  recognizing  equal  or  opposite  values  of  A.  Similarly,  students  generally  did 
well  on  the  different  atoms  of  knowledge  associated  with  the  coefficients  P  and  Q.  and  R  and  S. 
However,  ihcy  sUll  had  trouble  interpreting  magnitude,  especially  for  A.  In  this  regard  tJie  earlier 
ranking  remains  valid.  In  addition,  the  ability  to  interpret  B.  the  most  complex  task,  was  little  affected 
by  the  session  at  the  computer. 

We  sec  then  that  a  bnef.  one  hour  long  interaction  with  a  simple  computer  game  produced  a 
qualitative  change  in  the  cognitive  organization  of  many  of  the  students.  How  was  this  change  brought 
about? 

3  -  Game  strategics  and  learning 

In  our  initial  analysis  of  the  game,  wc  identified  three  basic  strategies:  the  use  of  coordinates; 
reading  and  csumaUng;  and  trial  and  erTc:»r.  Each  type  included  several  distinct  strategies.  For  example,  a 
coordinate-based  strategy  could  be  crude  (and  thus  useless  for  fomis  F2  and  F3).  it  could  use  particular 
ptiints.  or  even  choose  particular  points  depending  on  the  algebraic  form  under  consideration. 
Similarly,  strategics  of  reading  could  differ  depending  on  the  knowledge  invested  at  the  level  of  rciiding. 
and  estimation  could  be  done  globally  or  coefficient  by  cocfficicnL.. 

In  fact,  the  student  files  do  not  tell  us  what  strategies  students  used,  but  rather  tactics 
charactcnzcd  by  certain  patterns  o.  lack  of  patterns  in  the  choice  of  options  ("cotirdi nates",  "sketch." 
"answer")  and  of  their  parameters.  It  is  from  these  data  that  we  must  infer  a  possible  game  strategy  or 
conclude  that  a  student  had  no  organized  strategy.  The  incoherences  uncovered  by  our  first  statistical 
analyses  pointed  out  the  danger  of  a  too  rapid  automatic  system  of  inferring  game  strategics.  The 
deuiiled  analysis  of  certain  files  enabled  us  to  refine  the  criteria  that  were  first  used  in  this  process. 
Consider,  for  example,  the  tactic  of  answering  wiUiout  asking  for  assistance,  a  lactic  used  by  Ujc  end  of 
the  session  by  75  percent  of  the  students.  Closer  analysis  shows  that  it  corresponds  to  three 
fundamentally  different  situations,  in  terms  of  strategies; 

a)  The  student  plays  in  an  unorganized  way,  without  using  feedback.  This  is  associated  with 
very  rapid  play  (little  lime  for  thinking  between  answers),  frequent  changes  of  algebraic  form  arid  a  lack 
of  success.  It  is  rarely  found  at  the  beginning  of  a  session;  it  is  rather  a  defeatist  strategy  adopted  alter 
repeated  failures.  It  is  the  sign  that  the  computer  session  is  a  fmlure. 

b)  The  student  knows  enough  to  be  able  to  adopt  an  elaborate  strategy  of  reading  and  estimation. 
For  example,  for  F2  and  F3,  she  is  able  to  read  P,Q.R  and  S  and  to  interpret  the  sign  of  A.  and  she  is 
also  sufficiently  familiar  with  the  openings  to  permit  her  to  succeed,  after  two  or  three  attempts,  with 
the  proposed  coefficients  (most  often  whole  numbers  between  [-5.5]).  Since  she  is  allowed  three  tries. 
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she  can  succeed  w.thoul  using  adduional  sketches  .o  check  ansv.en>  (although  such  skctche.  am  cheap); 
and  the  suspense  involved  in  answering  d.rccUy  kec|»  her  mteresled  in  the  game. 

Very  few  students  were  capable  of  adopting  th,s  strategy  from  the  beginning;  usually  it  is  a 
strategy  found  at  tne  end  of  the  session,  but  is  easily  distinguished  fron,  the  defeatist  strategy  discussed 
,„  a)  In  the  ca^e  of  form  F,.  we  sometimes  see  an  efficient  variant  using  the  option  "coordinates  ;  the 
student  reads  C.  estin.ates  A,  views  the  coordinates  of  a  point,  calculates  B  Irom  the  estimated  value  of 
A  and  in  case  of  failure,  redoes  the  calculation  based  on  a  new  estimate  of  A,  This  was  the  uicUc 
genend'ly  used  by  those  students  using  the  reading/estimating  stmtcgy  successfully;  no  suident  managed 
to  interpret  B  diitxtly. 

c)  The  student  develops  an  organized  game  (different  from  b)  from  the  beginning  of  the  session, 
trying  to  Uikc  inlo  account  tltc  feed-back. 

How  well  doe.  success  at  the  game  carry  over  U,  success  in  the  usual  environment?  Here  our 
re-search  clearly  shows  that  all  strategies  are  not  equally  effective,  In  particular,  the  predom.niuit  use  of 
c.x,rdinate-ba.ed  strategies,  even  when  quite  elalx^mtc  and  successful,  led  to  little  mrprovement  from 
pre-test  to  post-test.  In  contrast,  strategies  b)  and  e)  discussed  above  led  to  an  almost  complete  tntnsfer 
of  knowledge  that  apparently  was  acquired  during  the  session.  The  only  gap  that  was  observed 
concerrKd  the  magnitude  of  A,  Some  students  were  able  to  estimate  A  mpidly  in  several  tnes.  .nd|cati„g 
a  knowledge  of  OrdA+  and  OrdA-,  but  failed  to  transfer  this  ability  to  the  task  of  rankmg  par.ibolas  P. 
by  the  magnitude  of  the  corresponding  coefficients  Ai,  even  lor  ccx..fficien.s  of  the  same  sign.  It  is  ■ 
(refemng  to  the  theory  of  conceptu.^  fields  and  scheores  [Vergnaud,  1991 )).  the  invariant  constructed 
during  the  game  is  not  sufficiently  well  anchored,  conceptually,  to  pemrit  the  necessary  transfer  to  a 
different  context. 

4  .   Phenomena  of  crystallization  and  catalysts 

In  the  first  experiment,  our  analysis  showed  that  a  student's  grasp  of  the  meaning  of  coeffic.cnts 
often  occurs  abruptly:  suddenly,  dunng  a  game,  a  ccx=llicient  ntakes  sense  and  the  student's  t.hav,or 
reflects  this  during  iUl  the  subsequent  exercise..  This  occurred  much  more  seldom  m  the  second 
experiment  with  younger  students;  this  is  no  doubt  explained  in  part  by  their  lack  of  fam.l.anly  with  the 
objects,  leading  to  a  more  fragile  cognitive  network. 

We  have  called  tJiese  sudden  realizauons  ■cosUJIu.^t.ons'  and  have  tried  to  get  a  precise  idea  of 
the  context  in  which  Uiey  occur.  We  have  identified  a  certain  number  of  catalysts  for  this  crystal liz^Uon, 
of  which  the  principal  are: 

meeting  a  particular  parabola, 
changing  to  a  different  fonn, 
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identifying  fxulicuUir  \Kmis. 


or  course,  ihcsc  fi\ctors  do  mil  always  cauUy/c  cry«talli/xiuons.  In  addition,  they  do  not  produce 
the  same  effect  independent  of  time  and  form  (Fi.  or  F3).  When  a  student  meets  a  particuhu-  situation 
early  in  the  game,  it  often  luvi  no  effect.  Simjlarly.  too  simple  a  situation  often  results  in  only  lociU. 
restricted  succes.s  and  does  not  spark  a  true  cry.s(a!li/ation.  But  the  abo\'e  factors  arc  seen  in  almost  all 
of  the  observed  crystalli/alions. 

IV  .  CONCLUSION 

These  first  e.\i)cnrnents  are  limited  but  without  any  doubt,  they  prove  the  effectiveness  of  the 
software  designed  for  this  research.  Moreover,  they  do  help  us  to  undcrrjtand  the  process  by  which  such 
a  computer  game  can  impirl  maUiematiaO  knowlettgc,  to  sec  how  tlata  fmm  such  experiments  should  be 
analyzed,  and  to  set  our  sights  on  software  that  could  liikc  this  analysis  into  account  in  real  time,  using  a 
student's  behaviour  as  feedback  to  guide  him  in  a  scries  of  games.  As  a  fii-st  step  the  present  version 
incorporates  a  real-time  anjilysis  mcxhile  that  provides  a  record  of  Uic  play,  various  staiistiwil  data  and  a 
graphic  image  of  the  student's  cognitive  evoluuon  from  the  bcgiiuiing  to  the  session,  cxpicsscd  in  terms 
of  su-atcgics  imd  atoms  of  knowledge. 
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THE  KFFKCT  OF  CALCULATOR  USK  ON 
THIRD  GRADERS'  SOLDIIONS  OF 
REAI,  WOULD  DIVISION  AND  MULTIPLICATION  PROBLEMS 

Susie  Groves  * 
Deakin  University  •  Burvvood  Campus 

/\v  nan  of  a  snuiv  of  the  hn^'term  effects  uf  calculator  usr:.  a  random  sample  of  4^ 
yradc  3  children  from  five  schools  were  observed  while  tackling  real  world 
mohlcm  based  on  quotition  division  and  repeated  addition  multiplication  in  a 
rvalimc  comcM.  Calculators  and  concrete  materials  were  provided,  as  well  as  pencil 
and  paper.  Children  with  lonR-tcrm  experience  of  calculator  u.w  performed 
siiinificantly  hater  on  all  multiplication  items  and  the  most  dijjicuU  division  iim 
While  they  did  not  make  .significantly  more  use  of  calculators  than  the  children 
without  such  calculator  experience,  they  were  better  able  to  attach  meaning  and 
interpret  their  answers,  especially  where  knowledge  oj  decimal  notation  or  lar^e 
niimhers  wa.'i  required. 

Ititrodiution 

•Hic  Calculators  in  Mnwy  Matlicmatuw  projcci  is  n  lo.uMcnu  invcstigiuitin  iiiu>  tlic  clfcns  of  the 
imroduction  of  calailalois  on  the  Icarniiu^  and  tcuchinr,  of  prinmry  nwuhcniniics.  It  is  based  on  the 
picniisc  that  ealculators  huvc  tlie  potential  to  significantly  chnni^c  nuuhcinatia  curriculum  and  teaching 
(Cotbiti.  Vm,  p.  14;  Coekcmft.  p.  UW).  Apart  from  the  Calculator -Aware  Number  (CAN)  project 
{Shuard.  Walsh.  Goi^lwin  A  Woivcster.  I Wl).  theix^  is  little  evidence  that  such  chani.cs  are  commonly 
cKcun-ing  (Curriculum  Development  Centre,  mb,  p.lH;  Hcnibrce  &  Ucssart.  1986.  p.H3;  Keys.  \WK 
p.173).  The  prx)jccl  commenced  in  WO  at  taadergartcn  and  grade  I  level  and  will  continue  to  grade  4  in 
1993.  Ill  1992.  there  are  45  kinderjjuiten  to  grade  3  classes  in  six  schools.  All  children  are  "given"  their 
own  calculator  to  use  whenever  they  wish.  Teachers  arc  provided  with  systematic  professional  support  to 
assist  them  in  using  calculators  to  create  n  rich  mathematical  environment  for  chiidn:n  to  explore. 

Hie  effect  on  children's  long-tcnn  learuiny  is  one  of  the  research  foci  of  the  project.  All  children  at 
tirades  3  and  4  levels  (approximately  450)  ;u-e  being  given  a  written  test  and  a  test  of  calculator  use  in 
Jacli  of  the  years  1991.  mi  and  1993.  with  a  random  10%  sample  of  these  children  also  taking  pjirt  in  a 
2.Vminutc  interview.  The  1991  children  and  the  1992  grade  4  children  (none  of  whom  have  been  part  of 
the  calculator  project)  form  the  control  group  for  the  study.  At  the  time  of  testing,  the  1992  grade  3 
childicu  und  all  of  i\k  1993  chikhcn  will  have  been  part  of  the  project  for  IV,  and  V/,  years  respectively. 
Among  die  hypotheses  for  the  long-term  study  is  an  expectation  that  children  involved  hi  the  calculator 
project  will  perfomi  better  on  "real  world"  problems,  by  selecting  appropriate  processes  more  frequendy 
and  by  making  better  use  of  calculators. 

^TTiiri^s^TrchTaTb^'nTundTd  by  the  Ausualian  Research  Couticii.  DcaUn  University  and  the  U»ivcrsily  of  Melbourne. 
uTcMators  in  Primary  MoiLuiua  project  team  consists  of  Susie  CIrovcs.  J>  I  Chcc.seman.  Tetry  D«by.  Graham 
tacs  (Sin  Univcrsily);  Ron  Welsh.  Kayc  Suicey  (Melbourne  University);  and  Paul  Carim  (Calhol.c  UdiicaUon  Office). 
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Groves  (1992)  reported  on  the  processes  and  strategies  adopted  by  the  grade  3  and  4  children  in 
1991  when  ailempiing  a  "real  world"  problem  amenable  to  quotition  division  -  a  simplified  version  of  a 
question  from  a  problem  solving  test  (Stacey,  Groves,  Bourkc  &  Doig,  in  press).  Children 
predominantly  used  informal  addition  and  subtraction  based  strategies  rather  than  division,  confirming 
earlier  findings  (Kouba,  1989;  Hart,  1981,  p.47;  Bergeron  &  Herscovics,  1990,  p.32;  Neuman,  1991, 
p.76;  Stacey,  1987,  p.2l).  Although  children  were  provided  with  calculators  and  concrete  materials,  they 
overwhelmingly  chose  menial  compulation  as  their  "calculating  device".  Difficulties  encountered  by  those 
children  v/ho  used  calculators  confunrned  the  mathematical  sophistication  required  to  interpret  the  answers 
obtained.  While  reliable  menial  methods  and  an  ability  to  use  calculators  (together  with  an  understanding 
of  the  meaning  of  the  operations  and  the  real  world  problems  which  they  model)  may  be  sufficient  for  all 
practical  purposes  (Hart,  1981,  p.47;  Bell,  Fischbein  &  Greer,  1984,  p.  130;  Bergeron  &  Herscovics, 
1990,  p.  34),  these  results  confirmed  the  importance  of  attaching  meaning  when  using  calculators  and  the 
necessity  to  develop  skills  such  as  estimation  and  approximation,  together  with  a  strong  intuitive 
understanding  of  aspects  of  the  number  system  such  as  decimals. 

This  paper  compares  the  results  for  the  grade  3  children  in  1992,  who  had  been  part  of  the 
calculator  project  for  I'/j  years,  with  those  of  the  1991  grade  3  children  for  the  quotition  division 
question  referred  to  above,  and  a  question  based  on  "repeated  addition"  multiplication  -  also  referred  to  as 
"multiple  groups"  (Bell,  Greer,  Grimison  &  Mangan,  1989),  "equal  groups"  (Greer,  1992)  and 
"isomorphism  of  measures"  (Vergnaud,  1983). 

Method 

In  1991  and  1992,  a  random  sample  of  about  30  grade  3  children  were  given  a  25-minute 
interview.  The  interview  was  designed  to  test  children's  understanding  of  the  number  system;  their 
choice  of  calculating  device,  for  a  wide  range  of  numerical  questions;  and  their  ability  to  solve  "real 
world"  problems  amenable  to  multiplication  and  division,  with  or  without  calculators.  Throughout  the 
interview,  children  were  free  to  use  whatever  calculating  devices  they  chose.  Unifix  cubes  and  multi-base 
arithmeiic  (MAB)  blocks  were  provided  as  well  as  pencil  and  paper  and  calculators.  Many  of  the 
questions  v/ere  expected  to  be  answered  mentally.  This  paper  focuses  on  interview  results  from  five 
schools  (the  sixth  school  having  had  a  different  pattern  of  participation  in  the  project)  on  the  "real  world" 
problem  amenable  to  division  and  the  "real  world"  multiplication  problem.  In  the  first  two  parts  of  the 
division  question,  children  were  presented  with  clear  bottles  containing  the  appropriate  number  of  white, 
medicine-like  tablets  (actually  sweets).  The  bottles  were  attractively  labelled  with  the  contents  and  the 
amount  to  be  taken  each  day  -  for  example,  in  Ml  the  label  clearly  displayed  "15  tablets  lake  3  each  day", 
as  well  as  the  distracier  "$7.43".  For  the  remaining  three  parts,  accurate  volumes  of  coloured  liquid  were 
used  with  information  such  as "  120  ml  take  20  ml  each  day"  and  a  price.  For  this  example  (the  first  using 
liquid  "medicine"),  20  ml  was  poured  from  the  bottle  into  a  clear  medicine  measure.  In  each  case, 
children  were  asked  how  many  days  the  medicine  would  last.  In  the  multiplication  problem,  children 
were  shown  a  paper  clip  chain,  consisting  of  17  muhi-coloured  clips,  which  they  were  told  was  made  by 
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a  grade  3  child  at  another  school.  They  were  then  asked  how  many  paper  clips  would  be  needed  if  10 
children  each  made  a  similar  chain;  if  a  whole  class  of  27  children  each  made  such  a  chain;  if  a  school  of 
295  children  made  such  chains;  and  fmally  if  1  million  children  made  such  chains. 

As  well  as  ihcir  answers,  children's  choice  of  calculating  device  were  recorded.  For  the  purpose  of 
this  analysis,  these  have  been  classified  as  calculator,  n«ntal  (which  may  include  the  use  of  fmgei:s),  and 
other  (which  also  includes  no  answer  given).  For  the  two  tablet  medicine  items,  an  additional  category  of 
Unifix  or  drawing  has  been  included.  For  the  division  question,  the  mathematical  processes  used  have 
been  classified  here  as  counting  on/multiplicaiion,  division  and  other,  with  the  additional  category  of 
quotition  using  concrete  materials  or  drawing  for  the  tablet  items.  For  the  multiplication  question,  the 
processes  have  been  classified  as  multiplication,  counting  on  and  other. 

Results 

Tables  1  and  2  compare  the  1992  and  1991  frequencies  of  correct  and  incorrect  answers,  use  of 
calculating  devices  and  solution  processes  for  the  tablet  and  liquid  medicine  questions  respectively.  In 
each  case,  the  left  side  shows  choice  of  calculating  device  against  correctness  of  answer,  while  llie  right 
side  shows  solution  processes.  In  those  parts  of  the  question  where  remainders  occur,  an  extra  category 
of  answer  is  included  lo  indicate  answers  which,  while  incorrect,  give  the  correct  number  of  whole  days. 

Table  1:  Comparison  of  frequencies  of 
correct  and  incorrect  answers,  use  of  calculating  devices  and  solution  processes, 
on  tablet  medicine  itenw  for  grade  3  children  in  1992  and  1991 


Question 


Ml 
15  tablets, 
3  per  day 
How 
many 

days? 


Device 


M2 
21  tablets, 
4  per  day 
How 
many 
days? 


Total 


Total 


C    M/F    U/D  CV- 


2"  15 
(1)  (14) 

2 

(0)  (3) 


5  0 
(4)  (0) 

1  0 
(0)  (1) 


17      6  0 
(1)    (17)      (4)  (1) 


(0)  (5) 
4 


I 

(2)  (1) 
0 


(3)      (2)  (I) 


4 

(1)  (5) 


0 


(0) 


6  12 
(4)  (12) 


(3)  (4) 


Total 


CO/M  Dl 


22 
(19) 


(4) 


25 


(23) 


13 


(8) 


(6) 


(9) 


25 


(23) 


O/- 


11  4 
(13)  (I) 


(2) 


2      0  0 
(1)      (0)  (0) 


(3) 
(3) 


13  4  5 
(14)  (1) 


(2)  (6) 


(7) 

(0) 

(0) 

(1) 

1 

1  3 

(2) 

(3) 

(1) 

(0) 

0 

0  3 

(2) 

(1) 

(0) 

(6) 

9      4  4 
(11)      (4)  (I) 


Process 


V3 


Total 


V3 

lotal 


FiRurcs  in  ublc  represents  1992  frequencies  of  responses,  wilh  1991  frequencies  in  parcnihcsc5 
C  .calculator:  M/F  -  mental  (inc.  use  of  fingcn);  U/D  -  Uninx/drawings;  0/-  -  other  (e.g.  writlcn)/no  answer 


2  CO/M  .  counting  orVback  (repeated  addilion/sublraction)/ muliiplicaiion  ;  DI  -  division; 
Q  -  quotition  using  concrete  materials  or  drawings;  01-  -  other  /  no  answer  given 

3  ^  .  correct  answer;  X  -  incorrect  answer  or  no  answer  given 

4  I  -  incorrcci  answer  with  integer  part  correct  (e.g.  5, 5+,  5  rrzmaindcr  3, 5  rcmainda  25) 
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Tabic  1  indicates  that,  while  the  1992  children  performed  better  on  both  tablet  medicine  questions, 
the  overall  pattern  of  use  of  the  various  categories  of  calculating  device  was  similar,  as  were  the 
processes  used.  Mental  calculation,  using  counting  on  or  multiplication,  was  the  most  popular  in  both 
years.  In  1992,  there  was  an  increased  correct  use  of  calculators  for  M2,  which  was  due  to  tlie  increase  in 
children's  ability  to  interpret  the  answer  5 '25,  as  well  as  an  increased  correct  use  of  quotiiion  division  by 
those  children  who  used  Unifix  or  drawing.  None  of  the  differences  are  stadsdcally  significant. 


Table  2:  Comparison  of  frequencies  of 
correct  and  Incorrect  answers,  use  of  calculating  devices  and  solution  processes* 
on  liquid  medicine  items,  for  grade  3  children  in  1992  and  1991 


Question 

Device^ 

C       M/F  OA- 

Total 

CO/M       DI  O/- 

Process 

M3 
120  ml, 
20  ml /day 
How 
many 

days? 

5*          12  2 

(4)       (10)  (1) 

0            2  4 

(0)        (1)  (7) 

19 

(15) 

6 

(8) 

116  2 

(6)        (6)  (3) 

4         0  2 

(0)        (0)  (8) 

X3 

Total 

5           14  6 

(4)       (11)  (8) 

25 

(23) 

15         6  4 

(6)        (6)  (11) 

Total 

M4 
300  ml, 
40  ml  /day 
How 
many 
days? 

I'* 

4           2  2 

(1)        (1)  (1) 

2           2  2 

(6)        (2)  (0) 

1           5  5 

(1)        (3)  (8) 

8 

(3) 

6 

(8) 

11 

(12) 

4  4  0 

(2)  (1)  (0) 

3          2  1 

(3)  (5)  (0) 

5  1  5 

(2)        (1)  (9) 

I" 

Total 

7           9  9 

(8)        (6)  (9) 

25 

(23) 

12         7  6 

(7)        (7)  (9) 

lotal 

M5 
375  ml, 
24  ml  /day 
How 
many 
days? 

9           0  0 

(0)        (0)  (0) 

4           0  1 

(5)        (0)  (0) 

4           1  6 

(9)        (1)  (8) 

9 

(0) 

5 

(5) 

11 

(18) 

1          8  0 

(0)        (0)  (0) 

1  4  0 

(0)        (5)  (0) 

2  3  6 

(3)        (3)  (12) 

X3 

Toiitl 

17          1  7 

(14)        (1)  (8) 

25 

(23) 

4         15  6 

(3)        (8)  (12) 

Total 

•  Figures  in  table  represents  1992  frequencies  of  responses,  with  1991  frequencies  in  parentheses 

'  C  -  calculator;  M/F  -  mental  (including  use  of  fingers);  0/-  •  other  (e.g.  wriuen)  /  no  answer 

2  CO/M  •  counting  oa/back  (repeated  addition/subtraction)/  mulliplication;  DI  •  division;  0/-  •  olhcr/no  answer 

^  V  -  comccl  answer;  X  -  incorrccl  answer  or  no  answer  given 


4  I  -  in  correct  aaswcr  with  integer  part  correct  (e.g.  7.  7+,  7  remainder  80. 7  rcmaimlcr  2)  or  8 

5  I  •  u^coiTCCi  answer  with  integer  part  corrccl  (e.g.  15,  1S+,  15  remainder?,  15  %) 
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Table  2  shows  1992  children  also  performing  better  on  the  liquid  medicine  questions.  For  all  of  the 
liquid  medicine  items,  the  use  of  calculating  device  was  similar  in  both  years.  For  M3  and  M4,  the 
counting  on/multiplication  process  was  used  by  even  more  children  tiian  in  1992  tiian  in  1991.  This  use 
was  not  always  straightforward:  several  children  used  their  calculators  for  repeated  addition,  keeping  a 
tally  on  their  fingers  or  paper,  while  one  child  consistently  counted  backwards  on  the  calculator  until  a 
negative  value  was  reached.  In  1992,  three  instances  were  recorded  of  children  doing  mental  calculations 
such  as  the  following  for  M4:  "40  x  5  =  200,  40  x  2  =  80,  7  days  with  20  mis  left".  No  similar 
calculations  were  recorded  in  1991. 

The  most  difficult  item,  M5,  produced  a  significant  difference  in  the  number  of  children  who 
obtained  a  correct  answer  -  over  a  third  in  1992,  all  using  a  calculator,  compared  to  none  in  1991 
(X^=  10-625,  df=2,  p  ^  0-01).  In  1992,  over  half  of  tiie  17  children  who  attempted  this  item  using  a 
calculator  were  successful,  compared  to  none  of  the  14  in  1991.  The  1992  children  were  able  to  use  their 
calculators  more  effectively  largely  because  they  were  able  to  correctly  interpret  their  answer  of  15-625. 
This  is  not  surprising  when  one  considers  the  results  from  two  earlier  items  on  the  interview.  The  first 
item  asked  children  to  read  5-42  and  then  select  from  542, 2, 5,  54-2  and  6,  the  number  closest  to  5-42. 
For  the  other  item,  children  were  shown  278  +  39  and  "the  answer  found  by  someone  using  a 
calculator"  -  i.e.  7- 1282051 .  They  were  asked  firsUy  to  read  the  number  and  then  to  say  "about  how  big" 
it  is  or  give  a  "number  close  to  it". 


Table  3:  Comparison  of  frequencies  of  responses  on  decimal  recognition  items 
for  grade  3  children  in  1992  and  1991 


Response 

Reads  5-42          Selects  5  or  6 

Reads  7-128205 1        Integer  close  to  7 

Yes 
No 

13*      (0)             6^  (1) 
12      (23)            19  (22) 

14       (2)                 5  2  (0) 
11       (21)               20  (23) 

•  Figures  in  table  represents  1992  frc<iucncics  of  responses,  with  1991  frequencies  in  parcnlhcscs 

1  Although  5  Is  the  correct  answer,  both  5  and  6  have  been  regarded  as  correct  here 

2  Integer  answers  in  the  range  5  to  9  were  regarded  as  correct  here 


Table  3  shows  a  significant  improvement  in  1992  children's  ability  to  read  5-42  and  7-1282051 
(x2=16-402,  df=l,  p  ^  0-001  and  x^=l2-063,  df=l,  p  ^  0-001,  respectively).  Over  20%  of  the  1992 
children  knew  the  approximate  size  of  these  decimals,  compared  to  only  one  correct  response  for  the 
1991  children  (not  significaiu  at  the  0-05  level). 

Table  4  shows  that  approximately  twice  as  many  1992  children  as  those  in  1991  obtained  correct 
answers  for  each  of  the  multiplication  items  (all  significant  at  least  at  the  p  ^  0-05  level).  Although  there 
was  no  significant  difference  in  patterns  of  use  of  calculating  devices,  children  in  1992  nwde  more  use  of 
calculators.  This  change  was  partly  due  to  less  use  of  other  devices  (such  as  counting  the  paper  clips  or 
drawing)  and  also  to  fewer  children  making  no  attempt  to  answer.  For  PI,  the  item  requiring 
muluplicauon  by  10,  while  more  children  in  1992  used  a  calculator  than  in  1991 ,  more  children  also  used 
mental  computation.  For  each  of  the  items,  more  children  in  1992  used  multiplication  than  in  1991 
(significant  at  the  p  ^  0  002  level  for  P2  and  P4.  but  not  significant  at  the  p    0  05  level  for  PI  and  P3). 


O  10 


M4 


Table  4:  Comparison  of  frequencies  of 
correct  and  incorrect  answers,  use  of  calculating  devices  and  solution  processes, 
on  paper  clip  items  for  grade  3  children  in  1992  and  1991 


Question 

Device^ 

C      M/F  0/- 

Total 

M         (X)  OA- 

Process 

PI 

1 0  paper  clip 

chains, 
17  clips  each. 

How  many 
paper  clips? 

X3 

11*        6  1 

(4)        (5)  (0) 

0          6  1 

(3)        (3)  (8) 

18 

(9) 

7 

(14) 

13         3  .2 

(6)        (2)  (1) 

0         2  5 

(0)        (1)  (13) 

X3 

Total 

11         12  2 

(7)        (8)  (8) 

25 

^23) 

13         5  7 

(6)        (3)  (14) 

Total 

P2 

27  paper  clip 

chains, 
1 7  clips  each. 

How  many 
paper  clips? 

X3 

16          0  1 

(8)        (1)  (0) 

1           2  5 

(3)        (2)  (9) 

17 

(9) 

8 

(14) 

16          1  0 

(7)        (1)  (1) 

2         0  6 

(0)        (1)  (13) 

X^ 

Total 

17          2  6 
(U)        (3)  (9) 

25 

(23) 

18          1  6 

(7)        (2)  (14) 

Total 

P3 

295  paper  clip 

chains, 
17  clips  each. 

How  many 
paper  clips? 

X 

18          0  0 

(6)        (0)  (0) 

0          0  7 

(6)        (2)  (9) 

18 

(6) 

•J 

(17) 

18         0  0 

(6)        (0)  (0) 

10  6 

(4)        (1)  (12) 

X  ^ 

TouU 

18          0  7 
(12)        (2)  (9) 

25 

(23) 

19         0  6 

(10)        (1)  (12) 

Total 

P4 
1  million 
paper  clip 
chains, 
17  clips  each. 

How  many 
paper  clips? 

V3 
X3 

114  0 

(2)  (3)  (0) 

4           0  0 

(3)  (0)  (0) 

1           0  5 

(2)        (2)  (11) 

15 

(5) 

4 

(3) 

6 

(15) 

15         0  0 

(4)        (I)  (0) 

4          0  0 

(3)        (0)  (0) 

1          0  5 

(I)        (0)  (14) 

X3 

Total 

16          4  5 

(7)        (5)  (11) 

25 

(23) 

20         0  5 

(8)        (1)  (14) 

'ibtal 

•  Figures  in  tabic  rcprcscnis  1992  frequencies  of  responses,  with  1991  frequencies  in  parentheses 

^  C  -  caicuhlor,  Nl/F  •  mental  (including  use  of  fingers);  O/-  -  other  (e.g.  written)  /  no  answer 

^  M  •  muliipiicalion:  CO  -  counting  on  (repeated  addition);  O/-  •  other /rw  answer  given 

'  V  -  correct  answer;  X  •  incorrect  answer  or  no  answer  given 


4   A  •  cofTCCt  answer  obtained  with  incorrect  calculation  (e.g.  1000  x  17  =  17  000) 

Conclusion 

The  National  Statement  on  Mathematics  for  Australian  Schools  (Australian  Education  Council, 
1990)  supports  an  increased  cinphasis  on  developing  number  sense  through  mental  compulation  in 
recognition  of  the  role  of  the  calculator.  Classroom  observation  and  teacher  reports  from  the  Calculators 
in  Pritnary  Mathematics  project  schools  suggest  that  many  young  children  are  dealing  with  much  larger 
numbers  than  would  normally  be  expected,  as  well  as  negative  numbers  and  decimals.  Preliminary 


ERIC 


34? 


n-15 

results  from  extensive  teacher  questionnaires  indicate  that,  as  a  result  of  their  experiences,  teachers  arc 
changing  their  expectations  of  children's  pcrfonnance  in  these  areas  (Groves  &  Cheeseman,  1992). 

Grade  3  children  who  had  been  pan  of  the  calculator  project  for  1 V2  years  performed  better  than 
those  who  had  not  been  in  tlie  project  on  all  the  *'rcal  world"  division  and  multiplication  items  on  the 
interview,  although  there  was  no  significant  difference  for  the  easier  division  items  and  no  significant 
difference  ui  their  choice  of  calculating  device  for  any  of  the  items.  The  significantly  better  performance 
of  project  children  on  the  division  item  which  gave  1 5-625  as  the  answer,  together  with  project  children's 
ability  to  better  interpret  decimal  notation,  suggests  that  long-term  experience  in  using  calculators  has 
provided  at  least  some  children  with  the  intuitive  understanding  of  decimals  which  is  required  to  make 
meaningful  use  of  calculators  in  such  siniations. 

Weame  and  Hiebert  (1988)  recognise  the  growing  imponance  of  decimals  in  a  technological  age. 
As  pan  of  their  theory  for  the  development  of  symbol  competence,  they  stress  the  importance  of  referents 
with  rich  associations  for  the  student  -  usually  non  written  material,  either  in  ever>'day  use,  such  as 
money,  or  specially  designed,  such  as  MAB  blocks  (p.  224).  We  believe  that  it  is  precisely  by  acting  as 
such  a  referent  that  calculators  can  play  a  critical  role  in  children's  development  of  concepts,  such  as  place 
value  and  decimal  notation,  by  enabling  children  to  experiment  with  and  manipulate  symbols  in  a  way 
which  is  impossible  to  achieve  with  concrete  materials. 

The  1992  project  children  used  multiplication  more  often  than  the  1991  non-project  children  for  all 
of  the  paper  clip  items,  significantly  so  for  two  of  the  four  items.  Not  surprisingly,  children  appeared 
more  likely  to  choose  an  operation  such  as  multiplication  (as  opposed  to  the  less  sophisticated  counting 
on)  when  they  appeared  able  to  find  the  answer  with  their  calculators.  At  least  some  of  the  improved 
performance  was  due  to  their  ability  to  interpret  large  numbers  on  the  calculator  display.  There  has  been 
much  research  on  children's  choice  of  operation  when  not  required  to  actually  calculate  an  answer. 
Fischbein,  Deri,  Nello  and  Marino  (1985,  p.  5)  suggest  that  some  "intervening  intuitive  n>odel"  (such  as 
repeated  addition  in  the  case  of  multiplication)  may  inhibit  children  from  choosing  the  correct  operation 
for  problems  which  require  different  models  (such  as  those  involving  multiplication  by  a  decimal). 
Anghileri  (1989,  p.384)  seeks  links  between  the  structure  of  a  multiplication  task  and  the  solution 
strategies.  However,  a  different  possible  further  question  for  research  may  be  the  link  between  children's 
selection  of  operation  for  a  problem  and  their  ability  to  calculate  the  answer  if  required. 

Preliminary  results  discussed  here  indicate  that  children  with  long-term  experience  of  calculaton 
are  better  able  to  tackle  "real  world"  problems  which  would  normally  be  beyond  their  paper  and  pencil 
skills.  While  they  did  not  make  more  use  of  calculators  than  the  children  without  this  experience,  they 
were  belter  able  to  attach  meaning  and  interpret  their  answen. 
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Coordinating  Sets  and  Properties  when  Representing  Data: 
Tiie  Group  Separation  Problem 

Aaron  Falbel  and  Chris  Hancock ^ 
TERC 

This  paper  rq>orts  on  a  clinical  siudy  of  studaxts'  productive  understanding  of  database 
recordffield  strvctures.  Using  a  data  analysis  tool  with  which  Ihey  were  familiar,  students  were 
asked  to  create  a  database  structure  that  would  allow  them  to  produce  a  desired  graph.  A 
recurring  pattern  was  observed  in  which  subjects  produced  a  set-based  structure  instead  of  the 
required  property -based  strvcture. 

This  paper  describes  and  discusses  some  of  our  observations  in  an  exploratory  study  relating  to 
students'  understanding  of  data  structure.  We  have  been  working  for  some  years  on  implementing  data- 
based  inquiry  activities  with  students  aged  10-15,  in  school  classrooms  and  in  small  groups  (Hancock, 
Kaput  &  Goldsmith,  1992).  In  these  pilot  activities  students  are  often  responsible  for  collecting  data, 
entering  it  on  computers  and  analyzing  it,  using  a  prototype  database/ data  analysis  software  tool  called 
theTabletop.  The  present  study  arose  from  our  observing  in  these  contexts  that  students  s<)metimes  had 
intriguing  difficulties  in  constructing  useful  databases. 

Although  theTabletop  is  different  from  traditional  data  analysis  programs,  it  is  similar  in  one 
important  respect:  it  provides  a  standard  database  format  for  entering  and  nwdifying  data,  and  a 
separate,  "read-only"  facility  for  graphing  and  analyzing  the  data.  Wliile  one  often  uses  the  tool  in  order 
to  produa*  graphs,  data  cannot  be  entered  in  the  form  of  a  graph.  This  property  sets  the  stage  for  a 
recurring  kind  of  mathematical  problem:  Given  that  one  would  like  to  produce  a  particular  kind  of  graph, 
how  must  data  be  entered  in  the  database  in  order  to  make  such  a  graph  possible?  (Kaput  &  Hancock, 
1991).  While  students  often  manage  this  without  difficulty,  we  have  seen  it  become  problematic  in  some 
interesting  cases.  For  example,  one  group  of  11 -year-olds  conducted  a  survey  in  the  school  cafeteria  over 
three  days  in  order  to  find  out  how  lunching  behaviors  varied  depending  on  the  rneal  being  served.  The 
students  wantcti  to  make  a  graph  that  separated  the  questionnaires  according  to  the  day  on  which  they 
were  administered.  They  were  unable  to  produce  the  graph,  but  did  not  realize  that  this  was  because  their 
database  was  missing  the  crucial  "day"  information. 

Two  plausible  causes  might  be  postulated  for  difficulties  like  these:  Students  may  not  realize  that  the 
computer  doesn't  know  what  they  know;  and /or,  they  may  not  know  how  to  encode  this  information  in  a 
way  that  the  computer  can  use.  Closer  study  in  a  clinical  sotting  has  shown  us  that  both  issues  are 
important,  and  that  they  are  bt)und  up  with  each  other.  This  paper,  however,  focuses  on  a  particular 
phenomenon  that  clearly  relates  to  the  second  issue:  shidents'  tendency  to  gravitate  to  a  set-based 
representation,  rather  than  the  property -based  representation  required  by  the  tool,  ■ 

Tabletop  Essentials 

First,  a  brief  description  of  the  Tabletop's  data  formats.  The  Tabletop  offers  two  coordinated 
representations  of  a  database:  the  row/column  window  and  the  'Tabletop"  window.  The  row/column 
window  is  used  for  database  construction  and  data  entry.  Information  in  the  row/column  window  Is 


1  The  reM?arch  described  here  was  supported  by  a  grant  from  the  Apple  Computer,  It\c.'s  Classrooms  of 
Tomorrow.  TheTabletop  was  developed  with  the  support  of  the  National  Science  Foimdation,  grant 
flMDR-8855617.  The  views  expressed  here  are  not  necessarily  those  of  the  funders.  Thanks  to  Edith 
Ackermann,  Celia  Hoyles,  Luciano  Meira,  RIcardo  Nemirovsky  and  Richard  Noss  for  difcussion  and 
comments.  The  authors  can  be  reached  at  TERC  2067  Massachusetts  Avenue,  Cambridge,  MA.  USA. 
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arranged  in  a  rectangular  array.  U  wc  Ihink  of  a  database  as  describing  a  collection  of  objects,  each  row 
contains  all  the  inforn^tion  about  orw  of  those  objects.  In  a  database  of  cats,  each  row  describes  one  cal;  in 
a  questionnaire  database,  each  row  describes  one  respondent.  Each  column  of  the  array  represents  a 
particular  property  of  the  objects  (the  cats'  ages,  say,  or  the  answers  to  question  3).  It  includes  a  column 
heading  at  the  top  (the  "field  name")  and  contains  one  piece  of  data  for  each  object  in  the  database.  Rows 
correspond  to  database  records,  columns  to  database  fields. 

The  Tabletop  window  presents  the  database  as  a  set  of  small  animated  icons.  Each  icon  represents  an 
object  in  the  database;  by  double-clicking  on  it,  the  user  can  view  all  available  information  about  that 
object.  These  icons  can  be  arranged  automatically  into  Venn  diagrams,  scatter  plots  and  other 
airangemenls  useful  for  data  analysis.  The  Venn  diagram,  with  which  we  are  particularly  concerned  here, 
is  a  spatial  alternative  to  the  traditional  database  query.  It  can  have  between  one  and  three  overlapping 
loops.  In  each  loop  the  user  may  specify  a  set  constraint  in  three  parts:  a  field,  specified  by  choosing  from 
a  menu  of  all  the  fields  in  the  database;  a  comparison  operator  (=,  >,  <  etc),  again  chosen  from  a  menu; 
and  a  value,  which  can  be  typed  in.  Objects  for  which  the  mathematical  statement  so  specified  is  tnie  will 
slide  automatically  into  the  loop  and  all  others  will  slide  out.  The  Tabletop  window  is  a  "read-only"  view, 
whtch  allows  flexible  exploration  and  analysis  of  an  existing  database;  to  add  or  modify  information  the 
user  must  return  to  the  row/column  view. 

The  Group  Separation  Problem 

We  devised  the  following  task,  which  we  call  the  "group  scp»iralion  problem/'  to  sec  whether 
students  would  realize  Ihey  needed  to  make  explicit  to  the  computer  certain  Implicit  informaliou  thai 
they  "already  knew." 

The  subject  is  given  a  database  consisting  of  a  list  of  names.  (The  database  Is  croalixl  in  the  subject's 
presence.)  Some  of  the  names  are  male  names  and  some  are  female  names.  The  task  consists  of  getting  the 
computer  to  place  the  irons  representing  the  male  names  in  one  Venn  ring  and  those  representing  the 
female  names  in  atuUher.  Thus  the  task  involves  the  separation  of  a  collection  of  data  into  two  disjoint 
sets  or  groups.  Since  the  subject  knows,  simply  by  looking  al  the  names,  which 
name  is  a  girl's  name  and  which  a  bo/s,  the  task  requires  the  student  to  objectify 
implicit  knowledge.  To  accomplish  this  task,  the  student  needs  to  create  a  new 
field  with  the  heading  "sex"  or  "gender"  or  "boy/girl"  or  some  other  such 
designator  and  then  specify  for  each  name  whether  the  person  is  "male"  or 
"female,"  "boy"  or  "girl."  Once  this  is  done,  two  loops  can  be  made  in  the 
Tabletop  window  with  constraints  referring  to  the  new  field. 


[Name] 
John 
Mary 
Sally 
Tim 
Betty 
Robert 
Sue 


For  example: 


[Name] 
John 
Mary 
Sally 
Tim 
Betty 
Robert 
Sue 


[Gender] 
male 
female 
female 
male 
female 
male 
female 


J  gender  =  "female" 


iBetty 


I  Sally 
iSue 


■Mary 


I  Tim 


■John 


I  Robert 


I  gender  "male" 
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Pilot  Results 

Thirteen  students  (four  fiflh-gradors,  five  sixth-grader?,  and  four  seventh-graders)  participaie^i  in  .1 
pilot  study.  These  students  had  between  one  and  two  academic  years'  worth  of  experience  and  familiarity 
with  the  Tabletop  program.  Tliey  had  used  the  Tabletop  to  analyze  vnany  databases,  and  had  created 
datalxises  of  their  own  during  classroom  and  small  group  activities.  In  some  of  these  databases  they  had 
even  used  a  gender  field.  However,  of  the  thirteen  subjects,  only  two  (seventh  graders)  could  solve  the 
problem  outright.  The  majority  could  only  solve  it  with  varying  degrees  of  hints  and  guidance.  A  few 
"  could  not  solve  it  at  all.  For  these  students,  production  of  record/field  structures  clearly  l;>gs  far  behmd 
comprehension  in  the  context  of  tool  use, 

Many  subjects  began  confidently,  They  would  proceed  to  aeate  a  constraint  for  Iho  fir^it  loop. 
K^gmning  with  the  menu  of  field  names.  When  the  menu  came  up  with  "Name"  available  as  they  only 
i-honv,  some  of  them  visibly  hesitated.  We  have  the  impression  that,  had  a  "Gender"  field  tKH?n  available 
M  that  point,  subjects  could  have  usixl  it  successfully,  as  they  oflendid  in  class  activities.  Instead  they  lost 
numientxmv  Their  behavior  rangixl  from  not  knowing  what  to  do  at  all,  to  pt)king  around  at  the  various 
menus  h(»ping  that  something  would  hapfvn  if  they  could  only  find  the  right  button,  to  constructing 
endless  permutations  of  the  constraint  rule;-*  in  the  Venn  rings.  Most  of  the  students  did  not  reaignize  a 
mvd  to  «;upply  the  computer  with  additional  information.  When  prompted  with  questions  such  as  "Does 
the  computer  know  who  is  a  boy  and  who  is  a  giri?"  and  "How  can  you  tell  the  wmputer  who  is  a  boy 
.ind  who  IS  a  girl?"  they  would  realise  that  they  hud  to  change  something  in  the  database.  Their  problem 
then  liecame  how  to  enter  this  information  in  a  form  usable  to  the  Tabletop  program. 

I  lore  a  strikmg  and  unanticipatini  pattern  emergcsi  Independently  of  each  other,  most  of  the  subjiM:ts 
(*)  011I  of  13)  create^!  similar  data  slructnres  of  a  kind  which,  although  intelligible  to  humans,  is  quite 
iiwppropria»e  ii^  the  Tabletop  program.  'Ihey  addini  i^ot  one  but  two  a^Uimns  to  the  database--  one  for 
girls  and  one  for  Ix^ys.  In  each  column  they  sin^ply  listed  all  the  names  of  that  gender,  without  regard  for 
the  alignment  of  informaliim  in  rows.  A  typical  example  is  shown  here. 

John 
Tim 

Robert 


[Name] 
John 
Mary 
Sally 
Tim 
Betty 
Robert 
Sue 


Mary 
Sail)' 
Betty 
Sue 
• 


This  led  of  course  to  biAtrre  data  rivords  Dmible  elicking  on  icons  in  the  Tableti»p,  lor  example, 
luild  yield  object  descriptions  such  as 


Name:  John 
Boys:  John 
Girls:  Mary 


Name:  Mary 
Boys:  Tini 
Girls:  Sally 


Name:  Tim 
Boys:  ♦ 
Girls:  Sue 


Son*.-  vocabulary  would  Iv  hclf^fiil  here.  We  will  call  (he  repre^MitaticMi  consisting  of  a  fieUl  of 
individual  names  and  a  parallel  field  of  corre>^fx>nding  propc^rties  a  proj>t'rt^/  ba<.al  representation.  'Hiis  is 
Ihc  ri'prcsenlation  that  the  1  ablelop  program  a^qiiire^  to  wKl-  the  problem.  A  ^el  b,i^cl  represenlalion,  on 
the  other  hand,  consists  of  two  set  names,  wch  with  its  own  list  ot  mcmbt^rs 
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Property-bM«d   Sct-bas«d 


1  Nanrttil 

1  Gender! 

jGirls  1 

John 

male 

John 

Maiy 

Mary 

fenrwle 

Tim 

Sally 

Sally 

female 

Robert 

Betty 

Tim 

male 

Betty 

female 

♦ 

Robert 

male 

Sue 

female 

We  c«»n  also  say  that  the  property-based  representation  has  an  individmhccniercd  structure  (a  list  of  indi- 
viduals and  a  corresponding  list  of  their  properties),  whereas  the  sct-Kisod  represontntion  has  a  ^rou^y 
centered  structure  (sots  or  groups  are  defined  as  lists  under  group  designators— here  "boys"  and  "girls"). 

Variations  of  the  task 

After  our  initial  pilot  study  we  created  new  variants  of  the  group  scp.i ration  problom.  After 
beginning  with  the  standard  boys/girls  problem,  the  interviewer  could  chw^se  froni  .miong  the  fcillowing 
tasks  to  assess  the  robustness  of  the  subjects'  knowledge  and  to  pinpoint  sources  of  difficulty. 

1.    Given  a  set  of  seven  pictures  of  dogs  and  cats  with  their  n.imes,  the  subject  is  .iskcnl  to  make  a 

datibase  and  then  separate  the  dogs  from  the  cats.  Whether  ,in  animal  is  a  dog  or  a  cat  is  clear  from 
the  pi  .'lure,  but  not  written  anywhere. 

7.    Given  a  set  of  seven  pictures  of  people  with  names  ar.t^.  numerical  ages,  the  sub^vt  is  askixi  to 
separate  the  children  from  the  adults.  The  numbers  must  Ix  converted  into  adult/chilcl  categi>ries, 
either  when  the  data  is  entered  or  when  the  loop  constraint  is  written. 

3    Given  a  pn? fabricated,  sel-ba$€d  database,  the  subject  Is 
.isked  to  sep-jrato  the  nnarried  from  the  single  people.  'Hu 
problem  can  only  be  solved  by  restructuring  the  data  in 
proper  rect>rd/field  form.  This  "perverse"  database  does 
seem  highly  effective  fitr  revealing  fragility  of  students' 
structural  knowledge.  H(>wever  we  have  some  concern 
about  whether  such  a  qut^tion  is  ethical.  We  have  usttl  it 
With  only  a  few  subjects. 

Armetl  with  these  variations,  we  interviewed  six  additional  snb)ei  l^.  Tw(»  sessions  ai  e  suininai  i^ed  here. 
Tanya 

Age:  13;  Finished  (ir,ide  7 

Given  the  lioys/girls  problem,  Tanya  tnesa  variety  of  Venn  diagrams.  A  Uiop  labelleti  "N4inK'  - 
'girl"  fails  to  atlraLt  any  icons.  She  can  expl.un  why  ("no  one  is  named  'girl  "),  but  Ixvause  she  doesn't 
have  any  lx.'tt(»r  ideas,  she's  trying  everything  she  can  think  of.  She  tries  "name;- 'Salty'"  and  one  icon 
moves  in.  She  tries  "Name  =  'Sally,  lavira,  Lli/aK'th  ",  but  that  doesn't  work,  "  I(Kt  many  names/'  slie 
explains.  She  tries  Name=girl,  Name     girl.  Name  <  girl.  I  hen  she  tries  changing  'girl'  to  'girls. 'She  tries 
"Name- 'Stilly'  "  again  just  t(>  make  sure  that  sonu'thmg  works,  even  if  it  doesn't  snive  the  pmblem.  Tlu-n 
she  tries  "NanK'-lHiy  ■'" 

We  hint  that  Tanya  might  netxi  to  give  the  computer  nwre  information  aUuit  who  is  a  bov  and  wlut  is 
a  girl.  ShegCK'S  to  the  rov^/column  window, creates  a  new  field  called  "Girl."  and  enters  the  three  girls' 
namt's  vindor  the  heading.  She  tests  in  theTabletop  window:  "Name-agirl"  still  doesn't  work;  the  (ither 
ofx'rators  still  don't  work  either.  She  returns  to  the  row/column  window  and  creates  a  new  field  called 
"sally"  and  enters  a  single  item.  Sally.  This  doesn't  help  at  all  when  she  returns  to  the  Tahletop  Now  she 
is  sinck 


[Married  ]  (Sincjio  \ 

Mr.  Jones  Miss  Ross 

Mrs.  Rodrifjue/  Tin\my 

Ms  Smith  Cindy 

Mr.  Davis  Ms.  Stoiti(?n) 
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To  poncratc  a  possibly  helpful  example,  we  create  another  field  in  the  database  called  "favorite 
color/'  with  some  inade-up  d.Ma.  How  could  one  separate  the  people  who  like  red?  Tanya  docs  this  with 
no  difficulty.  Having  seen  how      favorite  color  field  was  automatically  added  to  the  menu  of  options 
for  the  f  ir^t  part  of  a  loop  constraint.  Tanya  quickly  gels  the  idea  to  solve  the  boy /girl  problem  by  adding 
a  field  named  "sex." 


Next  we  pose  thcdogs/caU  problem,  Tanya  says  she'll  solve 
It  the  same  way  as  boys/girls,  but  in  fact  she  creates  a  set-based 
representation.  She  creates  a  field  called  "dog"  and  adds  the  four 
doj;s.  Tl>en  she  inakes  another  field  called  "cat,"  i«nd  adds  the 
thrct»cals. 


Spot 
Ralph 
Maxine 
Strudel 


Samantha 

Fluffy 

Scruffy 


Animals 


Samantha 

Fluffy 

Scruffy 

Spot 

Ralph 

Maxine 

Strudel 


Ikirid  of] 
[animal^  J 
cat 
cat 
cat 
dog 
dog 
dog 
dog 


When  she  is  about  to  retui-n  to  the  Tabletop  window,  we  ask 
her  how  many  icons  she  expects.  She  answers  seven,  but  there 
turn  out  to  be  only  four.  She  cannot  explain  why.  Agoin  she  is 
stuck.  We  rewind  her  about  the  previous  daUbaso,  where  all  the 
fX'ople  were  in  one  column.  With  this  hint,  Tanya  returns  to  the 
row/cohmin  (dataN^se)  v\'indow.  She  deletes  the  two  existing 
tields  and  adds  a  new  o-u»  calUni  "animals,"  in  which  she  enters 
the  >even  animals'  ivinu's.  She  then  makes  a  ;>ceond  field  called 
"kind  of  animal/'  and  enters  "dog"  and  "oit"  next  to  each 
.iiximal'si  nanw.  With  this  database  she  is  able  to  nvike  the 
rtvpiired  sepiration  in  .i  Vi-nn  diagram.  She  goes  on  to  solve 
another  variant,  creating  a  field  calRnJ  "age"  in  order  to  separate 
adults  trom  children. 

Tanya  can  ad)U^t  U>  the  lu-ed  for  proixTty-b«ised  structures  when  given  hints,  but  she  st^.^ns  to  forget 
easily  on  the  next  task.  Two  very  dif feronl  str\ii  lures  are  "the  same  way"  to  her. 

Robbie 

Agf.  12;  nnishe<.l  ( .rade  S 

Wo  begui  by  pt^sing  the  j;iri5/boys  pmblern.  Like  Tanya,  Robbie  at  first  tries  various  jX'nnulatioi^s  of 
amstr.imt  rules,  and  hunts  for  a  "magic  button"  in  the  piogram's  menus.  Stving  that  this  isn't  getting 
anywhere,  he  suddenly  wys,  "1  low  alxMU  putting  in  another  database?"   -  by  which  he  means  adding  a 
hfw  field  to  the  existing  database.  Robbie  adds  a  new  field  and  calls  it  "Sex."  He  enters  "M"  or  "1-"" 
appropriately  for  iMch  record.  Asked  to  explain  these  changes,  he  says  "Because  'Name'  just  says  the 
names,  and  'sex'  means,  like,  boy  or  girl."  He  (vnb  confident  that  this  will  work,  and  it  does.  Aske<.l  If  he 
lhi«i  done  sonnMhing  like  this  durir^g  the  school  year,  Robbie  says  no.  he  "just  invented  it  off  the  top  of  my 
head."  (Two  recent  prc^jtvts  in  his  class  did  m  fact  use  sex  or  gender  fields.) 

We  next  give  Robbie  the  dog  Mnd  cat  cards,  and  .isk  him  to  nuke  a  database  that  will  allow  him  to  put 
the  dogs  in  one  ring  and  the  cats  in  another  Confident  that  he  can  solve  the  problem,  Robbie  injecls 
remarks  such  as  "vou're  not  gomg  t(^  trick      this  time"  as  he  produces  the  following: 

With  this  database  and  the  Vennkwp  constraints  "Sox  -  'P'"  and  "Sex  'C'," 
Robbie  sc^lves  the  problem.  Asked  whether  another  person  would  understatui 
the  ro'^uUing  groph,  Robbie  says  "no."  He  decides  to  change  "Animal"  to 
"Name"  and  "Sex"  to  "Animal,"  and  to  replace  "0"  and  "C"  with  "dog"  and 
"cat."  Asked  if  he  can  also  v.'parate  the  male  animals  from  the  female  nnin^^ils, 
Kdbbic  a^mvttv  creates  an  additu^nil  field  calletl  "sex  " 


Animal  j 

[Sex^ 

Ralph 

D 

Fluffy 

C 

Spot 

D 

Maxine 

D 

Samantha 

C 

S(.rijffy 

C 

Stiudel 

0 
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Next  wo  present  Robbie  wilh  the  "perverse"  danbasc  (described  nlxive).  Robbie  notices  lh.it  not  all  tho 
mimes  are  present  in  thcTnbletop  window.  There  aiv  only  four  icons,  and  Ihc^t"  can  bo  lnlx.'lk\i  wilh 
n.imrs  of  the  single  people  or  the  married  people,  but  not  both.  Double-clicking  on  an  icoi^  shov.'s  i  wo 
nnmci*  together  —  Mr.  Jones  and  Mis.i  Ross,  for  example.  Robbie  goes  bock  to  the  row/col;jmn  window 
.ind  drags  the  "Single"  field  farlher  from  the  "Married"  field,  explaining  "If  the/re  loo  close,  they'll  ho  in 
the  sanK  box"  (referring,  «ipparonlly,  to  the  pop-up  window  appearing  when  one  clicks  on  ^in  icon).  BiU 
this  proves  to  have  no  effect.  Then  Robbie  suspects  that  wcc»re  trying  to  trick  him.  "1  know  how  your 
mmd  works,"  he  adds  at  one  point.  Thinking  that  the  "Ms."  abbreviation  is  confusing  the  wmputor,  he 
changes  all  the  "M*;."  lilies  lo  cillier  "Mrs."  or  "Miss."  But  this,  loo,  has  no  of  foci. 

Sensing  fruslration  on  Robbie's  part  we  propose  that  he  build  a  now  database  from  scratch.  We  j;iv  e 
hini  a  set  of  cards  showing  plchiros  of  people,  their  names,  and  whether  they  are  "sin^Je"  or  "m.u  ricd." 
Robbie  rcaeales  a  sct-b.ised  structure,  with  columns  for  "Marric»d/'  "Single"  and  "Kids"  (son^e  o(  tlu- 
snigle  people  are  child n-n).  Then  he  removes  the  Kids  column  and  puts  the  children  into  Ihe  S\ny,\v 
column.  When  he  goes  to  the  iconic  window  he  sets  up  two  Venn  loops  with  ccmstraints  "marrlt\U 
married"  and  "singlo:»single."  When  these  fall  he  experiments  with  various  operal(»rs  In  place  of  ihe  ^  . 

We  draw  Robbie's  attenlion  to  the  diffcn-nce  betwet'n  Ihe  numlvr  of  luuis  (5)  and  tlu-  luiiulx-r  of 
|x'ople(7)and  the  fact  that  somi'  icons  reveal  iwo  names  in  their  pK'p  up  windows.  UubbK-says,  "(Vi.  I 
know  what  to  do...  If  it's  ihewme  row  it's,  liki",  ihe  san^e  "iuhitvl."  To  our  surprise  he  then  umslriu  (s  a 
database  consisting  of  two  lowsas  folkuvs. 

['.n:?J  [^j^^*^]  ii^fP]?!  jNamej  |Njmp;  [Nnme' 

single  Yuntj-chi  Mr.  Joiios       Miss  Ross         franklin  Ciiuly 

married         Mr*;.  Rodnfjucz      Mr.  Smith        0  0  0 

Rubble  is  rtsU»nished  to  discovi-r  only  two  icons  pri-smt  in  the  icdnic  view.  eorri'spdiHiing  Ic  the  two  nnvs 
in  Ins  database  After  iif.irlv  an  hour  .ind  half  of  work,  wi- |udf;e  th,it  Knbbic  h.is  ha.i  enough,  and  slunv 
hini  the  "correct"  «;olution.  kobbiehim«.elf  recegtu/vs  this  as  similar  to  the  snlntions  he  luJ  .Khu-vcd 
earluT  in  the  session. 

In  Robbie's  last  auistnictutn,  the  rows  do  indml  all  eontain  the  s.uih'  "sub}ci  t  "  but  the  snbu'vi''  .in- 
groups,  not  individuals.  Hus  is  actually  another  sel-basi\i  ri-pu-senl.Uioiv  with  llu'  hoii/ontal  and  vtTlie.il 
di  mensK u is  t r.i nsp >si\i • 

Ui.scussion 

This  study  offers  jUst  a  hrst  glimpse  ol  the  dilfKultifs  sliidt'iits  stToi  to  have  with  univi.'ntuuul 
database  representation.  Much  more  work  is  lui'dcd  to  explore  this  phfiuum.-non  luore  fullv.  Me.uuvluli', 
we  would  like  to  veiitUR'  some  ideas  and  questions  iiboiif  students'  aj^piirmt  Iciuiencv  to  j;?av  iiiilc  lo  sct- 
lMst>d  rather  than  propTty  based  repn'sentatums. 

l  o  K'gin  vvillt,  we  should  note  that  ihe  problem  contains  a  paradox,  niego.il  is  to  scpaiale  Iwo  sets 
lhal  wero  mixed  intt»  one,  but  the  n.ilua'  of  the  comp\iter  tool  retpiires  the  ere.ituin  ol  a  unified  stniilnu' 
to  wluiii  the  male  and  female  names  renuin  mixed  in  the  '  namt'"  field  and  a  parallel  field  eneoinpassmg 
Ihe  Iwo  fxissible  categories,  male  and  female.  The  mxd  for  unification  in  the  dal.iluse  ha  order  to  aihieve 
separation  of  the  icons  In  Ihe  Venn  rinj^.s  might  not  iktui  InstudenK  without  a  go(»d  understanding  of  the 
nuvhanics  of  the  tool;  creation  of  two  separated  ci^lumns  would  seem  like  a  more  direct  route. 

Visual  salience  of  rtnvs  .ind  colunms  may  conditmn  subjects'  [XTteptions  of  the  data  There  are  few 
\  isu.il  cues  in  the  rovv/colunu^  window  to  demarcate  the  honz(uital  data  records,  whercis  the  vertical 
ailumns  underneath  each  field  name  stand  out  as  quite  evident  Ik'ginnmg  with  a  singk-  column  of  dat.i 
in.i\  also  Iv  a  vseaknessin  our  nu'lhod,  sua  c  it  .ucentu.ites  the  vertu.il  even  more  I Vrh.ips  <.luldn'U al'.o 
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h.iv  more  experience  in  their  daily  l.vos  with  vorlic.il  lists  than  w»tl.  horizot.tal  vnu.s.T^s  c  irixM  \x  a 
auiiplete explanation,  however,  since,  os  Kobbio'H  final  construrlion  shuv.s.  set  b.v^xl  rjpre-^-nl^l-ons  c.ui 
dominaleevcn  when  hoi  izonMl  and  vortical  switched. 

To  solve  the  problen^  one  must  not  sin^ply  st^c  that  thore  arc  uv(i  dimeiistons;  o»u    •  .si  ftlso  devise  a 
InpicM  structure  that  cociidhwtes  ihem  appropriately  ~  a  p^o^x^rty.b.m'd  smic  inro.  /^  •  ..p.-rtybaj^'d 
.  structure  is  logically  more  complex  than  a  set-based  one.  In  a  set-bastsl  rcp.vscnt.iiot  hci .  ne  iw.)  kinds 
of  objects:  the  sets  (i'lrls,  lx>ys)  ai\d  their  members  (Ihe  individuals).  In  a  propc  rty -ba?  1  ref '  «  «^'nl.Uion 
there  .ire  threiK  Ihc  individuals,  t  he  properly  heading  (gouder)  And  the  propcrw  assi^^  i  i^-ni i  c  i  .Uc>j;(.rios 
(Rirl  boy).  These  nrj  not  ti^ree  Ic  veK  in  the  -^ense  of  objects,  classes  and  sup<Tclasses.  A  true  supeicloss  of 
"K.ys"  and  ");irls"  wi>iild  be  "Pwplc."  "Cender"  is  not  a  suiK-rclass.  but  a  mrlm  inss:  .ts  nu-n  h.  r;  .irr  llu> 
two  classes  (or  cUss<lefininj;  pr.ip-^rtics)  "male"  and  "female." 

The  set.bascxJ/projH'rly-basxi  distinction  is  very  clobc  to  the  distinction  b.'lwwi-  tivo  Ir.nd.n'  ..  niM 
m.uhenwlical  objects,  Ihe  set  anc'  the  relation.  TlUs  in  turn  suftRCbts  a  ccinnectiun  to  a  phenonv«n-.)..  i.  •  .1 
has  Wvn  re|.x>rted  foncerninK  stiidenls'  jvra'pl'on  of  mathematical  functions  rcpres-  nle.1  as  I  il  '.  s.  .is  n. 
the  following;  d}aj;ranA.  When  asked  to  figure  out  the  patten^  many  MudeiUs  ap|Mi  ei  tly  ire.  I  ea :  i 
.  i.lumn  as  a  self-coalained  sixpicnce  of  nunilK-rs,  rather  than  huiking  for  ^  ^ 

a  .dn,nu>n  ielahon«,hip  lu-lwivn  a)rresiH>nding  niinilH-rson  Ihe  left  .nul  ^  q 

llu  right  l).Kapiil,|H'rsonaU'onimiiniailioneitL\l  by  K  Nos«i)  Again  z  3 

MiidrtUs  appear  lob<'  using  a  simpler  two  level  model  (setpU'iui'  and  B 
fleuK'Ht)  raUuT  than  a  more  umdpU'x  ihuv  level  model  (fiint'li»>i.,  ^ 
doinani  and  ranc,e) 

l.ingni'.lit  idnlext 

I  .xnyu.yyi'  oHen  pn>vkles  us  wilh   b.as  ttnvards  describing  cerlaiii  relationships  iTi  terms  set 
memU'rlhip  and  others  m  terms  ot  property  assignments,  even  though  the  two  kinds  of  desenplions  are 
Ingicallv  isomo,  pine  In  Iniglish  we  ordi.urily  say  "Sally  i^  a  girl  "  We  are  less  likely  losay  "SallVs 
t^uider  IS  female,'  and  "gender"  is  u-rtainlv  a  less  comnum  and  more  absitael  wtuo  ilun  "girl. "  On  the 
.liher  hand  wc-  say  "^ally's  favorite  color  is  red"  rather  than  "Sally  is  a  XX  IrtxMiker?!"    ■  wo  do  not  even 
have  a  word  for  \Uv  i  lass  of  iM>ople  whose  favorite  color  is  red.  It  is  Huts  a  plausible  and  testable 
hvpolhras  that  sliidenls'  gravitation  Uuvard  sel-hasi-d  versus  pro|vrty-bas(xi  xvpT...'n\M^o^^'^  would  vary 
aaordmg  to  wb(>lluT  Ibev  aie  accustonu-d  to  speaking  about  the  topic  in  lerms  of  sd  uietnlKTship  or 
pr(»perly  assignment. 

M(.UHwer,conslmcimga  properly  basLxl  data  representation  is  presutnably  mt^e  difficult  when  the 
word  or  phrase  lt>  K-  used  as  a  proiH-rty  lu-ading  (such  as  "gender")  Is  not  readily  available-  tn  the 
student.  Oixv  must  invent  a  proi>erty  heading  such  as  "l^oy/girl"  (or.  as  one  student  pri.j^.sed,  "What  are 
vou>")  AUematiVL'lv.inie  can  impi>rt  a  kiu^wn  word  from  a  dilferunt  contoxl.  l-or  example.  Uobbio. 
I.unihar  with  the  wc^rd  "gender"  but  n.ol  with  "siK-cu-s/'  u.itially  hst.d  the  d<»g/cal  ass,^..„MH.nls  und.i  tin- 
heading  'C  iender "  In  a  -aiuilar  situation.  anolhiT  student  asked  if  "dog  and  c.U  coi  W  be  a  kind  nl 
geniiiT  " 

I  >>re*  liors  f<iLJnrihei  ri'seard\ 

In  light  of  the  prceoding  discnssii.n.  it  would  clearly  be  worthwhile  to  re|X'at  llu-sc  interviews, 
varying  spMial  cues  .^s  well  as  llu-  kind,  si/e  and  number  of  categories  into  which  tlu-  objeclsare  to  U> 
separated.  In  addition,  siiuv  we  s^vm  to  K'  catching  students  at  a  transilKnwl  ^x1lnl  m  llu-ir 
underslandmg  ol  record/fiHd  siruLturc,  we  would  like  to  adopt  a  Ir.ngiludmal  format,  sn  that  we  cm  lr> 
to  track  the  learnmg  prou".s.  rin.dlv,  wr  would  also  like  to  move  beyond  the  group  sep''r«»t*^"^  problem 


o 
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10  Ihc  challenges  of  encoding  other  kinds  of  data  within  a  record-field  database,  as  wc-il  as  u^ing  software 
that  supports  other  kinds  of  data  structures  (hierarchical,  dimensional  and  relaHonal)  more  directly. 
Implications  for  tool  design 


Graphical  improvements  to  the  software  may  indeed  help  students  become  more  aware  of  the 
correspondence  of  rows  to  icons,  so  that  they  are  better  alerted  to  the  need  to  cnlcr  data  in  property-based 
form.  More  interestingly,  we  can  envision  a  tool  that  spares  users  this  need  by  accepting  dafa  in  sct-based 
form.  If  such  a  tool  also  accepted  data  in  property  based-form,  and  could  translate  readily  and  rcvei^ibly 
between  the  two  (not  unidirectionally,  as  current  data  tools  do),  then  students  would  be  able  to  explore 
and  work  in  a  transfonmational  space  of  data  structures.  We  suspect  that  this  would  put  them  in  a  much 
better  position  to  reflect  on  the  differences  and  relationships  among  different  data  structures. 


In  addition  to  being  important  in  its  own  right,  the  ability  to  organize  infonnation  into  rcguhir 
structures  is  fundamental  to  many  mathematical  activities.  For  example,  we  believe  that  data  structure 
issues  underlie  many  difficulties  which  students  experience  in  learning  and  doing  data  analysts  and 
statistics,  even  though  research  and  curriculum  tend  to  focus  on  more  well-known  concepts  of  traditional 
statistics.  As  the  foregoing  observations  show,  the  ability  to  organize  data  appropriately  should  not  lx» 
taken  for  granted.  We  look  forward  to  an  increase  in  knowledge  of,  and  interest  in,  the  challenges  of 
learning  about  data  structure. 
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USING  A  DISCRETE  COMPUTER  GRAPHING  ENVIRONMENT 
IN  ALGEBRA  PROBLEM  SOLVING:  NOTIONS  OF  INFINITY  /  CONTINUITY 

Maurice  Garan^on,  Carolvn  Kleran.  Andr^  Boiteau 
University  du  Quebec  h  Montreal 


This  research  focused  on  a  functional  approach  to  the  teaching  of  early  algebra  and  made 
extensive  use  of  computer-assisted  graphical  representations  as  tools  for  solving  a  range  of 
problems.  The  aim  was  to  uncover  areas  of  ease/difficulty  experienced  by  seventh  graders  in 
learning  how  to  produce,  interpret,  and  modify  graphs.  They  worked  in  pairs  at  a  computer  during 
approximately  twenty-five  problem-solving  sessions.  The  paper  describes  the  ways  in  which  one 
pair  of  pupils  coped  with  the  two  types  of  infinity  they  encountered  In  a  dynamic  graphmg 
environment  that  plotted  intervals  of  discrete  points  rather  than  contimious  curves.  In  addition  to 
helping  pupils  become  aware  of  the  use  of  graphical  representations  as  problem-solving  tools,  the 
environment  provided  a  rich  context  for  learning  about  density  of  points,  infinity,  continuity,  and 
other  issues  that  tend  to  be  ignored  until  the  calculus. 


Introduction 


There  are  several  ways  to  Introduce  algebra  to  beginning  students,  for  example,  as  a  notation  for  expressing 
generalization  of  numerical  relations  and  numerical/geometric  patterns  (Bell.  In  press;  Mason  ot  al.,  1935).  as  a 
method  for  finding  the  value  of  an  uni<nown  number  that  involves  equation-solving  and  expression-simplification 
(Herscovics  &  Kleran.  1980).  and  as  a  means  to  represent  and  operate  upon  functions  (Fey.  1989;  Held.  1988; 
Kieran  Boiloau.  &  Garangon,  1989;  Schwartz  &  Yenjshalmy.  1992).  This  last  category  Inctudes  both  process- 
oriented  approaches  that  Involve  Interpreting  functional  representations  from  a  computational  perspective  and 
Qbiect-oriented  approaches  that  involve  Interpreting  algebraic  representations  and  their  corresponding  graphical 
representations  from  a  more  structural  perspective  (Sfard.  1991).  Schwartz  and  Yerushalmy  (1992)  have  claimed 
not  only  that  function  Is  the  "prln^tive  algebraic  oblect"  (p.  264).  but  also  that  It  should  be  the  focus  of  algebraic 
instruction  right  from  the  outset  of  a  first  algebra  course.  They  also  emphasize  that  graphs  of  functions  ought  not 
to  be  delayed  until  after  students  have  spent  considerable  time  working  wKh  algebraic  representations.  The  aim 
of  this  research  paper  is  to  describe  a  study  that  Is  situated  In  the  third  category  above,  that  is.  one  which 
comprises  a  functional  approach  to  the  early  teaching  of  algebra  and  which  Incorporates  extensive  use  of 
computer-assisted  graphical  representations  as  tools  for  solving  both  non-quantltatlve  and  quantitative 
problems  The  research  questions  of  the  study  reported  herein  focused  on  uncovering  some  of  the  areas  of 
ease  and  of  difficulty  experienced  by  seventh  graders  In  learning  how  to  produce.  Interpret,  and  m?n»-»"iate 
Cartesian  graphs. 

This  study  is  pari  of  a  long-term  research  proiect  on  the  use  of  a  particular  computer  environment.  CARAPACE, 
as  a  tool  for  introducing  certain  conceptual  aspects  of  algebra,  such  as  generalization  and  uses  of  vanables.  and 
in  the  bridging  power  of  the  computer  to  link  numerical  approaches  to  problem  solving  with  more  traditional 
algebraic  ones.  In  our  past  presentations  at  PME  and  PME-NA  meetings,  we  have,  in  turn,  reported  on:  a)  the 
quess-and-tost  numerical  solving  methods  that  are  used  when  data  are  displayed  and  operated  upon  in  tabular 
computer  representations  (Kieran.  Garangon.  Boiloau.  &  Pelletler.  1988):  b)  the  processes  used  by  beginning 
algebra  students  to  represent  and  soVe  problem  situations  by  moans  of  muttl-llne  functlonal  procedures  (Kieran, 
Boiloau  &  Garangon.  1989);  and  c)  a  synthesis  of  throe  years  of  research  with  the  CARAPACE  environment 
(Garancon  Kieran  &  Boiloau,  1990).  In  1990.  wo  Incorporated  a  graphing  component  into  CARAPACE,  and 
pitoted  it  in'l990-91  (Kieran.  Bolleau.  &  Garan<?on.  1992).  In  1991-92.  we  carried  out  the  study  reported  herein 
one  which  not  only  Included  features  of  the  teaching  approaches  documented  above,  but  also  focused 
especially  on  the  use  of  graphing  representations. 

Students  have  traditionally  encountered  difficulty  In  Interpreting  graphs.  Kerslake  (1981).  in  presenting  the 
oraphing  data  from  the  large-scale  longitudinal  CSMS  study  of  13-  to  15-yoar-olds.  pointed  out.  for  example,  that 
DUDils  having  plotted  points  and  joined  the  line  on  which  they  lay  wore  unable  In  general  to  recognize  that  other 
points  also  lay  on  the  line  ar)d  that  there  were  Indeed  Infinitely  many  points  both  on  a  line  and  between  any  two 
points  on  the  line  Similar  findings  have  been  reported  by  Herscovics  (19V9)  and  Lelnhardt.  Zaslavsky.  and  Stein 
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(1990).  Brown  (1981)  found  that  the  results  were  the  same  (or  the  CSMS  questions  related  to  the  Infinite  nature 
of  the  set  of  numbers  expresslbie  as  decimais  (e.g..  "How  many  different  numbers  could  you  write  down  which  lie 
between  0.41  and  0.42?").  In  a  study  on  intuitions  of  Infinity  Involving  500  11-  to  15-year-olds.  Flschbeln,  Tlrosh. 
and  Hess  (1979)  found  that,  for  a  question  on  whether  the  successive  division  of  a  segment  Into  smaller  and 
smaller  parts  would  eventually  come  to  an  end.  the  majority  at  each  age  level  believed  that  the  process  could  not 
go  on  forever.  Only  5.5%  believed  that  the  process  is  Infinite  because  there  is  an  Infinite  number  of  points.  On 
another  question  of  the  FIschbein  et  al.  study  Involving  successive  division  of  a  segment  in  two  and  whether  any 
one  of  the  points  of  division  would  coincide  precisely  wHh  a  given  point  of  the  segment,  the  percentage  of  wrong 
answers  was  equally  high  (e.g.,  91%  for  the  12-year-olds). 

The  question  of  student  understanding  of  Infinity  /  continuity  is.  thus,  one  that  we  decided  to  Include  In  this 
study.  It  seemed  reasonable  to  us  that  the  dynamic  features  of  compufers  might  have  a  positive  effect  on 
enhancing  student  understanding  of  this  conceptual  domain.  However,  very  few  studies  have  addressed  this 
Issue  (Romberg,  Fennema.  &  Carpenter,  In  press).  One  notable  exception  Is  the  work  of  GoWenberg  and  his 
colleagues  (Goldenberg,  1988;  Goloenberg.  Lewis.  &  C'Keefe.  1992).  GoWenberg  et  al.  have  reported  the 
positive  effects  of  using  a  graphing  environment  that  "instead  of  presenting  the  graph  as  a  gestaft-elther  a  fully 
fomied  static  picture  or  the  canonical  smooth  lofl-to-right  sweep  of  graphing  software-presented  one  point  on 
the  curve  at  a  time"  and  which  was  based  on  the  observation  "that  students  can.  In  fact,  lose  track  of  the  points 
when  they  face  a  continuous  curve,  and  the  consequence  includes  failure  at  tasks  that  require  consciousness  of 
the  points"  (p.  238).  Goldenberg  (1988)  has  also  remarked  that: 

In  a  pedagogy  that  makes  regular  use  cf  translation  between  graphic  and  symbolic  representations  of 
functions,  we  cannot  avoid  dealing  with  Issues  such  as  these  [the  finite  and  the  Infinite.  ...].  and  yet 
notions  of  Infinity  and  the  continuous  n?ture  ol  the  real  line  are  totally  foreign  to  beginning  algebra 
students.  Research  needs  to  be  done  to  find  appropriate  ways  of  dealing  with  these  Issues,  (p.  164) 
It  is  hoped  that  our  study  Is  a  step  In  this  direction. 

Overview  of  the  Graphlc«i  Envlronmonl  of  CARAPACE 

VVHh  CARAPACE,  it  is  possible  to  use  several  different  representations  in  one's  problem  solving.  A  procedural, 
algebraic-algorithmic  representation  permits  the  translation  of  a  problem  into  one  or  several  functions  (see 
previous  reports  for  details  of  the  non-graphical  representations).  This  procedural  representation  is  executable 
once  the  pupil  enters  values  for  the  Input  variablejs).  The  results  of  the  execution  are  conserved  In  a  table  of 
Input-output  values  and  can  be  displayed  In  graphical  form  In  the  Cartesian  plane.  Three  different  types  of 
graphing  tools  are  available  In  CARAPACE:  construction,  manipulation,  and  analysis. 

Constructing  graphs.  During  students'  Initial  contacts  with  the  graphing  environment,  it  Is  Important  that 
they  leam  what  a  Cartesian  graph  Is  and  what  Its  links  are  with  the  procedural  representation  of  the  function  that 
they  have  already  generated.  Thus,  they  must  do  most  of  the  work  of  graphing  with  very  few  hWden  aspects 
carried  out  by  the  computer.  CARAPACE  also  permits  more  advanced  levels  of  functioning;  but  the  initial  level 
requires  plotting  points  one  by  one:  the  pupil  enters  an  abscissa,  CARAPACE  shows  the  step-by-step 
evaluation  of  the  function  for  this  abscissa,  and  thon  returns  to  the  graphing  screen  to  remind  the  student  of  the 
values  of  the  abscissa  and  Its  result.  The  student  then,  with  the  akf  of  the  mouse,  locates  the  at>3Cissa  and 
ordinate  on  the  horizontal  and  vertical  axes  and,  when  these  have  been  correctly  tocated,  the  point  Is  plotted. 
Later  levels  do  not  show  the  evaluation  of  the  function,  nor  require  the  tocation  of  the  abscissa  and  ordinate  on 
the  axes.  A  more  advanced  level,  for  example,  permits  the  graphing  of  a  series  of  points  by  specifying  an  Interval 
and  stop-size:  Naming  the  Interval  [1,  10]  with  a  step-size  of  0.7  (see  Figure  1)  would  result  In  the  plotting  of 
points  whose  abscissas  are  1 , 1 .7.  2.4, ...  9.4.  At  the  most  advanced  level,  the  pupil  can  specify  an  interval  by 
means  of  a  mouse-drag  along  part  of  the  horizontal  axis,  which  creates  the  Illusion  of  a  continuous  curve  since 
the  function  is  calculated  for  the  abscissas  corresponding  to  each  pixel  (see  Figure  2). 

In  sum,  these  different  levels  cover  the  range  from  plotting  point  by  point  to  the  plotling  of  a  large  number  of 
points  geonfWtrlcally  without  referring  to  specific  numbers.  The  ciucial  aspect  here  Is  that  the  graph  Is  presented 
as  It  Is:  a  finite  graph.  It  Is  the  result  of  evaluating  a  function  by  means  of  a  finite  number  of  abscissas,  which  have 
all  been  supplied  by  the  pupil  and  which  are  conserved  by  CARAPACE  In  a  table  of  values. 

Manipulating  graphs.  Choosing  the  size  of  a  graphing  region  Is  known  to  be  a  problem  for  students 
(Goldenberg,  1988).  CARAPACE  Is  equipped  with  a  default  region;  but  since  our  aim  Is  to  get  the  students 
directly  Involved  In  the  construction  and  manipulation  ot  their  graphs,  thoy  are  soon  taught  how  to  use  the 
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different  tools  thai  allow  them  to  chango  tho  graphing  region.  First,  there  is  a  double  set  of  axes:  the  tradittonal 
axes  containing  the  origin  at  their  point  of  intersection,  which  are  displayed  within  the  graphing  window,  but 
which  may  not  be  visible  at  all  If  the  portion  of  the  plane  that  is  being  graphed  is  distant  from  these  axes;  an 
auxiliary  set  of  axes  that  sit  outside  the  graphing  window  do  not  intersect  and  correspond  to  the  abscissas  and 
Ofdlnates  of  the  points  In  the  represented  region  (see  again  Figure  1).  These  auxiilaiy  axes  are  one  of  the  means 
available  for  delemiinlng  the  region  to  bo  represented.  Each  of  these  axes  holds  two  movable  labels.  If,  for 
example,  one  places  the  label  10  at  1/4  of  the  horizontal  axis  and  the  label  50  In  the  ..ilddle  of  the  axis,  then  the 
Implicit  unit  Is  such  that  1/4  of  the  axis  corresponds  to  40  units  and  the  entire  horizontal  axis  covers  the  interval 
[-30.  130]  (see  Figure  3). 
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Fig .  1  Tho  graphing  wi  ndow  o  I  CARAPACE ,  showing  tho  <Jc  fault 
w^oo.  Ho^  ateo  thu  dootte  systom  ol  axe«-  one  Insido  the  wiocJow 
and  tho  other  oirtsido  (b«a;1ng  tho  labels  and  acalo  gratijations). 
Below  tho  graphing  window  la  tho  dialogue  window  tor  spodfying  tho 
plotting  ol  Mveral  polnlfi  by  m«>ns  of  an  Inlofval  and  »tap-«lze 
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Fig  3   A  modinod  horizontal  axis 


Rg  2  Tho  selection  of  tfw  Interval  12.  4)  by  moans  of  a 
mouse-drac 
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no4  The  fteloction  ol  a  ZOOM-IN  region  Nolo  tho 
accompanying  axis-labels 


It  Is  posi:ible  at  any  lime  to  modify  the  size  of  the  represented  region  by  changing  the  position  and  value  of  the 
labels  The  points  that  have  already  been  plotted  rrwve  accordingly.  This  Is  a  dynamic  process:  While  the  label  Is 
being  moved  by  a  mouse -drag,  the  points  move  simuitaneously--keeplrg  their  correct  position  vis-^-vls  the 
changing  set  of  axes.  These  dynamic  tools  for  manipulating  the  represented  region  not  only  help  maintain  the 
contact  between  the  geometrical  object-the  point-and  Its  numerical  components  but  also  provide  a  concrete 
way  of  experiencing  the  link  between  modifying  the  units  of  an  axis  and  modifying  the  appearance  of  the  graph 
(slope,  cun/ature,  continuity,  etc.). 

Other  manipulatton  tools  of  CARAPACE  include  the  ZOOM-IN.  With  the  aid  of  the  mouse,  one  specifies  a 
rectangle  wilhin  the  graphed  region;  the  labels  on  the  axes  are  tied  to  this  rectangle  and  represent  the  abscissas 


ERLC 


U  J 


n-28 


of  the  vertical  sides  arxJ  the  ordinates  of  the  horizontal  sides  (see  Figure  4).  When  a  zooming-in  is  requested, 
this  rectangular  region  enlarges  dynamically  to  occupy  the  graphing  screen.  The  points  of  the  graph,  as  v/ell  as 
the  labels,  are  Involved  in  the  animation  and  move  at  the  same  time  that  the  rectangular  region  enlarges. 

Analyzing  gr«pht.  In  CARAPACE,  there  are  two  ways  to  find  the  coordinates  of  a  point  of  the  graph.  First, 
one  can  add  graduationsjo  the  axes  containing  the  labels  (see,  (or  example.  Figure  1).  Second,  one  can  move  a 
graphics  cursor,  which  Is  a  movable  point  in  the  plane,  tied  to  the  mouse,  and  which  canies  with  it  two  auxiliary 
labels  that  move  along  each  axis,  specifying  the  fiumerical  value  of  the  coordinates  (see  Figures  5  arxi  6).  It 
should  be  noted  here  that  there  Is  a  problem  of  precision  In  that  an  inten/al  contains  an  Infinity  of  real  numbers, 
but  Is  represented  on  the  screen  by  a  finite  number  of  pixels,  each  one  corresponding  to  an  Infinite  number  of 
coordinates.  In  CARAPACE  we  have  chosen  to  label  with  the  coordinates  having  the  least  number  of  decimals. 
Thus,  for  example.  If  all  of  the  possible  abscissas  ol  a  pixel  are  wKhin  the  Inten/al  (0.173,  0.2561,  we  would  label 
with  the  number  0.2 


Correspondence  with  word  problems.  In  an  environment  such  as  CARAPACE  whore  we  use  word 
problems  that  the  pupils  represent  in  a  functional  way  by  means  of  a  program,  the  domain  of  definition  of  the 
functions  can  be  quite  varied.  For  example,  a  program  that  associates  the  profit  of  a  travel  agent  with  the  number 
of  clients  is  a  function  whose  domain  (the  number  of  possible  clients)  Is  the  set  of  non-negative  integers.  To  plot 
a  graph  of  the  function  for  the  points  whose  abscissas  are  not  integers  would  be  nonsense  in  the  context  of  this 
problem. 

Coherence  between  representations.  In  addition  to  permitting  functional  algorithmic  representations  ol 
problems  (by  programs),  CARAPACE  allows  lor  the  use  ol  other  modes  ol  representation,  for  example,  the  table 
of  input-output  values  containing  the  abscissas  for  which  the  function  was  evaluated  and  the  con-esponding 
values  of  the  function.  Since  we  wanted  to  maintain  the  equivalence  between  the  tabular  and  graphical 
representations,  it  was  necessary  that  CARAPACE  be  constructed  in  such  a  way  that  both  these  modes 
represent  the  same  thing  at  all  times.  Since  a  t£ble  of  values  Is  a  discrete  representation  of  the  function,  it 
followed  that  the  graphical  representation  also  be  discrete. 

Communication  of  current  state  of  graph.  When  one  represents  a  lunction  by  an  algebraic  expression 
or  by  a  program,  the  domain  ol  delinition  ol  the  lunction  has  the  potential  of  being  infinite  or  even  continuous.  In 
designing  the  pedagogical  environment  of  CARAPACE,  we  decided  that  it  would  be  important  for  the  pupils  to 
take  on  as  much  responsibility  as  possible  in  the  construction  of  different  representations.  For  the  case  ol 
graphical  representations,  the  pupil  has  to  decide  not  only  which  region  of  the  Cartesian  plane  to  represent  on 
the  computer  screen  but  also  which  scales  to  use  and  for  which  abscissas  Ihe  function  will  be  evaluated  and 
represented.  As  we  have  already  pointed  out,  several  different  graphing  levels  are  available,  from  a  point-by- 
point  selection  to  a  much  larger-trtJt  always  finite-number  of  points.  One  can,  however,  give  the  illusion  of 
continuity  by  ptotting  all  the  representable  points  (all  the  pixels)  between  two  abscissas;  but,  even  in  this  case, 
only  a  finite  number  ol  points  is  plotted  and  this  can  become  evident  with  a  change  of  scale.  Thus,  in 
CARAPACE,  what  one  sees  on  the  graphing  screen  is  not  an  "ideal"  representation,  but  the  cun'ont  state  of  the 
representation  as  it  Is  t>eing  constructed  by  the  pupil. 

Disclosure  of  pupils*  strategies.  When  pupils  work  with  CARAPACE,  they  represent  a  situation  in  a 
lunctional  way  by  moans  of  a  program.  But  In  solving  the  problem,  they  generally  use  some  of  the  other 
representations  that  are  available  to  them.  For  this  reason,  when  pupils  constnict,  for  example,  a  graphical 
representation,  their  aim  Is  not  to  obtain  the  most  complete  representation  possible  for  the  function  but  rather 
something  that  is  adequate  to  arrive  at  a  problem  solution.  In  order  to  generate  this  representation,  they  must 
make  several  decisions  regarding  the  size  of  the  region,  appropriate  scales,  and  the  points  to  plot.  The 
observation  of  these  decisions  allows  us  to  obtain  an  idea  of  the  strategies  they  are  using  in  their  problem  solving 
and  of  their  conceptions  of  what  constitutes  an  adequate  representation. 


The  two  pupils  whoso  work  we  describe  In  this  report  are  lalrly  typical  of  the  other  pupils  who  participated  In  the 
study-  They  are  seventh  grade  students,  12  to  13  years  ol  age,  who  are  considered  to  be  of  average 
mathematical  ability  by  their  teachers.  They  worked  together  during  each  session,  sharing  one  computer.  During 
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each  of  the  25  videotaped  sessions  wllh  these  two  pupils,  generally  two  one-hour-long  sessions  per  week,  the 
researcher-lntervenor  presented  them  wKh  two  or  three  problems  to  be  solved  in  the  CARAPACE  environment. 
In  addition  to  the  transcribed  protocols  of  the  videotapes,  the  data-source  Included  computer  dribble-tlles  of 
each  sesston.  Details  of  the  types  of  problems  used  and  the  non-graphical  approaches  fc  Introducing  pupils  to 
CARAPACE  can  be  found  In  our  previous  reports  mentioned  above. 

The  mathematical  background  of  these  pupils  did  not  include  any  algebra.  Their  prior  experience  with  Cartesian 
graphs  was  limited  to  some  plotting  of  points,  in  the  16  CARAPACE  sessions  preceding  Ihe  ones  we  describe  in 
the  next  section  of  this  report,  they  had  worked  with  representing  word  problems  by  functional-algorithmic 
programs,  solved  them  numerically  by  using  the  CARAPACE  tables  of  values,  learned  how  to  use  the  graphics 
part  of  the  environment  to  represent  functions  graphically,  and  solved  problems  with  the  aid  of  graphical 
representattons.  Note  that  even  though  Ihey  had  had  contact  with  the  graphing  module  during  the  six  preceding 
sessfons,  they  had  not  been  taught  partteular  strategies  for  usli^j  these  tools.  They  were  only  made  aware  of  the 
existence  and  functioning  of  these  tools.  The  different  strategies  that  were  obsen/ed,  whether  new  ones  or 
already  used  in  prevfous  sessions,  were  their  own.  The  obsen/atfons  that  we  now  describe  are  those  related  to 
their  handling  of  the  emerging  concepts  of  Infinity  /  continuity  as  tiiey  manifested  themselves  during  Sessions 
17-22  of  the  study. 

Behavkjr  ot  the  Students  In  the  Puce  of  Infinity 

When  a  function  is  defined  on  the  real  number  line,  its  domain  Is  Infinite  in  two  ways:  first,  because  It  extends 
indefinitely;  second,  because  an  Inten/al  contains  an  infinite  number  of  points.  In  presenting  only  finite  graphs- 
thus,  Incomplete  from  two  points  of  view-CARAPACE  Induces  a  confrontatton  with  these  two  types  of  Infinity. 
Note  that  the  pupils  of  our  study  had  already  ieamed  decimal  numbers,  which  they  had  studied  In  class,  and  knev/ 
that  between  two  given  numbers  there  exists  an  Inflntly  of  decimal  numbers.  Moreover,  they  had  already  solved 
certain  problems  numerically  In  the  CARAPACE  environment,  using  the  table  of  Input-output  values;  thus,  they 
had  developed  strategies  involving  successive  approximatton  and  had  not  shown  any  significant  diffteultles  in 
using  decimals. 

In  the  graphing  environment.  In  order  to  confront  pupils  with  the  tv/o  tyoes  of  infinity,  we  had  them  work  with 
"hidden  problems"-that  Is  to  say,  programs  representing  functions  that  have  prevkjusly  been  entered  Into  a 
CARAPACE  file,  but  to  which  the  pupils  did  not  have  access.  For  example,  suppose  the  functton  that  had 
already  been  entered  by  us  into  the  computer  was  equivalent  to  y  «  (x  -  13,1)(x  -  24.4)  +  63,  we  asked  them  to 
"Find  all  of  the  Inputs  that  would  gh/e  63  as  output"  {input  corresponds  to  x  and  output  to  y).  They  had  to  nol 
only  come  up  whh  approximattons  to  the  soluttons,  but  also  evaluate  the  gtobal  behavtor  of  the  function  In  order 
to  have  an  Id:  a  of  the  number  of  soluttons. 


Fig  S   A  diftCfite  plotting  and  the  graphic*  cursor  Fig  $   A  'continuous'  plotting  and  th«  graphics  cursor 


When  confronted  with  this  problem,  these  pupils  began  by  plotting  the  Inton/al  of  points  whose  abscissas  were 
bGtweon  0  and  100,  with  a  step  size  of  1  (see  Figure  5).  Then,  upon  seeing  that  among  the  points  ptotted  there 
was  not  one  whose  ordinate  equalled  63,  they  declared  with  confWence  that  there  was  no  solution.  There  were, 
however,  points  whose  ordinate  was  greater  than  63  and  others  whoso  ordinate  was  less  lhat  63  (e.g.,  Ihe  points 
with  abscissas  13  and  14).  In  a  purely  numeric  mode,  such  as  a  table  of  values,  one  might  think-based  on  what 
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we  had  observed  In  previous  sesslons-that  Ihey  wouW  probably  have  continued  by  trying  abscissas  between  13 
and  14.  Here,  In  the  graphing  mode,  one  In  which  the  numerical-graphical  link  had  been  made  explicit  over  the 
course  of  several  sessions,  they  seemed  to  lose  partial  awareness  of  this  link.  We  say  part/a/ because  even  H 
they  seemed  to  think  that  the  graph  did  not  contain  any  points  other  than  the  ones  they  had  ptotled  and  did  not 
think  of  the  possibility  of  carrying  out  successive  approximations,  tt  was  still  clear  that  for  them  a  solution  Is  the 
abscissa  of  a  point  whose  ordinate  Is  63.  Nor  dkj  they  seem  to  think  that  there  might  be  sokjttons  in  a  domain 
other  than  the  one  they  had  used  to  ptot  their  points. 

In  th©  sesston  that  followed,  the  researcher-intervenor  asked  them  if  there  might  not  be  decimal  solutions  for  the 
above  problem.  Their  first  roactton  was  a  categorteal  refusal  to  use  decimals-as  If  these  numbers  had  nothing  to 
do  with  graphing.  Then,  with  the  further  suggestten  from  the  intervener  that  they  Iry,  they  deckled  to  plot  the 
Interval  from  0  to  1 00  with  a  step  size  of  0.1 .  This  time,  the  graph  gave  the  llluston  of  continuity  (see  Figure  6).  In 
the  face  of  the  apparently-continuous  graph,  they  coukJ  "see"  points  whose  ordinate  was  63  and,  thus,  believed 
that  there  were  some  solutions.  Since  these  solutions  had  only  one  decimal,  they  were  found  without  any 
difficulty.  When  the  intervener  asked  them  if  they  had  found  all  the  soluttons.  they  replied,  "yes,"  without 
hesitatton.  Their  |ustiffcatk)n  was  that  since  the  curve  was  increasing  (they  were  speaking  of  the  visible  part  of  the 
graph  for  Increasing  values  of  x),  It  would  keep  Increasing.  On  the  other  hand,  when  the  Intervener  reformulated 
the  questfon  to  ask,  "What  woukJ  it  be  like  if  there  were  other  soluttons?'*  one  of  the  pupils  replied  that,  "H  wouW 
go  like  this,"  and  with  his  hand  made  a  wave  of  a  continuous  graph  that  increased  for  a  bit  and  then  began  to 
decrease  for  Increasing  values  of  x. 

During  the  following  sesstons,  we  posed  similar  problems,  but  ones  for  whkih  the  soluttons  had  several  decimals. 
We  observed  the  seme  phenomenon:  After  having  plotted  the  in!en/al  from  0  to  1 00  with  a  step  of  0.1  (we  note 
that  they  dkJ  alter  the  stop  size),  and  In  not  seeing  a  point  with  the  sought-for  ordinate,  they  stated  that  there  was 
no  solution.  When  the  Intervener  suggested  that  there  might  be  a  solution  with  more  than  one  decimal,  they 
expressed  some  discouragement  and  remarked  that  It  would  require  ptotting  too  many  points.  But  they  did  try. 
using  a  step  size  of  0.01 ;  however,  they  ran  Into  an  unexpected  problem-the  computer  they  were  using  dW  not 
have  enough  memory  to  register  the  10000  points  that  they  wanted  cakyjlated.  It  was  this  constraint  that  pushed 
them  to  use  a  process  of  successive  approximation  in  the  graphing  environment.  Thus,  they  began  to  zero-in  on 
their  soluttons  by.  fir-jit.  choosing  an  interval  v/ith  a  step-size  of  1  to  tocalize  the  solution  area;  then,  chose  a 
smaller  interval  with  a  step-size  of  0.1.  They  iterated  this  process  of  choosing  smaller  intervals  and  step-sizes 
until  they  obtained  the  precision  they  needed.  They  were  later  shown  how  to  use  the  200M-1N  feature  and  the 
method  of  ptotting  all  the  pixels  without  having  to  specify  a  step-size.  They  continued  with  this  method  of 
successive  approximation,  davetoping  more  and  more  expertise  v^ith  it. 


As  far  as  extrapolating  from  the  visualizable  soctton  of 
the  graph  is  concernec/,  the  observation  noted 
above  continued  throughout  the  remaining 
sessions.  The  pupils  cild  not  experience  difficulty 
with  imagining  that  the  graph  extended  over  all  of  the 
number  line.  However,  we  did  find  that  the  pupils 
tended  to  Imagine  the  extension  according  to  the 
form  displayed  In  Iron!  of  them.  They  seemed  to 
believe  that  It  was  useless  to  extend  the  graph  in 
order  to  check  their  hypotheses.  However,  alter  a 
few  more  sessions  during  which  they  found  that  their 
predict  tons  were  often  incorrect,  they  began  to  take 
mere  notice  of  the  curvature  of  the  graph.  For 
example,  if  the  graph  was  decreasing  but  its  slope 
appeared  to  be  Increasing,  they  wouW  no  tonger  risk 
predicting  that  it  would  always  decrease:  they 
became  aware  of  the  possibility  that  the  graph  could 
reverse  its  tendericy  and  begin  to  increase  (see 
Figure  7). 
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Rg  7   A  docroasing  graph  with  an  irvifoaslng  slope 
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Pupils*  Um  or  the  Graphing  Tools 

We  have  already  discussed  the  pupils'  use  of  the  construction  tools;  we  now  look  at  their  handling  of  the 
manipulation  and  analysis  tools.  Pupils  had  three  different  objectives  when  using  the  axis-labels:  to  determine  a 
graphing  region,  to  change  the  appearance  of  a  graph,  and  to  specify  a  particular  point  that  was  worthy  of  their 
attention.  They  learned  very  quicl<ty  how  to  use  these  labels  to  achieve  their  objectives.  For  example,  with  the 
-hidden"  problem  presented  above,  they  began  by  setting  up  a  region  thai  was  [0,  100]  by  [0. 100).  They  did 
this  by  placing  the  labels  of  the  horizontal  axis  at  both  exlremilies  and  placing  within  them  the  values  of  0  and 
100.  But.  for  the  vertical  axis,  ihey  left  0  in  the  lower  label  and  placed  a  label  containing  53  at  about  2/3  of  the 
height  of  the  axis  (see  again  Figure  5),  Since  their  aim  was  to  obtain  63  as  the  value  of  the  function,  they  chose 
to  have  63  clearly  displayed  as  one  of  their  axis-labels.  Even  before  p totting  a  single  point,  they  seemed  to  have 
the  clear  Idea  of  comparing  the  height  of  the  points  of  the  graph  with  63;  so.  they  opted  for  an  approach  that 
would  make  the  posKton  of  63  quite  evident  on  the  vertical  axis.  This  strategy  was  used  quite  often. 

Other  strategies  that  we  observed  Included  the  foltowing: 

a)  To  Isolate  £  particular  point,  the  pupils  would  often  use  as  values  for  the  labels  numbers  which  were  very  cfose 
to  and  framed  Iho  desired  coordinates  of  the  point, 

b)  To  obtain  a  global  view  of  the  graph  and/or  to  give  It  an  appearance  of  continuity,  they  would  bring  the  labels 
closer  together  and/or  give  them  values  which  were  rather  far  apart. 

c)  To  bring  the  apparent  slope  of  the  graph  close  to  0.  they  wouW  stretch  the  horizontal  labels  and/or  give  them 
values  which  were  ver^'  ctose  to  each  other-this  woukJ  help  them  to  differentiate  more  easily  the  abscissas  of  the 
points  of  the  graph  and  improve  their  reading  of  coordinates  by  means  of  the  graphfcs  cursor.  It  is  to  be  noted 
that  the  graphics  cursor  was  their  preferred  tool  for  reading  coordinates;  they  rarely  used  the  axis-graduations. 

Conclusions 

Discrete  plotting  of  points,  along  with  the  availability  of  different  options  for  adually  placing  the  points  on  the 
screen,  not  only  permits  pupils  to  maintain  lor  a  longm  period  of  time  a  link  between  graphical  and  numerical 
aspects  of  functions  but  also  provides  for  a  very  gradual  transitton  from  algebrate  expresston  representaltons  to 
Cartesian  graph  representations,  in  spite  of  this,  we  observed  that,  in  the  beginning,  students  (ended  to  easily 
lose  partial  awareness  of  the  link  between  the  two  representations  and  that  the  strategies  of  successive 
approximatton  which  were  used  in  the  numerical  context  were  not  immediately  called  upon  in  a  graphing  context. 
We  also  observed  an  Initial  tendency  to  rely  on  the  appearance  of  graphs  and  to  extrapolate  from  what  was 
visible. 

It  is  impossible  here  to  make  comparisons  with  software  that  plots  "continuous"  graphs  that  are  defined  for  "all  the 
real  numbers."  since,  if  the  problems  that  we  are  raising  do  not  occur  In  continuous  graphing  environments,  we 
do  not  know  if  K  Is  because  they  do  not  exist  or  because  the  condittons  necessary  to  provoke  them  are  not 
present.  In  any  case,  we  believe  thai  there  Is  a  fundamental  difference  between  reading  the  abscissa  of  a  point 
from  a  ready-made  graph  and  generating  an  abscissa  in  order  to  constnjct  a  point  ol  a  graph. 

Nevertheless,  we  saw  s  rapW  Improvement  durir^g  the  six  sesstons  with  the  two  pupils  who  were  described  in  this 
report:  the  development  ol  successive  approximation  strategies  in  the  graphing  context,  and  the  replacement  of 
an  approach  favoring  the  search  for  continuity  and  a  multitude  of  points  by  an  approach  favoring  the  search  for 
local  density  of  points-suffteienl  to  solve  a  problem. 

We  also  observed  that  the  dynamic  tools  for  modifying  scales,  geometric  (position  of  the  labels)  as  well  as 
numeric  (value  of  the  labels),  could  be  efficiently  manipulated  by  young  pupils  with  either  geometric  oblectives 
(e.g..  isolating  a  point,  global  view  of  graphs)  or  numeric  ones  (e.g..  Increasing  the  precision  of  the  graphics 
cursor).  This  type  of  tool  provided  pupils  with  an  ainnost  physical  "contact"  with  graphs  and  permitted  them  not 
only  to  experiment  In  a  dynamic  way  bu'  also  to  actually  feel  the  relation  between  changing  scale  and 
transforming  a  graph.  We  are  reminded  of  a  very  appropriate  comment  by  GoWenberg  (1988): 

Our  sludents.  even  at  early  stages,  cannot  escape  having  to  deal  with  notions  of  continuous  functkins  and 
discrete  points,  infinity  and  Infinitesimals,  the  invisibility  of  points,  and  other  issues  we  tend  to  Ignore  until 
the  calculus.  We  nxj&l  conskler  appropriate  ways  of  Introducing  these  Ideas  much  earlier  than  we  typically 
do.  The  behaviors  of  some  young  students  who  t>ecome  comfortable  changing  scale  on  graphs  suggests 
an  "intuitive  calculus"  tong  before  the  algebraic  manipulations  for  formal  calculus  are  present,  (pp.  171- 
172) 
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GRAPHIC  CALCULATORS  IN  THE  CLASSROOM:  STUDENTS'  VIEWPOINTS^ 


Toao  Pedro  da  Ponte 
Ana  Paula  Canavarro 
University  of  Lisbon 

This  paper  presents  the  results  of  a  study  about  the  views  and 
altitudes  of  students  of  a  loxv  achieving  11  th  grade  class  who  were 
involved  in  an  innovative  experience  with  graphic  calculators  for  all 
academic  year.  Contrasting  the  results  obtained  from  a  questionnaire  and 
from  interviews,  it  concludes  that  students  tended  to  point  some 
improvements  in  the  jualhcmatics  class,  but  attributed  their  origin  more 
to  their  teacher'  style  and  personality  than  to  the  use  of  this  technology. 

Graphic  calculators  are  a  quite  powerful  new  technology  for  mathematics  teaching 
(Demana  &  Waits,  1990).  They  have  obvious  curricular  implications,  especially  at  high 
school  and  college  level.  They  point  towards  significant  content  changes,  emphasizing 
graphical  representations,  stressing  issues  such  as  units  and  scale;  and  they  may  even 
favor  a  shift  in  learning  styles,  with  more  exploration  and  student  activity.  This  paper 
presents  a  study  that  investigated  students'  views  and  attitudes  towards  graphic  calculators 
as  well  as  mathematics  clashes  and  Us  effects  in  their  personal  relation  with  this  subject. 

Theoretical  background 

The  peiieral  conceptions,  views  and  attitudes  of  the  students  regarding  mathematics 
and  mathematics  classes  are  increasingly  seen  as  crucial  factors  affecting  their  performance 
(SchcK?nfeld,  1989).  It  is  of  great  interest  to  know  how  much  can  these  be  addressed  by 
curriculum  innovations.  In  a  recent  experience  of  a  new  national  curriculum,  7th  grade 
students'  views  and  attitudes  v/ere  found  to  improve  significantly,  in  close  relation  with 
the  introduced  methodological  changes.  However,  in  the  same  experience,  the  views'  and 
altitudes  of  college-bound  10th  graders  showed  no  positive  change,  but  rather  an  increase 
in  anxiety  and  distrust  regarding  the  system  (Ponte  et  al.,  1992). 

Students'  response  to  innovations  in  mathematics  teaching  is  not  always  what  the 
innovators  seek.  With  powerful  technologies,  the  students'  approach  to  mathematics 
tasks  may  differ  significantly,  in  an  impoverished  or  even  counterproductive  way,  from 
the  original  intentions  (Hillel,  1992).  And  also,  students'  agendas  and  personal 
expectations  regarding  mathematics  classes  may  resist  to  what  they  perceive  as  departures 
from  the  usual,  and,  on  their  view  prtxiuclive  learning  activities  (Pome  e  Carreira,  1992). 

*  This  paper  reports  w^mc  results  from  the  project  "r>>'namics  of  Cumculurn  InnnvdlKms",  supported  by  JNlCT 
(Portugal)  undor  the  cor^lmct  rH.:'I^/C7FCr/12-Q(J.  Also  m  this  project  ,irc  H.  Guimarte  L.  Leal  ar^d  A.  Siiva 
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Ruthven  (1990)  studyed  the  effects  on  the  performance  of  advanced  upper  secondary 
school  students  of  extended  use  of  graphing  calculators.  He  reports  W\a{  this  technology 
had  a  strong  influence  both  on  the  mathematical  attainment  and  on  students'  approaches 
to  specific  tasks,  especially  what  he  called  symbolization  items.  However,  one  should  also 
consider  the  effects  of  such  technologies  in  students'  general  views  regarding  mathematics 
learning.  These  views  are  closely  related  to  cultural  factors,  as  suggested  by  Vygotsk/s 
(1978)  approach  to  the  study  of  social  cognition.  Their  role  should  be  considered  to 
understand,  and  possibly  influence,  students'  behavior  in  class  (Schoenfeld^  1992). 

The  experience  with  graphic  calculators 

This  experience  took  place  in  a  suburban  school  not  very  far  from  Lisbon.  The 
mathematics  teacher  has  some  tradition  in  using  calculators.  She  participated  in  1989/90 
in  a  year  long  inservice  program  focusing  in  technology.  In  the  following  year  she  used 
graphic  calculators  with  a  11th  grade  class.  In  1991/92,  she  also  used  this  instrument  with  a 
new  11th  grade  class,  adding  some  new  activities  to  those  previously  developed.  She 
stated  the  following  intentions  for  this  experience: 

Rc};ardittg  the  students:  develop  the  intuition,  establish  connections  between 
analytical  and  intuitive  reasoning,  show  the  students  the  importance  of  discovery, 
stimulate  self-confidence,  promote  investigations  and  formulation  of  conjectures, 
develop  the  ability  to  formulate  problems,  develop  communication  and 
argumentation  skills. 

Regarding  the  class:  change  the  climate,  centering  the  class  in  the  student  and  not  in 
the  teacher,  adjust  the  technology  used  in  class  to  the  technology  used  out  of  school. 

Re^^arding  tfte  cttrriculuvi:  establish  connections  among  different  topics,  usually 
viewed  as  compartmented,  deepening  the  study  of  mathematical  functions. 

The  class  begun  with  18  students  but  ended  the  school  year  with  just  15.  They  were 
regarded  as  the  weakest  11th  grade  class  of  this  school,  with  a  quite  low  achievement  in 
matliematics  (and  in  other  subjects)  and  frequent  behavior  problems.  In  the  beginning  of 
the  year  the  students  were  loaned  a  graphic  calculator  by  the  mathematics  teacher,  that 
they  took  home  to  use  in  their  homework  assignments  and  were  supposea  to  always  bring 
to  class.  They  were  also  given  an  hand-out  with  the  instructions  to  produce  graphs  of 
functions  in  the  calculators.  These  were  used  in  cla.'^s  in  two  ways:  (a)  to  work  on 
specifically  designed  activities,  proposed  in  workshf^ts,  generally  to  be  carried  out  in 
groups  of  four;  (b)  occasionally,  during  the  remaining  mathematics  classes,  in  an 
individual  basis  The  calculators  were  also  used  freely  m  tests.  Some  of  the  activities  were 
intended  to  promote  investigation,  observation  and  discovery,  exploring  the  graphical 
representations  (Questions  1  and  2).  Others  were  standard  exercises  that  could  be  made 
both  with  the  calculator  or  using  the  classical  analytical  approach  (Question  3). 


n-35 

1.  The  figure  represents  the  graph  of  the  tuiiction 
y  =  (ax+b)/(x+c)  (a,  b  and  c  are  real  numbers) 
Find  the  values  of  a,  b  e  c.  Explain  your  thinking. 

2.  .1)  Oraw  the  graphs  of  the  functions: 
f(x)  '  x2,  g(x)  =  x2  +  2  e  h(x)  =  x2  -  1 

b)  Compare  the  functions  in  what  concerns  their 
domain,  range,  zeros  and  monotony. 

c)  1  low  should  be  the  graph  of  y  =  x2  +  1<  (k  in  IR)? 

3.  Draw  the  graph  of  g(x)  =1x1+2. 

Study  its  domain,  range,  zeros,  sign  and  monotony^ 


The  classroom  climate  was  informal  and  relaxed.  But  most  of  the  students  were 
frequently  not  much  attentive  in  class  and  had  difficulty  in  getting  really  involved  m 
working  in  the  proposed  activities.  By  the  middle  of  the  year  several  of  the  students  were 
no  longer  bringing  their  calculator  to  the  class,  as  initially  agreed. 


Method 


This  study  is  part  of  a  larger  investigation  dealing  with  two  innovative  activities, 
initiated  by  the  teachers  of  this  secondary  school.  Information  has  been  gathered  by  a 
variety  of  ways,  including  classroom  observations,  interviews  with  teachers  and  students, 
and  documental  analysis.  The  data  reported  in  this  paper  came  from  two  main  sources. 
One  is  a  questionnaire  made  by  the  teacher  lo  ascertain  the  opinion  of  the  students  about 
the  work  with  the  calculator  that  was  responded  in  class  by  the  end  of  the  school  year.  It 
was  a  free-response  instrument  containing  seven  questions  dealing  with  the  use  of  the 
calculator  and  its  implications  in  mathematics  learning  (see  Figure  1).  Another  data 
source  is  the  interviews  made  with  three  students.  We  wanted  them  lo  provide  a  variety 
of  cases-  one  student  interested  in  mathematics  but  with  a  weak  reaction  to  the  calculator, 
another  not  much  involved  with  mathematics  but  adept  of  the  calculator,  and  a  third  one 
interested  in  mathematics  and  freqtienl  user  of  the  calculator.  Among  these  there  should 
be  boys  and  girls.  These  interviews  lasted  tor  about  45  minutes  each,  were  audic^taped  and 
transcribed.  Analysis  of  the  questionnaire  responses  and  the  interviews  were  made  by  the 
technique  of  "content  analysis",  following  the  main  categories:  (a)  views  of  calculator,  (b) 
view  of  mathematics  classes,  (c)  personal  relation  witii  mathematics.  We  choose  to 
contrast  the  results  provided  by  these  two  instruments  because  we  felt  they  would  be  most 
intorinalive  about  the  issues  proposed  tor  tliis  study. 
Results  from  the  questionnaire 

The  responses  that  12  students  gave  to  the  questionnaire  are  summarized  in  Figure  2. 
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Figure  1 — ^The  questionnaire 


1.  In  the  beginning  of  the  school  year  you  were  loaned  a  graphic  calculator.  Did  you  use  it 
frequently  or  not?  If  not,  explain  why;  if  you  used  it  a  lot  explain  in  what  situations  and 
disciplines. 

2.  Did  the  use  of  the  calculator  helped  you  to  better  understand  any  partiailar  concept?  If 
yes,  which  one?  ^ 

3.  Do  you  prefer  using  the  calculator  just  by  yourself  or  with  other  colleagues? 

4.  What  seem  to  you  the  advantages  and  disadvantages  of  using  the  calculator  in 
mathematics  classes? 

5.  Do  you  think  that  the  use  of  the  calculator  contributed  to  changes  in  the  role  of  the 
teacher  m  the  classroom,  as  well  as  in  her  relationship  with  the  sliidents?  In  what  way? 

6.  Did  the  use  of  the  calculator  contributed  in  any  way  to  alter  your  view  of  mathematics? 
ch<sas^         opinion  about  the  positive  and  negative  aspects  of  this  year's  mathematics 
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Vicm  about  the  calculator.  Most  of  the  students  reported  to  use  frequently  the 
calculator  in  mathematics  classes,  especially  to  make  graphs  of  functions.  Four  of  them 
indicated  that  the  calculator  favoured  a  more  global  understanding  of  functions  and 
another  four  spoke  of  the  possibility  of  confirming  the  results  obtained  by  analytical 
methods.  They  reported  having  used  the  calculator  both  to  solve  exercises  in  class  and  to 
verify  responses  in  tests.  They  also  used  the  calculator  in  physics  to  perform  calculations 
and  to  store  formulae  in  memory  (a  facility  they  discovered  themselves), 
All  the  students  identified  advantagc-s  in  the  use  of  calculators  in  mathematics  classes. 
Ten  of  them  stressed  the  help  in  understanding  mathematics  concepts  (such  ar,  monotony, 
zeros,  asymptotes),  six  referred  they  could  make  graphs  and  computations  faster,  and  two 
indicated  the  possibility  of  obtaining  complex  graphs.  A  half  of  the  students  referred  as  a 
disadvantage  a  single  aspect;  the  eventual  dependence  from  the  calculator  v^rith  a 
consequential  "difficulty  in  thinking  by  our  own  mind"  or  "making  graphs  by  hand". 

Views  about  mathematics  cks^^es.  for  students,  the  calculator  had  no  significant 
influence  in  the  mathematics  class,  although  eight  of  them  pointed  some  differences. 
\mong  these,  three  referred  that  the  student-teacher  relation  was  strengthened  tecause 
the  teacher  had  to  support  theiu  using  the  machine;  two  thought  that  classes  became  nuire 
interesting  and  less  monotonous  than  usual;  and  another  girl  pointed  to  different 
teaching  style,  with  a  more  activ.  participation  from  the  students.  The  undertaken  of 
C;roup  work,  that  was  niade  only  with  calculator  worksneets,  was  viewed  as  positive  just 
by  four  students  who  valued  the  possibility  of  interchanging  ideas  with  their  colleagues.  It 
should  be  noted  that,  from  the  ten  students  that  indicated  positive  aspects  regarding  the 
mathematics  class,  only  two  relerred  the  use  of  the  graphic  calculator.  The  remaining  ones 
referred  to  more  general  aspects  such  as  the  gcKid  relationship  with  the  teacher,  her 
availability  to  respond  to  their  questions,  the  light  and  fun  dimate  of  the  class,  and  their 
increased  motivation.  As  negative  aspects,  one  student  just  referred  the  behavior  of  their 
colleagues  and  the  fact  that  not  all  the  syllabus  had  been  covered. 

Rclatwiiship  with  mathematics.  Three  students  indicated  that  the  use  of  the 
calculator  did  not  affect  in  any  way  their  view  of  this  subject,  whereas  nine  indicated  some 
changes,  hrom  these,  five  indicated  that  the  calculator  made  the  topic  "less  con^plex", 
giving  them  some  advantage  over  the  students  that  do  not  use  the  machines,  and  three 
referred  that  they  were  enjoying  mathematics  better.  Thi-se  changes  mostly  concern  the 
facility  with  mathematics  and  the  personal  relation  with  this  subject.  They  do  not  point 
towards  a  different  view  of  mathematics. 

Results  from  the  interviews 

Susana.  She  was  regarded  by  the  teacher  as  a  good  student  but  not  much  interested  by 
the  calculator. 


ERIC 


3.0 


n-38 

Views  about  the  calculator.  In  fact,  Susan  a  was  almost  untouched  by  the  activities 
with  the  graphic  calculator.  She  indicated  to  have  some  curiosity  in  the  beginning  but 
never  come  to  be  a  frequent  user.  On  the  one  hand  she  had  technical  difficulties  that  she 
never  overcame.  On  the  other  hand,  her  private  mathematics  tutor  indicated  that  she 
should  do  the  mathematics  questions  by  "paper  and  pencil",  "analyticaJl/'— and  she  felt 
more  confident  with  this  approach.  She  just  used  the  calculator  in  the  tests  to  make  sure 
that  her  graphs  were  correct.  Making  graphs  and  computations  faster  is  the  single 
advantage  that  Susana  identified  in  using  the  calculator  in  the  sttidy  of  mathematics.  In 
contrast,  she  stresses  two  disadvantages:  one  is  the  imprecision  and  lack  of  rigor  of  the 
machine  that  "sometimes  fails  to  provide  the  coordinates  of  the  points  that  one  is  looking 
for";  another  has  to  do  with  the  habits  of  "dependence"  that  it  promotes. 

View  about  mathematics  classes.  Her  view  of  the  mathematics  classes  was  not 
affected  by  the  graphic  calculator.  This  student  is  particularly  sensitive  to  the  attitude  that 
she  feels  from  her  teachers,  and  this  was  the  most  important  aspect  that  she  mentioned  in 
this  year— she  felt  that  the  teacher  was  quite  interested  about  their  students  and  made 
efforts  to  help  them  learning  mathematics.  The  single  influence  that  she  pointed 
concerning  the  use  of  the  calculator  come  across  from  the  group  work— however,  she 
mostly  valued  the  interaction  with  her  colleagues  and  not  the  use  of  the  machine. 

Relation  with  mathematics,  Susana  recovered  this  year  the  enjoyment  with 
mathematics  that  she  had  in  junior  high  school.  In  lOlh  grade,  she  did  not  well  in  this 
discipline,  attributing  the  responsibility  to  her  teacher  who  "did  not  explain  well  and  was 
not  much  concerned  with  the  students".  But  this  year  Susana  understood  most  of  the 
subject  matter,  both  in  class  and  in  her  oul-of-school  tutoring.  She  valued  this  aspect  as 
very  important  since  for  her  mathematics  is  a  discipline  "that  must  be  understood", 
which  "cannot  just  be  studied  for  the  tests",  requirirg  a  continuous  effort.  Another  idea 
that  she  hold  concerning  mathematics  is  related  to  rigor,  as  she  speaks  about  "the  need  of 
the  analytical  determination  of  required  points".  This  idea  is  certainly  associated  to  the  fact 
that  Susana  found  the  graphic  calculator  insufficient  in  the  study  of  functions. 

Leopoldo.  This  student  was  indicated  by  the  teacher  as  generally  not  interested  in 
mathematics  but  with  a  good  relationship  with  the  calculator. 

Vieivs  about  the  calculator.  In  the  beginning  of  the  year  he  learned  to  make  the 
graphs  in  the  machine,  feeing  confident  in  using  it.  He  thought  that  the  calculator  was  of 
good  help  in  the  study  of  functions.  Having  used  it  both  in  class  and  in  the  tests,  he 
pointed  as  its  main  advantage  the  possibility  of  quickly  making  the  graphs  of  functions 
and  confirming  the  results  obtained  by  analytical  means.  As  a  disadvantage,  he  pointed  to 
an  eventual  dependence  from  the  machine  that  he  admitted  to  have  developed. 

View  about  mathematics  classes.  Leopoldo  thought  that  the  use  of  the  calculator  "has 
made  classes  more  interesting",  since  it  was  a  different  thing  that  break  the  usual 
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"monotony".  But  the  great  differences  that  he  noted  in  the  classes  referred  to  the  "way  of 
teaching"  the  subject  by  the  teacher,  to  the  enjoyable  climate,  and  to  the  group  work.  It  is 
interesting  to  note  that  in  class  Leopoldo  seemed  quite  involved  with  the  machine,  but 
during  the  interview  never  referred  spontaneously  to  this  instrument. 

Relation  with  mathematics.  Mathematics  never  was  Leopoldo  favorite  topic  and 
with  time  his  interest  for  it  has  been  decreasing.  He  indicated  that  this  is  dosely  related  to 
his  difficulty  in  understanding  the  subject:  "If  one  can  understand,  it  is  a  nice  discipline,  it 
is  interesting.  But  when  one  understands  nothing,  it  is  quite  boring../' 

Ana.  This  student  was  indicated  by  her  teacher  as  very  interested  in  the  calculator. 
Views  about  the  calculator.  During  the  interview  Ana  never  mentioned  the 
calculator,  but  when  questioned  about  it  she  was  quite  positive:  'It  is  very  cute!"  During 
the  year  she  used  frequently  the  ^iiachine  in  class  and  in  tests,  both  to  make  graphs  and 
computations.  She  thought  that  the  graphic  calculator  facilitates  the  understanding  of 
graphs,  as  well  as  the  results  obtained  by  analytical  means.  As  a  disadvantage,  she  also 
indicated  the  eventual  "dependence"  from  the  machine.  She  said  that,  without  the 
machine  she  is  just  able  to  make  "not  too  complex  graphs",  what  she  regarded  with  some 
apprehension. 

View  about  mathematics  classes.  She  confessed  a  great  dislike  from  classes  in 
general,  saying  that  studying  "was  quite  boring".  Nevertheless,  she  said  that  this  year  she 
enjoyed  mathematics  classes,  which  she  attributed  to  the  teacher.  On  one  hand  she  found 
her  "marvelous",  given  the  relation  established  with  the  class.  On  another  hand,  she  liked 
the  teaching  style,  explaining,  making  exercises,  responding  to  questions.  She  also  enjoyed 
group  activities.  She  did  not  point  to  any  influence  of  the  calculator  in  class. 

Relation  with  mathematics.  Mathematics  is  not  a  topic  of  high  interest  to  Ana.  She 
never  got  much  involved  with  this  discipline  that  "requires  much  out-of-class  work"— 
which  "is  not  among  her  priorities".  She  identified  a  "theoretical"  and  a  "practical"  side  in 
mathematics.  For  her,  success  in  mathematics  implied  the  regular  practice  of  exercises:  "In 
mathematics  it  is  not  enough  to  memorize  for  a  couple  of  hours,  you  need  to  practice." 
Her  lack  of  study  shows  up  in  her  results,  thai  are  sometimes  acceptable  and  other  times 
not.  For  this  student,  the  calculator  did  not  arose  a  different  relation  with  mathematics. 

Conclusion 

It  is  quite  salient  the  lack  of  interest  of  most  of  these  students  for  mathematics.  This 
is  related  to  their  general  lack  of  interest  for  school  and  to  the  difficulties  that  they  find  in 
this  subject.  They  tend  to  regard  mathematics  classes  as  quite  monotonous.  The  rather 
homogeneous  views  concennng  the  disadvantages  of  the  calculator  may  be  explained  by 
pressures  coming  from  different  sides— from  other  mathematics  teachers,  from  their 
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private  tutors,  even  from  some  parents.  The  calculator  was  seen  as  an  useful  add-on,  that 
quickly  draws  graphs  and  enables  confirmation  of  results  obtained  "analytically^'  by  hand, 
but  not  as  something  that  radically  changed  the  nature  of  the  work. 

The  calculator  did  not  improve  dramatically  the  global  achievement  of  this  class.  It 
was  not  regarded  by  students  as  a  major  influence  in  their  way  of  learning  mathematics. 
But  one  should  note  the  great  importance  that  they  ascribed  to  the  relation  with  their 
teacher  and  the  global  appreciation  of  her  efforts. 

There  is  much  in  common  between  what  the  students  said  in  the  questionnaire  and 
in  the  interviews  about  the  advantages  and  disadvantages  of  the  calculator  and.  how  they 
regard  mathematics  classes.  However,  if  one  looks  carefully,  there  is  a  di&tinct  flavor  in 
the  results  coming  from  there  two  instruments.  From  the  questionnaire,  one  gets  the 
picture  that  the  calculator  was  valued  as  a  quite  important  addition  to  their  mathematical 
work.  From  the  interviews,  one  in  stuck  by  their  lack  of  reference  to  the  calculator,  and  to 
the  stress  that  they  put  into  the  relation  with  the  teacher.  This  subtle  difference  may  be 
due  to  the  different  ways  the  questions  were  posed  to  them:  the  questionnaire  focused 
mostly  on  the  calculator  whereas  the  interviews  sought  to  provide  students'  perspective 
about  the  whole  mathematics  class.  (More  data,  concerning  these  and  other  students,  will 
be  provided  at  the  meeting.) 
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As  a  transition  benveen  an  informal  paradigm  in  which  a  limit  is  seen  as  never-ending 
process  and  the  formal  &-N  paradigm  we  introduce  a  programming  environment  in  ^nicha 
sequence  can  be  defined  as  a  function.  The  computer  paradigm  allows  the  symDol /or  tne 
term  of  a  sequence  to  behave  either  as  a  process  or  a  mental  object  f>J'"^ computer 
invisibly  carrying  out  the  internal  process)  allowing  it  to  be  viewed  as  a  flexible  proceptjin 
the  sense  of  Gray  &  Tali,  1991).  The  limit  concept  may  he  investigated  by  cornputing  s(n) 
for  large  n  to  see  if  it  stabilises  to  a  fixed  object.  Experimental  evidence  shows  that  a 
sequence  is  conceived  as  a  certain  kind  of  procept,  but  the  notion  of  limit  remains  more  ai 
tfie  process  level.  Deep  epistemological  obstacles  persist,  hut  a  platform  is  laid  for  a  better 
discussion  of  formal  topics  such  as  cauchy  limits  and  completeness. 

The  difficulties  faced  by  students  in  coming  to  terms  with  the  limit  concept  are  well-documented  (e.g. 
Cornu.  1991).  from  the  coercive  effects  of  colloquial  language  (where  words  like  "tends  to", 
"approaches''  suggest  a  temporal  quality  in  which  the  limit  can  never  be  attained)  to  difficulties  coping 
with  the  formal  definition  and  the  quantifiers  involved.  Here  we  investigate  the  effects  of  introducing  a 
computer  environment  allowing  the  student  to  construct  some  of  the  concepts  through  programming. 
Following  Dubinsky  (1991),  Sfard  (1991),  we  formulate  our  observations  using  a  (heory  whereby 
mathematical  processes  are  subsequently  conceived  as  objects  of  thought.  Wr  use  the  term  procept 
(Gray  &  Tall,  1991)  for  the  amalgam  of  process  and  concept  where  the  same  symbol  is  used  both  for 
the  process  and  the  output  of  the  process.  We  hypothesise  that  different  mental  structures  for  the  limit 
concept  lim  j„  are  produced  by  different  environments,  both  for  the  term  Sn  as  a  computational  process 
and  a  mc^  object,  and  also  the  limit  itself,  as  process  and  object.  These  contain  potential  conflicts 
which  require  cognitive  recons miction  to  pass  successfully  from  one  paradigm  to  another. 

We  consider  three  separate  pai-adigms: 

(I)  a  (formula-bound)  dynamic  limit  paradigm. 

(II)  3i  functional/ numeric  computer  paradigm, 

(III)  the  formal  e-N  paradigm. 

Paradigm  (I)  occurs  in  UK  schools  for  students  aged  16  to  18.  In  this  curriculum  the  limit  of  a  .sequence 
(s„)  is  studied  only  briefly  in  a  dynamic  sense  as  n  increases,  the  main  focus  being  on  aritnmetic  and 
geometric  progressions  and  convergence  of  the  latter.  Many  students  use  the  words  "sequence"  and 
"scries"  interchangeably  in  a  colloquial  manner.  This  approach  emphasises  the  potential  infinity  of  a 
process  which  cannot  be  completed  in  a  finite  time.  The  tonus  arc  seen  as  being  given  by  formulae  and 
the  specific  geometric  (and  arithmetic)  progressions  studied  also  have  partial  sums  which  can  be 
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expressed  as  fomiulae  However,  a  general  partial  sum  Sn  =  a\+,..+an  will  rarely  be  given  by  a  closed 
formula,  so  is  again  more  likely  lo  be  seen  as  a  process  of  addition  rather  than  a  limit  object.  The 
accent  on  process  creates  a  "generic  limit"  concept  in  many  students  (Monaghan,  1986)  in  which  the 
varying  process  is  encapsulated  as  an  indefinite  "variable"  object  such  as  0-9  (which  is  "just  less  than 
1")  or  ~  which  "just  exceeds  0"  (Cornu,  1991).  This  contains  the  seeds  of  conflict  with  the  formal 
paradigm  (III). 

Paradigm  (II)  is  the  current  focus  of  the  paper.  The  individual  may  specify  a  procedural  function  taking 
a  natural  number  as  an  input  and  ouiputting  a  real  number.  The  computer  language  chosen  allows  such 
functions  to  be  specified  in  a  v/ide  variety  of  ways  -  as  a  formula,  or  as  a  procedure  involving  logical 
decisions,  loops,  iteration,  recursion.  The  symbol  sin)  may  be  considered  either  as  representing  the 
programmed  procedure,  or  the  output  of  the  function  and  therefore  behaves  as  a  precept.  The  numerical 
computation  is  performed  internally  by  the  computer:  we  call  such  a  procept  a  cybernetic  precept.  The 
computer  language  used  has  no  built-in  limiting  process  and  the  limit  cannot  be  programmed  in  a 
procepiual  way.  Instead  it  may  be  investigated  by  compuung  the  values  of  sin)  for  large  values  of  «,  say 
5(1000)  or  5(10000),  to  see  if  the  value  of  the  term  stabilises.  This  gives  a  numerical  value  of  the  hmit, 
allowing  the  limit  to  be  studied  as  a  (numerical)  object.  However,  this  produces  the  notion  of  a  cauchy 
limit  in  which  the  terms  become  indistinguishable  to  a  given  level  of  accuracy  rather  than  computing 
the  exact  numerical  value  of  the  limit.  Paradigm  (11)  therefore  allows  the  notion  of  sequence  as  a 
cybernetic  precept  with  the  limit  being  both  process  and  object,  yet  differing  subtly  from  the  full 
procepiual  structure  of  the  formal  paradigm. 

Paradigm  (III)  is  the  eventual  target  paradigm,  uhich  will  be  studied  later  in  the  degree  course.  The 
notion  of  sequence  will  be  defined  formally  as  an  arbitrary  function  i3:W— >!R  from  the  natural  numbers 
to  the  real  numbers,  with  the  notion  of  limit  given  in  temis  of  the  Z~N  definition.  There  are  cognitive 
difficulties  both  with  the  notion  of  sequence  as  a  function  and  with  the  limit.  For  instance,  the  definition 
of  a  sequence  as  a  function  from  N  to  R  includes  the  requirement  that  the  function  be  specified 
simultaneously  for  all  values  on  the  infinite  set  W,  involving  actual  infinity  rather  than  potential  infinity. 
The  definition  of  "limit"  is  formulated  in  temis  of  an  unencapsulated  process  (given  e,  an  N  can  be 
found  such  that  ...)  rather  ihan  being  described  explicitly  as  an  object.  It  involves  several  layers  of 
quantifiers  which  exceed  the  short-tcnn  memory  processing  capacity  of  many  students.  There  is  a 
severe  problem  of  the  status  of  the  limit  notion  -  can  one  define  an  object  linguistically,  or  does  it  need 
to  have  an  independent  existence?  For  example,  if  a  decimal  such  as  0-9  (nought  point  nine  recurring) 
is  believed  lo  exist  as  a  number  less  than  one.  can  it  be  defined  to  be  something  equal  to  one? 

The  plan  of  action  is  to  use  paradigm  (11)  iis  a  transitional  environment  to  provide  students  with 
experiences  which  will  lay  the  cognitive  foundations  for  the  formal  definitions  and  to  study  what 
cognitive  changes  occur  and  what  obstacles  prove  resistant  to  change. 
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The  experiment 

The  study  took  place  at  Warwick  University  in  a  20  week  {60  contact  hours)  course  on  programming 
and  numcricaJ  methods  using  BBC  stnictured  BASIC  The  students  were  first  year  trainee  mathematics 
teachers  with  nominal  minimum  UK  A-level  grade  C  in  mathematics  and  one  other  grade  D.  This 
places  them  in  the  top  ten  to  fifteen  percent  of  the  total  population  but  few  have  the  required  grades  (A 
in  mathematics,  plus  two  other  Bs)  to  study  mathematics  in  the  university  mathematics  department. 

Each  week  one  of  the  three  contact  hours  was  available  for  introduction  of  new  topics  and  discussion  of 
difficulties  with  the  lecturer.  Students  were  encouraged  to  work  together  from  printed  notes. 
Assessment  was  by  four  assignments,  so  there  was  no  need  for  rote-learning  for  an  examination. 

The  first  term  introduced  fundamental  programming  constmcts  such  as  variables,  FOR:NfEXT  loops. 
REPEATtUNTIL  loops,  graphical  commands,  procedures,  functions,  and  structured  programming, 
including  the  development  of  a  structured  graph  plotter  and  a  project  to  write  a  computer  game. 

The  second  term  concentrated  on  programming  numerical  methods  and  investigating  their  properties. 
Topics  studied  included  solution  of  equations  in  the  form  x-fix)  by  iteration.  /U)=0  by  bisection, 
decimal  search.  Newton-Raphson.  calculating  numerical  gradients,  areas,  solutions  of  differential 
equations,  the  order  of  accuracy  of  various  algorithms,  sequences,  series  (and  their  possible  limiting 
behaviour),  calculating  functions  by  procedural  methods,  including  Taylor  series. 
To  broaden  the  concept  image  of  sequence  beyond  a  formula,  functions  were  defined  such  as: 

1000  DEF  FNiterate(n)  :  LOCAL  x,k  :  x=l  :  FOR  k=l  TO  n  :  x=COS(x)  :  NEXT  k  :  =x 
(The  LOCAL  command  localises  the  variables  so  that  their  values  are  not  affected  elsewhere.) 

PRINT  FNiterate(30),  FNiterate(50) ,  FNiterate(100),  FNiterate(1000)  gives 


so  that  the  sequence  stabilises  to  a=0.739085135  for  which  .x=  COS(.t)  within  computer  accuracy. 
Other  sequences  defined  in  the  course,  to  give  more  flexible  concept  imagery,  included 
1100  DEF  FNo(n)  :  IF  n  MOD  2  =  0  THEN  «  0  ELSE  •=  1/n 

?000  DEF  FNprime(n) 

2010  LOCAL  k,ok  :  ok-1 

2020  IF  n=l  THEN  -  0  ELSE  IF  n=2  THEN  -  1 

2030  FOR  k=2  TO  SQR(n) 

2040      IF  n  MOD  k  =  0  THEN  ok=0  :  k=n 

2050  NEXT  k 

2060  «ok 

FNo(n)  returns  0  if /I  is  odd  and  \/n  if  n  is  even.  FNprime(n)  returns  1  if  n  is  prime  and  0  if  composite. 

A  sequence  of  temis  FNa(n)  may  be  summed  itcratively  or  recursively,  as  follows: 

3000  DEF  FNs(n)  :  LOCAL  k,s  :  FOR  k=l  TO  n  :  s=s+FNa(k)  :  NEXT  k  :  «s 
4000  DEF  FNS(n)  :  IF  n=l  THEN  =  FNa(l)  ELSE  -  FNS(n-l)+FNa(n) 


0.739087043 


0.739085135 


0.739085135 


0.739085135 
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The  formal  dcfuiition  of  sequence  was  given  in  the  notes  as  a  function  from  the  natural  numbers  to  the 
real  numbers  and  the  concept  was  further  discussed  in  seminars.  The  students  were  invited  to  program 
various  sequences  and  scries  and  to  investigate  the  behaviour  for  large  values  of  n.  When  stabilisation 
occuiTcd,  it  was  emphasised  that  the  greater  the  accuracy  required,  the  largei  the  value  of  n  necessary 
for  the  terms  to  be  indistinguishable  to  this  accuracy.  This  was  used  in  a  seminar  to  lead  to  the  formal 
e-A^  definition  of  a  limit  of  a  sequence. 

The  convergence  of  the  sequence  0.9.  0.99.  0.999.  ...  was  discussed,  with  nlh  term  J„  =  1-Xo"  ^"^ 
limit  was  demonstrated  to  be  1  using  the  definition.  The  meaning  of  an  infinite  decimal  expansion  such 
as  71=3.14159...  was  re-defined  to  be  the  limit  of  the  sequence  (5«)  where  Ji=3.1,  S2=3.14. ...  and  ,  in 
general,  Sn  is  the  decimal  including  the  first  n  places  of  the  decimal  expansion.  In  particular,  the 
sequence  with  s„=0  99...9  has  limit  1  and  is  written  as  0-999...=  0-9.  Its  value  is  therefore  1. 

n  places 

The  effects  of  the  experiment 

Data  was  collected  from  the  experiment  in  four  ways;  a  pre  test  with  questions  on  limits  of  sequences 
and  series,  a  post-test  with  essentially  the  same  items  (Li,  1992).  interviev/s  with  selected  students,  and 
written  work  submitted  for  assessment. 

In  response  to  the  question: 

If  you  can.  explain  in  your  own  words  what  is  a  sequence, 

the  prc-iesi  revealed  the  overwhelming  sense  that  a  sequence  needed  a  formula  or  panem  (Table  1 ). 


What  is  a  sequence? 

pre-iest 
(N=25) 

post-test 
(/V=23) 

terms  given  by  a  formula  or  pattern 

17 

mentioning  "series" 

4 

0 

function  from  natural  numbers  to  reals 

0 

3 

function  from  reals  to  natural  numbers 

0 

4 

mention  of  no  formula  for  terms 

1 

3 

other 

2 

4 

no  response 

1 

0 

Table  1 :  What  is  a  sequence? 


Responses  revealed  the  colloquial  interchangeability  of '^sequence"  and  "scries",  for  instance. 
A  sequence  is  a  series  of  numbers  connected  to  the  nimibcrK  before  and  after  by  a  formula. 

Tlic  change  from  pre-tcst  to  pos*-tesi  showed  a  reduction  in  students  mentioning  a  formula  and  an 
increase  in  those  mentioning  the  function  definition  or  denying  the  need  for  a  fonnula.  However,  the 
definition  was  poorly  remembered  (it  did  not  need  to  be  rotc-learnt  for  an  exam)  and  four  students 
reversed  the  order  (from  reals  to  natural  numbers)  which  was  subsequently  explained  verbally  by  one  of 
them  reading  the  term  from  left  to  right  as  "5,j  is  a  real  number  which  is  related  to  the  number  n." 
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This  confirms  the  often  note4  phenomenon  that  students  in  such  a  course  do  not  rely  on  the  concept 
definition  to  do  mathematics,  instead  they  evoke  a  concept  image  from  their  experience. 
The  notion  of  series  changed  substantially  from  pre-test  to  post-test.  Table  2  shows  that  there  was  a 
strong  move  from  terms  being  "given  by  a  formula"  to  adding  terms  of  a  sequence.  Specific  mention  of 
geometric  and  arithmetic  sequences  also  diminish  in  the  light  of  a  wider  variety  of  examples. 


What  is  a  series? 

pre-test 
(N=25) 

post-test 
(N=23) 

adding  terms  of  a  sequence 

0 

15 

adding  numbers  given  by  &  formula 

2 

2 

numbers  related  by  a  formula 

13 

4 

geometric  or  arithmetic  progression 

7 

0 

other 

7 

2 

no  response 

1 

0 

Table  2.  WTiat  is  a  series? 

This  shows  that,  although  students  may  have  difficulty  in  expressing  their  knowledge  and  rarely  evoke 
the  definition,  there  is  a  general  shift  in  understanding  that  a  series  is  technically  a  su.n  of  terms,  even 
though  the  word  "series"  and  "sequence"  may  continue  to  be  used  informally  on  occasion. 
Two  successive  questions  revealed  interesting  contrasts  which  changed  little  from  pre-test  to  post-test: 

(A)  Can  you  add  0  •  1  -I-  0  •  0 1  +  0  •  00  H-. and  go  on  forever  and  get  an  exact  answer?  CY/7/N) 

(B)  l/9  =  0  i.  Isl/9equaito0-l  +  0-01-H0  00H...?(Y/?/N) 

The  favoured  response  on  both  pre-test  and  post  test  is  No  to  (A)  and  Yes  to  (B)  (Table  3). 


Responses  (o(A)l(B) 

Y/Y 

Y/N 

N/N 

N/Y 

N/? 

?/N 

nr/Y 

1  pre-test  (A/=25) 

4  " 

0 

1 

0 

1 

1 

1  posi-test  (/V=23) 

2 

2 

2 

14 

1 

0  u 

Table  3:  a  recumng  sum 

How  can  the  equation  0.H-0  0H-0.00H...=l/9  b;/a/5e  but  1/9=01-hO-01 -hO  OOI-h...  be/r«e?  One 
may  hypothesise  thai  each  is  read  left  to  right  and  that  the  first  represents  a  potentially  infinite  process 
which  can  never  be  completed  but  the  second  shows  how  1/9  can  be  divided  out  to  get  as  many  terms  as 
are  required.  Interviews  suggested  shades  of  meaning  consistent  with  this  but  sometimes  with  a 
different  emphasis.  For  instance,  several  students  said  that  the  initial  statement  "1/9  =  0  1"  m  (B) 
coloured  their  view  and  that  they  used  this  to  equate  0  ■  i  and  "  0  1  0  ■  01  +  0  ■  OOH. . ."  One  claimed  not 
to  know  how  to  conven  a  fraction  to  a  decimal,  other  than  divide  it  out  on  a  calculator,  in  this  case  1/9 
gives  0. 1 1 1 1 1 1 1 1  and  this  would  be  sufficient  in  his  estimation  to  show  that  the  digit  1  was  repeating. 
Despite  the  experience  of  a  sequence  of  terms  becoming  indistinguishable,  and  the  seminar  explanation 
of  the  definitions  of  limit  and  infinite  decimals,  there  was  little  change  in  the  response  to  the  question 
"is  0-9=1?  (Y/?/N)." (Tabic  4). 
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Is  0  9=:  I  ? 

Y 

N 

0 

no  response 

prc-test  (/V=25) 

21 

) 

1 

posl-lcsi  {N=V>) 

2 

21 

0 

0 

Table  4:  Nought  point  nine  recurring 

Interviews  revealed  that  students  continued  to  conceive  0  9  as  "a  sequence  of  numbers  ...  getting 
closer  and  closer  to  V\  or  not  a  fixed  value  "because  you  haven't  specified  hov^  many  places  there  are" 
or  "it  is  the  nearest  possible  decimal  below  1".  The  programming  experiences  did  not  change  this  view, 
and  it  is  important  to  note  thai  one  cannot  compute  the  exaci  limit  by  programming  in  this  environment, 
so  the  limit  concept  cannot  be  constructed  through  programming. 

Another  generic  limit  did,  however,  prove  to  change  (Table  5),  in  response  to: 

Complete  the  following  sentences:    1,1/2,1/4,1/8,...     tends  to  

The  limit  of  1.  1/2,  1/4,  1/8,  is   


''tends  to*'  1  "limit** 

0/0 

0/i 

oo  '  oo 

0/? 

2/2 

0/2 

0/1 

pre-test  (/V=25) 

0 

li 

I 

3 

0 

1 

i 

post-test  (A/=23) 

8 

'3 

■  0 

4  "1 

""0 

2 

Table  5:  The  evoked  meanings  o(  'lends  to"  and  "limit' 


The  response  "2"  may  indicate  the  sum  of  the  series  \  +  \  +  An  interview  revealed  the  response 

"1"  for  the  limit  related  to  an  interpretation  of  the  "limit"  of  the  sequence  as  the  largest  term.  The  most 
commonly  occurring  response  changed  from  "tends  to  0,  limit  to  "tends  to  0,  limit  0"  suggesting 
that  the  idea  of     as  an  indefinite  number,  arbitrarily  small,  is  being  replaced  by  the  numeric  limit  0. 

There  were  considerable  successes  in  programming.  It  is  quite  apparent  thai  the  students  were  able  to 
program  functions  as  procedures  yet  use  the  name  of  the  procedure  as  an  object  in  another  piece  of 
programming.  For  example,  the  proj^ranimiufi  in  the  following  problem  was  successfully  completed  by 
23  students  out  of  25: 

Define  a  function  FNb(rt)  which  returns  the  value  where 

l/«2  if  /lis  prime 
/)„  =  •  \/n}  if  n  is  not  prime  and  even 
,  l//i!  otherwise 

(Hint:  it  may  help  to  define  a  function  FNprimeCn)  which  a^turns  1  if  n  is  a  pnme  and  0  if 
not, and  another  function  FNcalc(n)  which  returns  1/n!) 

Calculate  the  sum  b\  +b2  +  ...  +  bn  for  n  =  1000.  Does  the  senes  converge? 

The  function  FNprlmG(n)  mentioned  earlier  was  often  used  in  a  function  of  the  lollowing  kind: 
10000  DEF  FNb(n) 

10010  IF  FNprlme(n)«l  THEN  ^.'l/n^2  ELSE  IF  n  MOD  2  -  0  THEN  =  l/n'^S 
ELSE  -  FNcalc(n) 
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Twenty  three  students  used  such  a  function  to  calculate  b\  +b2  +  ^  bn  and  seventeen  of  these  ■ 
programmed  the  partial  sum  as  a  function  which  added  up  the  term?^  FNb(k)  for  to  n.  Thus  there  is  I 
considerable  evidence  to  show  success  in  using  the  function  notion  as  procedure  or  object. 

However,  the  calculation  of  a  sum  took  longer  for  a  larger  number  of  terms.  For  instance  it  might  take 
five  seconds  to  compute  a  sum  of  1000  terms,  fifty  seconds  for  1 0000  terms  and  five  hundred  seconds 
for  lOOOOO  terms.  This  temporal  aspect  is  illustrated  by  the  following  response  to  I  \ln^ : 

1^1 1 converges  -  with  count  1000  it  appeared  to  converge  towards  1.6440  (4  dps). 
However,  on  another  occasion  with  couni  799(>,  the  sutn  was  1.6448  (4  dps).  1  think  tfms  the 
series  does  converge,  as  successive  values  get  smaller  and  the  difference  between 
successive  su/ns  becomes  smaller,  but  it  takes  a  long  time  to  converge  -  longer  than  /  spent! 

It  was  also  notable  in  class  that,  when  students  had  programmed  the  panial  sum  as  a  formula,  some 
became  obsessed  with  the  numerical  values  and  no  longer  focused  on  the  internal  process  of  adding 
terms.  For  instance,  it  was  possible  for  a  student  to  program  FNs(n)  adding  together  \/k'^  for  to  n, 
and  note  that  when  n=lOOO  the  sum  is  still  changing  in  the  6th  decimal  place  without  explicitly  noting 
that  the  thousandth  term  added  on  is  1/1000^.  For  many  students,  the  computer  laboratory  work  seemed 
10  focus  on  the  syntax  of  the  programming  and  the  use  of  the  program  to  investigate  numerical  values 
rather  than  any  reflection  on  the  symbolic  processes  occurring. 

The  environment  was  able  to  provide  a  spectrum  of  phenomena  from  series  such  as  Zl/n!  which 
stabilise  in  a  few  terms,  to  those  such  as  I«  which  clearly  diverged,  and  in  between,  series  like  I1//I, 
Z\/n-  which  grew  by  smaller  and  smaller  amounts  and  were  open  to  question.  In  the  seminar  proofs 
were  given  for  convergence  of  Il/n^  and  divergence  of  II Ai.  (in  theory  the  latter  diverges,  but  in 
practice,  it  grows  so  slowly  that  on  today's  computers  it  will  not  exceed  100  in  a  human  life-span!) 

The  sum  Zb„  proved  to  be  very  interesting.  The  procedures  took  considerably  longer,  so  only  a  small 
number  of  terms  could  be  computed  (certainly  not  more  than  10000).  But  the  nih  term  at  various  times 
could  be  l//i2  or  \/n^  or  l/«!,  depending  on  the  value  of  n,  so  the  amount  by  which  the  sum  increased  as 
an  extra  term  was  added  could  vary  considerably: 

In  places  it  looks  as  if  it  is  not  converging,  hut  other  parts  of  the  series  looks  as  if  it  is. 

Other  students  believed  the  series  not  to  be  converging: 

The  series  does  not  converge,  although  it  is  increasing  very  slowly. 

This  example  of  Lhn  proved  to  be  very  fruitful.  Each  term  was  less  than  or  equal  to  lAi^,  so  the  nth 

partial  sum  was  less  than  the  nth  partial  sum  of  L\/n^  and  the  latter  partial  sums  could  be  proved  to  be 

increasing  and  bounded  above.  There  was  a  spirited  dialectic  argumenJ  in  one  seminar  about  whether  an 

increasing  sequence  bounded  above  necessarily  converged  to  a  limit,  or  whether  it  could  continue  | 

creeping  up,  never  reaching  the  upper  bound,  and  never  actually  converging.  The  compL  *eness  axiom 

therefore  arose  as  part  of  a  natural  student  conversation. 
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Reflections 


The  course  provided  an  environment  in  which  certain  sequences  were  seen  to  stabilise  after  a  certain 
number  of  terms,  and  the  more  accurate  the  required  stabilised  value,  the  further  along  the  sequence  one 
may  have  to  go.  Experience  was  provided  for  the  definition  of  the  limit,  in  the  catichy  sense  as  well  as 
the  sense  of  tending  to  a  specific  value.  In  this  context  discussion  of  the  completeness  axiom  occurred 
naturally. 

But  deeper  epistemologicai  questions  remained.  For  many  students,  the  meaning  of  an  infinite  decimal 
as  a  limit  of  a  sequence  was  not  established.  It  already  had  a  different  stable  meaning  and  in  the 
programming  paradigm  (II)  such  a  limit  cannot  be  constructed,  only  approached  within  reasonable 
practical  accuracy,  which  fails  to  disturb  the  earlier  meaning. 

Some  gains  were  made  -  the  proceptual  programming  of  a  function  as  procedure  and  object,  a  clearer 
distinction  between  sequence  and  series,  and  some  progress  towards  the  perception  of  the  limit  object 
as  a  specific  number  rather  than  an  indefinite  generic  limit.  However,  it  is  essential  to  examine  the 
nature  of  computer-constructed  objects  with  greater  care.  The  programmed  function  is  a  cybernetic 
procept  which  auto-calculates  the  value  and  has  subtle  differences  from  the  formal  notion  of  function. 
The  focus  is  taken  away  from  the  relationship  between  process  and  product  which  would  be  given  by 
experiencing  the  calculation  itself  The  latter  construction  may  therefore  not  be  performed  and 
necessary  relationships  may  not  be  consUiicted.  Deeper  epistemologicai  obstacles  are  likely  to  remain. 
Funher  cognitive  reconstruction  is  nccessyiy  for  transition  to  the  formal  z-N  paradigm,  but  at  least 
experiences  have  been  gained  which  may  be  fruitful  as  a  basis  of  discussion. 
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jy  liEARMIKQ  MODEL  FOR  FXJMCTI0M8  IM  A  COMVDTER  aRAPKiC2AL  mVIROMKEWT 


In  this  itudy  a  learning  raodol  with  threa  atagaa  ia  uaed  to  daacriba  tha 

learning  of  trigonofl>otric  functions  in  a  graphical  cociputar  anvironmttnt.  The 
Btagiia  mm  freo  Exploration  (l),Analyai»  and  Coenpariaon  (2),  Bxpariittantation  and 
Practice  (3).  Worksheets  with  learning  activities  tc  be  dons  with  a  function 
plotter  were  designed,  according  to  the  model,  for  a  group  of  highachool 
Ktudante.  A  second  group  of  students  worked  the  stioo  trigonometric 
concepte  with  a  paper  and  pencil  version  of  the  worksheets,  A  significant 
difference  favoring  the  computer  group  was  observed  on  both  the  post  test  and  the 
delayed  retention  tost.  One  poasiblff  interpretation  of  the  reeulte  ia  that  the 
visual  approach  emphasiied  in  stages  1  and  3  in  the  cooputei*  group  favored  the 
learning  of  the  concepts. 


In  this  study  a  learning  model  for  functions  was  used  to 
descritje  the  learning  of  trigonometry  functions  with  a  funct*  Ion 
plotter  on  a  microcomputer.  According  to  the  model,  the  leairning 
process  has  three  stages: 

Stage  1;     Free  exploration  (FE) 

In  this  first  stage  the  student  explores  a  previously  unknown 
concept  with  the  function  plotter.  By  means  of  sequenced  questions 
the  students  is  being  introduced  to  the  concept. 


Stage  2;     Analysis  and  Comparison  (AC) 

The  student  compares  members  of  new  families  of  functions  with 
already  known  functions  and  analyses  the  properties  of  those 
functions  until  he  develops  a  more  formal  mathematical  concept. 

Stage  3;     Experimentation  and  Practicfe  (EP) 

The  student  goes  through  guided  experiaentation  activities  and 
works  with  more  examples  of  the  acquired  concept  irt  order  to  assure 
learning  and  retention. 

The  model  is  a  dynamic  and  recursive  proccess  model  and  was 
used  as  the  background  for  a  didactical  strategy  which  was 
developed  in  a  graphical  computer  environment.  The  learning 
activities  suggested  by  the  strategy,  lead  students  to  the 
construction  of  concepts  related  to  the  basic  characteristics  of 
trigonometric  functions  y  «  a  sinbx  +  d  and  y  -  a  coobx  +  d: 
amplitude,    period  and  position  of  the  graph  in   the  coordinate 
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system.  The  concepts  are  introduced  in  an  increased  order  of 
complexity.  For  each  new  concept,  the  t.hree  stages  Free 
Exploration,  Analysis  and  Comparison  and  Experimentation  and 
Practice  are  revisited. 


Background  the  atudy 

The  learning  model  was  developed  on  the  assuraption  that 
learning  is  a  constructive  activity  (Glaserfeld,  1987,  Goldin, 
1992)  and  that  different  representations  are  the  basis  of 
reasoning.  Emphasis  was  put  on  visual  reasoning  (Dreyfus,  1991) 
and  the  transition  from  graphical  vs.  algebraic  representations. 
Some  authors  speak  in  this  context  about  multiple  linked 
representations  (Goldenberg,  1986) . 

Related  studies  have  shown  that  students  can  find  analogies 
between  graphical  and  algebraic  representations  if  they  are  trained 
to  do  so  (Schwarz,  Bruckheimer,  1988.    Schwarz  and  Dreyfus,  1989) . 

A  basic  ability  involved  in  learning  in  a  graphical  computer 
environment  can  be  identified  as  visual  processing  (Bishop,  1983) 
or  visual  reasoning. 

In  order  to  be  able  to  interprete  function  graphs  correctly, 
perceptual  experience  and  mathematical  knowledge  are  necessary, 
because  graphs  have  there  own  ambiguitos  (Goldcmberg,  1987) . 

It  is  clear  that  with  the  availability  of  graphics  software 
decreases  the  need  to  graph  functions  (with  pencil  and  paper) ,  but 
increases  the  importance  of  interpreting  graphs. 

Eisenberg,  Dreyfus  (1989)  suggest  that  many  mathematical 
concepts  and  processes  can  be  related  to  visual  interpretations  or 
visual  models.  It  is  important  to  discuss  the  pedagogical 
potential  and  the  problems  which  arise  in  the  context  of  such 
visualization.  Students  have  to  learn  to  coordinate  different 
representations,  for  example,  symbolic  with  graphical  ones.  A 
variety  in  representations  of  the  same  concepts  enriches  learning 
but  also  increases  complexity. 

In  previous  studies  (Wenzelburger ,  1989,  1990a,  1990b,  1991, 
3  992)  results  wore  found  which  favored  the  learning  of  function 
concepts  of  the  experimental  groups  in  a  graphical  computer 
environment  which  had  the  characteristics  of  a  "generic 
organizational  system"  (Tall,  1985) . 

Method 

The  learning  model  FE-  AC  -  EP  is  based  on  a  constructivist 
approach  which  suggests  that  students  are  the  builders  of  their 
concepts  in  a  graphical  computer  environment  which  facilitates  the 
continuous  transition  between  algebraic  and  graphical 
representations  and  the  interpretations  of  both. 
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A  didactical  strategy  was  developed  which  reflects  the  three 
stages  of  the  learning  model  and  was  tried  out  with  a  group  of 
highschool  students  (twelfth  grade)  in  a  Calculus  class*  The 
teaching  method  is  based  on  worksheets  used  by  students  on  an 
individual  basis.  In  order  to  control  tor  the  effect  of  the 
worksheets,  the  class  of  25  students  was  randomley  split  into  two 
subgroups  -  the  experimental  group  (14  students)  which  learned  with 
the  worksheets  and  a  computer  graphics  program  about  the 
trigonometric  functions  and  the  control  group  (11  students)  wherein 
students  used  only  worksheets »  The  main  hypothesis  of  the  study 
was  that  the  graphics  tool  for  the  microcomputer  plays  a  decisive 
role  in  the  learning  and  retention  of  the  function  concepts  and  not 
the  worksheets  which  required  each  individual  student  to  be 
actively  involved  in  the  learning. 

In  the  pretest,  the  posttest  and  the  retention  test  (  4  months 
later)     administered    to    both    groups,     certain    abilities  were 
measured.  The  mathematical  content  were  trigonometric  functions 
y      a  sinbx  +  d,  y  «  a  cosb.t  +  d.     Students  had? 

-To  interprete  the  parameters  of  an  equation  or  a  graph  of  a 
function. 

-To  associata  a  graph  with  an  equation  or  an  equation  with  a  graph 

-To- distinguish  between  different  equations  and  graphs  which  were 
given  and  recognize  them  as  members  of  a  family  of  functions. 

-TO  draw  graphs  given  an  equation. 

-To  write  the  equation,  given  the  graph. 

Both  groups  worked  during  five  weeks  (15  50-minute  sessions) 
with  the  worksheets,  and  the  computer  in  the  case  of  the 
experimental  group.  In  the  computer  center  every  student  had  his 
own  computer  and  the  investigator  was  present  during  the  sessions. 
The  control  group  was  monitored  by  the  classroom  teacher. 

The  teaching  strategy  was  based  in  the  three-st^ge  learning 
model:  Free  Exploration,  Analysis  and  Comparison,  Exper iraentat.ion 
and  Practice.  The  content  was  organized  in  a  sequence  with 
increasing  order  of  difficulty.  The  parameters:  a,  b  and  d  were 
real  numberti. 

Topic  1,  2:  Amplitud  of  functions    y  =  a  sinx,     y  =  a  cosx. 

Topic  3:  Period  of  functions    y  =  a  sinx,     y      a  cosx. 

Topic  4,  5:  Amplitud  and  period  of  functions    y  «  sinbx, 
y  =  a  sinbx. 

Topic  6,  7:  Amplitud  and  period  of  functions  y  =  cosbx, 
y  -  a  cosbx. 
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Topic  8,  9,  10:  Characteristics  of  the  functions    y  «  sinx  +  d, 
y  «  a  sinx  +  d,  y  «  a  sinbx  +  d 

Topic  11,  12 f  13;  Characteristics  of  the  functions    y  -  cosx  +  d, 
y  a  a  cosx  +  d,     y      a  cosbx  +  d 

Topic  14:  Ainplitud,  period  and  shape  of  the  function  graphs 
y      a  sinbx  +  d,     y  «  a  cosbx  +  d 


As  an  example  we  describe  the  activities  students  in  the 
computer  group  had  to  do  in  the  case  of  Topic  8v>  TJiey  were 
supposed  to  learn  about  the  characteristics  of  the  function  graphs 
of  y  =  a  sinx  +  d 


1.  FE:  Free  exploration  with  the  function  plotter  -  students  were 

asked  to  vary  d  and  observe  the  effect  on  the  graph. 

2.  AC:  Comparison  between    y  =  sinx  and  y  =  sinx  +  d.    Student  were 

asked  to  draw  a  conclusion  about  the  parameter  d.    They  were 
asked  to  focus  on  the  line  y  =  d  and  its  relation  to 
y  =  sinx  +  d.     They  had  to  analyze  numerous  examples 
according  to  symmetries,  y-intercept,  maxima  and  minima. 

3.  EP:  Experimentation  and  practice  with  the  function  plotter,  but 

students  also  had  to  draw  graphs  by  hand,  determine  the 
parameters  from  graphs  or  equations,  write  equations  for 
given  graphs  and  draw  a  final  conclusion  about  the 
characteristics  of  y  -  sinx  +  d. 


A  similar  approach  was  proposed  for  all  topics.  Students  in 
the  control  group  skipped  the  free  exploration  stage  and  their 
experimentation  and  practice  stage  was  restricted  to  paper  and 
pencil  work,  since  without  a  graphics  tool  which  quickly  generates 
families  of  functions,  these  stages  become  vary  cumbersome  and 
time-consuming . 

The  learning  objectives  which  were  measured  with  the  exams 
were  the  following. 


Objective  1:  Determine  the  amplitude  and  period  of  the  functions 
y      a  sinbx    and    y  =  a  cosbx,  given  the  graph. 

Objective  2:  Determine  the  amplitude  and  period  of  the  functions 
y  -  a  sinbx,     y  -  a  cosbx,  given  the  equation. 

Objective  3:  Given  the  graph  of    y  =  a  sinbx  +  d,    y  =  a  cosbx  +  d, 
write  or  identify  the  equation. 

Objective  4:  Given  the  equation  of  y  =  a  sinbx  +  d, 

y  «  a  cosbx  +  d  draw  or  identify  the  graph 


ERIC 


385 


n-53 


Objective  5:  Determine  the  amplitude,  period  and  the  horizontal 

axis  of  symmetry  of  y  «  a  sinbx  +  d,  y  =  a  cosbx  +  d 
given  the  equation. 

Objective  6:  Determine  the  amplitude,  period  and  ^^^^f  ^^^^-^^^  ^ 
axis  of  symmetry  of  y  -  a  sinbx  +  d,  y  =  a  cosbx  +  a 
given  the  graph. 

Objective  7:  Differentiate  the  parameters  a^  b  and  d  in  functions 
y  =  a  sinbx  +  d,  y  «  a  cosbx  +  Qv 

The  diagnostic  test,  the  posttest  and  ths  r^^^^^i^"  ^^^f 
consisted  of  a  closed  part  (20  items)  and  an  open  part  (8  items). 

The  basic  assumption  of  the  study  was  that  the  graphical 
computer  environment  would  play  a  decisive  role  in  the  ^PP^i^^^^^" 
of  the  three  stage  learning  model  by  neans  of  worksheets. 
Therefore  two  hypothesis  were  tested; 

1.  students  in  the  computer  group  would  do  better  on  the  posttest 
than  students  in  the  control  group. 

2.  Students  in  the  computer  group  would  do  better  on  the  delayed 
retention  test  than  students  in  the  control  group. 

The  pretest  showed  that  ntudents  participating  ii^  the  study 
had  some  previous  knowledge  of  functions  of  type  y  -  a  sinbx  and 
v  «  a  cosbx.    Therefore  gainscores  were  computed  and  a  studenx:  s  ^ 
was    calculated.        Table    1    shows    the    average    pcrc^ntgiqgg.  of 
gainscores  for  the  retention  test. 


TABLB  1 
AVKRAOB  QAIWaCORBS  IM  % 


★Significant  at  the  0.10  level 


The  retention  test  was  given  to  all  students  four  monthH  later 
without  prior  notice »  The  average  scores  in  %  are  shown  in  laDie 
2. 
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TABLX  2 


Av«ra9«  Boor«s  In  % 


"  

Huabar  of 
Students 

Av«rag« 

Standard 
Davlation 

Computer  Group 

12 

78.83** 

13.41 

Control  Group 

9 

65.88** 

17.76 

**Significant  at  the  0.05  level. 


The  reliability  of  all  tests  was  computed  for  both  groups 
with  the  splitha  If -method  and  turned  out  to  be  good  (values  between 
0.83  ad  0.92)  .  Also  the  indices  of  item  ease  were  determined  for 
all  items  and  found  to  vary  between  0.21  and  1.00  (percentage  of 
correct  responses  of  total  responses  given) . 

Discussion  and  Conclusions 

The  results  reported  show  that  in  the  posttest,  students  in 
the  computer  groups  did  somewhat  better  than  the  control  group, 
while  in  the  delayed  retention  test  th^,  difference  between  both 
groups  was  more  marked  and  favored  the  computer  group.  This  is  in 
agreement  with  results  found  in  previous  studies  by  the  same 
researcher. 

The  main  difference  between  both  treatments  was  in  the  first 
and  in  the  third  stage  of  the  learning  model  since  free  exploration 
is  difficult  and  guided  experimentation  is  limited  without  an 
electronic  graphics  tool.  Students  in  V-.he  computer  group  had  the 
opportunity  to  observe  and  analyze  a  great  variety  of  function 
graphs  and  could  manipulate  freely  families  of  functions  while 
students  in  the  control  group  had  a  more  restricted  exposure  the 
function  graphs  since  they  were  limited  to  paper-and-pencil  work. 
Students  in  the  computer  group  performed  better  on  tasks  related  to 
Objectives  3  and  6  which  consisted  in  the  interpretation  of  a  graph 
in  two  different  ways:  determine  parameters  of  a  function  given  a 
graph  and  write  an  equation  of  a  function  given  a  graph.  But  also 
on  items  which  measured  the  achievement  of  Objectives  2  and  7,  the 
computer  group  did  better:  students  had  to  interprete  equations  of 
functions. 


For  Objectives  1,  4  and  5  basically  no  difference  between  both 
groups  was  found.  Tasks  associated  to  these  objectives  required 
students  to  draw  or  identify  function  graphs,  given  the  equation  or 
to  interprete  equations  in  order  to  determine  parameters  of  a 
function. 
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We  conclude  that  the  teaching  strategy  based  on  the  three 
stage  learning  model  FE  -  AC  -  EP  in  a  graphical  computer 
environment  fosters  visual  reasoning  whioh  requires  the 
interpretation  of  graphs.  While  the  teaching  strategy  based  only 
on  worksheets  produced  satisfactory  results  for  tasks  which  focused 
on  the  drawing  of  graphs  and  the  interpretation  of  equations. 


BIBLXOORM'IA 

Bishop,  A,  I,  (1983):  "Space  and  Geometry"  In  R,  Lesh,  M,  London 
(Eds)  ,  Acquisition  of  Mathematics  Concepts  and  Processes,  New  York, 
Academic  Press, 

Dreyfus,  T,  (1991):  "On  the  Status  of  Visual  Keasoning  in 
Mathematics  and  Mathematics  Education"  Proceedings  of  PME  15, 
Italy, 

Eisenberg,  T,  Dreyfus,  T,  (1989):  "Spatial  Visualization  in 
Mathematics  Curriculum"  Focus:  On  Learning  Problems  in  Mathematics. 
Vol,   11  (1) 

Goldin,  G,A.,  Kaput,  I, A,  (1990):  Joint  perspective  on  the  idea  of 
representation  in  learning  and  doing  mathematics.  Unpublished 
draft, 

Goldenberg,  E,P,  (1988):  "Mathematics  Metaphor  and  Human  Factors" 
The  Journal  of  Mathematical  Behavior,  Vol.  7   (2)  pg,  135-173, 

Goldenberg,  E,P,  (1987)  "Believing  is  seeing:  How  preconception 
influence  the  perceptions  of  Graphs",  Proceedings  of  PME  11, 

Glaserfeld,  E.V.  (1987):  Learning  as  a  constructive  activity.  In: 
Janvier  (Ed)  Problems  of  representation  in  the  teaching  and 
learning  of  mathematics.     Laurence  Erlbaum,  Hillsdale 

Schwarz,  B.,  Bruckheimer,  M,  (1988):  "Representations  and 
Analogies".  Proceedings  of  PME  12,  Vol.   2  pg,  552-559, 

Schwarz,  B,  ,  Dreyfus,  T.  (1989):  "Transfer  between  Functional 
Representations  A  Computatinal  Model",  Proceedings  of  PME  13,  Vol. 
3,  pg.  143-150. 

Tall,  D.  (1985):  Using  "Computer  Graphis  Programas  as  Generic 
organisers  for  the  Concepts  Image  of  Differentiation",  Proceedings 
of  PME  9,  Ultrecht. 

Wenzelburger,  E.  (1989):  "C^psulas  grSficas  para  mcirocomputadoras 
en  Matem&ticas",  Memoria  de  la  3a.  Reuni6n  Centroamericana  y  del 
Caribe  sobre  Formaci6n  de  Profesores  e  Invest igaci6n  en  MatemStica 
Educativa,     San  Jos6,  Costa  Rica, 


n«s6 

Wenzelburger,  E.  (I990a) :  "La  inf luencia  de  las  computadoras  en  la 
enseftanza  de  las  Matemiticas" .  ciencia  y  Educaci6n.  Vol.  4  (2) 
Guatemala . 

Wenzelburger,  E.  (1990b)  :  "Computer  Graphics  for  the  Adquisition  of 
Function  Concepts".    Proceedings  of  PME  14,  Mexico,  Vol.  1,  p.  2  41. 

Wenzelburger,  E.  (1991) :  "Graphical  Environments  for  the 
Construction  of  Function  Concepts".  Proceedings  of  PME  15,  Italia, 
Vol.   3,   P.  332-339. 

Wenzelburger,  E.  (1991):  "The  Learning  of  Trigonometric  Functions 
in  a  graphical  computer  environment".  Proceedings  of  PME  16,  New 
Hamsphire,  USA,  Vol.  3,  p.  106-113. 


n-57 

WHAT  DO  CHILDREN  BELIEVE  ABOUT  NUMBERS?  SOME 
PREUMIN  AR^'  ANSWERS 

Brian  Doig 

The  Australian  Council  for  Educational  Research 

The  research  described  here  is  part  of  a  larger  investigation  of  children's  beliefs  in  aspects 
of  mathematics.  A  particular  focus  is  the  contrast  in  beliefs  between  children  who  liave 
had  unrestricted  access  io  electronic  calculators  and  those  who  have  not.  The  beliefs 
investigated  in  this  paper  relate  to  the  use  of  numbers,  the  magnitude  of  numbers,  the 
symmetric  nature  of  the  number  system,  and  the  possibility  of  there  being  other  types  of 
mathematics.  The' methodology  used  is  comparatively  new  in  mathematics.  Some  two 
hundred  year  three  children  (fourth  year  of  school  in  Australia)  of  whom  one  hundred 
were  cakuktor  users  and  one  hundred  were  non-users  were  asked  about  their  beliefs  on 
these  questions.  Their  responses  were  analysed  and  the  beginnings  of  a  continuum 
describing  children's  number  beliefs  established.  Advantages  and  disadvantages  of  the 
research\nethodology  and  suggestions  for  future  research  questions  are  provided. 

Introduction 

In  a  recent  article  commenting  on  the  ctiildren  and  teachers  involved  in  the  CAN 
(Calculator-Aware  Number)  project  Janet  Duffin  echoes  an  oft  heard  claim,  viz 
'Children  useld]  the  calculator  to  extend  the  traditional  mathematics  curriculum  ...  it 
introducels]  them  to  both  decimals  and  negative  numbers  at  a  stage  much  earlier  than 
would  have  previously  been  the  case.'  (Duffin,  1^92:  24).  While  not  rejecting  her  claim 
outright,  it  does  appear  to  be  based  on  an  assumption  about  the  knowledge  of  non-CAN 
project  children.  Although  the  traditional  curriculum  may  not  introduce,  for  example, 
negative  numbers  until  some  later  stage,  do  we  know  that  children  hav^  no  prior 
knowledge  before  formal  teaching  commences?  Research  into  so^alled  'misconceptions' 
would  indicate  exactly  the  opposite  (see  for  example,  Confrey  (1990)  for  a  review  of  this 
research).  Similarly  those  holding  a  constructivist  view  of  learning  would  find  it 
difficult  to  accept  an  'empty  vessel'  status  for  the  non<:AN  children.  In  today's  economic 
climate  large  numbers  appear  regularly  in  news  reports,  negative  numbers  figure  in 
(winter)  temperature  readings,  percentages  can  be  found  in  many  shops  offering 
discounts,  and  decimals  are  found  in  money  dealings.  Surely  many,  if  not  all,  children 
are  exposed  to  a  considerable  variety  of  number  situaHons  before  any  formal  programme 
is  attempted?  Such  exposure  will  be  the  foundation  of  cluldren's  beliefs  about  whM 
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numbers  are  and  what  Ihey  are  for.  Whether  their  beliefs  are  the  same  as  ours,  or  even 
antagonistic  to  later  teaching,  needs  to  be  examined  before  claims  like  that  above  (which 
may  appear  reasonable  and  may  well  be  true)  can  be  treated  with  anything  but  caution. 

The  present  shjdy  is  a  preliminary  attempt  to  collect  such  data  and  perform  such  analyses 
as  will  help  in  determining  the  nature  of  children's  beliefs  about  number.  As  Ausubel 
said  '(T]he  most  important  single  factor  influencing  learning  is  what  the  learner  already 
knows'  (Ausubel,  i%8:  vi). 

The  evidence  of  research  into  learner  beliefs  (prior  to  leaching  in  science)  shows  that  they 
are  indeed  critical  to  the  outcomes  of  instruction  and  have  been  well  documented 
(Adams,  Doig  and  Rosier,  1991).  In  mathematics  however  the  role  of  affective  variables 
has  not  received  the  same  attention.  In  his  review  of  research  into  affective  variables 
M^Leod  (1992)  categorizes  this  research  into  the  following  categories:  beliefs  about 
mathematics;  beliefs  about  self;  beliefs  about  mathematics  teaching  and  beliefs  about  the 
social  context.  However  none  of  the  reported  studies  focus  on  learners'  beliefs  about 
specific  concepts  of  mathematics,  such  as  learners  beliefs  about  numbers.  Research  into 
learners'  mis-beliefs  (usually  denoted  misconceptions)  is  similarly  reticent  about 
fundamental  ideas  such  ds  the  use  of  numbers. 

Research  questions 

The  investigation  reported  here  forms  a  small  part  of  a  larger  study  involving  number 
and  calculators  which  is  an  adjunct  to  CAN-like  projects  being  conducted  by  Deakin 
University  (Groves,  Checseman,  Allan  and  Williams,  1992).  While  these  projects  have 
sought  to  answer  many  questions,  the  specific  foci  selected  for  this  report  are  a 
description  of  children's  beliefs  about  some  aspects  of  number  and  a  comparison  of  ihe 
beliefs  of  calculator-using  children  and  non-calculator  users.  In  order  to  achieve  this,  the 
following  quetions  were  posed: 

1  What  do  wc  use  numbers  for?  The  purpose  of  this  question  was  to  explore  the 
children's  beliefs  abt»ut  the  use  to  wliich  we  put  numbers.  Apart  from  counting  and 
calculating,  adults  use  numbers  for  labelling  (for  example  house  numbers)  and 
position  (for  example  first  place  in  a  race).  (A  fuller  discussion  of  these  aspects  can 
be  found  in  Uoig,  1990). 

2  How  big  can  numbers  be?  The  purpose  of  this  question  was  to  explore  the  range 
and  extent  of  the  numbers  that  children  considered  to  be  the  greatest  possible.  In 
Victorian  schools  children  at  year  three  are  expected,  by  the  end  of  the  year  to 
understand,  read,  and  write  whole  numbers  up  to  1100  (MOH,  1988).  Curriculum 
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planners  do  not  necessarily  say  that  this  is  the  largest  number  that  children  may 
either  use  or  know,  but  leave  the  issue  open,  To  date  there  is  no  evidence  to  tell  us 
what  the  range  of  'largest'  numbers  may  be. 

H      How  small  can  numbers  be?  Like  its  'largest'  counterpart,  there  is  no  evidence  to 
tell  us  just  what  children  believe  to  be  the  smallest  possible  number.  The  Victorian 
curriculum  suggests  that  children  at  year  three  can  deal  with  decimal  fractions  as 
small  as  tenths  (MOF„  1988).  Whether  this  was  the  real  limit  was  to  be  investigated. 

4  Is  there  a  symmetry  to  'large'  and  'small'  numbers?  The  idea  that  the  real  numbers 
are  in  some  way  symmetric  about  zero  is  usually  raised  in  the  jumor  secondary 
school  (year  eight  in  Victoria)  when  negative  numbers  are  introduced  (MOE,  1988). 
However,  for  those  younger  children  who  are  aware  of  negative  numbers  there  is 
the  possibilit>'  that  this  idea  has  already  emerged.  A  comparison  was  to  be  made  of 
children's  responses  to  the  two  previous  questions  to  see  if  any  'symmetry'  was 
exhibited. 

5  Is  there  maths  other  than  ours?  At  first  glance  this  question  seems  to  be 
unconnected  to  the  previous  four.  However  if  one  considers  that  at  year  three  the 
dominant  aspect  of  number  is  positive  integers,  usually  operationalized  through 
counting,  it  seems  sensible  to  investigate  the  beliefs  of  those  about  to  be  confronled 
in  the  next  few  years  with  negative  integers,  rational  and  irrational  numbers.  How 
nonsensical  are  these  'new'  numbers  to  those  raised  in  the  belief  that  numbers  are 
whole?  Does  a  belief  that  there  is  only  'our'  (whole  number)  maths  impede,  or 
make  more  difficult,  the  learning  of  fractions  or  negative  numbers?  Is  this  a  case  of 
Hawkins'  'critical  barriers'?  (I  lawkins,  1^78). 

Methodology  and  instrumentation 

To  gather  information  on  children's  beliefs  at  year  three  (approximately  nine  years  of 
age)  would  usually  involve  one-to-one  interviews.  However  to  gather  sufficient  data  lo 
be  able  t(^  make  justifiable  inferences  makes  interviewing  not  feasible.  Fortunately  there 
has  been  developed  recently  techniques  for  gathering  and  analyzing  such  data  using 
interview-like  written  formats  a.ul  modern  statistical  tools.  To  date  these  have  been 
used  in  science  and  social  science  only  but  there  was  no  reason  to  doubt  that  the 
technique  would  apply  equally  well  to  mathematics.  For  a  full  description  of  these 
formats  and  their  application  lo  science  see  Adams,  Doig  and  Rosier  (1991)  and  for 
partially  similar  methods  in  mathematics  Streefland  and  van  den  Heuvel-ranhuizen 
(IW2)  and  Tirosh  ar-"!  Stavy  (1992).  The  particular  format  selected  for  this  investigation 
was  that  of  a  short  story  entitled  What  happened  last  night'.  In  this  story  an  alien  visitor 
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asks  questions  of  the  child  (reader)  who  responds  by  completing  'gaps'  left  in  the  text.  In 
all  administrations  the  entire  story  was  read  to  the  children  by  the  author  then  the 
children  read  and  completed  the  story  in  their  own  time,  approximately  thirty  minutes. 

Subjects 

The  subjects  were  from  four  Melbourne  (Victoria)  schools.  Two  schools  were  where  the 
children  had  had  complete  access  to  calculators  and  two  non-calculator  schools  matched 
on  socio-economic  variables  .  The  number  of  subjects  in  each  school  is  presented  in 
Table  1. 

Tabic  1:        Number  of  year  three  subjects  in  calculator  and  non-calculator  schools. 


Calculator  schools 

Non-calculator  schools 

El 

E2 

CI 

C2 

Subjects  -  54 

Subjects  =  51 

Subjects  "  55 

Subjects  ~-  39 

Total  subjects  =  105 

Total  subjects  ^  94 

Total  subjects  ^  199 

Analysis 

As  outlined  earlier,  the  methodology  used  was  that  of  written  responses  >o  leading 
questions.  This  meant  that  two  hundred  scripts  each  of  five  responses  had  io  be  prepared 
for  analysis.  The  procedure  used  v/as  that  pioneered  by  Adams  and  Doig  (Adams  et  al, 
1992)  in  their  study  of  science  beliefs.  First  all  responses  to  a  particular  question  are  read 
to  give  an  overall  'feel'  for  the  range  of  responses.  Theoretically  each  response  is  unique, 
but  in  practice  responses  tend  lo  'group'  themselves  in  a  qualitative  sense.  Thus  after  the 
initial  reading,  it  is  possible  to  describe  tentative  qualitative  categories.  All  responses  are 
then  placed  into  one  of  these  mutually  exclusive  categories.  If  necessary  this  process  is 
repeated  until  iJI  responses  can  be  accommodated.  Each  category  is  now  given  an  integer 
'level'  label,  which  describes  its  ranking  from  being  the  most  to  the  least  sophisticated 
response.  The  level  labels  cannot  be  equated  across  questions,  and  in  some  cases  two 
qualitative  responses  have  been  assigned  to  the  same  level.  The  analysis  of  the  labelled 
data  was  via  the  Quest®  interactive  analysis  program  (Adams  and  Khoo.  1992).  The 
analysis  was  of  three  forms,  a  r  Imple  frequencies  analysis,  chi-square  and  a  Rasch  partial 
credit  analysis  (Wright  and  Masters,  1982).  The  application  of  this  model  enables  the 
construction  of  a  developmental  continuum  for  the  set  of  questions  as  a  group.  This  is 
the  'Beliefs  about  numbers'  continuum. 
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Results  and  discussion 

Below  are  the  response  percentages  by  cateoory  for  each  of  group  of  children,  in  calculator 
and  non-calculatoy  schools.  For  each  question  the  highest  value  label  indicates  the 
response  most  concordant  with  school  (curriculum)  beliefs. 

Table  2:       Question  1    What  do  wc  use  numbers  for? 
Purpose:      To  explore  the  children's  b(>licfs  about  the  uses  of  numbers. 


I.ABEL 

CalcuUtor  *chooU 

Noivcalculator 
Kchools 

DUSCRimON 

^ 

67  6 

45.7 

four  operations 

2 

U>2 

30  9 

1 

A3 

liVTrning 

\ 

r>7 

17  0 

maths 

0 

6.7 

2  1 

unirai'rpnnoblo 

by  year  three  most  of  the  numerical  experiences  of  Victorian  children  have  been  to  do 
with  counting,  with  some  work  on  addition  and  subtraction,  mainly  non-algorithmic.  U 
is  no  surprise  then  that  the  overwhelming  majority  of  children  believt  that  eithei 
counting  or  calculating  (addition  was  the  operation  most  frequently  mentioned)  are  the 
major  uses  for  numbers.  Very  few  children  mentioned  uses  such  as  house  numbers, 
lelephone  numbers  and  s^-*  on.  The  most  striking  aspect  of  the  responses  to  this  questitm 
is  the  greater  percentage  of  'calculator'  children  Iwking  beyond  counting  to  operations. 

TABLE  3:     Question  2   How  big  can  numbers  be? 
Purpose:      To  explore  the  range  of  numbers  that  children  know. 


LAHnl. 

Calculator  school* 

Non-calculator 

fjchools 

DHSCKimON 

•\ 

IH  1 

14  <^ 

.1 

20  0 

24  5 

finite  -  >  display 

2 

25  7 

21  3 

finite  "  <  display 

1 

114 

13  8 

physical  si/.e 

0 

24  8 

25.5 

uninterpretable 

At  the  age  of  eight  the  idea  of  infinity  has  not  been  raised  in  school,  but  some  notion  of  it 
exists  in  a  considerable  number  of  children.  Whether  this  belief  is  in  an  'infinity'  the 
same  as  ours  is  probably  doubtful  for  many  of  these  children.  Those  cliildren  who  used  a 
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same  as  ours  is  probably  doubtful  for  many  of  these  children.  Those  children  who  used  a 
finite  'big'  nunxber  for  their  response  were  divided  between  those  whose  'big'  number 
was  shorter  than  a  calculator's  display  (eight  digits)  and  those  whose  'big'  number  was 
longer  than  the  display.  The  noteworthy  point  is  that  the  'calculator"  children  appear  to 
be  constrained  by  their  familiar  it)'  with  such  displays. 

TABLE  4:     Question  3   How  small  can  numbers  be? 
Purp(3se:      To  explore  the  range  of  numbers  that  children  kno\w. 


LADIiL 

Calculator  dchoolti 

Nun-caicuUtor 

schools 

DcscRirnoN 

f) 

5.7 

2.1 

4 

9.5 

3.2 

-fmltc  -  >  display 

3 

1,1 

-finite  -  «;  display 

2 

^A3 

Oorl 

1 

3.2 

finite 

1 

\x^ 

17.1) 

physli'al  tn/v 

t) 

21.<) 

unlntcrprotnblu 

As  in  the  prt.'vious  question,  the  fiict  that  there  exists  a  group  of  children  of  this  age  who 
have  nt)tit)ns  of  a  nt^vitive  'infinity'  is  qui  to  surprising.  The  fact  that  none  of  the 
children,  'calculator'  or  'non-calculator',  used  fractions  was  unexpected,  especially  in  the 
light  of  comments  such  as  Duffin's.  The  large  number  of  children  who  nominated  0  or  1 
as  their  choice  of  'small'  number  may  cither  be  swayed  by  the  school  curriculum's 
emphasis  on  counting,  or  bu  unaware  of  the  existence  of  negative  numbers. 

By  matching  children's  responses  to  the  previous  two  questions  it  was  possible  to  gauge 
to  what  extent  the  children  could  be  said  to  have  notions  of  a  symn\etry  within  the 
number  system.  While  it  would  appear  that  slightly  more  'calculator'  children  had  some 
idea  of  a  symmetry,  this  was  mainly  true  for  those  who  gave  infinity  for  their  responses 
to  the  preceding  two  questions.  Tor  those  wliose  responses  were  a  finite  number,  more 
'calculator'  children  certainly  favoured  a  symmetry,  but  the  vast  majority  of  children 
gave  responses  indicating  no  syn\mctry  at  all. 
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TABLE  5t     Question  4   Is  then?  a  symmeliy  to  large  and  small  numbew? 

Purpose:      To  explore  whether  children  have  a  symmetric  notion  of  the  iiumber 
system. 


LABEL 

Olculator  ochoolo 

Non-calculator 

BCh00li5 

DESCRirnON 

3.B 

2 

\2A 

2A 

+  finito/-fmltc 

\ 

•M.H 

noivsyn\nu'lric 

0 

1.1 

non-symmouic  (mixed 
inslnnco';) 

0 

U.'l 

l.VH 

0 

?.2.'> 

27.7 

TAWino;     QueBtU»n  i;   U  alien  mathu  the  same  aa  ouiti? 
ruvpose;      To  explore  whether  chiUlren  believe  that  there  can  he  'other'  math<J. 


CaUuUtorBchuulii 

NoivcaU'uUtor 

BcltOols 

UEJiCUiniON 

!1.7 

1 

31.4 

dlffcrrnl 

1 

32.4 

exampli's 

0 

2<v7 

310 

tinintcrprctablc 

Those  children  who  ^ave  examples  of  alien  mathematics  generally  chose  to  show  the 
symbols  of  this  alien  system,  without  indicatinj^  whether  this  was  the  only  difference 
between  us  and  them  mathematically.  However,  both  ^^ronps  of  chlldrett  were  firmly  of 
the  opiiuon  that  'other'  nunhematics  wau  possible.  A  larjje  percenta^^e  in  each  {.'roup 
were  unable  to  answer  the  question,  perhaps  because  there  is  little  discussion  of  the 
nature  of  mathematics  at  this  level  of  sehoolinjv 

The  chi-square  ar\aU  showed  that  the  two  groups  of  children  differed  on  only  two 

questions.  There  wa-  .i  considerable  difference  in  the  children's  responses  to  question 
three,  on  the  'smallness'  of  numbers,  (chi-square  -  44.67)  where  nearly  a  quarter  of  the 
'calculator'  children  gave  a  negative  number  in  their  response  compared  to  about  six 
percent  of  the  other  group.  In  responses  to  question  four  there  was  also  a  significant 
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difference  (chi-square  =  11.63),  with  four  times  as  many  'calculator'  children  believing  in 
a  symmetry  in  the  number  system. 

Tlie  questions  and  their  responses  reported  here,  while  only  a  subset  of  a  larger  study,  do 
indicate  fhat  there  are  reasons  to  believe  that  there  is  a  systematic  set  of  beliefs  being 
developed  by  children,  and  that  those  of  the  'calculator'  children  do  differ  from  the  'non- 
calculator  children.  Overall  it  would  seem  that  to  some  extent  the  claims  made  about  tlie 
effects  of  \ising  calculators  with  children  is  validated,  especially  with  regard  to  negatives. 
But  more  work  needs  to  be  done.  The  high  number  of  responses  that  were 
uninterpretable  indicates  that  better  questions  need  to  be  formulated  and  follow-up 
interviews  conducted.  (The  third  form  of  analysis,  providing  a  'Beliefs  about  numbers' 
continuum,  is  not  included  here  due  to  space  restrictions,  but  will  be  presented  at  PME 
XVII). 
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RESEARQl  INTO  RELATIONSHIP  BElTrfEEN  THE  COMPUTATIONAL  ESTIMATION  ABIUTY 
AND  STRATEGY  AND  THE  MENTAL  COMPUTATION  ABIUTY: 
ANALYSIS  OF  A  SURVEY  OF  THE  FOURTH^  FIFTH.  AND  SIXTH  GRADEI^S  IN  JAPAN 

Maeataka  Kqyama 
Hircshima  University,  Japan 


ABSTRACT  The  purpose  of  this  reeaarvh  is  to  obtain  performance  data  on  t}\o  computatioml 
estiimtion  and  mental  computation  skills  of  Japanese  students  in  grcdes  4,  5,  and  6,  to  clear  effects 
of  the  teething  and  learning  of  rounded  numbers  and  rounding  strate^i^  on  ccrrputational  estinwtioa 
and  to  inquire  the  i^lationship  between  computational  estimation  abilit{,  (CEA),  strategy  (CES)  and 
mental  computation  ability  (MCA).  This  paper  shows  tlvJt:  (1)  the  teaching  and  learning  has  strong 
effects  on  aoinputational  estimation  containing  only  numerkyal  data  positively  and  on  ccxnputational 
estimation  in  problematic;  sitiiations  negatively:  ond  (2)  there  are  significant  relationships  both 
between  CEA  and  MCA,  and  CEA  and  CES,  but  ther^e  is  no  sigrnficant  relationship  between  CES  and 
MCA  These  results  suggest  that  tJvs  tvasoriable  and  officicnt  computational  estimation  requites 
flexible  rounding  of  numbers  ba^^i  on  aow^ui  numbc^  tvniry  as  well  as  mental  ccfJiputation  ability. 


BACKGROUND  FOR  RESEARCH 

Recently  esstimation  l"ms  been  emphasized  in  sclicx)!  maUicnuitits  curricula  in  Japan  (Jap;inese 
Ministry  of  Education.  1U89)  as  v;eil  as  in  the  United  StaUs  (National  (ouncU  of  Teachers  of 
Mathejnatics.  1989).  The  tnajor  emphasis  on  estunation  in  elementary  and  intermediate  mathematics 
curricula  is  based  on  such  recogniUon  Uiat  in  the  age  of  calailator/cxjmputer  students  siiould  learn 
estimation  to  make  sense  of  nuniber  or  quantity  and  make  a  reasrjnable  and  adiKjuate  decision- 

In  gencnil  fstimation  is  divided  into  three  categoric;  i.e.  computational  csiimaUon,  measumiwit  | 
estimation,  and  numercsity  estimation  (Sowdci%  1U92).  Among  them  conputational  estimation  \\as  been  a 
main  topic  addr€JK«d  by  matliOTiaUcs  reGearcl^ers  (Reys,  Bc^tgen,  Kvbolt,  and  Wyatt,  1982;  Rubenstein. 
mWs  Reys»  1988:  Hoii  Roys,  Nohda,  Ishida,  Yoshikuwa,  iind  Sliimizu.  1991;  nowkcr.  1992).  /\s  a  result 
of  these  research,  Uie  t^lreo  general  cognitive  prrcesses  and  a  nui\\\yx  of  sixxnfic  sumegies  in 
ajmputaUonal  esUJuation  wei^  identified  (Re^-s  et  al.,  1982).  Moreover  it  was  suggested  that 
a,niputational  estimation  would  be  closely  related  with  mental  Lxunputation  and  number  sfjnsc- 
(Ruberistein,  1985;  S:jwder.  1902;  Duwker.  1992). 

In  tiiis  researdi  co(nput;^tional  tJ^timation  is  defined  as  a  pr^x.^ic  e(>nsists  of  iX)unding  numbers  and 
mental  computation  with  thes^-^  rounded  numbers  wiUiout  pn\y?r  and  pencil  or  other  external  aids. 
Therefore,  in  a  problematic  situation  which  requires  computational  estimation,  it  is  very  important  to 
round  numbers  in  considei-ation  of  a  purpose  of  tlio  situation  (reiiscaiabU'  rounding)  and  in  arxxirxlanc^' 
with  oBtimator's  ability  of  mental  fxtjnputation  {efficient  rounding). 
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PURPOSE 

In  Japfin,  accorcliiig  to  the  prevaous  cunnculuni  of  elementary  schcol  math  etna  tics  (Japanese 
Miruiitry  of  Education,  1977),  it  was  necessary  for  studeiits  to  practice  mental  computation  in  the  third 
grade  and  to  know  tlie  rounded  numbei^  and  how  lo  round  numbers  by  using  strategies  of  "kiriage" 
(ivunding  upj,  "kirisute"  (rounding  down),  and  "shishagonyu"  (if  the  following  digit  is  more  than  5 
rouncJ  up.  anci  if  less  ihm  5  round  down)  in  the  fourth  grade.  Estimation  was  not  highly  emphasized. 
Moreover  the  relationsliip  between  mental  ccMiiputation  and  estimation  was  not  explicitly  stated.  On  the 
other  hand,  ui  Uie  mrrent  curriculum  (Japajipse  Ministry-  of  Eouv^ation,  1989)  which  has  been 
implemented  u\  1992  school  year,  estimation  is  G»nphasi;sed  to  a  greata"  degree  while  the  emphasis  on 
mental  computation  is  diminished. 

In  this  iixfiu'cal  situation,  a  total  of  351  upper  graders  in  elementary  school  were  administerod  a 
computational  estijnation  and  mental  ixxnputation  ttst  in  June  1990.  The  purpose  of  this  i^esearch  was 
to  obtain  performance  data  on  the  computational  estimation  and  mental  computation  skills  of  Japanese 
5?tudents  in  grades  4,  5,  and  6,  to  cleai"  tlie  effect^i  of  Uie  teadnng  and  learning  of  rounded  numbers 
iuid  rounding  strategies  at  the  fourth  grade  in  Uie  previous  airriculum  on  computational  estimation, 
and  to  inquin.i  the  reiationstiip  between  mnputational  estimation  ability,  strategy,  and  mental 
cx^mputatinn. 

MhTHOl) 

Sul\)octs  A  total  of  124  fourth  gradw-s,  M3  fifth  graricrs,  and  HA  sixth  graders  in  four  public' 
elementary  sdiools  part  id  pat  r:d  \n  this  reseanjJi.  The  schools  wero  selecttxj  to  reprefsent  a  range  of 
sorrial  and  ttx)n(.imir  biickgrounds.  One  sc1kx)1  in  a  stnall  town  (Hyogo).  one  «:hool  in  a  dty  (Nara),  and 
twc*  scli<X)Ls  in  n  large  dty  (Ihrosliima)  were  in\'olv(d.  In  all  classf^y  students  wei^e  hetei^Dgeniously 
grouped,  as  is  the  custom  in  eleiiientary  sciiools  m  Japan, 

Material  The  computational  estijnation  and  mental  cx»mputation  test  (MCR  t.etU)  consisted  of  tivree 
parts  was  developed  for  this  research  based  on  a  pilot  t(5Kt  mid  previous  rxjsearch  in  Japan  (Itoh  et  al,, 
10B7,  The  fii^  jx-ul  of  Uit'  MC^E-:  test  coiitairirti  7>  pi\)t)lems  (one  prtjblefii  was  in  o|Den-ended  and 

tJu'  others  wct^'  in  multiple-riimcx'  fomint)  of  tv^nput^itional  cstimatton  in  sc^mc  problematic  situations. 
Thv>  stcx^nd  pai*t  incUided  ()  iteiTis  of  computational  rstijiiation  (XMiUiininp  onl>'  nun;pnc;al  data,  \dth 
ihou'  explanations  of  how  to  (stimat*->.  Tfie  thiixi  i^irl  induded  12  mental  computation  it^ms.  All  iteii^s 
wep.'  ixdatcii  to  four  ojxi^dtions  wiUi  whole  numUi'ti  relevant  to  Japanese*  students. 

All  itenis  of  tlie  fiivjt  and  s(iA)tKi  part  were  mfhnl*>d  on  two  kIih^Ls  of  FXi|.>?r  and  llien  th»^*  |>ai.^^f^ 
were  distributed  to  students  witii  uniform  iiu^trurlions  ui  eadi  hcIkmI  by  adaiia'ootii  teaclier.  Students 
were  given  30  minutw  t;.»  cY^mplete-  liirjS''  iten«. 

The  all  ilHics  of  thiid  fxirt  woi'o  {jH'serit'xl  "iihi-r  tii  a  written  test  cf  in  nn  ot%'il  ta-;t.  in  the  written 
t<«t,  all  items  wen^  uuilud'd  in  a  singl"  sh'^  i  f  jxijxr  and  th"ii  this  jxifxr  was  distributfxJ  t'.' 
students  v/itli  the  JiustnKlit)n  lliat  tin  y  mentally  ">mpute  exart  anwers  Ur  all  problwiis  and  tliat  if 
they  cannot  ^-^^mpute  montally,  thpy  m<u"k  \  m  ;i  i^ivcn  frame.  Tlpy  were  gi\'en  10  minutcefi  to  cx)fiiplete 
the  written  test.  For  tlv  nil  tf.*it,  all  items  wer*-  pp^nrrnlrtd  on  a  ru\fxJ«r  and  {Tosejited  to&ludents 
at  a  s}«:jfiifl  [vri(«l  of  tim"  (5-10  i^ximts  {x>r  iIhm)  with  the  ULstniftion  that  they  compute  mentally 
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exact  answer  (without  ccpyii>g  tiie  prcbl^l  and  writ,  their  ans^.er  on  an  slK.t  of  paper  provided. 

RESULTS  AND  ANALYSIS 

The  first  part  of  MCE  test 

TabieTlmn,a.>^  the  pc^nt  «  to  the  p^l..  1;  ■There  are  48  boy.  and  54  ^  a 
parU.  YOU  will  ^ve  two  candies  to  everyone  A^.ut  how  .an,-  candic  do  you  ne«i  -ough  °rjh 
Zvce^r:  This  table  shows  that  69.4%  of  the  fourU,  grades  89.9%  of  the  fift),  grad^  and  76.2%  o 
^TTxth  grad^  gave  answe.-.  rr<.,  200  to  220  candid  and  no  significant  d^ffa^nce 

the  axtn  graaa5=  reasonable  in  the  purpose 

found  among  the...  However  fc^ng  on  answer3  (204.  210  or  220)  uhich  are  reaso 
of  this  pr^em.  whereas  54.9%  of  the  fourth  graders  gave  th«e  reasonable  answer  onl.  18.2,  of  the 
irgr^  and  22.6%  of  the  sixth  gave  the..  Al.ut  half  of  student,  at  5  and  6  grad.  .ad 

..eirLmaUon  usi,.  strategy  and  .^.^  200 

significant  diffe^nce  between  fourU>  graders  and  fifth  graders  (  x  "  =53.47.  d/-4  p  <.00  1^ 
^d^ng  the  fact  that  the  fourth  grad«.  bad  not  learn«i  any  r.und«i  numb^  and  r^^g 
^ri<.  in  schools,  this  analy^s  sugg^  that  tead^g  and  learning  of  r.und.ng  strategy 
"shishagoiiyu"  has  an  effect  on  a  slem^mxxi  est.iniatioa 

Table  1    Peroent  Armx.rs  to  Vu'  />X3bLem  I 


Pirant  Answers 
Grade  200        204       1^10         220  other 


4 (n=124) 

14.5 

iy.4 

2B.B 

8.y 

30.6 

5  (n  =  143) 

51.7 

7.0 

2.1 

30.1 

6 (n=84) 

53.6 

10."^ 

8.3 

3.6 

23.8 

Table  2  su^™  the  pcr^nt  a,.wen.  .0  Uk-  p,*len,  2;  "When  you  buy  46  apples  at  83  yen.  is 
4500  yen  enough  fo.-  you  .0  buy  th™>7  Chc^  ..ne  w.^v  among  U..  followings  to  chc^  by  mental 


TGiwnt  Answers 

Orado         80x40   80x50   «.)0x40   90x50   )00x40   85x45   oU.er      enough  not  enough 


4  (n  =  124)  12.1  21.0 
5(n=l43)  7.0  75.5 
e(n  =  84)         0.0  73.0 


1  6 

33.1 

2.4 

10.5 

17.7 

88.7 

0.0 

0.0 

7.0 

1  4 

4.9 

3.5 

83.2 

4.9 

2.4 

14.3 

K2 

4.8 

3.B 

yo.5 

2.4 
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computation  whether  450D  yeii  is  enough  or  not,  and  Uien  mark  one  of  two  altemativffi  of  enough  or 
not  enough",  in  this  problem,  it  is  a  reasonable  and  efficient  estimation  strategy  to  round  up  both 
numbers.  Whereas  33.1%  of  the  fourth  graders  chcse  this  strategy  (90x50),  onl^'  7.0%  of  the  fifth 
graders  and  14. 3X  of  tlie  sixth  graders  chose  it  About  75X  of  students  at  5  and  6  grades  chose  the 
"shishagonyu**  strategy  (80  x  50).  Although  the  majority  of  students  at  each  grade  level  choee  a  correct 
alternative  "enough",  some  students  seemed  to  do  it  based  on  uni^easonable  estimation.  A  croes  test 
sJiowed  a  significant  difference  between  the  fourth  graders  and  the  fiftli  grado^  in  regarxl  of 
estimation  strategies  (  x  ^=62.47,  df=2,  p<.OOOD.  This  analysis  also  suggests  a  negative  effect  of  the 
teaching  and  learning  of  rounding  strategy  "shishagonyu"  on  computational  estimation  in  a 
problematic  situation. 

Table  3  summarizes  the  pm:ent  answers  to  the  problem  3;  "When  456  candiffi  are  shared  with  87 
persons,  a^AJut  how  many  candies  does  one  person  get?  Choose  one  way  among  the  foUowings  to  solve 
tliis  problem  by  mental  computation,  and  then  write  your  answer".  This  table  shows  that  the  fourth 
graders  tented  to  choose  a  way  (456  ^90)  similar  to  an  exact  way  (456^  87)  in  this  problem.  It  is  very 
interesting  that  only  8.1%  of  the  fourth  graders,  11.9%  of  the  fifth  gradere.  and  21.4%  of  the  sbcth 
gradax-.  choee  a  mcst  reasonable  and  efficient  strategy  to  estimate  the  number  of  candies.  This  fact 
telJs  us  that  it  is  difficult  for  the  ma,jority  of  students  at  eadi  grade  level  to  round  up  one  number 
a*  '.1   )und  down  the  other  at  the  same  time  in  a  flexible  maniier. 

Moreover  we  should  note  that  only  34.7%  of  the  fourth  graders  and  54.5%  of  the  fifth  gradera 
foidd  answer  a  reasonable  number  "about  5"  candies  and  that  al.iast  of  unreasonable  answers  were 
•■about  50"  candies.  This  fact  suggests  that  it  is  difficult  for  Uiem  to  mentally  compute  a  division  of 
5-digit  number  by  2-digit  number  which  could  be  reduced  to  a  division  of  2-digit  number  by  1 -digit 
number  and  tliat  they  secins  to  be  Ihck  of  number-  sense. 


Table  3     Percent  Ansti)€rs  to  The  Problm  3 


Percent  Answer's 

Grade 

456^90 

450^87 

450^80 

450^90   500 -r  90  500^100 

other 

about  5 

other 

4  (n=124) 

38.0 

6.5 

8.1 

8.1        17.0  4.8 

17.7 

34.7 

65.4 

5  (n=l43) 

n.9 

5.6 

4.9 

ll.g       52.4  5.6 

7.7 

54.5 

45.5 

6 {n=84) 

14.3 

4.8 

7.1 

21.4       25.0  6.0 

21.4 

78.6 

21.4 

The  second  port  of  MCE  test 

The  second  part  of  MCE  test  included  6  items  containing  only  numerical  data.  In  axier  to  obtain 
botli  performance  and  strategy  data,  students  were  asked  to  roughly  cxxnpute  each  of  items  without 
using  paper  and  pendl  and  then  to  write  a  metliod  of  rough  computation.  The  strategies  used  by 
students  could  be  classified  into  Uiree  types.  The  H  typo  was  that  student  firstly  rounded  number(s) 
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and  thea  computed  than  mentally  (^g.  347-248^350-250=100),  llie  C  type  was  that  student  ooniputed 
an  exjtt  answ«-  mentally  (ag,  347-248=99),  The  M  type  was  that  student  firstly  rounded  nuxnber(s), 
then  co^uteri  than  mentally,  and  finally  rounded  an  aa<^er  again  (e.g,  357.245^350.250=600-^ 

levels  on  6  ite^  and  the  range  for  acceptable  «in«tes  fcr  each  of  tha,,  are  shown  in 
Table  4.  The  percentages  of  the  three  types  of  strategies  used  by  students  who  could  me 
reasonably  are  also  shovm  in  this  table. 

The  fact  that  the  percent  coc^  on  each  of  itans  increased  gradually  with  grade  level  showed 
tl^t  perfoni^oe  of  computational  estimation  improved  with  grada  This  taale  also  showed  that  the 
perx^entage  of  using  the  R  type  strategy  di^tically  increased  from  the  fourth  grade  to  the  frfth 
grade.  A  otss  test  ^^owed  significant  difference  at  aU  it«ns  (for  the  third  item  p<.001.  for  the 
oth«s  P<.0001)  between  students  using  the  R  strategy  and  those  using  the  C  strategj-.  This  analysis 
sugg^  a  pcBitive  effect  of  the  teadung  and  learning  of  rounded  numbers  and  rc-arrfing  strategy 
-shishagonyu"  on  computational  estimation  containing  only  numerical  data 


Table  4 


Pacmt  Cca^  on  6  lims  and  Typ«i  o/  Stnrt^gte.  Vsed  Scr  Computational  Estimatio,, 


Grade  4  (n=124)        Grade  5 (n=143)         Grade  6 (n 
Acceptable   

Iteni  lnt^>ai        Total  R     C     M    Total   R     C     M     Total  R 


=84) 
C  M 


375-^245 

307+699 

347-248 

21x48 

984-9 

16+58+83+41 


[590,610] 
[1000, 10' 0] 
[99,100] 
[900,1100] 
[10,11] 
[180,210] 


80.6  34.7  40.3  5.6  83.9  66.4  14.0  3.5  92.9  75.0 

75.2  38.0  31.5  5.6  81.8  63.6  15.4    2.8  94.0  76.2 

61.3  40.3  18.5  2.4  83.2  70.0  12.6   0.7  90.5  75.0 

21.8  8.9   11.3  1.6  55.2  46.9  7.7   0.7  73.8  61.9 

58.9  32.3  20.2  6.5  70.6  57.3  6.3  7.0  89.3  64.3 
57.3  30.0  24.2  3.2  84.6  6B.4  14.0  4.2     96.4  78.6 


155  2.4 

15.5  2.4 

15.5  0.0 

9.5  2.4 

11.9  13.1 

13.1  4.8 


The  third  part  of  MCE  test 

Perfcmanoe  levels  on  12  ite^  of  mental  computation  in  the  written  test  and  the  oral  t^  are 
shown  in  Table  5.  As  expectecl  tlus  table  showed  that  p«^fa^^ce  on  both  the  writter.  and  oral  teste 
gen«^  imprwed  with  grade.  In  grades  4  and  5.  p^f  ormance  on  the  written  test  vaned  by 
operation,  with  addition  being  the  easiest  and  division  the  m.^  difficult.  There  was  a  ^i^icant 
difference  between  the  perfc^anc.  on  the  v;ritten  and  oral  tests.  This  dif faunae  m.ely  r^ulted  fro. 
a  variety  of  factcc^  including  the  f cnnat  of  pr^tation  and  timing  of  each  test.  Other  factors  whK^h 
may  have  contributed  to  betta^  px^c^ance  on  the  .^tten  t^  mclude  a  decr^  need  to  ~ 
Zba.  This  coru^^  seemed  to  be  supported  by  the  ^crmar.co  on  the  item  209+542.  If  students 
had  x^sod  a  mental  vet^on  of  the  paper/pendl  al^oritlun,  it  would  be  difficult  to  men^orize  the  nu^ 
ai.d  cany  out  this  strateg>'  in  only  5M0  sounds.  On  the  other  hand,  if  they  had  c«nputed  the  problem 


n-70 

mentally  by  using  the  "toukaho"  strategy  {e.g.  209+542=209+500+42=709+42=751)  the  difference  in 
performance  might  net  have  been  so  great. 

Tliis  analysis  suggests  that  although  performance  on  mental  computation  of  four  q:>erat:ions  with 
whole  numbers  improved,  many  students  seem  to  employ  a  mental  version  of  the  paper/pencil  algoritl-un 
instead  of  making  use  of  the  advantage  of  Japanese  numerical  system. 

Table  5     Percent  Correct  on  12  Items  of  Mental  Carputation 


Written  Oral  Test 


Item 

Grade  4 
(n=92) 

Grades 
{n=106) 

Grade  6 
{n=84) 

Grade  4 
(n=32) 

Grade  5 
(n=37) 

43+58 

96 

87 

96 

47 

81 

375+32 

92 

89 

95 

72 

65 

209+542 

90 

85 

94 

25 

27 

53-8 

95 

87 

93 

78 

87 

42-13 

83 

84 

93 

31 

73 

145-46 

82 

80 

87 

58 

57 

15x4 

79 

81 

90 

53 

89 

324x2 

90 

87 

93 

44 

76 

54 9 

84 

OA 

98 

72 

87 

96-8 

62 

73 

92 

38 

76 

603-3 

60 

''2 

93 

50 

81 

284 -r  4 

65 

70 

91 

28 

70 

Relationship  between  the  ccmputational  estijnatian  ability  and  strategy 
and  the  mental  computatiQn  ability 

Using  data  on  the  second  and  third  parts  of  MCE  test,  the  relationship  between  computational 
«3timation  ability  (CEA).  computational  estimation  strategy  (CES).  and  mental  computation  ability 
(MCA)  was  analyzed  In  tliis  ret?ean:h  CEA.  CES.  and  MCA  were  defined  as  tlie  foUowings. 

CEA:  It  was  measured  by  the  frequency  of  reasonable  estimation  on  G  itefiis  in  the  second  part  of 
MCE  test.  Students  who  made  more  than  5  treasonable  estimates  were  grouped  in  tiie 
high-ability  class  (EH)  and  the  othet^  were  in  the  low-ability  claffi  (EL). 

CES:  It  was  ieterminod  by  the  type  of  strategy  used  to  estimate  6  items  in  the  second  part  of  MCE 
test  The  R  type  strategy  and  the  C  type  strategy  were  differentiated. 

MCA:  It  was  measiirod  by  the  frequency  of  cx^rrect  mental  computation  on  12  iteins  m  the  t^iird  part 
of  MCE  test.  Students  who  computed  more  than  10  correct  answers  were  grouped  in  the 
Jiigh-ability  class  (MH)  and  tlie  others  \-:<r'>  m  the  low-ability  clai«  (ML). 


EMC 
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AS  a  result  of  the  C3^  tests,  fii^Ay  it  was  shown  that  there  was  a  afinifioai.t  relationship 
between  CEA  and  HCA  in  the  writt<.n  and  cral  tests  (  x''=28.24,  d/=l,  p<.001;  and  x"=15.01,  dM.  P 
<  001  rffipectively).  Se»ndarlly  th«re  wsre  significant  relationships  at  eadi  of  items  except  for  the 
fifth  'it«,''S8-9"  (7.055x^223.58,  dS-U  P<.01)  between  CEA  and  CES.  Thindly  there  was  no 
significant  relationship  between  CES  and  MCA.  These  results  are  illustrated  in  Figure  1.  Tta-i 
suggests  that  the  mental  canputation  ability  contributes  to  the  computational  estimation  ability.  For 
flexible  cornputational  ^Ciraation  strategies,  however,  the  reasonable  and  effident  rounding  nu.-nbe« 
is  more  important  tton  the  mental  oocr.putation  ability.  In  other  words,  it  might  he  said  that  the 
reasonable  and  effident  computational  esti^tion  require  flexible  rounding  of  num-cer^  basal  on  a 

sound  nuirber  sense  as  weU  ss  mental  computation  ability.  

(^Computational  Estimation  Ability) 

Kp<.m\^  N^(p<.oi) 

(Mental  Computation  Ability)  (canputaaonal  Estimation  Strategy) 

Figure  1 

CONCLUSIONS  AND  IMPUCATIONS 
Through  this  smaU  research  the  foUows  were  found  out  mainly. 

(1)  The  teaching  and  learning  of  rounded  numbers  ^ind  rounding  strategies  u.  the  fourth  grade  had 
st3x,ng  effects  on  p«^(ri^ce  on  computational  estimation  at  the  fifth  and  sixU,  gi-ad^  in  Japai,. 

in  the  computational  estimation  containing  only  numerical  data  the  teaching  and  leai-ning  of 
rounded  numbers  and  rounding  strategy  "shishagon.v^-  had  a  pcEitive  effect  it  had  a  negative  effect 
on  the  computational  estiir^tion  in  son,e  problemtic  situations  and  been  led  to  stereotyped  estunation. 

,0)  The«.  W€r»  significant  relatioaships  both  tetween  computational  a^timiation  ability  and  mental 
conputauon  ability,  and  computational  estimation  ability  and  computational  fstimanon  strategy. 
Tha^  was,  howeva-,  no  sigmficant  relatior^p  between  ccxmputational  «*imation  strategy'  and  mental 
cc«,putation  ability.  These  ns.nilts  suggest  that  the  tenable  and  eff.dont  camputational  estimation 
flexible  rxjunding  of  nun.be:^  basal  on  a  sound  number  sense  as  well  as  mental  computation 

ability.  ,  .  .  ^  j 

These  are  similar  to  U,e  follovnng  indication  and  ctecrvation  by  He>^  et  al.  (1991)  wtuch  fc^ 
on  the  computational  estimation  perfo,.mance  and  strategies  us^  by  fifth-  and  eighU.-grade  Jaf^ese 
students  "indeed  it  is  possible  that  the  oy^erlearning  of  written  algoriUin,s  m,3i-  inhibit  a  numbe.-  of 
impcrtant  factcns  that  contribute  to  succe^  at  estimation,  namely,  flexible  use  of  number^  tolerance 
fo.-  en-or  of  multiple  strategic,  and  acyustment  techniques  Students  at  hoU,  grade  levels  tended 
to  apply'  learned  algorithmic  c^putational  p«cedure=.  mentally"  (p.55).  The  second  finding  in  this 
r^mA  ho«e^.e^,  is  rather  new  and  could  suR«rt  Oiat  computational  «^imation  would  ^  clcs-^V 
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related  with  mental  computation  and  number  sense. 

Although  all  results  of  this  research  may  be  of  limited  generality  and  validity,  th^  suggest  that 
the  formal  teaching  of  rounded  numbers  and  rounding  strategies  could  lead  students  co  a  rigid  and 
stereotyped  estimation.  Therefore  the  teaching  computational  estimation  should  help  students  round 
numbei^s  flexibly,  estimate  value  reasonably,  and  make  an  adequate  decision  in  a  prohlesnatic 
situation.  To  do  it  we  must  put  more  emphasis  on  mental  amputation  and  number  sense  than  the 
complicated  paper/pencU  computation  in  elementary  school  mathematics  curricula. 

REFERENCES 

E)owker,  A.  D.  (1992).  CTiputational  estijnation  strategies  of  professional  matliematiciana  Journal  /or 
Researxih  in  Mathetnatics  F,di*oation  Vol  S5,  45-55. 

Itoh,  S.,  Hasuda.  1..  Hceaka,  N.,  Kodiiya,  Y..  leda,  H..  Nakada.  K..  Tokito,  K.,  Iwatani,  T..  Yahagi.  T.. 
Watanabe,  H..  Sasaki.  S.  &  Saito.  N.  (1987).  On  estimation  teaching  in  mathematics  (1).  Journal 
0/  Japan  SccL^  of  Mathsmaticol  Educatioru  Vol  69,  274-280.  (in  Japanese) 

Itoh,  S..  Masuda,  I..  Hosaka,  N..  Kochiya,  Y..  leda.  H..  Nakada,  K..  Tokito,  K,.  Iwatani,  T..  Yaliagi,  t.. 
Watanabe,  H..  Sasaki,  S.  i  Saito,  N.  (1988).  On  estimation  teaching  in  matlieniatics  (2).  Journal 
0/  Japan  Sccwty  of  Mathematical  Edutoation,  Vol  70,  73-79.  (in  Japanese) 

Japanese  Ministiy  of  Education.  (1977).  The  Couree  of  Study  far  El&nentary  Schools.  Tokyo:  Printing 
Bureau. 

Japanese  Ministry  of  Education.  (1989).  The  Course  of  Study  for  ElmenUiry  Schools,  Tokyo:  Printing 
Bureau. 

National  Council  of  Teachers  of  Mathematica  (1989).  Curriculum  and  Evaluation  Standards  for  Scha)l 

MaVimatics.  Reston,  VA:  NCTM. 
Reys.  R.  E.,  Bcstgen.  B.  J..  Rybolt.  J.  F..  &  Wyatt,  J.  W.  (1982).  Processes  used  by  good  computational 

estiinators.  Jourml  for  Research  in  Mathsnatics  Education,  Vol  13,  183-201. 
Rcy-.:i,  U.  J.  (1986).  Teadiiiig  computational  estimation:  Concepts  and  strategies.  In  Schoen.  H.  L.  & 

Zweng.  H.  J.  (Eds.).  Estimation  and  Mental  Computation,  31-44.  Reston,  AV:  NCTM. 
Reys.  R.  E..  Reys.  B.  J.,  Nohda,  N.,  Lsliida.  J..  Yoa'^ikawa.  S..  &  Shimizu.  K.  (1991).  Compumtional 

estimation  performance  and  strategies  used  by  fifth-  and  ei^htli -grade  Japanese  students. 

Journal  fcr  Retiearch  in  Mathematics  Education,  Vol  22,  39-58. 
Rubenstein,  R.  N.  (1905).  Computational  estiniation  and  related  mathematical  skills.  Journal  for 

Research  in  Mathematics  Education,  VolW,  106-119. 
Sov/der.  J.  T.  (1992).  Estimation  and  number  sense.  In  Gixiuws,  D.  A.  (Ed.).  Handbook  of  Research  on 

Mathanatics  Teaching  a/id  Learning.  371-389.  Reston.  VA:  NCTM. 


ERIC 


n-73 

VOLUNTARY  INTERACTION  GROUPS  FOR 
PROBLEM-CENTERED  LEARNING 


Hanlie  Murray,  Alwyn  Olivier  and  Piet  Human 
Research  Unirfor  jWathematics  Education 
University  of  Stellenbosch,  Sot  ':h  Africa 

In  a  problem-centered  learning  approach  compatible  with  a  constructivist  view  of 
knowledge  and  learning,  social  interaction  among  students  and  attempts  by  siu- 
denls  to  make  sense  of  their  own  and  each  otJier's  constructions  lead  to  the  develop- 
ment of  shared  meanings  and  to  individual  students' constructions  of  im^reasingly 
sophisticated  concepts  and  procedures.  Even  within  the  same  basic  teaching  ap- 
proach, different  patterns  of  social  interaction  and  the  role  that  tlie  teacher  assumes 
in  tfie  learning  process  heavily  influence  learning  outcomes.  Our  present  evidence 
points  towards  granting  young  students  the  latitud£  to  construct  both  mathemati' 
cat  meanings  and  the  necessary  social  suppoH  systems,  and  questions  the  validity 
of  some  present  assumptions  about  suitable  support  systems. 


Introduction 

Contrai-y  to  an  empiricist  view  of  teaching  as  tiio  tranemisRion  of  kncvvlodge  and  learning 
as  the  absorption  ofknov/ledgc,  icsearch  indicates  that  students  construct  their  own  mathe- 
matical knowledge  irrespective  of  how  they  are  taught.  Cobb,  Yackel  and  Wood  (1992)  sUite: 
"  we  contend  that  students  must  necessarily  construct  their  mathemaUcal  ways  of  know- 
ing in  any  instructional  setting  whatsoever,  including  that  of  traditional  direct  instruction," 
and  "The  central  issue  is  not  whether  students  are  constructing,  but  the  nature  or  quality  of 
those  constructions"  (p.  28).  . ,  ,ir   j  v  i  t 

A  problem-centered  learning  approach  to  mathematics  teaching  (e.g.  Cobb,  Wood,  Yackel, 
Nicholls  Wheatley  Trigatti  &  Perlwitz,  1991;  Olivier,  Murray  &  Human,  1990)  encourages 
students'  to  construct  their  own  knowledge  and  also  attempts  to  establish  individual  and 
social  procedures  to  moniror  and  improve  the  nature  and  quality  of  those  constructions.  This 
approach  is  based  on  the  view  that  the  construction  of  mathematical  knowledge  is  firstly  an 
individual  and  secondly  a  socio/  activity  described  as  follows  by  Ernest  (1991): 

"(i)  The  basis  of  mathematical  knowledge  is  linguistic  knowledge,  conventions  and  rules, 
and  language  is  a  social  construction. 

(ii)  Interpersonal  social  processes  are  required  to  turn  an  individual's  subjective  mathe- 
matical knowledge,  after  publication,  into  accepted  o6ycciii;e  mathematical  knowledge. 

(iii)  Objectivity  itself  will  be  understood  to  be  sociar  (p.  42.  our  italics). 

\Vhereas  a  traditional,  transmission- type  teaching  approach  necessarily  leads  to  sub- 
jective knowledge  which  is  largely  re-constructed  objective  knowledge,  a  problem-centered 
leai-ning  approach  reflects  the  belief  that  subjective  knowledge  (even  if  only  in  young  diil- 
dren)  should  be  personal  constructions  and  not  re-constructed  objective  knowledge.  (When 
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we  aim  at  children  constnicting  their  own  knowledge,  as  opposed  to  re-constructing  exist- 
ing objective  knowledge,  we  do  not  imply  that  children  are  actually  creating  knowledge  that 
docs  not  already  exist  as  (.bjective  knowledge;  we  do  state  that  the  children  in  tliis  approac  i 
construct  ^/ic/r  knowledge  as  new.) 

Optimal  learning  environments  for  those  two  modes  of  learning  (i.e.  the  personal  con- 
struction of  an  individual  as  opposed  to  the  re-construction  of  objective  knowledge)  probably 
difTor  significantly.  The  descriptions  and  tontntivo  evaUiations  of  different  social  interac- 
tion patterns  in  this  paper  are  given  from  the  perspective  of  the  construction,  and  not  the 
re-construction,  of  knowledge. 

Classroom  culture  in  problem-centered  learning.  Some  salient  characteristics  of  our 
problem- cento  red  learning  clossrooms  include: 

1 .  Students  are  presented  witli  problems  that  arc  meaningful  and  interesting  to  them,  but 
which  they  cannot  solve  with  ease  using  routinized  procedures  or  drilled  responses. 

2.  The  teacher  does  not  demonstrate  a  solution  method,  nor  does  she  steer  any  activity 
(e.g.  questions  or  di.';c'ussion)  in  a  direction  that  she  had  previously  conceived  as  desir- 
able, yet  she  expects  every  student  to  become  involved  with  the  problem  and  to  attempt 
to  solve  it.  Students'  own  invented  methods  are  expected  and  encouraged, 

3.  It  is  expected  of  students  to  discuss,  critique,  explain,  and  when  necessary,  justify  their 
intt>rpretations  and  solutions. 

The  combination  of  cliaracleristics  I  and  2  show  why  a  problcMn-centered  learning  ap- 
proach is  incompatible  with  traditional  transmission  mathematics  teaching.  Characteristic 
1  requires  that  the  problems  posed  lie  in  the  student's  zone  of  proximal  development  (Vygot- 
sky,  1978),  which  impHes  that  this  type  of  problem  can  only  be  solved  by  the  individual  if  help 
is  available.  Characteristic  2,  however,  means  that  the  teacher  does  not  supply  that  help, 
even  in  the  indirect  form  of  steering  conversations  towards  a  particular  goal.  To  resolve  the 
apparent  conflict  between  characteristics  1  and  2,  characteristic  3  implies  that  opportunities 
for  discussion  and  justification  among  peers,  with  the  teacher  as  facilitator  (but  not  media- 
tor), will  provide  the  necessary  support  for  students  to  solve  problems  which  He  in  their  zones 
of  proximal  development.  This  leads  to  the  negotiation  of  a  classroom  culture  where  students 
perceive  themselves  as  autonomous  problem-solvers,  accept  the  responsibility  for  their  own 
learning  and  also  learn  to  respect  and  evaluate  other  points  of  view. 

Vygotsky  describes  the  zone  of  proximal  development  as  the  distance  between  a  learner's 
"actual  developmental  level  as  determined  by  independent  problem  solving"  and  the  higher 
level  of  "potential  development  as  determined  through  problem  solving  under  adult  guidance 
or  in  collaboration  with  more  capable  peers**  (p.  86,  our  itiilics).  We,  however,  circumscribe 
the  teacher's  role  to  that  of  facilitator,  chairman,  or  if  necessary,  devil's  advocate,  and  regard 
students*  mathematical  discourse  as  the  main  vehicle  for  learning.  We  regard  this  type  of 
discourse  as  compatible  with  what  Richards  (1991)  calls  inquiry  math:  "asking  mathemat- 
ical questions;  solving  mathematical  problems  that  are  new  to  you;  proposing  coi-yectures; 
listening  tx)  mathematical  arguments"  (p.  15). 
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Social  interaction  Bcrvcs  at  least  tho  follov/inK  purposes  in  problem-centorcd  clattsrooma: 

•  Social  interaction  creates  opportunitiea  for  fltudents  to  talk  about  thoir  thinking,  and 
this  Uilk  encourages  reflection,  "From  tho  constructiviat  point  of  view,  thoro  can  bo  no 
doubt  that  reflccUvo  ability  is  a  mi\jor  source  of  knowledge  on  all  levels  of  mathematics. . . 

verbalize  what  one  is  doinK  ensures  that  one  is  examimng  it.  And  it  is  precisely  dur- 
in{^  such  examination  of  mental  operating  that  insufficiencies,  contradictions,  or  iml- 
evancios  arc  likely  to  be  spotted."  Also, . .  leading  students  to  discuss  their  view  of  a 
problem  and  their  own  tentative  approaches,  raises  thoir  Bolf-confidence  and  provides 
opportunities  for  them  to  reflect  and  to  devise  new  and  perhaps  more  viable  conceptual 
strategies**  (Von  Glascrsfeld,  1991,  p,  xviii,  xix), 

■  Students  learn,  and  leani  from  each  other,  by  listening  to  and  trying  to  make  sense  of 
other  procedures  and  concepts  being  explained. 

■  Through  classroom  social  interaction,  tho  teacher  and  students  construct  a  consensual 
domain  (Richards.  1991;  see  below)  oftaken-to-be-shared  mathematical  knowledge  that 
both  makes  possible  communication  about  mathematics  and  ..ei^^cs  to  constrain  indi- 
vidual students*  mathomaUcal  activity.  In  the  course  of  their  individual  construction  of 
knowledge,  students  actively  participate  in  tho  classroom  community's  negotiation  and 
institutionalization  of  mathematical  knowledge  (Cobb  et  al,  1991). 

Tho  problem-centered  learning  approach  is  not  prescriptive  about  how  teachers  should  or- 
ganizo  their  classrooms  to  faciliUito  social  interaction  between  students,  In  the  sections  that 
follow  wo  briefly  describe  and  discuss  threo  teachers'  attcmpUM  to  establish  an  inquiry  mathe- 
matics culture  in  their  classrooms.  We  will  present  anecdo.  j.I  evidence  to  show  that  students 
sometimes  need  to  work  individually,  that  when  they  work  cooperatively  they  function  bettor 
when  interacting  with  peers  of  equal  ability  (contradicUng  Vygotaky's  notion  above),  and  that 
students  understand  and  cope  with  learning  thrvitgh  problem  solving  and  social  interaction. 

Two  classrooms 

It  was  possible  to  observe  and  videotape  two  third-grade  classrooms  in  the  same  school  on 
a  regular  basis  during  the  whole  of  the  1991  school  year,  as  well  as  to  anolyze  all  written 
work  done  by  the  students  in  these  classrooms.  According  to  local  educational  practice,  boUi 
teachers  had  divided  their  classes  loosely  into  three  ability  groups,  but  the  range  of  ability 
(or  "quickness  of  understanding")  within  each  group  was  sUll  significant. 

The  one  teacher,  Roxanno,  estiiblished  the  following  procedure.  She  would  pose  a  chaU 
lenging  problem  to  a  group  of  students  wliich  they  would  tlien  tackle  individually.  When 
most  of  tho  students  had  solved  the  problem,  she  would  iniUate  a  group  discussion  about 
the  different  methods  used,  requiring  explanation  and  jusUfication  from  each  student.  Any 
errors  and  misconcepUons  were  identified  and  resolved  by  the  group  under  her  guidance. 
All  strategies  were  accepted  and  she  tried  not  to  show  preference  for  a  particularly  short 
or  elcgant'strategy  for  fear  of  pressurizing  students  into  imitating  a  procedure  they  did  not 
really  understand.  Roxamie  handled  the  whole-group  discussions  very  competently;  she  was 
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non-ovaluativo  and  awarded  each  ctudent's  contribution  equal  time,  encouraffing  students 
to  discuss  not  only  their  stratcprfes  but  also  their  reasons  for  makini^  certain  choices.  There 
was  no  pressure,  even  covertly,  from  her  for  students  to  adopt  certain  strate^ries. 

The  othor  teacher.  Helen,  typically  posed  a  problem  to  a  gi'oup  of  students  and  required 
each  p*udent  to  tackle  the  problem  individually  After  some  time  she  would  auggeat  (hat  they 
start  vO-operating  informally  in  small  sub-groups  of  two  or  three,  sometimes  suggesting  part- 
ners but  always  leaving  the  final  choice  to  the  students  themselves.  The  small  sub-gi'oupa 
were  not  stiible,  but  broke  up  und  re-formed  according  to  the  needs  and  intoresta  of  the  dif- 
forent  studenta.  The  most  important  social  norm  which  governed  (hia  type  of  interaction 
waa  that  a  student  could  only  bo  helped  with  a  solution  strategy  that  ho  had  already  ini- 
tiated, Helen  spent  little  time  on  wholo-group  discussion  and  frequently  neglected  to  elicit 
reasons  for  certain  mathematical  decisions  taken  by  students.  She  did,  however,  insiat  that 
no  problem -solving  session  be  terminated  unless  each  student  had  solved  the  problem  suc- 
cessfully by  means  of  a  strategy  that  he  himself  hsxd  initiated,  and  that  it  was  the  group's 
rcBponuibility  to  effect  this,  not  hers.  Methods  which  had  produced  erroneous  roaulta  wort' 
analyzed  in  detail  by  students  xmtil  the  error  was  identified,  and  this  was  then  reported  back 
to  the  teacher  or  the  group. 

Somo  obHorvationjji  about  social  intcractiou.  We  observed  that  students  in  HclonV 
class  seemed  to  choose  peern  relatively  equal  in  cognitive  ability  rather  than  more  able  stu- 
dents to  cooperate  with.  We  pursued  tlus  matter  with  somo  lower  ability  students  in  a  series 
of  informal  interviews.  Martin  conm\ent(id  on  liia  relucttmce  to  cooperate  with  more  able 
students  ai?  vol  lows:  "This  means  that  tliey  start  t<)ll*ng  mo  what  tlwy  tliink,  and  then  1  don't 
have  the  time  to  think  for  myself." 

The  perceptions  of  the  lower  ubiHty  students  can  be  summarized  as  follows: 

"Wo  don't  like  working  with  the  quicker  students.  We  need  time  to  think  things 
over  and  to  talk  tilings  over  with  people  who  don't  tliink  faster  than  we  do.  We 
want  to  think  for  ourselves." 

Many  studonta'  responses  indicated  that  they  were  explicitly  aware  of  at  least  one  func- 
tion of  social  interaction:  They  did  not  actually  need  direct  suggestions  from  their  group 
about  possible  solution  strategies,  but  felt  that  working  with  them  would  defmitely  enable 
all  of  them  to  solve  the  problems. 

Tliis  seems  a  good  intuitive  description  of  a  consensual  domain  of  taken-to-bc-shared 
meanings  and  practices  that  leads  to  successful  mathematical  discourse.  A  consensual  do- 
main is  cstabhshod  when  two  or  more  organisms  interact  in  response  to  the  others,  and  ". , 
are  acting  as  i/'thoy  have  to  come  to  an  agreement  regarding  their  underlying  assumptions" 
(Richards,  1991,  p.  18).  Richards  also  states  that  Through  reflexivity,  participants  establish 
that  they  are  in  the  same  ball  gtmio.  Only  tlicn  can  we  begin  to  speak  about  communication" 
(p.  IB,  our  it-alics),  and  "For  conmiunication  to  occur,  both  participants  must  have  the  po- 
tential for  change"  (p.  19).  The  main  difference  between  Helen's  and  Roxanne's  classroom 
interaction  patterns  is  that  Helen's  atudenta  engaged  in  intimate,  reflexive  discussions  with 
chosen  peers  of  near  equal  ability,  whereas  Roxanne's  discussions  involved  larger  groups  with 
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0  widor  ability  rango.  It  was  therefore  poflfliblo  for  Holon'rt  otudcnts  to  oaUibliah  coiiRensiiQl 
HomaiiiR  where  these  could  bo  cotabliBhcd  fluccesRfully.  i.o.  whore  a  rofloxivo  relationship 
could  ho  built  and  where  both  (or  all  the)  pnilicipanto  could  (were  willing  to)  chaneo.  It 
flccms  that  students' preference  to  work  with  equal-ability  peers  and  not  with  liighor-ability 
peers  is  doU>rminod  by  the  intuitive  realization  that  they  can  establish  a  consensual  domain 
with  equal-ability  peorfl.  but  not  with  hinher-ability  peers. 

It  flcoms  from  the  episodes  reported  that  those  studontfl  obtain  more  «atiefaction  from 
constructi?}^  a  solution  to  a  problem  tliun  from  ainii)ly  producing  the  right  answer  (note  their 
expressed  need  to  bo  allowed  to  tliink  for  themselves),  and  furthermore,  that  they  themselves 
believe  that  this  process  is  aided  by  collaboration  with  peers  of  equal  ability  and  not  by  collab- 
oration with  more  able  stvidonta.  Tliia  intuitive  perception  of  optimal  mathemaUcs  learning!: 
is  of  courao  heavily  influenced  by  tlie  classroom  culture,  which  is  h\  turn  influenced  by  the 
teacher's  perspective  on  the  nature  of  mnthematics  learning  as  inquiry;  had  the  tcachors  nt 
any  time  intinuitxjd  that  desired  learning  constitutes  the  successful  (foLdtloss)  implemonta- 
tiou  of  prescribed  procedures  to  solve  set  problems,  students'  perspoctiveu  on  optimal  learn- 
ing  processes  would  probably  have  be(m  quite  diHorent,  and  might  have  predisposed  them 
lowardB  learning /'rom  more  able  poors  (or,  of  covxrse,  from  Uu»  teacher  herselO,  in  the  school 
mathematics  tradition, 

Observed  dim^roncfcs  in  loamlng  outcomog.  Although  the  upper  ui^ility  students  in 
both  classes  pro^jrcHucd  in  much  the  sumo  way  and  evolved  similar  computational  stratc^ries, 
there  was  a  marked  difference  belweon  the  rut^s  of  progress  of  the  other  students  in  the 
two  classes  (Matliieson,  1992).  Wc  briefly  illustrate  tliis  dilVurenco  with  reference  to  the 
development  of  students'  division  strategies. 

In  Helen's  class,  the  middle  and  lower  ability  students'  computational  stratej{ies  devel- 
oped steadily  and  surely  over  varying  periods  of  time  depending  on  each  student's  abilities. 
There  were  no  signs  of  students  imitating  strategies  they  did  not  fully  understand.  The 
most  l)rimitive  division  Btruteg>'  in  u«o  by  Uic  end  of  the  school  year  consisted  of  a  judiciouo 
mixture  of  doubling  and  the  addition  of  multiples  of  the  divi»ur  (Mumiy,  Olivier  &  Human. 
1992).  For  example,  Freda  (lower  ability  group)  solved  988  :  38  as  follows: 

20  X  38  -  760      5  X  38  »  190      950  +  38  988 
988  •:•  38  c  2B 

In  Itoxannc's  class,  progress  wub  much  slower.  For  example,  by  the  end  of  tlio  school  year 
Nanette,  a  middle  ability  student,  solved  324  :  18  as  follows: 

18, 36, 54, 72, 90, 108   .  (continuing  to  add  one  18  at  a  time  imtil  she  reached  324, 
then  counting  the  number  of  18s). 

The  weakest  students  in  Helen's  class  were  therefore  performing  at  a  higher  level  than 
the  middle  ability  students  in  Roxanne's  class,  implying  a  substantial  difference  in  under- 
standing and  skiil  between  the  weaker  students  of  the  two  classes.  In  spito  of  the  obvious 
weakness  of  Helen's  approach  (little  higher-level  mathematical  discussion),  the  very  great 
difierence  in  performance  between  the  two  classes  suggests  that  n  social  interaction  pattern 
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where  students  are  initially  required  to  tackle  a  problem  individually  but  are  then  encour- 
aged to  form  loose  groups  of  their  own  choice  for  further  support,  results  in  faster  progpress 
and  the  construction  of  more  stable  concepts  and  procedures  than  an  interaction  pattern 
where  students  are  required  to  explain,  justify,  listen  and  evaluate  in  larger  group  context, 
no  matter  how  supportive  and  non-evaluative  the  teacher  is.  This  is  not  necessarily  true 
for  higher  ability  students  —  our  present  (incomplete)  data  indicate  major  differences  for 
middle-  and  lower-ability  children  only. 

A  third  classroom 

During  the  1992  school  year  we  monitored  a  culturally  diverse  third  grade  classroom  to  es- 
tablish whether  otlier  variables  than  ability  would  determine  students*  choice  of  partners  to 
cooperate  with.  Although  the  medium  of  instruction  in  that  school  is  English,  only  13  of  the 
32  students  in  that  classroom  had  English  as  mother  tongue;  other  mother  tongues  included 
Sotho,  T^wana,  Xhosa  (African  languages),  Cantonese,  Korean,  Chinese  and  Afrikaans. 

The  teacher,  Olga,  reports  that  she  experienced  severe  difficulties  in  establishing  a  class- 
room culture  in  which  students  were  willing  to  accept  responsibility  for  their  own  and  their 
peers*  Uaming.  After  four  months  the  following  model  had  evolved.  Olga  had  divided  the 
clasp  into  four  ability  groups  of  approximately  eiglit  students  each.  Three  groups  would  be 
given  written  assignments  or  practical  tasks  to  complete,  while  Olga  would  take  one  group 
and  pose  a  problem  verbally  to  the  group  as  a  whole.  She  would  then  leave  them,  because 
she  had  come  to  realize  that  she  tended  to  interfere  if  she  remained  with  the  group.  The  stu- 
dents themselves  would  then  decide  how  to  proceed — usually  they  would  discuss  the  problem 
first  so  as  to  understand  the  problem,  then  solve  it  individually  or  cooperatively  according 
to  choice.  Olga  did  not,  like  Helen,  require  that  each  student  initiate  a  solution  method  on 
his  own;  this  rule  proved  unnecessary  in  her  classroom  (see  for  example  Keba*s  comment 
below).  Cooperation  was  strictly  by  choice  and  usually  a  number  of  smaller  subgroups  of  two 
or  thi-ee  students  each  would  be  formed.  Sometimes  students  preferred  to  work  individually, 
and  different  students  were  several  times  observed  warding  off  someone  who  wanted  to  join 
him,  preferring  to  work  on  his  own.  In  the  final  phase,  however,  the  gi'oup  as  a  whole  had  to 
reach  consensus  about  the  answer  and  resolve  conflicts.  Only  then  was  Olga  invited  back  and 
a  general  report-back  to  her  followed,  including  not  only  explanations  of  different  methods 
used,  but  especially  also  descriptions  of  initipl  misunderstandings  and  incorrect  strategies, 
and  how  these  were  resolved. 

The  academic  progress  made  by  the  class  was  extremely  satisfactorj*  and  on  par  with 
other  classes  in  the  problem-centered  learning  approach. 

At  the  end  of  the  1992  academic  year  the  students  were  asked  to  write  individual  free 
comjnents  on  the  problem-solving  sessions  *'on  the  mat"  (as  they  call  their  problem-solving 
sessions  on  the  floor).  These  comraentrf  clearly  emphasized  five  main  issues: 

■  A  preference  for  individual  work  in  some  circumstances. 
Andrea:  **I  like  to  work  alon  if  the  sum  is  easy." 
Thato:  "Sometimes  if  they  don't  agree  v/ith  lae  I  work  alone." 


9^-  "^il 


n-19 

■  A  preference  for  working  witli  particular  students.  No  conflicting  choices  were  made, 
identification  was  mostly  mutual. 

Jiyun;  "I  like  working  with  Ziona  because  she  understands  me." 
Ziona:  "I  like  to  work  with  Jiyim." 

■  A  clear  imderstanding  of  why  discussion  and  cooperation  are  beneficial  to  the  learning 
process. 

Margaret:    .  .discust  the  sura  and  we  found  the  sum  becam  easy." 

Kanyiso:  "When  I  am  on  the  mat  I  learn  lots  of  different  ways." 

Kenneth:  "we  discussed  our  answer  than  if  we  got  diffemt  answer  than  we  see  were  did 

we  did  our  mi  stack." 

Rishaad:  "It  is  nise  to  work  in  groups  becase  you  will  lem  good." 
•  A  clear  xmderstanding  of  what  constitutes  efficient  group  functioning. 
Keba:  "If  you  working  in  groups  you  must  not  just  copy  and  you  must  think  of  diferent 
ways." 

Dinea:  "We  explain  the  sum  to  Uie  others  if  they  got  their  answer  wrong  we  dont  say  it 
is  wrong  because  we  dont  nou  if  ours  is  right  or  wrong." 
Dintiragctse:  "..  .if  we  dont  agree  then  we  check  our  mistaick." 

Oscar:  "We  discuss  the  answer  when  all  is  rit  [when  everybody  has  obtained  the  right 
answer]  we  tell  our  teacher  then  we  go  to  our  seats." 

■  A  tolerance  towards  the  personal  needs  of  other  students. 

This  is  illustrated  in  their  comments  on  how  mistakes  and  disagreements  are  handled; 
in  the  way  that  they  respect  a  student's  right  to  work  by  himself  if  he  so  wishes,  but 
also  in  statements  like  the  following,  which  recognizes  the  need  to  give  everyone  a  turn: 
Darryl:  "I  like  explaneing  to  my  fri'^nds  and  they  like  explsneing  to  me." 

There  is  no  indication  that  any  of  these  five  categories  of  perceptions  are  peculiar  to  any 
of  the  variables  of  ability,  gender  or  language.  Students'  indicated  choice  of  peers  for  coop- 
eration  was  found  to  be  dependent  on  ability,  but  not  on  language  or  gender.  The  infomal 
small  groups  identified  by  the  students  varied  from  the  homogeneous  Jonathan,  Alvin  and 
Jason  (all  English  boys),  to  Arend  (English  boy),  Jo-Anne  (Afrikaans  giri)  and  Tshegofatso 
(T^wana  girl).  In  fact,  all  the  sub-groups  except  the  first  mentioned  included  different  home 
languages. 

While  Helen  suggested  social  interaction  patterns,  Olga  made  no  suggestions  at  all,  leav- 
ing in  entirely  up  to  the  students.  In  as  much  as  each  student  in  Helen's  class  was  expected 
to  assume  responsibility  for  his  mathematical  growth  and  to  evolve  solution  strategies  which 
suited  him  personally,  each  student  in  Olga's  class  was  also  expected  to  explore  and  evolve 
social  interaction  patterns  according  to  his  own  needs. 
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Conclusions 

The  conclusion  that  we  are  tempted  to  draw  from  the  above  observations  is  that  the  con- 
struction of  mathematical  concepts  and  processes  is  both  more  uniquely  personal  and  more 
dependent  on  social  interaction  than  we  ever  realized  before.  The  students  reported  here 
demand  both  complete  freedom  from  interference  of  any  kind  to  construct  their  own  know- 
ledge, and  a  social  interaction  system  that  makes  possible  the  establishment  of  consensual 
domains  to  support  true  mathematical  discourse.  The  successful  establishment  of  these  so 
cial  structures  is  not  more  difficult,  but  simply  more  seJisitive  to  outside  interference  than  we 
have  suspected.  Students,  even  very  young  students,  should  not  only  be  trusted  to  construct 
their  own  mathematical  knowledge,  but  should  also  be  trusted  to  evolve  the  social  structures 
that  they  need  for  optimal  learning. 

Current  perspectives  on  mathematics  teaching  recognizes  the  value  of  the  learning  pro- 
cess itself  as  part  of  doing  mathematics.  Our  students  seem  to  be  intuitively  aware  of  their 
need  to  be  allowed  to  learn,  while  they  solve  their  problem,  a  need  that  is  not  fulfilled  when 
inappropriate  help  is  provided  by  a  teacher  or  by  a  peer.  The  perspective  of  learning  through 
problem  solving  as  well  as  learning  to  solve  problems  is  not  new;  it  is,  however,  interesting 
to  note  that  even  young  children  are  possibly  aware  of  this  mode  of  learning  and  can,  when 
given  the  opportunity,  create  environments  favourable  to  Uiis  mode  of  learning. 

Our  observations  of  the  nature  of  the  collaborative  interactions  among  students  seem  to 
contradict  Vygotsk/s  notion  of  learning  through  collaboration  with  niore  capable  peers.  It 
seems  that,  in  a  problem-centered  environment  for  mathematics  learning,  communication 
and  the  construction  of  mathematical  knowledge  are  faciliteted  when  students  interact  with 
peers  of  near  equal  ability  rather  than  with  peers  of  higher  ability. 
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Teachers'  ability  to  help  .students  learn  mathematics  requires  an  understanding  of  student  ways  of 
thinking.  Bus  this  is  not  strident  in  itself:  no  less  important  is  w/wi  teachers  do  with  this  knowledge; 
i,e,,  the  nature  of  decisions  and  actions  that  teachers  make  based  on  this  bxowledge  so  that  meaningful 
learning  is  emphasized  and  powerful  constructions  of  mathematical  concepts  are  fostered.  This  paper 
explores  these  issues  in  the  light  of  teachers*  and  students'  views  on  student  reasoning.  Two 
interviews  were  conducted:  One  with  two  junior-high  school  teachers,  and  the  other  with  two  eleventh 
grade  students.  The  interviews  consisted  of  two  parts:  (1)  responding  to  students'  questions  and^ 
ideas,  and  (2)  reacting  to  teachers'  responses.  The  paper  concentrates  on  teachers*  and  students' 
points  of  view  on  the  issue  of  helping  students  to  reason  about  problem  situations.  Ritual  and  general 
aspects  of  responses  are  investigated,  and  the  understanding  of  student  ways  of  thinking  is  explored. 


The  last  two  decades  of  extensive  cognitive  research  on  student  learning,  has  yielded  much  useful 
data  on  student  conceptions  and  thinking  in  mathematics.  Many  studies  have  shown  that  students  often 
make  sense  of  the  subject  matter  in  their  own  way,  which  is  not  always  isomorphic  or  parallel  to  the 
structure  of  the  subject  matter  or  the  instruction  (e.g..  Even,  in  press;  Hershkowitz  et  al.,  1987;  Kieran, 
1992;  Markovits  ct  al.,  1986;  Schocnfeld  et  al.,  in  press). 

Teachers'  ability  to  help  students  leam  mathematics  certainly  requires  an  understanding  of  student 
ways  of  thinking.  The  importance  of  this  aspect  of  teacher  knowledge  is  a  natural  consequence  of 
adapting  a  constructivist  point  of  view  of  learning.  However,  only  in  recent  yeai^  was  the  teacher  role 
in  knowledge  construction  recognized  (Confrey,  1987;  Mahcr  &  Davis,  1990;  von  Glasersfeld,  1984). 
A  teacher  who  pays  attention  to  where  the  students  arc  conceptually,  can  challenge  and  extend  student 
thinking  and  appropriately  modify  or  develop  activities  for  students.  Starting  from  students'  limited 
conceptions  the  teacher  can  help  build  more  sopliisticated  ones.  However,  teacher  understanding  of 
student  ways  of  thinking  is  only  the  first  stage.  No  less  important  is  what  teachers  do  with  this 
knowledge;  i.e.,  the  nature  of  decisions  and  actions  that  teachers  make  based  on  this  knowledge  so  that 
meaningful  learning  is  emphasized  and  powerful  constructions  of  mathematical  concepts  are  fostered. 

Our  research  project  aims  at  investigating  two  interrelated  aspects  of  pedagogical  content 
knowledge:  A  passive  one  being  teacher  knowledge  and  understanding  of  student  conceptions;  an  active 
one,  teacher  responses  to  student  questions  and  hypotheses  conccming  subject  matter.  The  goals  of  the 
research  are:  (1)  to  study  teacher  pedagogical  knowledge  according  to  those  two  aspects,  and  (2)  to 
investigate  the  potential  use  of  activities  based  on  the  research  in  teacher  education. 

The  contextual  content  in  which  we  conduct  our  research  is  mathematical  functions.  We  selected 
this  topic  as  the  focus  of  the  study  both  because  of  its  importance  in  the  discipline  of  mathematics  and  in 
prccollege  and  college  mathematics  curricula,  and  also  because  researchers  have  provided  interesting 
findings  about  students'  knowledge  and  understanding  about  mathematical  functions. 


INTRODUCTION 


ERLC 
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This  research  project  is  multi-phased.  The  first  phase  (Even  &  Markovits,  1991,  in  press; 
Markovits  &  Even,  1990)  investigated  teacher  awareness  of  student  conceptions,  and  kinds  of  teacher 
responses  to  student  questions  and  hypotheses.  This  paper  conccutrates  on  the  second  phase  which  is 
built  on  the  initial  findings  from  the  first  phase.  After  analyzing  how  teachers  react  to  other  teachers' 
responses  in  the  first  phase,  we  examine  students'  reactions  to  teachers'  responses  as  well.  We  also 
look  closely  at  the  interaction  between  teachers  and  the  interaction  between  students  when  they  react  to 
teachers'  responses.  In  addition,  after  analyzing  more  than  one  hundred  questionnaires  in  the  first  phase 
in  order  to  get  a  general  impression  of  teachers'  ideas,  we  pursue  a  deeper  investigation  of  two  issues 
that  emerged  from  the  analysis  of  the  first  phase  which  arc  critical  for  meaningful  learning:  the  help 
given  to  students  (a)  to  reason  about  problem  situations,  and  (b)  to  construct  knowledge.  This  paper 
reports  findings  related  to  the  first  of  these  two  issues. 

METHODOLOGY 

The  subjects  in  this  phase  of  the  study  were  two  teachers  and  two  students.  The  students  were 
good  eleventh  grade  students.  Both  studied  advanced  mathematics  courses  and  were  very  good  friends. 
The  teachers  also  knew  each  other  very  well.  Sharon,  one  of  the  teachers,  has  taught  junior  high 
mathematics  for  eleven  years.  Dan,  the  other  teacher,  has  taught  mathematics  for  five  years  in  junior- 
and  senior-high  school.  Both  teachers  were  finishing  a  two  year  in-service  c/nification  program  for 
junior-high  school  teachers,  in  which  they  were  considered  as  two  of  the  best  participants  with  respect  to 
mathematics  knowledge  and  mathematics  teaching. 

Two  interviews  were  conducted;  one  with  the  teachers  and  one  with  the  students.  We  chose  to 
interview  them  in  pairs  in  order  to  allow  conversation  and  exchange  of  ideas.  For  this  reason  we  chose 
subjects  who  knew  each  other  very  well.  The  interviews  consisted  of  two  parts:  (1)  responding  to 
students'  questions  and  ideas,  and  (2)  reacting  to  teachers'  responses. 

In  the  first  part  the  following  three  situations  (see  Figure  1 )  were  presented  in  written  form,  one  at 
a  time.  The  subjects  were  asked  to  nsad  the  situation  and  then  to  explain  what  they  think  the  student  had 
in  mind,  and  how  they  would  respond.  In  the  second  part  of  the  interview,  the  subjects  were  presented 
with  responses  that  were  given  by  other  teachers  (from  the  first  phase  of  the  study)  to  the  same 
situations  (sec  Figure  2),  and  were  asked  to  react  to  these  responses.  Each  response  highlights  certain 
characteristics  of  the  help  given  to  students  (a)  to  reason  about  problem  situations,  and  (b)  to  construct 
knowledge.  Three  teacher  responses  were  presented  for  each  situation.  In  response  A.l  the  "rule"  is 
just  repeated  in  different  words;  response  A.3  docs  not  suggest  anything  new  to  what  the  student  has 
probably  already  done.  Only  response  A.2  aims  at  helping  the  student  to  reason.  In  B.l  it  seems  that 
the  teacher,  suggesting  that  the  student  did  not  understand  the  whole  topic,  did  not  understand  the 
student  difficulty.  Therefore,  s/he  neither  could  help  the  student  to  reason  nor  help  him/her  to  construct 
his/her  own  knowledge.  In  C.l  the  teacher  is  not  specific  about  the  student  misunderstanding. 
Responses  B.2,  B.3,  C.l,  C.2  and  C.3  illustrate  the  difference  bctv/een  "telling"  the  student  the  answer. 
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♦♦********************************************************************^ 

Situation  A 

A  student  teUs  you  that  he  noticed  that  the  graph  of  a  quadratic  function  fix)  =  ax^+bx+c  looks 
like  n  when  a<0,  and  like  u  when  a>0.  The  student  asks  you  why  this  happens.  How  would 
you  respond? 
Situation  B 

A  student  was  asked  to  find  the  equation  of  a  straight  line  through  A  and  the  origin  O  (Fig.  1). 


O 


•A 


Fig.  1 


y=x 


Fig.  2 


The  student  said:  "WcU,  I  can  use  Oie  line  y-x  as  a  reference  line.  The  slope  of  line  AO  should  be 
about  twice  the  slope  of  the  Une  y-x,  which  is  1  (sec  Figure  2).  So  the  slope  of  line  AO  is  about 
2,  and  the  equation  is  about  y=2x,  let's  say  y=1.9x." 

a)  What  do  you  think  the  student  had  in  mind?   b)  How  would  you  respond? 
Situation  C 

A  student  is  asked  to  give  an  example  of  a  function  that  satisfies  /12)=3,  /(3)=4  and  /(9)=15. 
The  student  says  that  there  is  no  such  function. 

Whv  do  vou  think  the  student  answered  this  way?    b)  How  would  you  respond? 

Figure  I.  The  Situations 

and  helping  the  student  to  construct  a  solution  by  and  for  hiiti/herself.  Response  C.3  reflects 
"superficial  constructivism":  the  student  is  involved,  but  only  in  a  relatively  technical  activity.  He  is 
asked  to  plot  the  points,  while  the  teacher  is  the  one  who  docs  the  actual  solution  by  drawing  the 
function. 


HKLPING  S'RJDENTS  TO  REASON 


Teachers 

Ritnnl  and  oenrrHl  "'^P^^t^  responses.  The  teachers  differed  in  the  way  they  responded  to  the 
situations  presented  to  them.  At  first  Dan  seemed  to  care  about  responding  in  a  way  that  would  be 
meaningful  for  the  student.  He  said  that  his  reaction  to  Situation  A  would  depend  on  the  stage  where  the 
student  was.  Also,  when  presented  with  the  teachers'  responses,  Dan  stated  that  one  of  the  responses  is 
too  complicated  for  a  student.  Dan  seemed  to  realize  that  meaning  is  subjective  and  not  objective;  that 
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the  student's  background  and  knowledge  have  to  be  taken  into  consideration  when  deciding  on  the  kind 
of  reaction. 


Situatign  A 

A.  1  When  a<0  the  function  has  a  maximum  for  some  point,  and  smaller  values  for  the  others. 
But  when  a>0  the  function  has  a  minimum  and  higher  values  for  the  other  points, 

A.2  x^>0,  if  acO  then  the  term  will  be  negative  and  will  grow  in  absolute  value.  That's  why  the 
function  increases  in  the  domain  where  x<0,  a>0  the  term  is  always  positive  and  the 
function  increases  for  x>0, 

A.  3  Substitute  some  points  in  particular  examples  and  you  will  sec  why. 

Sinjarion  B. 

B.  l  The  student  has  some  idea  about  slope,  but  the  idea  is  not  well  established.  The  topic  of 

slope  and  the  way  slopes  arc  calculated  should  be  reinforced, 
B  .2  The  student's  claim  was  based  on  the  idea  that  if  tlie  angle  is  twice  as  big,  so  is  the  value  of 
*m'.  1  would  ask  the  student  to  draw  the  graph  of  the  function  y=2x  on  the  given  drawing, 
so  s/he  can  sec  the  angle  when  m=2. 

B.  3  The  student  meant  the  angle  and  not  the  slope.  In  order  to  clarify  for  him  the  difference 

between  angle  and  slope,  I  would  draw  several  examples:  y  =  x,  y  =  2x,  y  =  3x.  Thus  the 
student  will  understand  the  difference  between  slope  and  angle, 
Siumtipn  C 

C.  1  The  sojdent  docs  not  understand  the  concept  of  function.  I  would  show  him  an  example  of 

a  function: 

x+1,  x<3 

f(x)  = 

x+6,     X  >  3 

C.2  He  gave  that  answer  because  he  could  not  think  of  a  rule  of  correspondence,  and  that  is 
v.'hy  he  said  that  there  is  not  such  function.  I  think  that  I  would  plot  the  points  A(2,3), 
B(3,4),  C(9,15)  and  show  the  student  that  one  can  draw  an  infinite  number  of  functions 
tlirough  these  points. 

C.3  The  student  meant  that  there  is  no  such  linear  function,  I  would  ask  the  student  to  plot  the 
points  and  then  I  would  draw  a  function  through  the  points  and  ask  him  if  the  graph 
describes  a  function, 

***************************************************************** 

Figure!.  Teacher  Responses 

But  then  Dan  gave  two  optional  responses  to  Situation  A-both  lacked  an  orientation  of  helping 
students  to  reason  about  the  situation.  The  first  suggestion  had  a  strong  ritual  component.  It  was  aimed 
at  students  who  had  not  yet  formally  learnt  how  to  analyze  a  quadratic  function.  Dan  suggested  telling 
the  student  (the  emphases  in  the  following  quotations  were  added):  '"We  know  that  the  coefficient  'a', 
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that  means  in  the  meantime,  at  this  stage  it  is  givcn  that  the  coefficient  'a',  the  coefficient  of 
determines  the  direction  of  the  branches  upwards  or  downwards."  Interestingly.  Dan  remarked  that  he 
was  asked  the  very  same  question  in  his  10th  grade  class,  which  had  not  learned  yet  how  to  analyze 
quadratic  functions.  As  he  recalled,  his  answer  then  was  the  same:  "Look,  at  this  stage,  we  haven't  yet 
learned  it,  juStJCCCEUi:  the  (cocfficientl  'a'  determines  the  direction  of  the  function."  The  same  attitude 
also  came  into  play  when  Dan  chose  response  A.l  and  stated:  "It  is  a  good  answer.  lufiL^CCfiElil. 
When  a>0  then  maximum." 

Dan's  second  suggestion  to  Situation  A  was  aimed  at  students  who  had  already  learned  how  to 
analyze  quadratic  functions.  He  suggested  that  an  appropriate  response  would  be:  "We  have  already 
seen,  during  the  course  of  our  study,  that  the  coefficient  of  x2  determines  the  location  of  the  vertex 
upwmxis  or  downwards."  This  kind  of  general  answer  would  not  seem  to  have  the  potential  to  help  the 
puzzled  student  reason  nwrc  than  he  could  before. 

In  Situation  B  Dan  responded  in  a  simUarly  general  way.  He  "sent"  the  student  back  to  his  notes: 
"I  would  send  him  back  to  the  material  that  we  have  leamcd,  to  sec  how  we  calculate  a  slope.  I  would 
tell  him  that  there  is  a  lot  of  stuff  in  his  notebook  about  slope  because  we  spent  a  lot  of  time  on  slope." 
Again,  besides  reminding  the  student  that  he  has  already  learned  this  material,  this  kind  of  answer  docs 
not  do  much  for  developing  the  student's  understanding.  Only  when  presented  with  the  teachers' 
responses,  in  which  two  suggested  to  sketch  graphs,  Dan  decided  that  this  is  a  good  idea.  He  remarked 
that  by  sketching  the  graphs  the  student  would  see  the  angle  and  realize  what  the  connections  arc. 

Situation  C  was  the  first  in  which  Dan  tried  to  respond  in  a  way  that  aims  at  developing  student 
reasoning  from  the  beginning.  He  suggested  to  ask  the  student  to  draw  a  coordinate  system  and 
represent  the  points  on  it.  Then  he  said  that  he  would  ask  the  student  if  there  was  a  line  that  passed 
through  those  three  points.  Does  it  have  to  be  a  straight  line?  Is  it  the  only  one?  Is  it  a  function  at  all? 
By  asking  this  kind  of  questions,  Dan  assumed  that  the  student  would  realize  that  there  arc  functions 
which  arc  not  straight  lines  as  well  as  that  there  are  infmitely  many  functions  that  pass  through  the  three 
given  points:  "At  the  end  of  this  process  we  will  reach  the  conclusion,  I  assume  that  we  will  reach  the 
conclusion  that... ."  This  approach  of  asking  questions  whose  aim  is  to  help  the  student  reason  about 
the  situation  and  develop  a  better  understanding  of  the  concept  of  function  is  very  different  from  the 
approach  Dan  used  when  he  responded  to  Situations  A  and  B. 

In  contrast  with  Dan's  responses,  Sharon  seemed  to  care  about  responding  in  ways  that  would  be 
meaningful  for  the  student  and  encourage  hinVher  to  reason  mathematically  throughout  the  three 
situations.  Her  responses  were  always  specific  and  not  general  or  ritual  oriented  as  Dan's.  She,  for 
example,  suggested  to  the  student  to  substitute  numb-.rs  and  sketch  graphs  for  Situation  A;  use  square 
paper  in  Situation  B  and  check  whether  for  every  horizontal  step  there  are  two  vertical  steps;  tell  the 
student  that  there  are  infinitely  many  functions  that  can  pass  through  the  three  given  points  in  Situation 
C.  She  also  took  into  consideration  the  student's  background  and  knowledge  when  deciding  on  the  kind 
of  response  to  Situation  C:  She  said  that  she  would  not  choose  response  C.l  because  piece-wise 
functions  are  too  complicated  for  students  at  this  point. 


Understanding  ;ftU<1cnLlbinkiltfs.  A  closer  look  at  Sh---on's  responses  revealed  that  even  though  it 
may  seem  at  first  glance  that  her  responses  were  meaning  oriented,  aiming  at  fostering  student 
reasoning,  this  was  not  always  the  result.  The  -yause  for  this  mismatch  seemed  to  be  her 
misunderstanding  of  the  student's  ways  of  thinking.  She,  for  example,  suggested  to  the  student  to 
substitute  numbers  and  sketch  graphs  for  Situation  A  in  order  to  sec  that  "when  'a'  is  negative  it  is 
upside  down  and  when  'a*  is  positive  it  is  straight".  But  this  suggestion  does  not  relate  to  the  student's 
question  of  vdix  this  happens.  What  Sharon  actually  did  was  to  repeat  what  the  student  has  already 
known  without  relating  to  his  specific  "why?"  question  at  all. 

After  both  teachers  finished  to  discuss  their  own  and  the  other  teachers'  responses  lo  Situation  A, 
it  appeared  that  they  stiU  did  not  relate  to  the  student's  question:  "why?"  The  interviewer  then  remarked 
that  actually  the  chUd  came  to  the  teacher  already  saying  that  he  noticed  the  situation  and  asking  why  this 
happens.  Interestingly,  this  remark  changed  neither  Sharon's  nor  Dan's  response.  Dan  did  not  respond 
at  all  to  the  interviewer's  remark.  Sharon  claimed  that  the  student  could  use  specific  cases  to  draw  a 
general  conclusion.  She  stuck  to  her  response  even  after  the  interviewer  remarked  that  "he  [the  student) 
has  already  drawn  the  conclusion.  He  has  noticed  that  the  graph  of  the  function  is... ." 

While  the  mismatch  between  the  student's  question  and  the  teachers'  responses  to  Situation  A  was 
not  immediately  apparent,  Dan  explicitly  admitted  that  he  did  not  understand  the  student's  way  of 
thinking  in  Situation  B.  At  first  Dan  suggested  to  ask  the  student  how  he  determined  that  the  slope  is  2. 
Sharon  then  raised  the  issue  of  the  angle  ratio  of  1:2.  She  said:  "I  think  that  he  said  that  approximately 
this  angle  equals  that  one,  so  if  this  is  one.  then  that  is  two."  Only  then  Dan  realized  that  he  did  not 
understand  the  student.  He  said:  "Actually,  now  that  you  are  saying.  1  <lid  not  think  that  this  is  one  and 
that  is  two.  Yes,  I  did  not  think  in  this  direction...  ." 

Situation  C  was  the  only  case  where  both  teachers  seemed  to  understand  and  concentrate  on  the 
student's  way  of  thinking.  lIlusti*ations  for  that  were  given  in  the  previous  section. 

Students 

RitVfll  nnd  ecpgr?]  R{;pgct§  pf  rcsppnsPS.  The  students,  unlike  the  teachers,  were  more  similar  in 
their  consideration  of  meaning.  They  cured  very  much  about  responding  in  a  way  that  would  be 
meaningful  for  the  student  and  develop  his/her  matliematical  reasoning.  They  themselves  did  not  always 
know  how  lo  do  that  but  were  very  critical  about  previous  experiences  with  tlicir  own  teachers  as  well  as 
the  teacher  responses  presented  to  them.  For  example,  when  presented  with  Situation  A.  Eleanor  said 
that  when  she  studied  this  material  she  had  a  lousy  teacher  who.  whenever  was  asked  such  questions 
used  to  say:  "That's  the  way  it  is"-an  answer  similar  to  the  one  that  Dan  gave,  Both  Eleanor  and  Dafna 
strongly  criticized  this  kind  of  answer. 

The  students  were  also  critical  of  the  teacher  responses  presented  to  them.  For  example,  they 
claimed  that  A.l  is  not  an  explanation.  "All  it  does  is  giving  him  (the  studcnil  another  nilc  without  an 
explanation",  said  Dafna  and  Eleanor  agreed  with  her. 
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The  students  considered  A.2  (which  emphasizes  reasoning)  to  be  the  best  explanarion,  sonicthing 
that  neither  Dan  nor  Sharon  did.  However,  after  debating  the  issue  among  themselves,  they  felt  it  is 
incomplete  and  suggested  a  way  for  improving  it.  The  students,  unlike  the  teachers,  searched  for  a 
response  that  has  the  potential  to  foster  student  mathematical  reasoning.  More  than  that,  they  criticizx^ 
other  responses  presented  to  them  with  respect  to  reasoning  devdoping-sonfiething  that  the  teachers  did 
not  do. 

TTie  students  were  also  critical  about  the  teacher  responses  to  Situation  B.  They  did  not  like  B.l, 
(the  one  that  Dan  chose)  because  it  was  too  general.  Dafna  said  that  the  teacher  has  to  be  more  specific 
and  focused.  Eleanor  was  even  more  extreme  and  categorized  this  response  as  lousy. 

Tij.H.rct^,nH;ny  .Indent  thinking.  As  we  saw  earlier,  both  students  understood  the  presumed 
student's  way  of  thinking  in  Situation  A.  They,  themselves,  were  not  sure  how  to  respond,  but 
recognized  that  the  teachers  were  not  concentrating  on  the  student's  specific  question  of  "why  docs  this 
happen?"  The  s'udents  opposed  teacher  response  A.3  that  does  not  explain  "why":  "It  does  not  explain 
to  hiiti  why  it  i*  It  just  shows  him  that  it  is  really  like  this."  Interestingly,  Sharon,  the  teacher  who 
seemed  to  care  about  responding  in  a  meaningful  way,  did  choose  this  response. 

As  with  the  teachers,  one  participating  student  understood  the  student's  way  of  thinking  in 
Situation  B  while  the  other  did  not  at  first.  Eleanor  read  the  three  teacher  responses  and  commented: 
■  What  is  the  connection  to  an  angle?  He  did  not  say  anything  about  an  angle."  Only  after  Dafna 
explained  to  her  that  one  angle  was  twice  the  other,  Eleanor  realized  the  connection.  The  student's 
presumed  way  ofthinking  in  situation  C  was  understood  by  both  students. 

CONCLUSION 

Helping  students  to  reason  is  extremely  important  in  learning  to  do  mathematics  meaningfully 
(Lampcrt,  1988;  Lappan  &  Even,  1989;  NCTM,  1989,  1991;  Schocnfeld,  1992).  The  teacher's  role  in 
developing  students'  mathematical  reasoning  is  crucial  because  "mathematical  reasoning  cannot  develop 
in  isolation.  ...The  ability  to  reason  is  a  process  that  grows  out  of  many  experiences  that  convince 
children  that  mathematics  msikes  sense"  (NCTM,  1989,  p.  31). 

In  order  to  help  students  to  reason,  teachers  need  to  understand  student  thinking  and  conceptions, 
and  respond  in  ways  that  challenge  and  extend  student  thinking,  so  that  meaningful  learning  is 
emphasized  and  powerful  constructions  of  mathematical  concepts  are  fostered.  This  phase  of  the  study, 
similarly  to  the  first-phase  findings  (Even  &  Markovits,  1991,  in  press;  Markovits  &  Even.  1990), 
illustrates  several  cases  where  teachers  ignore  student  ways  of  thinking  and  their  sources.  Even  when 
teachers  understand  the  student's  difficulty,  they  sometimes  respond  in  ways  that  are  too  general  (e.g.. 
they  decide  to  explain  the  whole  topic  again)  or  emphasize  rituals  instead  of  penain  to  meanings. 

Interestingly,  the  students  in  this  study  concentrated  on  helping  students  to  reason  mathematically 
more  than  the  teachers  did.  The  students  criticized  teacher  responses  with  respect  to  the  help  given  to 
students  to  reason.  They  tried  to  work  cooperatively  towards  a  common  goal:  finding  responses  that 


emphasize  reasoning.  It  seems  that  the  method  used  in  this  study  for  research  purposes,  has  the 
potential  to  be  useful  in  the  classroom  fo/  instrucdonal  puri>oses.  The  use  of  open-ended  questions 
based  on  vignettes  describing  hypothetical  classroom  situations  involving  mathematics,  which  has 
proven  useful  in  teacher  education  (Even  &  Markoviis,  1991,  in  press),  has  the  potential  lo  elicit 
students'  knowledge,  and  to  create  a  community  of  learners  in  the  classroom  with  considerable 
responsibility  forjudging,  validating  and  helping  oiJiers. 
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Teaching  Functions 


Hartwig  Meissner,  Susanne  MuelUr-PhlUpp 
Wesif,  Wllhclnis-Univ«rsit»ct  MueasUr  -  Gtrmany 


Wc  report  aboul  a  smdy  how  lo  icach  the  concept  of  (linear  ami  quadrauc)  funcUons  by  the 
use  of  computer.  With  a  simple  funcuonplottcr  software  and  special  worksheets  wc  empliasi/^> 
guess-and-icsi  procedures  rOne-Way-Principlc")  to  concentrate  on  the  cquauon<-)graph 
relation  witjioui  the  use  of  tables. 

J.  The  Onc-Way-Principlc 

Ba..cly  there  are  three  main  aspects  for  the  concept  of  function  and  therefore  six  operatio- 
nal modes  of  iransfer: 

Table 
(Set  of  pairs) 

Etiuaiion  <  >  Graph 

But  in  mathcmaiics  education  traditionally  tables  arc  tlic  only  link  between  e^juation  and  graph. 
TOs  may  explain  the  difficulucs  of  many  students  to  identify  a  given  graph  with  the  appropriate 
equation  and  vice  versa.  To  strengthen  the  C4|uation<->graph  rclaUon  we  use  computer. 

Our  approach  in  using  the  computer  Ls  based  upon  a  psychological  fundamcntum.  We  di- 
sUnguLsh  two  modes  of  working  \viih  the  computer,  the  syntacUcal  use  and  the  semantical  asc 
(Meissncr  1983).  Working  syi^tactically  means  pressing  keys  and  waiting  for  the  output  to  take 
it  as  the  result.  There  is  a  lot  of  syntacUcal  working  in  mathematics  cducauon.  e.  g.  papcr-and- 
pcncil  algonthms  or  pressing  calculator  keys.  You  work  on  a  setjuence  of  symbols,  step  by 
step.  You  just  concentrate  on  the  actual  step,  forgetdng  quickly  all  die  symbol -manipulaUons 
which  already  arc  done.  Numbers  and  operations  (like  addiUon  or  multipUcation)  degenerate  to 
a  sequence  of  meaningless  symbols  and  thus  also  the  result  often  is  taken  as  a  (meaningless) 
sequence  of  symbols.  The  syntactical  working  very  often  leads  to  an  instrumental  understan- 
ding only  (Skcmp  1976). 

In  the  semantical  use  the  computer  is  a  computational  aid.  There  is  a  guess  or  a  numerical 
assumption  at  the  beginning  and  the  computer  result  wiU  leU  you  how  good  (or  bad)  your  as^ 
sumption  was.  Example:  You  bought  paper  cUps  for  10  $.  You  got  76  pic^and  1^^ 
back.  How  much  Ls  a  paper  clip?  First  you  guess  15  cents.  You  press  |T]  [|] Q  QJ  Lll  bJ 
to  get  1 1.40  $.  Not  very  good,  but  your  next  guess  with  13  cents  wUl  be  excellent.  Or:  You  get 
the  graph  of  a  funcdon  and  need  the  equation.  You  make  a  guess,  the  computer  shows  you  the 
graph  of  your  guess »  and  you  get  hints  for  a  better  guess. 
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For  one  formula  there  are  different  problems,  I  c.  a  "family  of  problems",  acconling  to 
which  of  the  variable*^  arc  given  and  which  variable  is  unkitown.  Mathematicians  use  algebraic 
transformations  to  transfer  (he  "usual"  formula  into  that  formwJa  which  allows  a  syntactical 
calculation  to  get  the  value  of  the  unknown  variable.  Examples:  Percentages,  volume  or  area  of 
geometrical  solids  and  also  the  four  basic  operations  or  functions.  But  we  can  avoid  the  al- 
gebraic transformations.  We  just  make  a  guess  and  work  syntactically  witli  the  "usual"  fonnula. 
The  output  then  gives  a  hint  for  a  better  guess. 

Our  observations  show,  that  many  young  students  (but  also  many  adulu)  often  work  like 
that  (Meissncr  1982).  They  have  only  an  intuiuve,  global  approach  to  a  given  problem.  They 
are  not  conscious  of  a  formula  or  a  fimction,  but  they  knov  a  procedure  how  to  compute 
(synuctically)  lo  get  tlic  result;  Thoy  uncoiwcioasly  apply  a  formula.  This  is  the  reason  v/hy 
one  problem  is  quite  easy  and  why  the  other  types  of  problems  of  the  same  "family"  are  much 
monc  difficult  For  tliose  problents  you  first  need  the  formula  consciomly  and  second  you  must 
run  through  algebraic  transformations.  Also  in  daily  life  we  often  observe  guess-and-tcsl 
procedures.  Our  problem  solvers  do  not  do  an  algebraic  uansformaiion  or  select  the  inverse 
operation,  they  just  make  a  guess  and  use  the  already  known  proccdurc  to  fmd  out  how  good 
ihtt  guess  was  (sec  example  pajver  clips  above). 

T\\'\s  is  the  idea  of  the  Onc-Way-Principlc  (OWP).  We  use  the  c^dcula^or  or  the  computer  to 
train  the  easy  type  of  the  "fiuniiy"  (syntactical  use)  and  then  all  Uie  other  types  iuo  solved  by 
guess  and  lest  (semantical  use).  Thus  the  "family"  of  ihe^e  problems  becomes  a  unity,  all  de- 
scribed by  the  one  siune  (simple)  sequence  of  calculations  or  key  strokes  (Meissncr  1979). 

We  think  Uiis  is  true  al50  for  tl^e  unity  "equation -graph"  of  a  function.  We  start  syniiiciically 
with  the  one  simple  sequence  of  key  strokes  to  get  the  gmph  for  tlie  given  equation.  'l"hcn  we 
continue  scmanlically  by  guess  and  test.  Here  the  graph  is  given.  Make  a  guess  for  the  equation 
and  let  the  computer  show  you  the  graph  of  your  guess.  Compare  this  graph  with  the  given 
graph.  Will  you  try  agaiji? 

The  OWP  is  a  teaching  method.  It  starts  with  a  symactical  use  of  the  calculator  or  compu- 
ter. This  "one  way"  will  be  iraincd  to  become  an  ciisy  skill  for  the  learner.  Related  problems 
then  will  l>c  solved  witli  tlie  same  skill  aii  a  tool,  if  necessiuy  by  guess  and  test,  There  will  be  no 
reverse  operations  or  algebraic  transformations  or  inverse  funciion.s.  Wc  remain  in  the  one- 
way-direction, tltereforc  Oiic-Way-Principle. 

Each  student  v/orks  on  the  OWP- level  and  thus  individually  has  the  chance  to  lake  off  to  a 
more  abstract  understanding.  Starting  with  instrumental  skills  the  OWP  leads  via  guess  and  test 
(semantical  use)  to  a  relational  understanding  (Sken\p  1976).  "Functions  as  a  process"  deve- 
lop to  "functions  as  an  object"  (e.  g.  see  Dreyfus  1990). 

3.  Design  of  the  Study 

We  will  use  the  computer  and  the  OWP  in  a  sequence  of  lessons  with  the  topic  "Linear  and 
Quadratic  Functions".  In  the  heart  of  these  lessons  there  Is  a  set  of  self  guiding  worksheet. 
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Togcihcr  Willi  a  computer  ami  a  fuwtion  ploi  program  this  material  allows  the  student!;  to 
study  tlic  relations  between  graphs  and  equations  of  functions  without  the  help  of  a  teacher. 

3. 1 .  Hardwiu-c  and  Software 

From  the  very  bcgimting  we  planned  our  lessons  for  the  Viiid  of  hardware  one  usually  finds 
in  Gcnnan  schools  (e.  g.  elder  IBM  compatible  computers  or  Atari.  blaeWwhitc  monitors*  no 
harddi.sk,  no  plotters)  and  for  .standard  function -plotter  software  which  one  easily  can  buy  or 
can  get  as  a  public  domain  software  for  those  computers.  Tlie  development  of  own  software  is 
too  expensive  and  if  at  all  then  there  is  no  guaranty  of  accc,<Ls  to  everybody  or  of  a  general  ac- 
ceptance. In  tins  ease  it  also  is  not  nccess;u7  because  of  so  much  existing  good  and  cheap 
function  -  plotter  .software.  But  the  standard  software  docs  not  guitfc  the  learning  experiences  of 
the  students.  Thetefon;  we  needed  supplementary  working  materials  (see  3.3). 

3.1  The  Teaching  •  Learning  •  Concept 

h;  our  lessons  we  want  to  give  the  students  many  examples  and  counterexajnples  for  the 
concep's  to  |je  t:uight  before  any  systematization.  Concepts  are  constructed  and  used  context- 
bounded.  .\s  the  theory  of  "subjociive  domains  of  experiences"  shows  (Baucrsfeld  1983).  AI.m^ 
the  distinetuv  Iwtween  "concept  images"  and  "concept  definiLion"  (see  c,  g.  Vinner  &  Dnjyfus 
1989)  proves  th^M  tt»c  perfomiances  of  students  are  more  influenced  by  practical  cxpt^rienees 
with  examples  of  a  I'^oiion  than  by  a  mailiematical  definition  they  have  ten  taught.  Therefoai  it 
does  not  make  .sense  to  define,  analyse  or  systematize  Ixifore  students  possess  a  ricli  n:pertoire 
of  examples  and  counterexamples  and  a  variety  of  experiences  with  them.  According  to  the 
One -Way- Principle  this  means  iJiat  first  a  lot  of  (syntactical)  tasks  "e<.iuaiion-">graph"  ure  sol- 
ved by  using  iJie  function  plotter,  Then  the  tasks  "graph-Kquation"  are  solved  by  guess  and 
test.  In  this  case  to  guess  an  c<juaUon  means  to  find  the  right  type  of  function  and  to  estimate 
the  parameters,  e.  g.  the  slope  of  a  straight  line,  llius  estimating  is  a  highly  semantical  activity. 

Most  of  the  lime  in  our  lessons  the  students  work  by  iJieir  own»  with  the  help  of  a  set  of 
worksheets  and  a  computer  plot  program.  Usually  two  students  use  one  computer.  Both  oi 
them  have  ilieir  own  set  of  written  materials.  The  teacher  moiv  is  a  "manager"  of  the  students' 
aciivitie^s  than  a  "dirx*ct  instructor".  The  teacher  helps  when  technical  problems  occur,  distribu- 
tes the  worksheets,  and  is  at  the  students'  disposal  when  Lhcy  have  questions.  But  there  are  ex- 
la'mely  few  hints  for  solutions  or  suggestions  by  tlic  teacher,  and  no  advice  at  all  for  formula- 
tions etc. 

3.3.  Tlie  Worksha'ts 

Following  the  mentioned  principles  of  instruction  we  developed  a  .series  of  worksheets  for 
linear  and  quadratic  futictions.  As  m  example  we  will  summarize  worksheet  QF  1.  the  first 
worksheet  about  quadratic  functions: 
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1.  Lei  the  computer  draw  the  graphs  of  the  quadratic  functions  with  the  following  cquati- 
ons:'y  =  +  2,  y  =  -  3,  y  =  +  4.5,  y  =  x^  -  1.5  and  y  =  x^.  -  Write  down  what  aU  the 
graphs  have  in  common.  -  What  distinguishes  the  five  graphs?  -  What  distinguishes  the  five 
equations?  -  What  do  all  equations  have  in  common?  Write  a  general  equation. 

2.  Which  relations  do  you  see  between  the  shape  of  the  graph  and  the  equation?  Write  down 

your  conjectures.  ,     ,  ,   t  )  t,  o 

3.  How  does  the  graph  of  the  quadratic  function  with  the  equation  y  =  x^  +  I  look  Wee.' 
Draw  it  with  a  pencil  into  the  (given)  coordinate  system.  -  Let  now  the  computer  draw  the 
graph  of  y  =  x2  +  1.  Copy  it  with  a  green  pencil  into  your  coordinate  system.  Copy  first  some 
characteristic  points  of  tte  computer  graph.  Then  label  this  graph  with  y  =  x^  +  1. 

4.  How  does  the  graph  of  y  =  x^  -  2  look  Uke?  Draw  it.  -  Ut  the  computer  draw  the  graph 
of  y  =  x^  -  2.  Copy  it  in  green  (chracieristic  points).  Label  the  graph  with  y  =  x^  -  2. 

5.  6.  You  see  (picture  given)  the  graphs  of  two  quadratic  functions.  Which  equation  belongs 
to  graph  1?  Conu-ol  whether  it  was  the  right  equation  by  typing  it  into  the  computer.  Does  the 
computer  show  the  same  graph?  -  Which  equation  belongs  to  graph  2?  -  Type  this  equation 
into  the  computer.  Does  it  show  graph  2? 

7.  Which  quadratic  function  is  represented  (graph  given)?  Write  down  the  equation.  -  Con- 
trol with  the  help  of  the  computer. 

8.  Do  you  want  to  re- formulate  your  conjectures  from  task  2?  If  yes,  do  it  now. 

In  contrast  to  the  traditional  cunriculum  we  directly  stan  with  the  equation<->graph  relation. 
Two  types  of  tasks  have  to  be  solved,  type  1  (equauon~>graph)  and  type  2  (graph->equ3tion). 
Type  2  (tasks  no.  5,  6  and  7)  demands  guessing  an  equauon  and  testing  it  with  the  function 
plotter.  For  the  students,  who  do  not  have  any  experiencer  with  quadratic  functions,  this  type 
of  task  in  the  beginning  only  can  be  solved  by  blind  guessing.  But  every  guess  enriches  their 
knowledge  and  guessing  becomes  a  more  ajxl  more  accurate  estimation.  To  shorten  the  phase 
of  blind  guesses  we  invite  the  siudi-nis  to  let  the  computer  draw  the  graphs  of  several  quadratic 
functions  (task  no.  1).  But  abo  in  the  simpler  tasks  of  type  1  (no.  3  and  4)  the  students  arc 
challenged  to  guess  and  test  The  computer  allows  the  further  conu-ol  of  their  predictions. 

We  know  from  calculator  games  (Meissner  1987)  that,  while  working  on  tasks  like  these, 
the  students  build  up  their  own  "theories"  (consciously  or  unconsiously)  about  the  hidden 
relationships.  These  theories  they  then  use  in  the  next  task.  They  check  their  thesis,  improve  it, 
use  Uie  improved  thesis  again  and  so  on.  From  lime  to  time  we  ask  the  students  to  formulate 
their  experiences  (no.  1,2).  In  the  beginning  we  allow  them  to  use  their  own  language,  their 
own  notations  and  names  they  invent  Laieron  we  offer  the  opponunity  to  re-formulate  these 
summaries  when  they  got  more  experiences  (no.  8). 

We  developed  several  worksheets  about  liivear  and  quadratic  functions  which  are  of  the 
same  staiciure  like  the  given  example.  They  treat  the  following  topics: 


Linear  functions: 

y  =:  mx,  vary  m 

y  =  mx  and  y  =  -mx 

y  =  mx  +  b,  varyb 

y  =  mx  +  b,  vary  m  and  b 


(^adratic  functions: 

y  =  x^  +  c,  vary  c 

y  =  (x  -  b)^  vary  b 

y  =  (X  -  b)^  +  c,  vary  b  and  c 

y  =  ax^,  vary  a 

y  =  ax^  and  y  =  -ax^ 

y  =  a(x  -  b)^  +  c.  vary  a,  b  and  c 
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In  both  types  of  tasks  the  feed-back  the  computer  gives  is  »  graph  on  a  screen  which  has  to 
be  compared  with  a  graph  on  a  worksheet.  To  allow  a  real  comparison,  which  also  reveals  the 
degree  of  differences,  both  graphs  have  to  appear  on  the  same  medium,  here  the  worksheet 
Uerefore  the  students  have  to  copy  the  graph  from  the  screen  into  their  worksl^t  with  the 
help  of  some  "characteristic  points".  It  is  their  decUion  which  points  they  choose.  These  copies 
from  the  monitor  are  painted  always  in  green  (green  =  computer  graph).  For  their  own  painting 
die  students  have  to  use  another  colour  than  green.  TTie  use  of  die  two  colours  allows  easUy  to 
see  what  has  been  done  by  the  students  or  by  die  computer.  (Jh\s  is  also  important  when  ana- 
lysing diese  worksheets  lateron  as  learning  protocols). 

There  are  additional  worksheets  besides  die  systematic  ones  we  just  introduced  here.  We 
developed  several  sheets  widi  exercises  which  die  teacher  can  gWe  to  diose  students  who  work 
faster  dian  die  odiers  or  who  have  a  need  of  additional  exercises  concerning  special  aspects, 
-nie  tasks  on  these  sheets  are  sometimes  more  complex,  but  also  more  interesting.  They  in- 
volve "nice  pictures",  diere  are  tasks  widi  infinite  many  solutions  or  tasks  where  a  rough  ap- 
proximation is  sufficient  (We  use  simUar  ideas  as  in  Dugdale  1982.)  And  diere  is  also  a  self- 
guiding  worksheet  about  how  to  handle  the  computer  and  die  software.  U  allows  die  students 
wid.  absolutely  no  computer  experiences  to  handle  die  new  technology  appropriately. 

4.  The  InvestignUon 

We  tested  our  material  widi  several  groups  of  students  in  5  voluntary  courses  for  weak  stu- 
dents In  diese  courses  die  students  had  die  chance  to  repeat  what  already  had  been  taught  m 
grades  8  and  9.  TTie  courses  took  place  in  die  afternoon,  after  nomial  school  ume.  nomiaUy  2 
blocks  weekly  of  two  lessoas  each  in  two  or  diree  successive  weeks,  and  diey  aU  were  taught 
by  Susanne  MueUer-Philipp.  In  four  gymnasiums  of  Muenstcr  one  course  each  was  established 
for  students  of  grade  10.  and  in  one  of  diese  schools  we  had  one  addiuo.ml  course  widi  a 
group  of  12  weak  students  of  grade  11.  who  ought  to  repeat  linear  and  quadratic  functions 

before  starting  calculus. 

From  36  students  we  now  have  a  complete  set  of  data,  diat  is  pretest  and  postlest  (see  be- 
low) and  aU  die  worksheets  diey  worked  upon.  The  average  number  of  lessons  includes  one 
lesson  for  an  introduction  into  die  course  and  die  handling  of  die  computer,  but  excludes  die 
time  for  testing.  TTie  posttest  was  given  immediately  after  die  course.  It  is  important  to  men- 
tion diat  none  of  our  experimental  students  had  any  experiences  widi  function  plotters,  almost 
all  had  absolutely  no  computer  experiences. 


group  girls  boys  age(0)  lessons  (45  min) 

A           7  +  1  15.1  ; 

B                   2  +  0  15.0  6 

C                   3  +  5  15.6  I 

D                   5+1  15.3  8 

E                   5  +  7  16.6  6 


all  36  LiL 
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The  students  who  participated  in  the  courses  were  selected  according  to  their  performances 
in  a  pretest  which  was  carried  out  in  a  normal  school  lesson  shortly  before  the  courses  started. 
Altogether  14  classes  were  tested  (295  students)  and  the  students  with  bad  results  in  this  pre- 
test were  recommended  to  take  pan  in  our  course.  Because  participation  was  voluntary  we  did 
not  always  reach  the  students  with  the  worst  test  results. 

The  pretest  was  a  paper-and-pencil  test  closely  following  what  is  usujaily  taught  in  grades  8 
and  9  in  a  Gennan  gymnasium  about  Unear  and  quadratic  functions.  The  emphasis  of  the  test  is 
on  ilie  ability  to  translate  graphs  into  equations  and  vice  versa.  (The  translations  equations 
table  were  tested  by  three  items,  the  translations  table<->graph  not  at  all).  All  calculations  and 
drawings  had  to  be  done  on  the  test  sheets  so  that  we  got  as  much  infonmations  as  possible 
about  the  solution  paths.  There  were  two  parallel  test  versions.  The  second  version  was  given 
as  posttest  to  our  experimental  students.  Of  course  the  test  was  not  based  on  any  computer 
experiences. 


5.  Results 

Our  experimeniaJ  students  after  the  course  worked  much  faster  and  on  more  problems: 


test  lime 

pretest  all 

pretest  exp.gr. 

posttest  exp.gr. 

29.9  min 

33.6  min 

21.4  min 

worked  on 

12.7  probl. 

10.9  probl. 

14.0  probl. 

There  was  an  increase  of  correct  solutions  for  the  16  test  items: 


3 

lin. 
equation 
table 


i 


4  5  6 
lln.  qua.  lln< 

table 

equation 


I 


i 


7a    7b  9B  9C  9D  lOf  lOg  lOh 
lln.  lln.  qua.qua.  qua.qua.  qua.  qua. 
graph  ->  equation 


1    a   2  11 

lln.  lln.  qua.  qua. 
equation 
graph 


Percentage  of  correct  aolutlonaj   H   all  studenta  preteat  (n  »  295) 

□  experimental  atudenta  preteat  (n  *  36) 
experimental  •tu<lenta  poatteat  (n  -  36) 
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sun  rather  bad  arc  the  performances  on  item  7b  (the  equations  y  =  U5  x  -  2  respectively  y  = 
-1.5  X  -  2  had  to  be  found)  and  on  item  10  h  (we  looked  for  the  equaUon  of  a  stretched  and 
horizontally  and  vertically  transformed  parabola). 

We  also  observed  a  change  of  solution  strategies.  WhUe  in  the  pretest  half  of  our  experi- 
mental students  solved  or  tried  to  solve  the  task  to  draw  a  graph  of  a  linear  function  (item  1) 
and  of  a  quadratic  function  (item  2)  by  calculating  long  tables  of  ordered  pairs,  in  the  posttest 
only  two  students  did  so,  each  of  them  in  one  task  only.  And  in  the  posttest  more  students 
used  a  graph  to  fmd  an  adequate  equation  to  the  given  table  (items  4  and  5). 

The  peix:eniages  of  correct  solutions  give  only  limited  informations  about  the  understanding 
for  the  relationship  graph  <r>  equation.  E.  g.  they  do  not  distinguish  between  "complete  non- 
sense" and  "almost  right".  Therefore  we  classified  the  students'  "solutions"  on  a  scale  from  1 
to  4.  We  present  some  examples.  The  improvement  of  understanding  in  the  posttest  is  obvious. 
ClassificaUons  1  and  2.  which  dominated  in  the  pretest,  diminished,  while  the  classificaUons  3 
and  4  clearly  increased: 


Item  2 


Item  7  b 


Item  10  g 


Item  H 


kd 


2  3 


Q  expeHmental  group  prete.t      □  experimental  group  po.tte»t 

1.  obviously  no  understanding  (c.  g.  drawing  a  straight  line  as  the  graph  of  a  quadraUc 
function)  .  ,  • 

2.  some  small  correct  relationships  (e.  g.  writing  a  linear  cquaUon  belongmg  to  a  given 
straight  line,  but  totally  wrong  parameters) 

3.  correct  idea,  but  small  mistakc(s)  (e.  g.  forgetdng  the  stretching  factor  of  a  parabola  or 
having  the  correct  slope  but  with  the  wrong  sign) 

4.  correct  solution 


We  summarize.  The  results  of  our  study  are  more  solution  attempts,  less  test  Umc.  better 
solution  strategics,  better  pi-rformances.  and  an  improved  understanding.  The  study  shows  that 
an  insinicaon  like  the  one  described  here  seems  to  help  students  to  build  up  a  relational  un- 
derstanding for  the  concept  of  function.  An  analysis  of  the  students'  worksheets  which  is  not 
yet  finished  will  give  us  more  informaUons  about  the  learning  processes  we  initialed. 
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GEOMETOICAL  PROOFS  AM5  MATHEMATICAL  MACHINES 
AN  EXPLORATORl'  STUDY 

Maria  G.  Bartollnl  BussI 
N.R.S.D.M.  -  Diparllmenlo  dl  Matemalica  -  UniversHi  degll  Sludl  dl  Modena 
Wfe  are  reporting  the  early  results  of  an  expla-atory  study  on  geometrical  proving  at  high  school  level 
am  grade)  Th!  teaching  exp^iment  v^Uch  the  data  are  fro.n  Is  a  pari  ol  a  research  project  lor  high 
l^  l^re  geometrical  re7so,m  a,^  Historical  perspect^e  are  Introduced  to  fra.-ne  ^ 
on  a  special  kind  of  cultural  artifacts,  i.e.  the  so-called  mathematical  machines.  We  shall  describe 
a^^  nrc(Ts/,orr  segment  of  a  teaching  experiment  concerning  thesM  from  "*'^''<»' °  "P^^'^" 
rmalo  to  the  level  of  *monslrallon  as  defined  by  Balachoff  In  his  sfudy  of  the  Process  of  P^°°f- 
^esearcilis  not  framed  by  the  extc<,sion  of  the  concept  of  reflective  abstraction  by  Piage  (as  In  Dubln- 
XI^V/^L  te.  rf^7e;op/,,g  by  means  of  appropriation  of  concepts  elaborated  by  actlv.ty  tl^ry  (e  g. 
t£i  LcontJ).  Lre  the  teacher's  r^e  as  .■^l  as  tl^  function  of  object-oriented  act,on 

are  meant  differently  than  in  plagetlan  frameworks. 
1  InlroducOon:  short  preeentallon  of  Iha  research  project. 

The  leaching  experimenl  where  (he  dala  are  from  aimed  al  inlroducing  lUh  graders  lo  proof  In 
geomolrlcal  sellir^.  H  was  a  pari  of  n  broader  research  project  for  high  school  developed  In  cooperation 
belween  high  scho<^  teachers  and  university  researchers.  The  leading  motives  of  the  proiecl  can  be 
described  under  the  following  keywords:  histcy  -  geometry  -  machines  (Bartollnl  BussI  8.  Pergda  to 
appear)  We  .hall  briefly  discuss  or,ly  the  third,  to  frame  the  description  of  a  crucial  part  of  a  teaching 
experiment  and  the  interpretation  of  the  teacher's  role  and  the  function  of  object- oriental  action. 
2.  The  Gemanlk:  field  of  mathematical  machines. 

Mathematical  machines  lie  In  the  Intersection  between  tne  field  of  mechanic^  experience  and  the 
field  of  geometrical  experience.  Mach.nes  are  based  ^  ^lyslcal  as  well  as  on  geometrical  principles:  the 
former  concern  materials,  energetic  sources,  the  distribution  and  regulation  of  actir«  forces  and  so  on. 
while  the  latter  concern  the  relat^e  n,otion  of  each  part,  the  trajectory  of  each  moving  point  and  so  on. 
The  separation  of  tho  above  principles  dates  back  to  the  slarl  of  modern  science  (e.g.  the  discussion  of 
material  hindrances  in  T.vo  Nov,  Sciences  by  Galileo) .  even  if  only  at  the  beginning  of  the  19th  century 
/Vnp6ro  (1030)  expjlcitly  [^oposcd  the  creatk>n  of  kl,^>matics  as  tho  science  of  motion  apart  from  the 
causes  of  motion  themselves.  In  tho  following  decades  the  so-called  kinematic  geo.metry  .^as  developed 
,0  exclude  time  process  (e.g.  speed,  accderalion)  from  consideration.  Most  of  the  machines  built  in  our 
project  can  be  stud.ed  within  kinematic  geometry;  their  action  Is  (0  force  either  a  ^^int  or  a  Une  or  a 
v^atever  geometric  figure,  supporte.1  by  a  suitable  material  structure  vAuch  makes  it  visible,  to  either 
movo  in  tiK'  space  or  be  transformed  according  lo  an  abstract  mathematical  law  (NRSDM  1992) . 

An  example  of  such  a  machine  Is  g^cn  by  the  pant<^,ra,^,  of  SylverAcr.  a  mechanism  (linkage)  con- 
sisting of  eight  articulated  bars,  fixed  to  a  tablet  by  means  ol  a  pivot  In  the  point  0 .  Whatever  the  confi- 
guration of  the  linkaoo,  the  points  P'  corresponds  to  P  urxler  a  rotat.on  around  0  of  the  same  angle  0  (the 
invariant  of  the  iinkage).Sylvester  himself  (1875)  deocrib^xd  this  pantlgra^.h  (sicl)  as  a  generalization  of 
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IhG  pantograph  of  Scheiner  (1631).  already  used  by  Renaissance  painters  as  a  tool  for  perspective  dra- 
wing. Later  pantographs  were  considered  as  elements  of  the  theory  of  linkages  where  different  individual 
linkages  were  studied  as  members  of  a  theoretical  system.  In  this  theory  more  general  proofs  were 
given,  which  could  apply  to  the  pantograph  of  Sylvester  as  well  as  to  other  linkages  (Lebesgue  1950). 


the  strip  lluGtratee  configurations  for  Increasing  values  of  the  angte  9  =  AOC  from  o  to  x  (d  =  PAB) 
_  f  IQ  V2  — — * 

The  history  of  pantographs  represents  the  genesis  of  contemporary  scionU  fie  theoretical  ^now- 
ledge  (contrasted  to  empirical  knov/iedge.  that  refers  to  more  ancient  phases  as  well  as  to  contemporary 
common  sense  knowledge)  as  based  on  the  dialectical  relationship  between  specific  and  general,  between 
concrete  nd  abstract.  If  the  starting  point  for  the  construction  of  a  concept  is  the  substantial  abstraction 
from  the  concrete  (realized  by  means  of  the  analysici  of  function  of  a  certain  relation  of  things  within  a 
structured  system),  its  result  Is  a  developed  theory,  where  the  specific  manifestations  are  deduced  and 
explained  from  their  general  foundations  (the  so-  called  ascent  from  abstract  to  concrete,  from  general 
to  specific  -  Davydov  1972-79  ch.  7).  In  this  process,  there  are  experimental  phases  too  where  Individual 
examples  are  observed  according  to  questions  that  are  theoretically  formulated, 

Every  machine  embodies  both  empirical  and  theoretical  knov^edge  and  can  be  read  In  many  diffe- 
rent ways.  Whether  the  analysis  of  a  machine  Is  empirical  or  Iheorellcal  depends  on  which  questions  are 
posed;  morevover,  we  have  different  theoretical  analyses  of  the  sa^ne  machine,  if  the  reference  system 
is  changed  (e.g.  elementary  geometry,  theory  of  linkages).  According  to  the  above  discussion.  It  Ig  not 
possible  for  the  researcher  to  split  this  aspect  of  the  human  experience  without  failing  Into  a  reductionist 
perspective  (the  empirical  use  of  a  pantograph;  the  study  of  Us  configurations  at  the  abstract  level  only): 
in  this  sense,  the  context  of  malhematical  machines  Is  an  example  of  semantic  field  {Bocro  1989). 

The  above  interpretation  Is  not  within  student  capability;  they  have  separate  either  geometrical  or 
mechanical  experiences,  at  the  perceptual  as  well  as  at  the  rational  level.  A  possible  dialectic  between 
them  is  known  by  the  teacher  vA\o  Is  aware  of  the  historical  development  of  geometry  as  strictly  interla- 
ced with  mechanics.  Yet  for  students  machines  are  opaque  for  geometry  (and  viceversa)  and  can  become 
transparent,  only  by  means  of  a  suitable  activity  (Meira  1991).  Students  do  not  necessarily  recapitulate 
the  historical  process  of  Creating  or  discovering  an  artifact  and  Its  properties,  as  It  had  been  realized  by 
a  collective  complex  process  that  lasted  centuries  and  that  depended  on  a  lot  of  individual  and  cultural 
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faclors  from  Inside  as  well  as  from  oulslde  malhemalics:  L.ecause  of  ils  complexily  and  of  Ihe  depen- 
dence from  so  many  faclors,  II  Is  nol  a  good  candidate  Ic  modelize  Ihe  classroom  process.  Sl^enl 
activity  could  be  beUer  described  as  Ihe  appropriaUcn  of  an  exislino  cuilural  arllfacl  le.g.  the  panto- 
graph) OS  won  as  of  tho  modes  of  its  study  (appropriation  is  moant  in  ti,e  sense  of  Leonfev  (1964-76)  as 
,„e  process  tha,  has  as  «s  end  result  ihe  ind^duafs  reproducUon  o!  HisMy  formed  h^an  proper- 
ties «f«d(ios  and  modes  of  behaviour)  .  Learning  is  not  based  on  indMduai  immediate  reiatbnship  to 
reality  but  rather  on  ti.  me*t/on  (Vygotsky  1978)  between  individuals  and  objects,  realized  by  means  of 
of  the  artifacts  -  either  tools  or  symbolic  systems  -  created  by  the  human  beings  in  their  century  deve- 
lopment NO  personal  Individual  experience.  /x,wever  r/d,  it  may  i^.  could  load  to  tf^  development  of 
either  'logical  or  abstract  or  mathematical  thinking  and  to  the  autonomous  formation  of  the  correspor^lng 
conceptual  systems  (Leonl'ev  1964-76  p.338). 
3.  Some  ktipllcaUons  for  dUactlco. 

TN.  above  discussion,  that  alludes  to  some  basic  idea,  of  activity  theory,  gives  rise  to  two  theses. 
,  Dialectic  betv^en  specific  and  general  is  a  basic  motive  for  teaching-learning  actMly  in  school 
settlr^.  Object-oriented  action,  as  concrete  manifestation  of  a  research  task,  is  thedriving  force  for  the 

teaching-learning  process.  ^   .    •  ,u 

2.  r/»  (eacher  is  the  responsible  for  mediatton  In  the  classrccm.  to  introduce  stude,ns  ,n  the 
sysfans  of  cultural  artifacts,  that  hav3  been  produced  by  generations  of  human  beings. 

,n  the  following,  we  shall  argue  how  the  above  theses  were  realized  in  the  planning  of  teaching  ex- 
periments as  well  as  in  the  functioning  of  classroom  processes. 
4.  A  teachkio  experlnxKit. 

TNo  teachIrK,  experiment  was  carried  out  ir,  a  11th  grade  classroom  ar,d  concerned  a  detailed  study 
of  different  linkages  by  different  groups  of  students.  Four-month  observation  was  fulfilled  during  the 
school  year  1991-92.Both  teacher's  lectures  and  the  group  work  of  five  students  (engaged  in  the  study 
of  a  specimen  of  the  pantograph  of  Sylvester,  wore  recorded.  We  do  not  detail  the  cweraii  structure  of 
the  teaching  experirr.ent  (BartolinI  (3ussi  &  Pergola  to  appear),  which  consisted  in  ar,  introductory  lecture 
concerning  some  historic!  notes  about  linkages  and  their  study,  two  two-hour  sessions  of  sma,,  gr^p 
v^rk  conoernlng  the  study  oi  five  different  linkages  by  f.e  different  groups  of  students  and  a  whole 
c/ass  studv-of  each  individual  linkage,  lead  by  the  tracher.  ,    ,  ^  , 

Wo  shall  briefly  describe  (this  section)  and  inte.f.ret  (§5)  a  part  of  the  s.nali  group  work.  It  had 
been  structured  in  advance  by  means  of  a  written  list  of  eight  questions  (app.i)  to  be  answered  In  wri- 
ting An  excerpt  of  the  final  text  edited  by  the  observed  group  Is  In  app.2.  We  sh.i,  refer  to  (he  drav^g 
(fig.'  3)  that  was  produced  by  the  students  together  with  tN.  written  text,  even  if  the  process  had  been 
carried  out  pointing  at  the  linkage  without  referring  to  any  coded  point. 

Ansv^ring  the  fir.t  question  (one  full  hour)  resulted  in  the  sequence  of  the  foliowin„  partial  an- 
owcrs.(l)  some  bars  are  equal  (direct  measuring);  (2)  there  is  a  dcformaNe  parallelogram  and  two 
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undeformablo  triangles;  (3)  a  point  (0)  Is  fixed;  (4)  tho  triangles  are  Isosceles  (observing  ihe  confi- 
guration of  fig.2a):  (5)  the  triangles  are  similar  (Idem);  (6)  It  Is  equivalent  to  fix  the  angle  PAB  or  the 
ratio  of  PQ  to  PD';  (7)  the  bars  reprasenting  the  bases  of  the  triangles  have  lo  be  cut  and  pierced  In 
order  lo  have  the  same  proportion  as  tho  bars  represenilnp  the  sides  (details  In  CavanI  1992). 

The  process  of  answering  the  fourth  quostion  resulted  In  three  distinct  phases:  (1)  conjecturing 
the  invariant;  (2)  looking  for  a  proof;  (3)  writing  down  the  proof,  The  first  phase  svas  solved  by  means  of 
a  joint  activity  with  the  teacher.  The  conjecture  was  proposed  by  a  student,  accepted  by  the  teacher,  but 
rejected  by  the  olhers  and  accepted  after  checking  the  linkage. 

Tho  second  phase  (one  full  hour)  was  carried  out  without  the  toachor.  The  colloctlvo  building 
consisted  In  a  sequence  of  moves:  each  move  Is  coded  as  either  E  iexperimentsf}  If  it  is  based  on  either 
visual  or  tactile  experiments  or  L  [logical)  If  It  is  deduced  from  already  accepted  statements  (In  turn 
cither  experimentally  -  E  -  or  logically  -  L  -  stated),  (cfr.  fig.  3  for  the  codage  of  points). 

0  (E)  conjecture  to  be  proved:  OP  is  cquaJ  to  OP'  and  tho  angles  POP'  are  equal  for  all  the  configurations 

of  the  linkage. 

1  (L)  proof:  if  the  triangles  OAP  and  OCP'  are  congruent  (already  proved)  then  OP  Is  equal  to  OP' 

2  (E)  probiom:  Is  there  a  relation  between  tho  motion  of  P  and  the  motion  of  B?  the  search  Is  interrupted. 
3(E.L)  observation:  the  length  of  PP'  is  not  aJways  the  sanio  .  The  statement  Is  confirmed  by  theory. 

observing  that  It  Is  not  sufficient  to  know  two  sides  to  determine  the  whole  triangle, 

4  (E)  observation:  cr/cn  If  OP  Is  equal  to  OP'  then  the  length  of  OP  Is  not  constant. 

5  (L  (E.L))  proof:  If  POP'  Is  constant  (conjectured  In  move  0)  and  POP'  Is  Isosceles  (proved  in  <nove  t), 

then  all  the  triangles  POP'  of  the  Infinitely  many  configurations  are  similar. 

6  (L)  probiom:  there  Is  a  constant  ratio  (move  5)  between  PP'  and  OP  (=  OP') ;  what  Is  the  ratio? 

7  (L)  proof:  for  tho  configuration  of  tho  fig.  2a  it  is  proved  that  the  angles  POP',  BCP*  and  BAP  are  equal, 
8(E)  conjecture:  the  triangles  PQP'.  GAP  and  OCP'  are  similar. 

9(U  proof:  AS  tho  triangles  BCP'  and  BAP  are  similar  (hypothesis)  then  ihe  proportions  follow: 
CP'  :  AO  =  BP'  :  BP  and.  as  OC=A0.  CP' :  OC  =  BP'  :  BP. 

10  (L  (E))  proof:  if  PBP*  and  OCP'  are  similar  (movoG).  the  ratio  of  OP  and  PP'  (  equal  to  the  ratio  of  OP' 

and  PP')  Is  constant, 

11  (L)  proof:  the  triangles  OPP*  of  the  infinitely  many  configurations  are  similar. 

12  (L)  proof:  if  all  tho  triangles  POP'  are  similar  the  angle  POP'  Is  constant  (ln\'orse  of  tho  move  5) . 

13  (L)  proof:  the  angles  P'BP.  OCP'  and  OAP  are  equal  (based  on  the  angular  properties  of  pollgons) 

14  (L)  proof:  tho  triangles  P'BP.  OOP'  and  OAP  are  similar  (cfr,  move  8),  (Cavani  1992  for  details). 
5.  Discussion. 

The  discussion  is  divided  into  two  parts,  that  refer  to  (a)  tfie  organization  aspects  (designed  ir. 
advance);  (b)  (ho  functioning  aspects  (observed  in  the  classroom  process). 

5.1.  Crflanlzatlon.The  first  choice  concerned  the  definition  of  the  task  with  reference  to  a  physical 
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C^c,  (the  linkago.  .c.u^l,  tfvon  lo  the  students  and  not  on,,  ovo.od).  U  did  not  dofine  on,,  an  early  coo- 
^rfo.  activity  to  be  detached  fro.  (as  in  the  shift  fro.  specific  to  genera,,  that  is  emphasized  in  the 
LLr.  ..t  it  was  .st  a  poie  of  the  pair  ..s,c.  .-.C  -  0  e  s^  ,c  -  «ene- 

J  to  bo  put  in  a  dic^ectic.  relationship,  accordir^  to  the  main  features  of  theoretical  th,n.l  (§2) 

The  CM.,  cc^cerned  the  structure  of  small  group  wor.  by  me.s  of  the  '^^'  J^T: 

Their  ai.  was  to  force  the  transformation  of  the  .^c.,c  linkag.  Into  a  determined  /*a,  o.^c  and 
the  same  time,  to  elti^r  recall  or  structure  the  O^ecre^ic^  seWn,  (elementary  geometry  th^ry  f 
Z:Z^..  todescrlbe  Its  ^...r.e  and  function.  They  v.re designed  a.  <oo.  (Vygo  - 

,978,.  which  ,n,me.  ..e  ./rec.  i.^lso  .o  reac,  to  the  external  stimulus  given  by  he  action  o  the 
pa  tc^rc^h;  they  formed  an  (incomplete,  or,nV^  6as,s  (G^ay  1991,  .The  e,ht  .uesUoos  hav^  not 
Tale  stls.  Po  instance,  the  first  or.  Is.  in  a  sense,  tr=.sltion^,  as  It  coUd  have        --^-^  ^'  ° 
r  n  Lp..ca,  setting  (.en  If  It  did  .t  hap^n.  as  we  sh.  show  In  ihe  - 
could  have  written  the  construction  rules,  referring  to  the  conluctlon  of  eight  ars  °  J^^^,^^^^ 
Ins  of  hinges  ar.  p.ot  (aciu.iy  some  ancient  descriptions  of  machines  we.  of  ^ 
could  have  similar  descriptions  If  the  same  task  were  posed  out  of  schod  se t  in   ^°    "°  '^"^ 
"son,  The  s.^on.  an,  ....  ,.cs,/o.s  forced  the  students  to  turn  to  some  bas,c  toois  of  t  e  o/ 
•  they  have  sense  only  after  Lagrange.  (1707,  lntr«iuctlon  of  the  concept  of  ^v,er.,.e.  W 
Zl  :Zec,.Uc,  s.s,e.,.  The  fourth  .uestlon  Introduced  ti.  ,dea,  o^^ec,  Into  the  theory  of  eiem^ 
™rtry.  T,..  last  foor  questions  -  a^  mainly  the  seventh  -  had  to  realize       asce.  ,ro,.  ,.o 
Zn^ZZ  speC/c,  as  a  rotatic  of  a  whatever  given  ar.le  .  was  linked  with  the  geometric  proper- 
Tof  ::  "iruai  pantograph.  In  a  few  words,  t.  wMe  o,  questions  were  designed  <o  re., 
Medic  beiv^n  the  specific  linkage  a/.d  a  g<PMera/  theory  ol  Its  cor,«tf.ra./ons. 

L  thir.  Choice  cccerned  the  acceptance  of  phases  of  ;*<  aCM.  between  teacher  an  .u- 
Cents  n  he  small  group  work .  Joint  act.ity  bet.veen  adults  and  young  people  In  problem  solving  s  con 
Ih  he  concept  of  .or,c  o,  prox,.a,  «o,>,  by  Vygotsky  (1978, .  it  does  not  arise  fron.  the 
need  of  the  teacher  to  keep  the  experiment  within  suitable  time  limits  U.t  on 
Ted  of  direct  student,  efforts  toward  the  appropriation  of  the  century  products  of  human  actW ity^Th 
Tases  of  joint  actMty  cannot  .ways  be  designed,  as  they  depend  <.  the  actual  process,  even  .  some 
crucial  points  can  be  tentatively  indicated  In  advance. 

5  2  Fu,>ctKx,lnfl.  in  this  section  we  shall  address  the  oan,e  issues  In  a  different  order.  The  o,gM 
;  11  -ssroom  process  ...  ..s^.  Vet  they  a.e  good  c.didate  for  the  1.^^ 
0  Z  (Vygotsky  1978,  to  be  transformed  Into  crucial  elements  of  an  Individual  student'  methodology  to 
ZX^L  of  linages  (but  this  hypothesis  can  be  verified  .iy  in  a  long  term  study,  that  is  now 

'"'llo  Phases  of  ;o.,  .c,M„  wore  observed.  Per  Instance,  in  the  conjecturing  phase,  the.teacher 
^ccusiTangular  properties  of  the  linkage  a.  suggested  to  consider  angles  that  were  not  visible 


(actually  tho  lines  OP  and  OP  do  nol  refer  io  Ihe  physical  but  lo  Iho  Ideal  object).  Its  Intervention  Nvao 
requested  by  the  students  who  had  suggested  a  lot  of  trivial  geomotrlcal  proportlos  (such  {he  /x?- 
rimoler  of  tlie  exagon  is  always  tho  aamo)  without  really  understanding  what  was  the  meaning  of  tl-i!s 
task.  Then  the  conjecture  was  verbally  formulated  by  a  student  and  accepted  by  the  toachor;  yet  the 
others  did  nol  trust  {\)e  toacher  and  turned  at  tho  linkage  to  dieck  It;  they  put  the  linkage  In  several 
configurations  and  moved  tho  finger  along  the  lines  PO  and  OP'  to  concretize  different  manifestations  of 
the  Ideal  an^le.  Their  utterances  changed  from  /mposs/We  to  true  yet  astOfUshlng. 

The  last  observation  loads  us  to  tho  third  aspect  (I.e.  the  functiofi  of  object-oriented  actlOf}).  At 
the  very  beginning  of  tlie  group  work  (question  1) ,  tho  students  measured  tho  bars  to  be  sure  that  some 
of  them  were  exactly  equal,  but  they  inrimediateiy  claimed  that  measure  was  not  relevant  (wc  write  how 
this  Is  built,  but  he  -  the  fictitious  addressee  -  can  make  it  as  he  likes).  ActuaJiy.  t^iey  were  not  all  sure 
that  the  empirical  procedure  of  measuring  was  suitable  for  tho  ideal  geometrical  setting  wtiere  the 
properties  of  figures  are  studied.  Yet  the  results  of  measuring  were  immediately  interpreted  within  a 
theoretical  sotting,  iransforminf!  the  linkage  (tlie  pi)yolc3ii  object)  into  a  schematic  figure  (tfie  ideal 
object).  The  following  process  concerned  still  tho  physical  object,  as  the  students  handled  tho  linkage  for 
a  whole  hour.  They  observed  that  tho  linkage  assumed  inflniloiy  many  transient  configurations  (the  "ge- 
neric" configurations  (fig.1)  and  some  "spociar"  orjec  (fig.  2))  and  that  It  was  possible  to  pass  from  one  to 
another  by  means  of  "smaJI"  movements.  Sometimes  the  link  between  physical  and  ideal  object  were  not 
eat;y  to  manage.  For  instance,  after  realizing  that  the  triangles  PAI3  and  P'CD  were  similar,  the  students 
recited  well  some  l^ieorems  concerning  sides  and  angles  of  similar  triangles,  but  did  not  realized  that  the 
proportionality  of  t^io  gIJcg  PB  and  BP'  could  have  solved  the  concrete  problem  of  dos'^riblng  the  (relative) 
lengths  of  tho  bars.  A  (short)  joint  activity  with  the  teacher  load  tho  students  to  link  geometrical  proper- 
ties to  physical  objects.  However,  some  embryos  of  the  ascent  from  the  gef)er^l  to  the  specific,  neces- 
sary to  complete  the  dialectic  movement  betv^n  them  were  present.  For  instance,  during  the  early  ob- 
servation of  the  linkage,  a  student  told  that  It  was  not  necessary  to  keep  the  same  angle  PAB  In  building  a 
now  linkage:  if  the  angle  la  right,  that  one  (fig.2a)  will  be  more  fiatiem^d.  Yet  the  movement  to  and  fro 
specific  and  general  was  not  always  Interiorlzed  by  the  students:  sometimes  the  teacher  Intervened  Just 
Ic  suggest  tho  shift  [try  and  check  It  on  the  linkage  for  a  verbal  statement  obtained  by  means  of  logical 
deduction:  try  and  prove  it  for  a  verbal  statement  obtained  by  means  of  experiments).  The  special  confi- 
guration of  rjg.2a  played  a  twofold  role:  in  tho  first  question  it  suggested  the  similarity  of  the  two  trian- 
gles PAB  and  P'BC.  Later.  In  tho  proving  process  It  did  obstruct  the  solution:  It  happened  that  the  linkage 
assumed  a  configuration  close  (not  equal)  to  the  special  one  of  fig. 2a;  Immediately  a  student  cried; 
Please,  move  it  1 1  feci  mixed  up:  1  cannot  see  the  sides  (OP  and  OP")  any  more  aiid  she  put  the  linkage  In 
a  more  ""generic"  configuration.  To  sum  up.  unverhaiised  (either  visual -tactile  or  visual-image)  activity 
was  observed  in  the  whole  process :  its  volume  Is  consistent  with  the  results  on  adult  problem  solving  by 
Tikhomirov  (1908  p.90) .  who  stated  that  [thought  activityJ  consists  not  only  of  processes  subordinate  to 


ERLC 


43o 


n-103 

.-.  conscfous/y  roalised  goal  but  a/so  of  pr.xoasos  suLy=rdMe  to  an  urmrbalh^-d  afUiclpMlon  of  future 
results  and  lhat  in  M.  s.c<x.rf  type  of  procosso,  m.y  Kavo  a  larger  s„.ro  (/>e  purposoful 
Action&  pfopcr . 

The  procc.  01  proof  building  led  lo  a  ».r.(/on,  In  Iho  sense  o(  BalachoK  (1988).  Actually  Iho 
v^lUon  loxl  wa.  nol  complel.,  as  Iho  crucial  move  10  was  lacking:  11  was  considered  verbally  several 
Umes  while  Ihe  sludenls  were  edlUng  Iho  lexl.  bul  nol  wrIUer.  down,  as  something  obvious.  Moreover, 
me  proof  was  noi  complete,  as  It  referred  only  to  the  "oenorlc  '  case  of  fig.  1a  (the  other  cases  require 
small  adaptions  ).  The  problem  of  varying  th.  c^illguratK^s  had  t,ecn  considered  but  rejected-.H.v.  vvo 
,0  c^,ecU  out  other  cases?  Wo  „aycn't.  We  have  r.ac/o  a  prc^f  (with  emphasis) .  They  could  have  appealed 
to  something  similar  to  the  cC^tlr,ulty  prm^o  (Poncelet  1822)  but  they  were  sure  that  the  text  was  not 
only  con.l.ano  but  truo:  the  responslbllty  for  truth  was  Olven  to  the  theoretical  feature  of  the  semna 
where  the  process  had  been  carried  out,  I.e.  the  system  of  elementary  geometry.  Even  If  In  some  move, 
(e  g  moves  5  and  10)  the  students  were  sup^sed  to  give  t^  same  status  to  oxperimontal  Informations 
and  to  logically  derived  statements,  tl.  ovor«,f  pr  oco.s  ..s  t^corotlC.  because  o,  the  students  t^s.on 
towards  a  complete  justification  within  the  ayslem  of  elementary  geometry  of  .1  the  moves.Yet  Its 
gnosis  (..,d  some  tracks  appeared  stil,  In  the  ordorlng  of  written  statements  -  c.r.  the  column  of  com^ 
ment  In  app..)  was  rM  i^y  nutans  of  a  sNIt  to  an.  tro  t„o  o.f.rt,.or,tat  an,      /o./c./  k.ol. 

Our  results  address  two  questions  for  didactical  research.  The  relevance  of  unverballsed  activity  Is 
.tressed  also  by  research  In  con.puter  environments  (Dreyfus  1<J91).  yet  the  use  of  canpoter  allows  only 
f„e  analysis  of  the  interaction  between  verb.-logical  and  visual-image  activity.  m.U  K  H  any.  t„.  ro/o  of 
visual-tactllo  activity  In  advanced  gt'omatricaltlilnki'ig? 

Most  of  didactical  research  emphasizes  the  learner's  responsibility  for  learning  to  contrast  ra  ,- 
„on.  teaching.  We  have  argued  (§2)  that  the  appropriation  of  cultur.  artifacts  is  determined  by  the 
adult  mediation.  How  Is  rcaU^cd  tUo  fead.er's  rolo  cncornl,^  cultural  n,odiat,on  In  dassroom? 

and  commented  on  a  draft  vw.s/on  ol  this  report. 
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-AppendU  1:  tho  olfiihl  qtmtJons- 


Hef^f  osont  tho  llnkago  with  a  sdiematlc  figure  and  describe  It  to  t^omcbody  w/io  haa  to  build  a  sh 
milar  ono  on  (/x?  base  of  only  your  description 

i\  f'iow  many  degree-j  of  freedom  has  tho  point  P?  Draw  the  set  H  uf  tho  fMi^Hions  of  P  during  tttc 
motion,  Chooso  the  parameters  to  dotormlne  {f)e  posit ioti  of  P. 

3.  How  m<\ny  degrees  of  freedofn  has  the  point  P'?  Draw  tf)0  not  R  'of  tfic  positions  of  P'  during  ttio 
moYoment.  Oiooso  tho  parameters  to  determine  the  position  of  P\  Can  you  use  tf}Q  same  as  for  P? 

4.  Arc  there  some  geornotrie  propoc ties  whieh  are  reliUcd  to  ail  the  (configurations  of  the  linkage? 
Try  to  prove  your  sta tewonts . 

ij.Can  we  'say  tfiat  the  linkage  realises  a  biunivocal  cotreiiporid^vicc  bvlvwen  R  and  R',  i.e,  every 
point  of  R  has  a  corrocpondont  in  R*  a/}d  viceversa  ? 

6.  If  f^  and  P'  are  two  writing  fyolnts,  draw  two  correspo/Kting  figures  (considering  tfie  above  cor  - 
dr ccponencc  L>otwcen  R  and  R')  .  Are  both  tho  figures  traCi?d  in  tho  same  time  ?  .Are  </v  features  of 
motbn  -  speed,  acceleration  and  so  on  -  rdovant? 

/.WI)i(J)  are  the  common  properties  of  tiny  figures  traced  In  point  6?  Are  they  super impo[u\hle'^ 
Docs  it  exist  a  simple  motion  wiiich  suf)er imposes  them?  dcscriUy  it. 
0.  Ooos  tt)e  same  motion  superimpose  also  R  and  R'? 


 « — AppondU  2:  co<l«cUvo  answor  lo  quofltJon  4  (f»g.3) 

Thesh..  POP' is  constant. 

TfH?  angio  POP'  is  constant  as  tho  triangles  POP'  obtained  by  means  of  tiie 
deformattons  of  tlK>  mecfiofiism  are  always  similar,  winttever  tfn?  fK^sition  off 
In  fact  OP-OP',  because  the  triangles  OCP'  and  OAP  ar  e  congruent,  as 
CP'^OA,C0~AP  and  OCP'^OAP  (UCO^OAB  and  P'CB-BAP) 
Tho  above  triangles  are  also  similar  to  a  tfiird  triangle  PBP',  because, 
as  the  triangles  BCP'  and  UAI^  are  similar,  it  follows:  DP' :  UP  =  CP' :  CO 
and  the  angle  P'BP  -  OCP'  as 
(posing  tfmi  CP'B  =  CUP'  ^  a  and  CBA  ^  fi)  we  h.^ve 
POP' ^  360  -  (Pcx^ft) 
OCP' -'-300  -  (2a^p). 

This  is  true  became  prolonging  tlie  line  BC  from  Uw  s^ido  of  C 
tho  angle  supplementary  to  BCP' is  equal  to  2ct 
and  tfie  angle  supplementary  to  BCD  Is  equal  to  0 
as  two  cofitiguoos  ihigles  of  a  f:*aralielogram 
are  always  sufppiementary. 
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THK  CONCEPT  FORMVPSON  OK  TRIANGLE  AND  QlJADUU.ATHRAl.  IN  TIIK  SECOND  GRADE 


KuKWvu  University 


aiaora.  ./..c^  is  composed  of  four  mys  ,o  Ju<iae  a  ^'^7;-';7;:-^;;;' 
is  examined  through  three  cases  on  the  Introductory  instruction  to  the  concept 
Of   trm^lc  and   ,uadrUa,eral.  In   each  of   these,  cases,  it   ..s  °  --f 
Lc  children  gave  out  the  persuading  arguments  containing  a  cnh«I  Idea  on 
;  r«  ^orma.■o.  represented  as  a  siructure-presar.ed 
the  diagram.  follou:ing  the  diagram,  four  stages  on   the  ^°:llf'°^^'2gZ 
it,  deveiopment   are   introduced.  According    to  two 

eLentiaily  im  kinds  of  teaching  tools  can  be  dislingu^shed.  And  the  mtanlnff 
of   leaching   loots  arc  discussed. 


1.  Iiilro<luclU.ii  :  ,Strucliu-o  on  Uic  (■oiu:rpt  of 

„  is  M-ll  UnoM,  Uk.<  U,<-,t  ar..-  sotnc  .llffh-uHlos  o  iMc  IdonllflcaUon  and 
....nslruoUon  task,  of  cUM,UMU«>-y  flKurc-s.  On.  of  Ihe  cloau-nls  Umt  cause  «uch 
,llfncuUlo«  is  rcfcrrcxl  lo  Ihc  lad  Uu.I,  rhll.lron  (or  even  acluUs)  cannol  usc- 
„|.ysl<-.-U  or  monlal  rotallon.  On  llnl  point.,  Vlnncr  a.ul  HcrshkowU/.  aisUuKUlsh 
three  elements  In  Ulenl  Ifyln^i  eoneopl  examples;  (1)  U>e  ooneepl  lma,;e,  {2)  the 
concept  definition,  (3)  a  Broup  of  operations  (menUl  or  physical)  (Vlnner  and 
llorshkowlt/.  1983),  Ilase,;awa  argues  that  there  are  four  ways  to  Jud,re  a  ,>-gon, 
presupposliiK  that  Its  boundary  Is  made  up  of  slralftht  lines: 

(1)  Counting  the  number  of  Its  sides. 

(2)  Counting  ttio  number  of  lis  vertexes, 

(3)  Using  a  motion  (a  coagnient  transformation), 

(4)  Using  a  geitcral  transformation. 

The  ways  (1)  and  VI)  are  taUcn  generally  In  a  mathematics  classroom. 
Meanwhile  (3)  or  W  n.eans  to  Identify  by  transforming  a  given  figure  to  a 
regular  figure.  For  (3).  Vlnner  and  llershkowlt/.  point  out  as  a  group  of 
operations.  Eor  (4),  Mlyazakl  and  Ueno  attribute  the  understanding  of  something 
10  the  continuous  movement  of  viewpoint  (Mlya.akl  and  I'eno  1985).  Those  ways 
(l)(2)  and  (3)(4)  are  complementary  and  understanding  of  the  concept  of  n-gon 
is  elmraeterlzed  that  these  wa.vs  constitute  a  commutative  diagram  as  In  Flg.re 
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1    (Ilascgana  1985). 


F''  >  N 


Figure  1 


In  the  diagram,  F  and  F  '  are  n~gons,  is  a  set  of  natural  numbers,  : 
F  ' — -  In]  is  a  function  which  takes  a  n-gon  F  into  the  number  of  its  sides  or 
vertexes  and  0  :F— *  F'  represents  a  transformation  based  on  the  ways  (3) 
and  (4).  Notice  that  If  F  and  F  '  are  quadrilaterals  and  (J>  a  continuous 
deformation  of  F  (or  F  '  ).  ^  does  not  make  sense  until  its  domain  Is 
restricted  to  <^  "M4).  Generally  speaking,  the  concept  formation  of  n-gon  means 
to  construct  the  equivalence  classes  based  on  an  equivalence  relation  —  n  which 
imposes  partition  into  a  set  of  polygons,  \\here  the  relation  F^nF'  means 
that  F  and  F  '  are  both  n-gons  and  it  is  constructed  under  the  mapping  ^  : 
('■(F'  )=  F,  where  is  restricted  to  <i  "Mn).  And  the  definition  of  n-gon  is 
given  using  the  inverse  of  ?J  ,  as  ^  "Mn)  or  "a  figure  that  is  enclosed  with 
four  straight  lines  is  called  a  quadrilateral,"  for  instance,  based  on  (5 
which  Is  constructed  through  the  classification  activity  by  children. 

The  ways  of  judgement  of  n-gon  were  represented  with  the  diagram,  where  two 
operations  <^  and  i'  were  distinguished.  We  can  distinguish  these  two  in 
another  concept  formation  processes  based  on  the  construction  of  equivalence 
relation  such  as  the  area  of  polygon  or  the  angle  sum  in  a  triangle  and  so  on 
(Hasegawa  1990).  One  of  the  purposes  of  teaching  the  concept  of  n-gon  or 
another  concepts  mentioned  above  in  a  mathematics  classroom  Is  to  construct  the 
function  0  which  quantifies  an  object.  On  the  other  hand.  ?5  becomes  firmer 
when  it  has  0  as  a  foundation.  The  transformation  C'  is  structure-preserved 
and  qualitative,  and  is  a  realization  of  an  equivalence  relation,  but  <fi  itself 
is  meaningless.  Its  meaning  depends  on  ?i  .  These  two  are  complementary  and  in 
a  classroom,  it  is  necessary  to  treat  both  of  them. 

In  this  paper,  three  cases  on  the  introductory  Instruction  to  the  concept  of 
triangle  and  quadrilateral  In  the  second  grade  that  were  previously  reported 
(Hasegawa  1985.  Hasegawa  and  Takahashl  1990)  will  be  reexamined  collectively. 
In  these  cases,  it  was  observed  that  children  asserted  critical  ideas  In  order 
to   persuade   other   children,   "Critical   idea"   is   an   idea  which   relates  to  the 
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essential  part  of  concept  formation,  physical  or  mental  rotation  of  a  figure, 
for  instance.  It  emerges  as  a  persuading  argument  in  a  classroom  discussion, 
.according  to  these  cases,  the  relation  between  the  critical  Idea  and  the 
operations  and  the  meaning  of  teaching  tools  will  be  discussed. 

2.  Three  cases  on  the  introductory  instruction  to  the  concept  of  triangle  and 
quadrilateral  in  the  second  grade 

Case  1.  Under  the  theme  of  "Let's  build  our  zoo\  children  constructed  several 
polygons,  each  of  which  was  a  cage  of  an  animal  drawn  by  children  linking  some 
points  given  around  each  picture  of  the  animal.  Then  children  cut  out  them  from 
a  ground  paper  and  classified  according  to  the  figures  such  as  □  (a 
rectangle).  ^  (an  isosceles  triangle)  and  "the  others"  that  a  teacher  showed 
to   the   children   (fig.  2). 


□ 


the  others 


Figure  2 

The  teacher  took  up  one  child's  classification.  He  classified  a 
quadrilateral  (fig.  3)  into  a  set  of  triangle  and  a  parallelogram  into  a  set  of 
"rhe  others"  and  so  on,  and  many  children  gave  out  their  ideas  against  the 
classification.  As  some  ideas  noticed  the  number  of  its  corners  or  sides  were 
given  out.  the  teacher  asked  to  the  children  to  count  the  number  of  corners  of 
the  polygons,  and  through  that  activity  children  began  to  understand  that  the 
figure  (fig.  3)  was  also  a  quadrilateral.  Then  the  definition  of  triangle  and 
quadrilateral  was  Introduced  to  the  classroom.  At  that  time  a  child  asserted. 
-This  figure  (a  triangle  in  an  irregular  position)  doesn't  look  alike  a 
triangle,  but  (rotating  it)  moving  so.  it  looks  like  a  triangle,  and  the  figure 
(fig.   3)  also   looks   like   a  quadrilateral   if  I  move  it  (rotating   it  (fig.  4))." 


In  this  case,  physical  rotations  were  used  for  the  judgement  and  it  seems 
that  the  assertion  with  action  was  given  out  for  the  purpose  of  persuading 
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other  chlldi-en.  Especially  the  figure  (fig.  3)  that  raany  children  had  not 
deemed  as  a  quadrilateral  and  thought  as  an  exception  of  quadrilateral  turned 
to  a  greneral  example  of  a  quadrilateral  through  the  classroom  discussion  (cf. 
Lakatos  1976). 

Case  2.  This  case  was  also  carried  out  under  the  theme  of  "Let's  make  cages  of 
animals."  The  number  of  figures  used  to  classify  was  less  and  each  shape  was 
nearer  to  a  regular  figure  than  that  of  the  case  1.  Prototypes  for 
classification  were  not  presented.  After  the  classification  activity,  two 
children's  classifications  were  presented  on  a  chalkboard.  One  of  the  two 
classified  "the  cages"  into  two  classes  according  to  the  number  of  corners,  but 
the  other  classified  them  Into  three  classes  (fig.  5;  A  picture  of  an  animal 
was  drawn  in  each  figure.)  and  explained  that  the  figures  in  a  trapezoid  class 
"have  four  corners  but  become  narrow."  One  child  asserted  In  order  to  justify 
the  latter  classification,  "If  reducing  this  figure  (the  rectangle),  It  becomes 
the  square  (with  reducing  action  by  hands),  and  these  two  (the  trapezoid  and 
the  Isosceles  trapezoid)  also  are  sane  if  this  point  Is  moved  (with  rotating 
the  trapezoid  and  expanding  action  by  hands)."  


In  the  case,  a  transforsiatlon  uhlch  is  not  a  motion  is  used  to  Justify  the 
classification.  If  a  figure  F  is  a  prototype  (a  rectangle  In  the  case  1. 
which  was  deemed  as  a  quadrangle  by  many  children),  0  msans  the  generalization 
or  the  extension  of  prototype  F  Into  F '  or  the  resolution  of  F  '  into  the 
prototN-pe.  In  the  case  2,  where  the  mapping  (5  functioned  as  the  justification 
of  equivalence  of  trapezoid  and  Isosceles  trapezoid,  an  equivalence  class  of 
quadrilateral  will  be  accomplished  to  make  operate  <i>  on  two  subclasses,  the 
rectangular  class  and  the  trapezoid  class,  of  quadrilateral  class  In  the 
classification  that  the  child  presented. 


Figure  5 
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Case  3.  School  children  in  the  primary  grades  often  Judge  an  asteroid-shaped 
plane  figure  (fig.  6)  as  a  quadrilateral  since  It  has  four  corners.  The  next 
case  was  carried  out  using  the  asteroid-shaped  as  an  introductory  subject 
matter  to  the  concept  of  quadrilateral.  The  following  illustrates  part  of  the 
lesson. 

T(Teacher) :  What  Is  this  figure?  (A  teacher  showed  the  figure  (fig.  6).  Some 
children  answered  that  it  was  a  quadrilateral  and  one  third  of  the  classroom 
agreed  them.)  Why  is  It  a  quadrilateral? 

CiChlld)  :  There  are  four  corners.  (He  pointed  the  sharp  points  of  the  figure. 
Hearing  his  assertion,  half  of  the  children  agreed  him.) 

C  :  Is  it  also  a  quadrilateral  if  edges  curve  more?  (The  teacher  drew  a  figure 

(fig.  7)  on  a  chalkboard  with  his  assertion.) 
C  :  It  is  also  a  quadrilateral,  since  it  has  four  corners. 
C:  Please  curve  more  its  sides.  (The  teacher  drew  a  figure  (fig.  8).) 
C  :  It    is    not    a    quadrilateral.    (He   asserted    the   figure    as    In    Figure    7  a 

quadrilateral.) 

C  :  It  is  a  quadrilateral,  since  the  corners  are  sharp. 

C  :  If  1  curve  more,  it  becomes  cross-shaped.  Is  it  also  a    quadrilateral?  (The 
teacher  drew  a  figure  (fig.  9)0 
C  :  No! 

C  :  If  so.  we  cannot  Judge  to  what  extent  It  is  a  quadrilateral  when  we  curve 
the  sides  and  to  what  extent  it  Is  not.  --- 


Figure  7         Figure  8         Figure  9 


The  transformation  0:F  — F'  in  the  cases  1  and  2  was  restricted  to  a  set 
of  figures  that  are  enclosed  with  straight  lines.  In  the  case  3.  children  who 
asserted  that  the  asteroid-shaped  was  not  a  quadrilateral  made  0  a  deformation 
which  preserved  the  asteroid-shaped,  and  in  consequence  the  assertion  that  It 
was  a  quadrilateral  drove  to  a  conflicting  situation.  The  asteroid-shaped  and 
the  cross-shaped  are  not  topologlcally  equivalent.  However,  it  must  be  given 
attention   to   the   argument  that  extended     other  children's   assertion   to  the 
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limit"  in  order  to  drive  It  Into  conflict. 


3.  Four  stages  on  the  concept  of  n-gon  and  Its  development 

Mey  distinguishes  four  levels  in  the  development  of  Information  processing: 
monadic,  structural,  contextual  and  cognitive  (Mey  1982).  In  the  same  way,  we 
can  introduce  four  stages  on  the  concept  formation  of  n-gon  and  its 
development. 

(1)  A  monadic   stage,   where  each  figure  Is   Isolated   and   treated   as   a  single 
object.  Judging  whether  a  given  figure  Is  quadrilateral  (or  triangle,  pentagon, 
and   so   on)   or   not   Is   carried  out  according   to   comparing  with   some  stored 
canonical  forms   In  mind  and  evoking  a  congruent  or  similar  figure  with  Its 
name.  At  this  time,     <}>    acts  as  an  enlargement  or  a  reduction  of  size  of  the 
figure  without  activation  of  a  rotation  of  a  figure. 

(2)  A  structural  stage,  where  a  n-gon  Is  decomposed  Into  Its  components  such  as 
corners  and  sides,  and  according  to  the  number  of  them,  It  Is  judged  as  n-gon. 
Vhere  ?i  takes  the  n-gon  Into  n^M.  On  the  other  hand,  «5  as  a  rotation  Is  not 
necessarily  activated. 

(3)  A  contextual  stage,  where  the  diagram  (fig.  1)  Is  accomplished.  For  the 
sake  of  the  commutabillty  of  diagram  or  the  continuous  deformation  of  figure, 
n-gons  are  settled  In  one  sequence  In  which  children  can  see  the  Invariants  In 
the  changes  of  state  or  shape  (fig.  10,  11). 

(4)  A  cognitive  stage,  where  children  can  create  a  context  which  Is  useful  for 
their  alra.  Through  a  classroom  discussion,  as  we  have  observed  In  the  case  3, 
they  can  aware  the  restriction  of  «6  to  the  domain  (  F  :  F  (  ^  "Mn)  and  the 
boundary  of  F  Is  made  up  of  straight  lines.}  and  the  definition  of  n-gon  more 
clearly.  rotation 


These  stages  are  characterized  by  an  awareness  of  ^  .  However,  they, 
especially  (3)  and  (4),  don't  necessarily  occur  successively  In  the  order. 
According  to  the  flgure(s)  presented  to  children,  either  (3)  or  (4)  may  be 
evoked,  and  In  some  cases,  these  two  may  progress  to  overlap  each  other. 


Figure  10.  "Pantograph." 


Figure  11.  The  use  of  rubber  band. 
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Peer  interaction  tends  to  Induce  persistent  comprehension  activity,  and  It 
creates  and  amplifies  surprise  and  perplexity,  produces  discoordinatlon:  the 
awareness  of  a  lack  of  coordination  (Hatano  and  Inagaki  1987).  In  the  cases 
mentioned  above,  children's  active  discussion  was  observed  and  it  is  supposed 
that  motivation  for  comprehension  was  enhanced,  and  the  critical  idea  on  the 
concept  formation  was  given  out  with  the  intention  of  persuading  other 
children. 

The  critical  idea  in  the  persuading  argument,  which  is  regarded  as  a 
verbalization  of  ^  ,  arose  from  classroom  discussion  depending  on  the  given 
figures.  The  construction  of  equivalence  classes  with  equivalence  relation  ^  n 
which  forms  the  relation  between  Isolated  objects  is  regarded  as  a  reflective 
abstraction.  And  it  is  the  classroom  discussion  that  enables  the  abstraction. 
We  can  expect  such  a  discussion  In  a  mathematics  classroom  turns  to  a 
mathematical  proof  or  motivation  for  i:  rfrom  interpersonal  into 
Intrapersonar,   see  Vygotsky  1978). 

It  is  necessary  to  expand  the  awareness  of  (f>  and  the  critical  Idea  that 
characterize  these  stages  to  a  common  thinking  in  a  classroom.  And  there, 
teaching  tools  (teaching  aids)  manipulatable  by  each  child  are  substantial. 

4.  Teaching  tools 

Following  two  kinds  of  operations  In  the  diagram,  essentially  two  kinds  of 
teaching  tools  can  be  distinguished:  one  Is  a  task-setting  teaching  tool  (TTT). 
"the  cages  of  animals"  In  the  cases  1  and  2.  for  instance,  from  which  <5  Is 
constructed,  and  the  other  is  an  explanatory  teaching  tool  (ETT).  "a  pantograph 
(fig.  10)",  for  instance,  which  is  a  materialization  of  <l>  .  TTT  Is 
characterized  by  means  of  the  terms  discreteness,  finlteness.  logicality  and 
analysis,  and  ETT  by  continuity,  inflniteness,  intuition  and  synthesis.  TTT 
sets  a  situation  or  a  task  to  be  explored  by  children.  On  the  other  hand,  ETT 
throws  light  on  the  relation  between  objects  through  its  continuous  movement 
and  forces  children  to  alter  their  criteria  of  judgement  (Hasegawa  1990). 

In  the  cases  we  have  examined,  except  paper  cutouts  in  the  cases  1  and  2, 
continuously  movable  ETT  had  not  used  for  explaining  the  concept.  But  we  can 
materialize  children's  critical  idea  as  ETT,  by  which  the  critical  idea  is  to 
hold  common  in  the  classroom.  Through  the  activity  of  manipulating  ETT  and 
classroom   discussion,    understanding   of  the   concept   with    Its   movable  mental 
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Image  'can  be  fostered.  The  effect  of  ETT  has  not  examined  experimentally  In  a 
classroom  situation,  but  the  Importance  of  manlpulatlves  In  learning  geometry 
seems  to  be  accepted  commonly. 

Afterwards  the  mathematics  learning  progresses  to  the  direction  where  the 
transformation  Is    restricted    to    an    Euclidean    transformation    such  as 

congruence  or  similarity,  and  <^  Itself  becomes  the  object  of  learning.  In  such 
a  stage,  some  teaching  tools  manlpulatable  by  each  child  are  still  necessary 
for  the  concept  formation  with  Its  useful  mental  Image.  Teaching  tool  Is  a 
source  from  where  children's  mathematical  activities  start  and  becomes  a 
mathematical  object  beyond  a  mere  physical  entity  In  consequence  of  being  given 
a  mathematical  meaning  through  the  activities. 
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STUDENTS'  UHDERSTANDIKG  OP  GEOMETRICAL  FIGURES  IN  TRANSITION  PROH  VAN  HIELE  LEVa  1  TO  2 

Nanae,  Y.  HATSUO 
(University  of  Tsukuba,  Japan) 


ABSTRACT 

This  study  investigated  states  of  students'  undcrstandini;  of  geo- 
Bctrical  figures  in  transition  froi  van  Hiele  level  1  to  2.  The  level 
of  the  eighth  grade  students  «ere  deterained  by  the  van  Kiele  Geoietry 
Test,  then  a  clinical  interview  was  adiinistered  for  level  1  students. 
Consequently?  the  four  states  of  understanding  in  transition  froi 
level  1  to  c  were  specified  by  analyzing  *(hat  kind  of  geoietrical 
figure  a  level  I  student  considered  the  drawing  as  her  visual  lodel  of 
the  gcoietrical  figure.  These  states  enabled  to  classify  whether  a 
student  understood  inclusions  and  Hhothcr  the  drawing  was  consistent 
to  a  student's  concept  definition  of  a  geotetrical  figure. 

In  this  study,  I  investigated  several  states  of  students'  understanding  of  geoietric- 
al  figures  in  transition  froi  van  Hiele  level  1  to  2. 

Dina  van  Hiele-Gcldof  and  Pierre  Karie  van  Hiele  presented  the  theory  of  geoiotric 
thought.  They  deionstratcd  that  learners  lOvcd  sequentially  froi  the  basic  level  to  the 
highest  level,  assisted  by  appropriate  instructional  experiences.  Van  Hielc(19S4)  do- 
scribed  the  level  1  and  2  of  gco»otric  thought  as  follows.   "At  the  First  level  of  gcoiet- 
ry,  ...so  that  a  square  is  not  necessarily  identified  as  being  a  rectangle."  "At  the 
Second  Level  properties  are  ordered.  ...  The  square  is  recognized  as  being  a  rectangle 
because  at  this  level  definitions  of  figure  coio  into  play."  In  short,  for  level  1 
students,  a  square  is  not  identified  as  being  a  rectangle,  so  he  docs  not  understand  the 
relation  between  a  square  and  a  rectangle. 

However,  a  student  do  not  juip  froi  the  state  at  which  a  student  docs  not  understand 
inclusions*'*  of  gcoietrical  figures  to  the  state  at  which  a  student  understands,  that  is, 
froB  level  I  to  2.  To  aovc  froi  level  1  to  2,  students  develop  through  several  different 
slates  between  level  1  and  2.  Burger  et  al.(1988),  Puys  ct  al.(1988),  Usiskin(I082)  have 
reported  that  students,  especially  those  in  transition,  are  difficult  to  classify  reliably, 
for  level  2  and  3,  so  the  levels  arc  not  discrete.  Thus,  there  arc  students  who  arc  not 
classified  by  any  levels,  whose  state  of  understanding  is  different  froi  levels.  According 
to  their  idea,  the  continuity  of  levels  have  been  clarified,  but  the  kind  of  state  of 
understanding  between  two  continuous  levels  have  not  yet  been  clarified. 

Hany  previous  research  have  shown  that  students  do  not  understand  inclusions  of  gco- 
Betrical  figurcs(The  Hinistry  of  Education, 1984;  Koseki  ct  al.,I977).  It  hasn't  been  Bade 
clear  enough  the  reasons  why  students  do  not  understand  inclusions.  By  analyzing  students' 

(♦) Inclusion  leans  the  interrelation  between  two  sets  that  is  obtained  when  all  the 
RCBbers  of  the  first  set  are  BCBbers  of  the  second. 
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understanding  in  detail,  states  of  students'  understanding  can  be  clarified. 

This  study  shows  that  there  are  several  states  of  students*  understanding  of  inclu 
sions  between  van  Hiele  level  1  and  2. 


To  clarify  the  states  of  understanding  of  inclusions,  I  present  concept  iiage  and  con- 
cept definition.  Using  thei,  so»e  phenotena  in  the  process  of  the  learning  of  the  concept 
were  analyzed(Vinner,l983) .  The  set  of  properties  together  with  the  lental  picture  is  call- 
ed   'concept  iiage,'  by  'concept  definition,'  we  lean  a  verbal  definition  that  explains 
the  concept.  The  process  of  students'  concept  foriation  of  geoaetrical  figures  is  based  on 
their  concept  iaage  and  concept  definition  of  the  gconetrical  figures.  The  transition  be- 
tween level  1  and  Z  is  a  part  of  the  process  of  concept  foriation,  concept  iiage  and  con- 
cept definition  expand  closer  to  the  concept.  In  this  paper,  in  particular,  concept  iiage 
of  a  geoictrical  figure  icans  student's  Rental  picture  of  it,  concept  definition  leans 
student's  verbal  representation  to  define  a  geoietrical  figure. 

To  analyze  students*  understanding  of  inclusions,  1  present  the  visual  Hodol.  It 
■cans  the  drawing  which  is  acceptable  for  a  person  as  his  concept  iiage  and  consistent  to 
his  concept  definition  if  the  drawing  is  idealized  as  a  lathcaatical  object,  \lheri  a  person 
represents  a  geoictrical  figure  by  drawing  it,  it  is  considered  that  he  represents  his  con- 
cept iiage,  so  the  drawing  is  acceptable  as  his  concept  iiage  of  the  geoietrical  figure. 
When  a  person  explains  a  geoietrical  figure  by  the  drawing  which  represents  the  geoietric- 
al figure,  it  is  regarded  that  the  drawing  is  acceptable  as  his  concept  iiago.  When  a  per- 
son describes  a  geoictrical  figure  in  words,  verbal  description  is  equal  to  his  concept 
definition  of  the  figure.  Also,  when  a  person  agrees  to  the  verbal  description,  the  de- 
scription becoics  his  concept  definition  of  the  figure.  Then,  when  a  student  interprets 
the  drawing  which  represents  a  geometrical  figure  or  represents  a  geoietrical  figure  by 
drawing,  the  state  of  student's  understanding  of  inclusions  is  clarified  by  what  kind  of 
geoietrical  figure  the  student  consider  the  drawing  as  her  visual  lodel  of  the  geoietrical 


I. Subjects 

One  hundred  nineteen  students  ul  a  private  girl's  junior  high  school  participated  in 
this  study.  This  school  ranks  high  in  Tokyo.  The  eighth  grade  students  were  tested. 

At  the  tile  of  the  study,  the  studenLs  had  studied  constructing  a  proof,  but  they 
still  were  not  been  able  to  write  a  proof  coipletely.  They  had  no  instruction  concerning 
how  to  prove  inclusions  of  quadrilaterals. 

Seven  students  froi  these  participants  were  interviewed  individually  at  a  later  tiie. 


THKORfcTICAL  BACKGROUND 


figure. 
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2.  Problems 

In  this  study,  the  students  were  tested  by  ite«s  dctcnining  levels  1  and  2  in  van 
lliele  Geoietry  Test  used  in  the  Chicago  project(Usiskin,l982)«  The  probless  consisted  of 
five  iteis  for  each  level.  Proi  quotes  of  the  van  Hieles  themselves  reKarding  student  be- 
haviors to  be  expected  at  each  level,  questions  «ere  written  for  each  level  that  would 
.test  whether  a  student  was  at  that  level.  After  piloting,  the  test  items  were  modified 
and  the  test  constructed,  so  the  test  has  a  high  reliability  to  determine  the  van  Hiele 
level  of  the  student. 

In  the  interview,  the  following  qucstiondtei  13)  which  determines  the  level  2  of 
students  vas  used. 

Item  13:  Which  of  these  can  bo  called  rectangle.*!? 

(A)  All  can 

(B)  0  only 
(OR  only 
(0)P  and  Q  only 
(K)0  and  R  only 

3.  Procedure 

The  items  which  will  determine  whether  the  students  belong  to  van  Hiele  levels  1  or  2 
were  administered  for  about  ten  and  eight  minutes  respectively.  The  criterion  used  in  the 
Chicago  project  was  utilized  in  this  study.  The  student  who  answered  3  to  5  correctly,  the 
iteos  determined  for  level  2,  was  given  level  1  regardless  of  her  answer  for  level  1.  The 
clinical  interview  had  been  done  for  seven  level  1  students  selected  three  months  later 
after  the  paper  test  was  administered.  The  interviewer  had  taught  thei  geometry  t«o  class- 
es a  week  for  eight  Months.  In  this  paper,  four  students  were  considered.  Two  of  the 
students  answered  (E),  two  did  (A)  in  the  Ite«  13.  They  were  interviewed  in  a  room  separat- 
ed froia  the  classroom  after  school  and  an  audio  tape  was  iade  so  that  transcripts  could  be 
analysed.  They  were  given  their  answer  sheet  of  written  van  Hiele  test,  asked  to  explain 
what  they  had  answered  and  why.  Their  inner  states  of  undersUnding  of  geometrical  figures 
vas  shown  through  the  clinical  interview.  Kirst,  they  were  explained  only  in  words,  then 
dracribed  using  Ihe  given  drawing  or  their  own  drawing.  The  interviewer  further  asked  the 
students  about  their  answers  and  confirmed  them,  but  did  not  instruct.  She  asked  each 
student  several  items  for  about  twenty  minutes. 

By  analyzing  tho  transcripts,  it  was  shown  what  kind  of  geometrical  figure  a  student 
consider  the  given  drawing  in  Item  13  as  visual  iiodel  of  the  geometrical  figure.  When  a 
student  explained  the  reason  why  she  answered  using  the  given  drawing  of  a  geometrical 
figure,  she  said,  "I  have  such  iiage,*'  ?nd  so  on.  The  drawing  is  considered  as  being  a 
reflection  of  her  concept  image  of  it.  When  a  student  said,  "1  have  such  image,"  for  her 
own  drawing  of  a  geometrical  figure,  the  drawing  is  regarded  as  being  a  reflection  of  her 
concept  inage  ol     ..  When  a  student  described  a  geoietrical  figure  in  words,  her  verbal  de- 
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scription  bccoics  her  concept  definition  of  it.  Xhcn  a  draninc  is  acceptable  as  student's 
concept  iiase  of  a  geoietric  figure  and  is  consistent  to  her  concept  definition  of  it,  it 
is  considered  as  her  visual  lodel  of  the  geowtrical  figure. 

RESULTS  AKD  CONSIDERATION 

LJIritten  test 

The  table  1  shows  the  van  Hielc  levels  and  the  correspond inj?  nuaber  of  students. 

[Table  1]  Van  Hiele  levels  and  the  corresponding;  nugber  of  students. 


Porty  five  percent  of  the  eighth  i;rade  students  were  detcraincd  level  1  and  fifty  per- 
cent of  the«  Mere  dotenined  level  Z.  According  to  the  results  of  analyzing  textbooks  in 
Japan (Yavazakit  1991),  the  eighth  grade  studcnU  are  required  to  have  achieved  level  2. 
But  half  of  the  eight  grade  students  had  not  achieved  level  2. 
2.InteryieM 

By  considering  level  1  students'  answer  in  Itci  13  and  cxanining  their  understanding 
of  the  relation  of  a  rectangle  and  a  square,  states  of  tlicir  understanding  were  clarified. 
By  an  analysis  of  what  kind  of  gcoietrical  figure  a  student  consider  the  given  drawing  in 
ItcB  13  as  her  visual  iodol  of  the  geoMtrical  figure,  I'roD  licr  concept  inagc  and  concept 
definition  of  the  geoictrical  figure,  her  understanding  of  geometrical  figures  was  clearly 
shown.  The  transcripts  of  four  level  1  students  were  analyzed.  First,  Student  YN  answered 
that  figures  Q  and  R  in  Itea  13  were  rectangles. 

(Interviewer  asked  Student  YN  why  she  ansuered  (A)  in  ilen  13,  required  of 
her  to  explain  it  in  words.) 

YN*(Dln  a  rectangle, ^.its.pppo.^i to  sidaj  arc  equal,. equal  and  parallel. 
@lt  scc»<d.  that  ij.3„pp.pcsit.c  sitics  Mere  equal  in  I'. 

YN:i3ui.,  velJ  ...  (felt  silent). 

Int^Explain.  Oht  Explain  using  the  drawing,  ahead. 

YN:(took  out  a  ruler,  checked  sides  of  the  figure  with  it.) 

liell,  L  used  a  ruler  and  verified  the  sides.  The  opposite  sides  were 
parallel,  P  Kas  a  rectangle.  Ah,  1  thought  that  this  side  and  this  side 
were  parallel  and  the  sane  length.  (JV).It  jJocned  that  there  was_a.  gaj?  be- 
tween this  sile^and  the  ruiej? 

Intlls  this  side  distorted? 

YN:0)If  it.is.distorted,  H  is  not.  paraljel  to  the  opposite  side,  so  P  is 
not  a  roctanglo.  ©The  sidps  of.Q  were  fit  to  the  ruler  parallel,  so  I 
thought  that  Q  was  a  rectangle. 

Int.'Did  you  think  P  is  a  square?  Yes  or  no? 
YNlAh!  When  I  only  see  without  drawings,  I  think  yes. 
IntlYou  said  yes  when  you  saw  it,  but  what  do  you  answer  if  you  use  a 
ruler? 

YN:Off  course,  if  the  upper  side  of  P  is  distorted,  off  course,  no. 
In  this  exanple,  according  to  C^),  Student  YN  explained  her  answer  pointing  Q  and  R, 
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30  they  wcro  acceptable  as  her  concept  Imko  of  a  recUitEle.  In  accordance  with  0,  F  «as 
consistent  to  her  concept  definition  of  a  recUnRle,  i.e.  the  opposite  sides  are  sa.c 
length  and  parallel.  Therefore,  Q  and  R  becaie  her  visual  ■odd  of  a  rectanjlo. 

However,  P  did  not  becoie  Student  KN's  visual  lodel  of  a  rectanRle.  AccordinR  to  (D, 
P  Has  accepUblo  as  her  concept  i«ai:e  of  a  rectangle,  but  based  on  ®,  P  «as  inconsistent 
.  to  her  concept  definition  of  it,  i.e.  the  opposite  sides  are  parallel,  because  she  found 
a  sMll  gap  between  the  upper  side  and  a  ruler(®).  Thus,  P  didn't  beco.e  her  visual  «ode\ 
of  a  rectangle.  Also  P  did  not  bcco«n  her  visual  .odel  of  a  square  because  P  «as  consist- 
ent to  her  concept  definition  of  a  square,  i.e.  the  opposite  sides  are  parallel. 
Secondly,  Student  YY  ansnorcd  that  Q  and  R  wore  recUngles. 
Int:in  item  13,  «hy  did  you  chooso(R)?  Explain  it  in  jprds. 


^iQj.i&-tM9-.dwA9m9  .msre  JemL-m_^LMd...K• 
YY:®^did  not  Qho93e  P  beoamo  Lthpyjdl.^  «3.Mot  a  fccU^^^^^ 
didri'^t  cnoose  it. 

Student  YY  explained  her  answer  by  pointing  the  sides  and  the  diagonals  in  0  and  R, 
so  Q  and  R  wore  acceptable  for  Student  YY  as  her  concept  iwge  of  recUnglcs.  According  to 
CB,®  and  (5n,  Q  and  R  were  consistent  to  Student  YY's  concept  definition  of  a  rectangle, 
i.e.  the  length  of  the  hori/.ontnl  sides  are  not  the  sane  as  the  length  of  ^ho  vortical 
sides,  four  sides  arc  not  equal,  and  two  diagonals  arc  equal.  Therefore.  Q  and  R  bccaiie 
her  visual  nodels  of  a  rectangle. 

In  accordance  with  ®,  P  was  acceptable  for  Student  YY  as  her  concept  itagc  of  a 
square,  and  it  was  consistent  to  her  concept  definition  of  a  square,  i.e.  a  square  has 
four  equal  sides  based  on  ®,  thus  P  became  her  visual  Rodol  of  a  square.  Hut  P  didnot  be- 
coic  her  visual  model  of  a  rectangle  because  P  was  not  acceptable  as  her  concept  ipage  of 
a  rectangle  and  inconsistent  to  her  concept  definition  of  a  rectangle  based  on  Cl),  (B  and 

Thirdly,  student  KN  answered  that  P,  Q  and  R  were  rectangles. 

IntrKxplain  why  you  chose  (A)  without  drawings,  but  only  in  words. 
KMrYcsi  a;P  sceicd  to.bo  a  square.  .seJLanJ  .R .sight  b^^ 

was  not  mUen^Qiat  P_  ws  a  ^  ^'^'^  '^^^^  ^°  understand 

that  P  has  right  angles.  I.  I,  at  that  tine  ... . 
IntlExplain  your  answer  not  now.  but  at  that  ti«e. 

KN-At  that  tine,  (H)L?^J.that.Q,and  L.were  x.cctand.c3^  ""l^n^upLd  iL? 
and  R,  but  it  was  not  written  that  P  is  a  square  ....  I  ?"3we red  that 
all  three  quadrilaterals  were  rectangles  ^ij^cajise  oppositesides  scei- 

ed  to  bcj)araUoi«  ^  l  •     a\  .wk  ^r^uinr 

Inl'T  see.  Kxplain  your  answer  of  your  choice  (A)  with  drawing. 
KN-yU!  oh.  W  m  foujLjk^   angles  and  C5Xi  has  a]so  four^rub.t  angles 
•  and  R  has  four  FiiR  angTes;  and      or.  P.  i  and  .R,.  opposite  si^e^  a  re 
all  paraXIcir  AH,  sb,"P  iFa  square.1)ut  It  has  not  been  proved  that  P 
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aLi:$£iaMlfiji_J>maAl^.^^  Ah,T*, Tand  K  were  consist- 

ent as  a  rectanri«,  so  I  chose  all  three. 

Accordinu  to  (3),  for  Student  KN,  0  and  R  see«d  to  be  rectangles,  so  0  and  R  «oro 

acceptable  as  her  concept  iiage  of  a  rectancle.  Based  on  (S)  and  (2)f  her  concept  definition 

of  a  rectasJKlo,  i.e.  four  angles  are  right  angles  and  opposite  sides  are  parallel,  so  Q 

and  R  were  consistent  to  her  concept  definition  of  a  rectangle.  Thus,  Q  and  K  becaie  her 

visual  Models  of  it. 

P  was  acceptable  for  Student  KN  as  her  concept  iiago  of  a  square  baaed  on  QD,  but,  in 
accordance  with  (?)  and  (D,  she  thought  that  the  sides  of  P  light  not  necessarily  be  equal, 
so  P  was  inconsistent  to  her  concept  definition  of  a  square,  i.e.  a  square  has  fourcqual 
sides.  Thus,  P  did  hot  becoie  her  visual  wodel  of  it.  However,  P  was  consistent  to  her  con- 
cept definition  of  a  rectangle,  i.e.  four  angles  are  right  and  opposite  sides  arc  parallel 
based  on  (S)  and  Q),  and  P  was  accepUble  as  hor  concept  iiiagc  of  a  rectangle  (^) .  There- 
fore, P  bccaw  her  visual  iwdol  of  a  rectangle. 

Fourthly,  Student  NT  answered  that  P,Q  and  R  wore  reclanKlcs. 

(Interviewer  asked  Student  HT  why  she  chose  (A).) 

HT:®Jf  LvocAfl5d.T«__Q  *ind  8..wji.t|L.iy  ru]?r,  Ihej  had  about  four  thUl 

S[lJU^_i_8^.LcnoM.J^h_r*;o . 
lnt:Kell,  why  djd  you  think  that  P  was  a  rectangle?  You  said  that  P  was  a 


lu  accordance  with  QD,  student  HT  verified  the  angles  of  Q  and  H  with  her  rulor,  so 
they  were  acceptable  as  hor  concept  iiago  of  a  rectanglo.  They  wore  conaistonl  to  her 
concept  definition  of  a  rectangle,  i.e.  a  rectangle  has  four  right  anfiles  based  on  0 
and  ®.  Thus,  0  and  R  bccaio  her  visual  lodel  of  a  rectangle. 

Based  on  0)»  P  laa  acceptable  for  student  HT  as  licr  concept  iHage  of  a  square,  and 
P  was  consistent  to  her  concept  definition  of  rectanKle(@) .  However,  she  said  that  a 
square  was  a  particular  rectangle(^),  and  four  angles  were  all  right  angle3((^),  so  P 
also  was  consistent  to  her  concept  definition  of  a  square.  Thus,  P  became  her  visual 
iwdels  of  a  square.  Horeover,  P  was  acceptable  as  her  concept  image  of  a  rccUngle,  P  be- 
came  her  model  of  it. 

It  has  been  definitely  shown  by  the  transcripts  of  four  level  students  that  each  of 
them  had  different  visual  models  for  fiRuro  P  in  Rem  13.  Table  2  shows  whether  figure  P 
is  acceptable  for  each  student  as  his  conrept  image  of  a  rectangle  or  a  square,  whether 
P  is  consistent  to  her  concept  definition,  and  whether  P  bccoses  the  visual  model  of  a 
rectangle  or  a  square. 
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Khcn  fiRUro  P  did  not  bccoiw  z.  student's  visual  »<xicl  of  a  recUngle,  it  i;J  co.v 
sidcrcd  that  she  did  not  understand  the  relation  betMecn  a  rectangle  and  a  square  in 
contnst,  when  the  figure  P  becaio  i  student's  visual  ■odel  of  a  njctanjle,  it  is  con- 
sidcitJ  that  she  understood  the  relation.  The  forwr  is  the  state  A,  and  the   attcr  is 
the  stale  B. 

Then  the  sUte  A  and  the  idate  B  arc  divided  into  t«o  detail  states  rcsp^^ctivoly. 
Vhen  figure  H  did  not  b<'coiic  a  student's  visual  wdel  of  a  sqwe,  the  sUtc  i  i  and  the 
state  B,  «ero  shown.  Otherwise,  the  state  h  and  the  sUite  Bj.  «erc  nho^in.  Stufcnt  VN  an.f 
YY  wore  at  the  sUtc  A.  Kor  Student  YN,  P  was  not  acceptable  as  her  concept  iuaRC  of  a 
square,  but  a  side  of  P  sccned  to  be  distorted,  so  P  was  inconsistent  to  her  concept  del ■ 
inltion  of  a  square.  Thus  P  did  not  becoiio  her  visual  lodcl  of  it,  so  Student  YN  was  at 
the  state  A,.  However,  for  Student  YY,  P  »ias  acceptable  as  her  concept  inage-  of  a  square 
and  was  consistent  to  her  concept  definition  of  it,  thus  P  bccanc  hor  visual  iodel  of  it, 
so  Student  YY  was  at  the  state  A,-. 

On  the  other  hand.  Student  KN  and  NT  were  at  the  state  B.  P  was  not  the  Student 
KN's  visual  Bodel  of  a  rectangle,  but  P  was  the  student  HT*3  visual  iK>dcl  of  a  square. 
For  Student  KN,  I'  was  not  acceptable  as  her  concept  iiiage  of  a  square,  but  it  «as 
consistent  to  her  concept  definition  of  a  rectangle.  Thus,  she  thought  that  her  concept 
definition  of  a  rectangle  which  includes  wider  neaning  than  hor  concept  definition  of  a 
square,  and  P  was  consistent  to  hor  concept  definition  of  a  rectangle,  so  it  bccaie  her 
visual  •ode)  of  a  rectangle,  not  a  square.  Therefore,  Student  YN  was  at  the  state  B,. 
However,  for  Student  HT,  P  was  not  only  acceptable  as  her  concept  iwnge  of  a  rectangle 
and  was  not  only  consistent  to  her  concept  definition  of  it,  but  also  was  acceptable  as 
her  concept  inage  of  a  square  and  consistent  to  her  concept  definition  of  it.  Thus,  P 
can  bccoKc  her  visual  nodel  of  <i  rectangle  and  a  square,  so  Student  YY  was  at  the  slate 
B,. 


CONCLUSIOW 

«hen  a  person  interprets  tlie  drawing  which  represents  a  geonetrical  figure,  several 
states  of  studenU'  understanding  in  transition  fron  level  i  to  2  can  be  clarified  by 
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analyzing  for  what  kind  of  gooictrical  fijure  level  1  students  consider  the  drawing  as 
her  visual  Hodel  of  the  geoietrical  figure.  That  is,  the  difference  of  visual  lodels 
shows  different  states  of  understanding  of  geometrical  figures  in  transition  of  levels. 

This  study  suggests  that  by  diagnosing  the  state  of  a  student's  unaerstanding  of 
gcoiotrical  figures  with  the  visual  lodels,  teacher  can  know  the  student's  state  in 
detail,  thus  we  can  iiprove  learning  and  teaching  for  concept  foriation  of  geoietrical 
figures.  «e  have  to  ewaine  whether  the  sUtes  of  understanding  of  another  geosetrical 
figures  are  specified  by  the  visual  lodel  or  whether  the  states  of  understanding  in  an- 
other transition  of  levels  are  clarified  by  the  visual  lodel.  Consequently,  we  can  lake 
clear  the  validity  that  the  visual  »odel  shows  several  states  of  students'  understanding 
in  transition  of  van  fliele  levels. 
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Abstract 


Resumen 


^'toalTendimiento  imelectml.principatmente  en  losgrupos  de  10yl2  anos. 

In  an  article  published  in  the  late  seventies  E.  Fischbein  and  collaborators  stated  that,  "it 
is  surprising  that  psychology  has  done  so  little  in  exploring  the  fascinating  concept  of 
infinity  whose  importance  for  science,  mathen^atics  and  philosophy  is  undeniable 
(Fischbein,  Tirosh  and  Hess,  1979,  p.  3).  Today,  the  situation  remains  the  same. 
If  wc  analyze  the  history  of  the  concept  of  infinity,  we  find  that  since  the  dawn  of 
civilizations  this  concept  has  played  an  important  role  in  almost  every  branch  of  human 
knowledge,  fascinating  and  thrilling  philosophers,  theologians,  scientists  and 
mathematicians.  In  mathematics,  already  since  the  early  time  of  Zeno,  its  study  has 
presented  manv  difficulties  and  disputes.  Full  of  counter-intuitive  features,  mfm.ty  has 
always  been  a  controversial  and  elusive  concept.  In  malhemalics  education,  it  .s  widely 
known  that  students  face  manv  difficulties  when  they  study  notions  related  to  mfmity, 
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such  as  calciUus,  infinite  series  or  set  theory.  Such  an  important  and  particular  concept  of 
human  mental  activity  should  be  an  interesting  subject  for  cognitive  psychology  for  two 
reasons.  First,  because  of  the  important  role  that  this  concept  has  played  in  the  different 
disciplines  of  human  knowledge,  and  second,  because  it  is  a  rich  and  representative 
concept  of  a  dimension  of  mental  activity  not  based  on  direct  experience.  Paradoxically, 
none  of  the  different  theoretical  approaches  in  cognitive  psychology  has  studied  this 
concept  deeply  enough  (Fischbein  et  al.  1979;  Nuflez,  1990);  not  even  approaches  close  to 
mathematics,  logic  and  formal  disciplines,  such  as  the  information-processing  approach, 
or  Piaget's  genetic  approach.  Both  being  close  to  formal  disciplines  because  of  the  objects 
they  intend  to  study  and  because  of  the  conceptual  tools  they  use  to  model  findings. 
In  cognitive  psychology,  literature  on  infinity  is  in  general  over-represented  by 
educational  oriented  research,  being  the  fundamental  or  basic  research  very  scarce 
(Nuflez,  1990).  In  addition,  efforts  seem  to  be  isolated,  discontinuous,  and  poor  in 
theoretical  ties.  Besides,  there  is  a  lack  of  precision:  often  the  term  "infinity"  confines 
different  features  and  properties  not  well  identified  (i.e.  potential  and  actual  infinities; 
huge  and  small  infinities;  referred  to  quantity  and  to  spaces;  etc).  In  order  to  overcome 
these  difficulties  and  to  build  a  theoretical  corpus  that  permits  the  creation  of  new 
concepts  for  a  better  discrimination  and  explanation  of  the  phenomena  that  now  aren't 
well  identified,  we  suggested  to  consider  the  cognitive  activity  that  infinity  in 
mathematics  requires  as  an  independent  scientific  object  for  cognitive  psychology 
(Nuftez,  1990).  We  believe  that  different  qualities  and  features  associated  with  endless 
iterations  and  with  other  concepts  related  to  infinity,  activate  different  cognitive 
processes,  and  because  of  this  they  should  be  studied  systematically.  According  to  this 
idea,  we  have  conceived  a  taxonomy  of  "different"  infinities,  which  has  been  described 
elsewhere  (Nuftez,  1991)  and  which  lies  at  the  b?.se  of  the  present  study. 

The  taxonomy 

The  taxonomy  supposes  that  at  the  very  base  of  the  notion  of  infinity  lies  the  operation  of 
iteration  and  it  was  conceived  to  study  intuitive  psycho-cognitive  aspects  of  the  concept 
of  infinity  as  pure  as  possible  (i.e.,  trying  to  isolate  the  mathematical  training).  By 
intuition  we  understand  "direct,  global,  self-evident  forms  of  knowledge"  (Fischbein  et 
al,  1979,  p.  5).  For  this  reason  we  have  focused  our  study  on  the  domain  of  plane 
geometry,  in  which  it  is  possible  to  ask  children  about  number  and  sizes  of  figures 
without  recalling  specific  school-learned  knowledge  or  technical  notions.  The  cases  of  the 
taxonomy  are  conceived  as  different  types  of  transformations  applied  to  plane  figures  (i.e. 
polygons).  In  order  to  simplify  and  to  operationalize  our  approach,  we  have  assumed  that 
a  plane  figure  can  be  transformed  (its  attributes  being  operated  iteratively)  in  terms  of 
number  (cardinality  (#)),  and/or  in  space  ((S);  vertically  and/or  horizontally,  being 
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enlarged  (D),  or  diminished  (O).  Thus,  this  taxonomy  intends  to  differentiate  the 
following  aspects  related  to  infinity: 

1)  Type  of  infinity:  whether  it  is  conceived  after  a  divergent  (T(D))  or 
convergent  (T(C>)  operation  of  iteration. 

2)  Nature  of  the  content  of  the  operation  of  iteration:  whether  it  is  cardinal 
{Nin));  infinite  quantities)  or  spatial  (N(S);  infinite  big  or  small  spaces). 

3)  Coordinations  of  type  &  nature  (T(D)N(#);  T(D)N(S):  T(C)N(S)):  when  more 
than  one  attribute  being  transformed  is  present. 

Related  to  the  first  quality,  type  of  infinity,  md  this  from  a  developmental  point  of  view, 
important  evidence  shows  that  the  idea  of  convergence  is  mastered  and  understood 
much  later  than  that  of  divergence  (Piaget  Inhelder,  1948;  Langford,  1974;  Taback,  1975). 
The  study  of  the  history  of  the  concept  of  infinity  in  mathematics  reveals  a  similar 
tendency  (Nuftez,  in  press).  Concerning  the  second  quality,  nature  of  the  content,  we 
believe  that  a  distinction  between  a  cardinal  content  and  a  spatial  content  should  be 
made,  especially  when  talking  about  infinity.  We  share  the  opinion  of  D.  Tall  who  says 
"cardinal  infinity  is  ...  only  one  of  a  choice  of  possible  extensions  of  the  number  concept 
case.  It  is  therefore  inappropriate  to  judge  the  'correctness'  of  intuitions  of  infinity  within 
a  cardinal  framework  alone,  especially  those  intuitions  which  relate  to  measurement 
rather  than  one-one  correspondence"  (Tall,  1980,  p.  271).  Now,  if  we  consider  that  there 
are  two  attributes  iterated  simultaneously,  we  have  another  interesting  aspect  to  be 
studied:  the  coordinations  of  the  qualities  {type  and  nature).  In  our  opinion,  what  is 
interesting  is  not  only  to  observe  how  many  attributes  should  be  coordinated  in  a  given 
situation,  but  to  observe  what  are  the  attributes  of  these  elements. 

These  different  qualities  of  the  operations  related  to  infinity  could  be  represented  in  a  3- 
dimensional  space  (Nunez,  1991),  a  space  of  transformations  (Figure  1),  where  axes  are 
each  of  the  most  simple  qualities  that  an  attribute  infinitely  iterated  may  have  (T(D)N(«); 
T(D)N(S);  T(C>N(S)).  Points  in  the  space  are  each  of  the  combinations  of  coordinations 
which  hypothetically  activate  different  processes  from  a  cognitive  point  of  view.  We 
believe  that  such  a  model  facilitates  the  conception  and  the  operationalization  of  our 
hypotheses.  For  instance,  among  other  hypotheses  we  could  mention  that,  in  general  the 
closer  one  gets  to  the  origin  (no  transformation),  the  easier  to  deal  witn  the 
transformation;  that  situations  on  axis  T(C)N(S)  are  more  difficult  than  those  on  axis 
T(D)N(S)  (due  to  the  differences  of  difficulty  levels  between  divergence  and  convergence 
mentioned  above);  that  situations  related  to  infinity  represented  by  points  on  plane  t  are 
much  more  difficult  to  deal  with,  than  those  on  ^  or  (because  there  is  a  coordination 
of  qualities  different  in  type  and  nature,  which  demands  an  activity  of  a  superior  level 
than  that  demanded  in  plane  ^  or  ^ ,  where  at  least  qualities  of  the  same  order  are 
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present,  type  (divergence)  and  nature  (space)  respectively).  Besides,  these  aspects  may 
vary  according  to  age,  intellectual  or  academic  performance  and /or  gender. 


The  study  considered  two  parts,  The  goal  of  the  first  part  was  to  explore  with  a 
quantitative  approach  the  different  cases  of  the  taxonomy,  by  means  of  questionnaires.  In 
the  second  part  we  studied  in  depth,  by  means  of  individual  interviews  (approx.  50 
minutes),  four  of  the  cases  of  our  taxonomy  (cases  2-V,  2-II/III,  2-IIIa  and  2-IIIb;  see  Figure 
1),  judged  to  be  most  interesting  ones  after  the  analyses  of  the  results  obtained  in  the  first 
part.  In  this  article,  only  the  results  of  the  first  part  will  be  analyzed. 

Two  variables  related  to  performance  were  studied:  Intellectual  performance  measured 
by  the  Raven  test  and  academic  performance  (studied  only  in  the  second  part)  measured 
by  the  marks  obtained  both  in  mathematics  and  in  french  (official  language  at  school).  In 
the  first  part  the  Raven  test  and  the  questionnaires  were  administrated  during  school 
lime  in  the  classroom.  The  individual  interviews  look  place  six  months  later  in  a  room 
located  in  the  same  building.  The  interviews  were  videotaped. 

Subjccti; 

In  the  first  part  participated  172  students  of  t%vo  schools  of  the  city  of  Fribourg,  aged  8,  10, 
12  and  14  years.  Boys  and  girls  were  equally  represented.  Nearly  20%  of  this  population 
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participated  in  the  second  part  (N=32;  8  subjects  by  age  group,  half  high  and  half  low 
intellectual-academic  performers  in  each  group). 

Material  ,  .  , 
Concerning  the  cases  of  our  taxonomy,  they  were  operationalized  by  figures  which  were 
transformed  according  to  a  certain  rule  (i.e.  growing  or  diminishing  in  size,  or  number). 
The  subjects  were  asked  to  explain  what  would  happen  with  the  "path  around  the  figure 
(perimeter)  and  the  "amount  of  painting  needed  to  color"  the  figure,  as  the 
transformation  continues  further  and  further  "without  stopping".  The  following  is  an 
example  of  a  case  included  in  the  taxonomy  (case  2-ina;  see  Figure  1):  


Case  2-ina: 


etc. 


This  case  considers  an  increasing  number  of  figures  dm  divergent  and  cardinal  nature: 
(T(D)N(«,))  and  a  diminution  of  the  height  of  each  figure  (type  convergent  and  spatial 
nature:  (T(C)N(S))).  The  other  cases  were  constructed  following  the  same  principle. 


Results 


The  answers  to  what  happen  with  the  perimeter  and  the  area  were  grouped  in  4 
categories  in  order  to  analyze  the  general  tendencies  of  their  distributions  by  age  (Plus  or 
more  remains  Eqml,  Less  or  diminishes,  and  Missing,  for  answers  difficult  to  classify  or 
no  answers)  V  c-  were  interested  in  the  distributions  of  these  categories  rather  than  in  the 
correctness  of  the  answer  itself.  The  reasons  that  led  the  subjects  to  give  the  answers  were 
to  be  studied  in  the  second  part  of  the  research.  According  to  age,  results  of  the  first  part  of 
the  research  reveal  differences  between  the  distributions  of  the  answer  categories  for  5 
cases  of  the  taxonomy  (cases  l-II,  2-V,  2-11/111,  2-IIIa  and  2-IIIb).  For  certain  cases  the 
■•correct"  answer  is  more  frequent  as  the  age  increases.  The  following  is  an  example 
related  to  the  perimeter: 


Case  2-IIIb; 


Figure  2  shows  the  distributions  (%)  of  the  four  categories  by  age.  The  bold  line  represents 
the  "correct"  answer.  A  test  between  the  categories  L..<=s,  Ec,ual  and  Plus  show  that  the 
differences  arc  highly  significant  x2(f-,  N  =  159)  =  34.92,  p<.0001. 
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5(^34  92  P-.0001 

(6) 


6  years         10  years         \2  yean         14  years 
Ag« 

Figure  2:  Percentage  of  subjects  by  answer  and  by  age  group  (case  2-nib;  perimeter).  N=172. 

For  other  cases,  especially  those  asking  about  the  surface  and  presenting  a  convergent 
iteration,  the  frequency  of  "correct"  answers  decreased  with  age,  as  it  can  be  seen  in  the 
following  example: 


Case2-n/in: 


Figure  3  shows  the  distributions  (%)  of  the  four  categories  by  age.  The  term 
"Cunv.  (D"  (for  False  Convergence)  at  the  right  of  the  graphic,  indicates  that  18%  of  the 
14  years-old  subjects  who  responded  Less  said  that  there  will  be  no  area,  or  that  the  figure 
becomes  a  line.  A      ^q^^  '.between  the  categories  less,  Equal  and  Plus  show  that  the 
differences  are  significant  X'(6,  N=155)  =  14.76,  p<.02. 


4  76     p-  0222 


8  years 


U  yoarf. 

f  igure  3  IVrccnliigc of  subitvts  by  answer  and  by  aj;e  group  (case  2-I1/III;  surface).  Ns;172. 
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For  other  cases,  although  the  "correct"  answer  was  relatively  stable  according  to  age, 
differences  were  found  concerning  the  type  of  "wrong"  category.  For  example  in  the 
following  case  in  which  the  area  of  the  figure  remains  the  same. 


Case  2-V: 


the  "wrong"  answers  less  and  Plus  are  almost  equally  distributed  at  8  years  (ratio 
less /Plus  nearly  1/1)  but  the  latter  decreases  with  age  and  the  former  increases  with  age 
(ratio  Uss/Plus  nearly  16/1,  see  Figure  4).  Moreover,  for  those  14  yearK>ld  subjects  who 
responded  less,  35.5%  of  them  said  that  the  figure  will  become  a  line  without  surface 
(Conv.  (F)).  A  X2  test  between  the  categories  f^ss.  Equal  and  Plus  show  that  the  differences 
are  highly  significant  X2(6,  N=l57)  =  25.47,  p<.0003. 
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35  5%  Conv  (F) 
B3%Cooi/  (F)  ^ 

^  /  -  25  47  pa.0003 
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8  years  10  yoars         12  yoars        14  years 

Figure  4:  Percentage  of  subjects  by  answer  and  by  age  group  (case  2-V;  surface).  N==172. 

As  far  as  intellectual  performance!  concerned,  differences  between  low  and  high 
performers  were  found  only  at  age  10  and  12.  At  age  10  the  "wrong"  answer  less  to  the 
question  about  the  surface  of  the  case  2-V  (Figure  4),  was  associated  with  high 
performance  whereas  the  "wrong"  answer  Plus  was  associated  with  low  intellectual 
performance  (X2(l,  N-33)  =  3.88,  p<.049).  For  the  same  question  at  age  12,  high  performers 
answered  more  frequently  the  "correct"  answer  Equal  lhan  the  low  performers  (X  ih 
N=40)  -  7  93  p<.0049).  A  similar  tendency  concerning  the  "correct"  answer  was  found  at 
age  12  for  the'  qaeslion  about  the  perimeter  of  the  case  2-IIIb  (Figure  2)  (X2(2,  N=41)  =  10.53, 
p<.0052). 

Finally,  no  gender  differencss  were  found. 


»  For  these  analyses  the  Raven  scores  were  dichotomized  by  age  group  into  high  and  low 
performers. 
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The  taxonomy  and  the  material  we  have  used  revealed  that  for  certain  combinations  of 
features  related  to  infinity,  interesting  differences  between  age  groups  could  be  found.  In 
those  cases  in  which  the  complexity  increases  because  of  the  coordination  of  different 
type  and  nature  of  the  transformations  (such  as  the  case  2-nrb  on  the  plane  ^  of  Figure  1), 
age  seems  to  help  in  dealing  with  these  situations.  Nevertheless,  older  subjects  seem  to 
loose  their  developmental  advantage  as  soon  as  the  effect  of  convergence  appears  in 
situations  concerning  surfaces  in  which  the  level  of  operability  decreases.  Thus,  in  a  case 
like  2-II/ni  (Figure  3)  in  which  measure  and  estimation  become  difficult,  as  age  increases, 
the  fact  that  the  he'ght  of  each  figure  decreases  progressively  is  much  more  important 
than  the  increasing  number  of  figures  and  the  increasing  width  of  the  figures  together. 
The  growing  effect  of  convergence  as  age  increases  is  comparable  to  a  "black  hole"  which 
attracts  any  other  effect  that  might  alter  the  situation.  Even  in  more  simple  cases  like  2-V 
(on  plane  JB  of  Figure  1),  where  a  compensation  of  height  and  width  is  possible, 
convergence  seems  to  play  a  much  more  important  role  as  age  increases.  For  certain  of 
these  cases,  at  age  10  and  12  ,  maybe  when  a  certain  intuition  of  convergence  begins  to 
develop,  intellectual  performance  show  similar  tendencies  as  age  does. 
These  results  suggest  that  depending  on  the  features  of  the  attributes  which  are  iterated  to 
conceive  infinity,  different  cognitive  processes  take  place.  The  i elation  between  cognitive 
development  and  the  role  of  convergent  iterations  in  the  situations  shown  could  be 
interpreted  in  the  perspective  of  the  concept  of  "epistemological  difficulty"  coined  by  the 
philosopher  G.  Bachelard,  v/hich  says  that  it  is  in  the  act  of  knowing  itself  that  appear, 
like  a  functional  necessity,  troubles  and  backwardness,  and  that  these  difficulties  could  be 
studied  throughout  history  and  educational  practice  (Bachelard,  1938). 

References; 

Bachelard,  G.  (1938).  U  fonnation  de  I'esprU  acicntifique.  Wins:  Vriii. 

Fischbcin,  E.,  Tirosh,  D.  6t  Hess  P.  (1979).  The  hituition  uf  Infinity.  Educational  Studies  in  Mathematics,  10, 
3-40. 

Langford,  P.E.  (1974).  Development  of  concepts  of  infinity  and  limit  in  mathematics.  Archives  de 

Psychohgie,  42  (167-I6ii),  311-322. 
Nunez,  R  (1990).  Infinity  in  Mathcmalics  as  a  scientific  subject  for  co^jnilivc  psychology.  Proceedings  of  the 

14th  International  Confercce  Psychvlo<^y  of  Mathematics  Education,  (Oaxtq)cc,  Mexico),  Vol.  I,  pp. 

77-84. 

Nuftez,  R.  (1991).  A  3-dimension  conceptual  space  of  transformations  for  the  study  of  the  intuition  of  infinity 

in  plane  j^eometry.  Proceedin}i}>  of  the  15fh  International  Conference  Puycholoi^}/  of  Mathematics 

Education,  (Assist,  Italy),  Vol.  111.  pp.  109-116. 
Nunez,  R.  (in  press).  La  psychologic  cognitive  ct  le  concept  d  infim  en  mathenuiliquos:  une  perspective 

hisloriqne.  Note  di  Matertiatica  e  /"/s/cfl. 
Piaget,  J.  &  In  holder,  B.  (1948).  U  repn^senliitivn  de  I'espace  chcz  V  enfant.  Paris;  P.U.F. 
Taback,  S.  (1975).  The  child's  concept  of  limit.  In  Rosskopf,  M.  P.  (Fd.),  Six  Pia,<ietian  studies  in  mathematics 

education.  Teachers  College  Press. 
Tall,  D.  0.  (1980).  The  notion  of  infinite  measuring  number  and  its  relevance  in  the  intuition  ol  infinity. 

Educational  Studies  in  Mathematics,  U,  271-284 


ERIC 


U-129 

THE  ATTAINED  GEOMETRY  CURRICULUM  IN  JAPAN  AND 
HAWAII  REI^TIVE  TO  THE  VAN  HIELE  LEVEL  THEORY 
Nanrv  C.  Whitman_University  of  Hawaii  at  Manoa 
Yoshihiro  Hashimoto  Osalca  Kyoiku  University 
Masami  Isoda  Hokkaido  Education  University 
Yasuyuki  lijima  Aiciii  Education  University 
Nobuhiko  Nohda  University  of  Tsukuba 

This  paper  compares  how  students  in  Hawaii  and  Japan  are 
distributed  relative  to  die  van  Hiele  levels.  To  ";<^^^^^J^^ 
■miinment  of  van  Hiele  levels  three  tests  were  developed. 

graScs  3,6,8,10  were  tested  in  Hawaii  and  in  grades 
4  7  911  in  japa:i.  The  results  show  Uiat  the  Japanese  students 
ai-e  about  two  years  ahead  of  the  Hawaii  students.  Part  of  this 
difference  can  be  accounted  for  by  the  curriculum  and  by 
insZ  aon  m  verbal  communication.  Also,  language  and  context 
can  influence  how  a  student  responds  to  a  test  item. 

Purpose-  'I  liis  study  is  part  of  our  larger  study  entitled  " 
Compiu-ison  of  Japoii  and  Hawaii  Geometry  Curriculum,  Instrucuon 
md  Students  Using  the       Hiele  Theory  and  die  National  Council  of 
Teachers  of  Mathematics  (NCTM)  Stand;u-d"  The  purpose  of  the 
larper  study  is  to  compare  the  curriculum  and  teacliing  and 
learning  of  geometry  relative  to  die  van  Hiele  level  theory  and  the 
NCTM  Standards  in  Japan  and  llaw^iii  in  order  to  gain  insights  mio 
the  problems  of  learning  imd  teaching  geometry.  The  objectives  are 
( 1)  to  analyze  and  compare  current  geometry  curriculum  as 
evidenced  by  American  and  Japanese  text  series  in  light  of  the  van 
Hiele  model  iUid  NCTM  Standards,  (2)  to  determine  how  students  in 
Hawaii  compared  to  Japan  at  the  start  of  grades  4,7,9,  and  11  ai'e 
distributed  with  respect  to  Uie  levels  of  the  van  Hiele  scheme,  and 
(3)  10  compare  ;md  amtlyze  how  classroom  teachers  effectively 
instruct  to  assist  students  in  moving  from  one  level  to  the  next. 
This  paper  will  locus  on  the  second  objecUve,that  is,  on  the  attained 
geometry  curriculum  both  in  Hawaii  and  Japan. 

The  Van  Hiele  Theory:   There  aie  three  aspects  to  the  van 
Iliele  Model:  Insight,  obstacles  (levels)  and  instrucUon  (pliase). 
•Tliis  study  pertains  to  the  obstacles  or  levels  aspect  of  Uie  model. 
According, 
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1.  There  exists  five  levels  of  understanding  (Uiinldng)  witii 
reference  to  specific  topics  areas  in  geometry. 

2.  The  properties  of  these  levels  as  suggested  by  Hoffer  (1 983) 
are: 

a.  Level  O  (Visualization)-  Figures  are  judged  by  their 
appearance  az  a  whole  wiUiout  regard  to  properties  of  their 
components. 

b.  Level  1  (Analysis)-  The  student  begins  to  discern  the 
properties  of  figures;  figures  are  recognized  as  havhig  parts  and  are 
recognized  by  their  parts. 

c.  Level  2  (Order)-  The  student  logicaUy  orders  the 
properties  of  concepts  and  figures. 

d.  Level  3  (Deduction)-  The  student  can  construct  proofs, 
understand  the  role  of  axioms  and  definitions,  and  supply  the 
reasons  for  steps  in  a  proof. 

e.  Level  4  (Rigor)-  The  student  can  understand  the  formal 
aspects  of  deduction  and  can  interrelate  diiferent  axiomatic 
systems  of  proof. 

3.  These  levels  are  sequential  The  student  must  master  one 
level  of  understanding  (thinking)  before  proceeding  to  the  next 
level.  Knowledge  of  the  language  structure  is  pertinent  to  the 
advancement  in  level  of  thinJking. 

Selected  Previous  Mndings:  Since  some  of  our  previous 
findings  are  related  to  this  paper,  a  brief  summary  of  tiiem  is 
presented.  On  the  average,  in  grades  1-8,  American  textbooks 
devote  about  8  percent  of  their  pages  to  geometry,  whereas  tlie 
Japanese  texts  allocate  about  27  percent.  More  geometry  content  is 
covered  in  American  texts  Uian  in  Japanese  texts,  however  the 
Japanese  texts  cover  more  concepts.  American  texts  repeat 
concepts  taught  in  pcvious  grades  (VVliitman  and  Komenaka,  1990) 
The  U.S.  and  Japanese  textbook  series  both  satisfied  the  majority  of 
the  NCTM  Standaids  on  Geometry  for  grades  K-4  (Kimura,  1991).  Of 
the  40  NCTM  Curriculum  Standards,  4  are  devoted  to  the  subject  of 
geometry.  The  Standards  implicitly  recognizes  the  Importance  of 
the  van  Hiele  model  when  it  states  "Hvidcnce  suggests  that  the 
development  of  geometric  ideas  progresses  tiirough  a  hierarchy  of 
levels.  Students  first  learn  to  recognize  whole  shapes  and  then  to 
analyze  the  relevant  properties  of  a  shape.  Uter  Uiey  can  see 
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relationships  between  shapes  and  make  simple  <ieductions 
Curriculum  development  and  instruction  must  consider  this 
hierarchy  because  although  learning  can  occur  at  severallevels 
,lmutaneously.  the  learning  of  more  complex  concepts  and 
strategies  require  a  firm  foundation  of  basic  skills,  (p.  48  NCTM. 
1989)  Geometiy  does  not  exist  as  an  independent  subject  in  Japan. 
In  the  elementary  school  it  is  integrated  with  the  study  of 
arithmetic  and  pre-algebra.  In  junior  high  school  it  is  mtegrated 
SSgebra  and  probability/statistics.  (Nohda,  1991)  hi  America, 
commonly  a  formal  course  in  geometry  exist  in  high  ^chooL  The 
geometry  content  found  in  the  Japanese  curriculum  hi  grades7-9  Is 
mat  commonly  found  in  the  United  States  high  school  geometry 
course  (Nohda,  1991).  This  means  the  Japanese  cumculimi  is  about 
two  years  ahead  of  the  American  geometry  curriculum.  Both  the 
Mnerican  textbooks  and  the  Japanese  series  provide  students  with 
tasks  at  van  Hiele  levels  0,1,2.  However,  the  American  texts 
provide  significanUy  less  tasks  at  level  1  and  2  than  the  Japanese 
series  Level  2  tasks  appear  only  in  grade  6  and  is  very  negUgible. 
The  exercises  in  the  American  series  tend  to  fluctuate  from  one  van 
Hide  level  to  another  (level  0  and  1),  within  a  grade  level  and  from 
one  grade  to  another  whereas  in  the  Japanese  text  the  students  are 
generally  taken  through  the  levels  in  sequence  withhi  each  secuon. 
(Whitman  and  Komenaka,  1991) 

Procedure:  (1)  Test  Instruments.  Based  on  die  translated 
writings  of  the  Van  Hieles'  (Fuys  et  al.,  1984)  and  studies  by  Fuys 
and  D.  Geddes  (1984)  and  Z.  Usiskin  (1982).  three  ^^^^^ 
developed  and  pilot  tested  in  Hawaii.  These  tests  are  Geometry  la 
(22  items)  for  third/fourth  graders,  Geometiy  2a  (24  items)  for 
sixth/seventh  graders,  3iid  Geometry  3a  (33  items) 
eighth/ninth  graders  and  for  tenth/eleventh  graders  Geometo'  la 
tc  ted  for  levels  0.1.2,  attahiment.  Geometry  2a  tested  or  levels 
0  1  2  and  Geometry  3a  tested  for  levels  0.1,2.3.  Some  o  die  items 
we;e  conmion  to  all  Uireo  tests.  After  the  tests  were  piloted  and 
revised  they  were  sent  to  Japan  for  review  and  translauon.  A 
mathematics  teacher  in  Hawaii  back  translated  the  tests  the 
Japanese  had  translated  and  modified.  Adjustments  were  made  to 
the  English  version  of  the  test  based  on  the  Japanese  suggestions. 
In  some  instances  changes  had  to  be  made  due  to  language  and 
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cultural  differences.  How  the  test  should  be  administered  and 
scored  were  communicated  to  the  Japanese.  In  general,  the  details 
were  agreed  to  by  botli  parties. 

(2)  Sample.  Both  the  Haw^i  and  Japan  students  were  tested  in 
April  or  May.  Since  the  Japan  school  year  begins  in  April  and  tlie 
Hawaii  school  year  ends  in  early  June,  the  Hawaii  students  were 
tested  in  grades  3,6,8,  and  10  whereas  Uie  Japanese  students  were 
tested  in  grades  4J,9,and  1 1, 

(a)  Japan  Sample.  The  Japanese  sample  consisted  of  13 1 
third  graders,  113  seventh  graders,  109  ninth  graders  and  91 
eleventh  graders.  Students  in  the  neighborhood  of  Osaka  made  up 
tlie  grade  4  sample.  Students  from  Sapporo  made  up  the  grade  7 
and  grade  9  samples.  And  students  from  Nagoya  made  up  tlie 
grade  11  sample.  The  students  for  all  grade  levels  were  average 
students. 

(b)  Hawaii  Sample.  The  Hawaiian  sample  consisted  of  99 
third  graders,  232  sixth  graders,  159  eight  graders  and  159  in 
grades  9-12  witli  the  great  majority  being  in  grade  10.  Tliv^  thh'd 
graders  were  selected  from  among  students  from  7  elementary 
schools.  These  schools  represent  below-average,  average,  and 
above  average  students  in  Hawaii  according  to  standardized  test 
scores.  The  sixth  gi  ^Hlcrs  were  from  Uiree  schools.  These  schools 
are  average  to  above  average  according  to  standardized  test  scores. 
The  eighth  graders  were  chosen  from  two  schools.  About  a  third  of 
the  eight  gi-aders  were  considered  by  tlieir  teachers  to  be  average 
and  the  remainder  represented  a  range  of  ability  from  average 
low  to  high-high.  The  tenth  graders  were  students  from  three 
average  high  schools. 

Selected  Results:  Table  1  shows  tlie  percent  of  correct 
responses  on  the  geometry  tests  in  Japan  and  Hawaii.  In  boUi 
places  for  each  pai  t  of  tiie  geometry  test,  the  percent  of  correct 
responses  increased  as  the  grade  levels  increased.  Also  for  both 
Hawaii  and  Japan  witliin  each  grade  level  the  percent  of  correct 
responses  decreased  from  Part  A  to  Part  D.  In  Japan,  hi  grade  1 1,  it 
decreased  from  96  percent  to  58  percent.  In  Hawaii,  in  grade  10,  it 
decreased  from  83  percent  to  22  percent.  There  is  about  a  two 
years  gap  between  the  Hawaii  and  Japan  results.  This  difference 
may  be  accounted  for  partially  by  the  geometry  currictilum  found 
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in  Uiese  locations.  In  general,  tiie  Japanese  euclidean  geometry 
curriculum  is  completed  by  grade  9  whereas  in  Uie  United  States 
(including  Haw^lii)  it  is  completed  by  grade  10.  Also,  the  geomeUy 
found  in  tlie  curriculum  of  grades  7  and  8  in  Hawaii  is  essentially  a 
review  of  elementiuy  school  geometry.  In  Japan,  iji  grades  7,8,  and 
9  tlie  study  of  euclidciui  geometry  takes  place.  Using  the  criterion 
of  70  percent  of  level  items  correct  to  decide  Uiat  a  student  has 
attained  a  particuhxr  level,  we  found  4  percent  of  the  grade  4 
students  attained  beyond  level  0.  Of  the  grade  7  students  10 
percent  attained  level  1  and  32  percent  level  2.  Of  tlie  grade  9 
students  31  percent  attained  level  1,  41  percent  level  2,  and  3 
percent  level  3.  Of  tlie  grade  11  students  21  percent  attained  level 
1,  34  percent  level  2,  luid  40  percent  level  3. 

Table  2  shows  tlie  percent  of  correct  responses  of  Hawaii  and 
Japan  students  to  the  following  item  (item  #8): 

Explain  how  tlie  rectangle  and  the  sciuare  are  different. 


Explanation:  _  

Hoth  Hawjill  and  Japaji  students'  correct  responses  increased  with 
higher  grade  levels.  In  general,  tlie  Hawaii  students  except  for 
tliose  currently  studying  formal  euchdean  geometry  gave 
explanations  In  terms  of  visusal  knowledge.  For  example,  "tlie 
rectimglc  has  two  long  sides,  and  Uie  square  has  all  short  sides".  Of 
the  Japanese  sttidents,  72  percent  of  tlie  seventh  graders  and  63 
percent  of  the  ninth  (jraders  used  definitions  in  tlieh*  explanations. 
In  responding  to  this  Item,  the  Japanese  used  mainly  geometric 
knowledge  whereas  the  Hawaii  sttidents  used  visual  knowledge.  In 
terms  of  tlie  vim  lllele  levels,  die  Hawaii  grades  6  and  8  students 
fujictioned  more  at  level  0  and  the  Japan  grades  7  and  9  students 
more  at  level  1.  The  difference  may  be  because  the  Japanese- 
geometry  curriculum  is  about  two  years  aliead  of  the  Hawiili 
curriculum  <md  that  the  Japanese  elementary  curriculum  is  more 
intense  tlian  that  of  Hawaii  (Whitman  and  Konienaka,  1990). 
Another  reason  for  the  difference  Is  that  tiie  Japanese  students  are 
well  instructed  on  how  to  give  verbiil  explanations  (Stigler,  1988) 


1^ 


n-134 


Table  3  shows  the  percent  of  Japan  and  Hawaii  students  who 
selected  the  correct  response  to  the  following  item  (item  #13): 


(a)  donly  (b)  P  and  Clonly  (c)  P  and  R  only  (d)  Cland  S  only 
(e)  d  R,  and  S  only 


In  Hawaii,  as  the  grade  level  increased,  the  percent  of  correct 
responses  to  this  item  increased,  whereas  in  Japan  no  improvement 
was  seen  after  grade  7.  It  appears  that  the  translation  of  this 
problem,  due  to  the  fine  nuances  of  the  language,  implied  a  single 
response.  '  Also  the  natxire  of  the  question  implied  a  response 
based  on  what  the  student  sees  visually  -  and  no  more.  Tliis 
interpretation  is  strenthened  when  we  analyze  tlie  responses  by 
Japanese  seventh  graders  to  both  items  8  and  13.  Of  the  50  percent 
of  seventh  graders  who  erroneously  chose  Cias  the  correct 
response,  90  percent  of  these  also  explained  the  difference  between 
a  rectangle  and  a  square  by  the  use  of  defmtions  and  characteristics 
of  figures.  The  students  appear  to  have  shifted  levels  of  thinking  in 
moving  from  one  problem  to  another. 

Conclusions:  The  percent  of  correct  responses  on  the  geometry 
test  shows  the  Japanese  students  to  be  alif=!ad  of  the  Hawaii 
students  by  about  two  years.  Part  of  this  difference  can  be 
accounted  for  by  the  geometry  curriculum  and  instruction  in  verbal 
communication  in  both  places.  Language  and  context  can  influence 
how  a  student  responds  to  a  test  item.  This  is  especially  true  in 
cross-cultural  studies. 
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Table  1  Percent  of  Correct  Responses  on  the  van  Hiele  Geometry 
Test  in  Japan  and  Hawaii 


Japan  Hawaii 
Grades 

4    7     9    11  3    6    8  10* 

73   87   87  96  55  61  66  83 

36   66   78  86  29   47  55  74 

31   51   62  77  22   34  40  63 

-    -    24  58  -     -  04  22 

131  113  109  91  99  232  159  159 


Grade  10  contains  students  in  grades  1012  who  are  enrolled  in  a 
conventional  tentii  grade  geometry  class. 


Part  A  (Level  0) 
Part  B  (Level  1) 
Part  C.  (Level  2) 
Part  D (Level  3) 
Number  of  students 


Table  2   Percent  of  Correct  Responses  of  Hawaii  and  Japan  Students 
To  Item  Number  8 


Grades 

3(4)    6(7)    8(9)  10(11) 

Japan  —     93      95  100 

Hawaii  —     49      53  31 


Table  3   Percent  of  Correct  Responses  of  Hawaii  and  Japan  Students 
To  Item  Number  13 


3(4)    6(7)    8(9)  10(11) 
Japan  09      22      17  25 

Hawaii  06      jl2      36  50 
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TYPES  OF  IMAGERY  USED  BY  ELEMENTARY  AND  SECONDARY  SCHOOL 
STUDENTS  IN  MATHEMATICAL  REASONING 

pawn  L.  Brown  and  Norma  C.  Presmeg 
Florida  State  University 

in  this  investigation  the  use  of  images  in  two  groups  of  students,  one  in  fifth  grade  and 

the  other  in  eleventh  grade  was  studied  Seven  fifth  grade  students  and  6  eleventh  wade 

studenZ  were  given  a  series  of  clinical  interviews  in  which    their  understanding  of 

TatheLaZs  w^s  proted.  The  results  showed  that  all  the  students 

some  type  of  imagery.  The  younger  students  used  imagery  ,n  many  of  the  sa'"^  «^fys  as 

the  higTschool  students.   Great  individual  differences  were  '"""''/^^^"^ 

both  groups  in  the  types  and   facility  of  imagery  used    Students  with  a  greater 

rZiZl  unZstandingof  mathematics  tended  to  use  more  at>stract  forms  of  irnagery 

sucTas  dynamic  and  pattern  imagery,  while  students  with  less  relational  understanding 

tended  to  rely  on  concrete  and  memory  images. 

Thsre  is  a  long  history  of  interest  in  the  relationship  between  spatial  ability  and  mathematical 
kno-;viedge  (Bishop,  1980.  1989).  The  results  ol  this  research,  however,  were  Irequently  conflicting 
and  unclear.  The  research  area  became  much  more  fruitful  when  researchers  started  to  thmk  of  spatial 
ability  and  spatial  sense  in  terms  of  imagery,  rather  than  in  the  sense  it  was  used  by  factor  analytic 
psychologists.  Recent  work  (Brown  &  Wheatley,  1989.  1990;  Reynolds  &  Wheatley.  1992;  Presmeg 
1985  1986a-  1986b)  in  which  individual  student's  thinking  was  probed  in  clinical  interviews  shows 
that  stud9r,ts  do  use  imagery  in  the  construction  of  mathematical  meaning.  Since  much  of  school 
mathematics  is  highly  instrumental  (Skemp,  1987)  and  visual  reasoning  has  traditionally  been  held 
with  low  regard  by  the  mathematical  community  (Dreyfus,  1991).  it  may  not  be  expected  that  students 
use  imagery  in  mathematics  classes.  In  the  construction  of  meaningful,  relational  mathematics, 
however  it  might  be  expected  that  students  use  imagery  much  more  frequently. 

in  this  paper  we  have  made  several  assumptions  about  the  nature  of  mathematics  learning  and 
the  imagery  involved.  First,  what  happens  in  mathematics  classes  in  school  cannot  be  considered 
meaningful  learning  of  mathematics.  Some  students  do  construct  meaningful  mathematical 
relationships  from  the  material  presented,  however.  When  we  speak  of  "weak"  or  "strong- 
mathematics  we  are  referring  to  the  students  relational  understanding,  not  indicators  of  classroom 
performance.  Second,  learning  mathematics  must  be  considered  as  mathematical  relationships  that  are 
constructed  meaningfully  by  the  individual.  This  learning  frequently  Involves  the  use  of  imagery. 
Finally,  the  definition  of  imagery  cannot  be  restricted  to  the  traditional  view  of  the  picture  in  the  mind. 
It  also  must  include  very  abstract  and  vague  forms  of  imagery. 

The  purpose  of  this  cunent  investigation  is  to  confirm  and  extend  our  understanding  of  how 
students  use  imagery  in  school  mathematics  and  in  their  relational  understanding  of  mathematics.  To  do 
this  the  thinking  of  younger  students  was  studied  in  addition  to  that  of  high  school  students  and  a  variety 
of  tasks  to  measure  relational  understanding  was  included  in  the  clinical  interviews. 


ERIC 


470 


n-138 


Methods 

Selection  of  studsnts.  The  13  students  used  in  this  investigation  all  attended  the  same  local 
public  school.  Six  of  the  students  were  in  the  eleventh  grade  and  enrolled  in  an  Algebra  II  course.  The 
other  seven  students  were  in  the  two  fitth  grade  classes  that  are  not  ability  grouped.  The  eleventh  grade 
students  were  selected  because  they  scored  above  the  median  in  mathematical  visuality  on  a  test  of 
mathematical  processing  (Presmeg,  1985).  The  fifth  grade  students  were  selected  because  they  scored 
In  the  moderate  range  on  a  test  of  mental  rotations  (Wheatley,  1978).  None  of  these  students  was 
considered  as  doing  extremely  well  in  their  school  mathematics  by  their  teachers  and  some  were 
considered  to  be  performing  poorly. 

ProcedurpR.  After  selection,  students  were  given  a  series  of  individual  clinical  interviews 
designed  to  probe  their  imagery  and  understanding  of  mathematics.  All  interviews  were  videotaped  or 
audiotaped  and  subsequently  transcribed  for  analysis.  During  the  experiment  data  about  the  individual 
students  was  collected  from  a  variety  of  other  sources  such  as  student  records,  interviews  with 
teachers,  and  classroom  observations,  but  the  findings  reported  here  are  based  on  the  interview  data 
alone. 

IntprviBv/  taska.  Because  the  level  of  mathematical  sophistication  between  the  fifth  and  eleventh 
grade  students  varied  greatly  different  tasks  were  used  in  the  inter/iews  for  these  two  groups.  Only 
one  Imagery  task,  a  pattern  replication  task,  was  given  to  all  students.  All  interview  tasks,  were 
designed  to  probe  similar  aspects  of  students'  thinking. 

In  the  first  interview  of  the  series  eleventh  grade  students  were  given  toothpicks  and  asked  a 
series  of  questions  concerning  the  construction  of  squares  from  the  toothpicks.  In  the  first  series  of 
tasks  the  student  was  given  24  toothpicks  and  asked  to  construct  1,  2,  3,  6,  7,  8,  and  9  squares  using 
them.  In  the  next  series  the  interviewer  first  used  four  toothpicks  to  build  a  single  square  (Figure  la) 
and  asked  the  student  how  many  squares  there  were  in  the  pattern.  After  they  agreed  there  was  one  she 
then  extended  the  pattern  so  that  there  were  two  small  squares  in  each  dimension  (Figure  lb).  The 
student  was  then  asked  how  many  squares  were  in  the  pattern.  After  they  agreed  there  wore  five  she 
then  extended  the  pattern  to  three-by-three  (Figure  1c)  and  four-by-four  (Figure  Id),  each  time 
asking  the  student  how  many  squares  were  in  the  pattern.  The  investigator  then  asked  the  student  to 
imagine  a  five-by-five  pattern  and  to  predict  how  many  squares  would  be  in  it.  Finally,  the  student 
was  asked  how  many  squares  would  be  in  the  pattern  for  the  general  case,  n-by-n. 


a) 


□ 


b) 


d) 


Figure  1.  Patterns  of  toothpicks  in  which  students  were  to  find  the  number  of  squares  present. 
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In  another  interview,  students  were  asked  to  solve  to  Algebra  pfoWems  from  th»lr  textbook. 
Those  problems  were  taken  from  material  that  had  recently  bwn  covered  m  thek  AJgebra  It  dass.  One 
of  these  corwerned  the  trajectory  of  an  object  shot  upward  from  the  earth  and  acted  upon  by  gravity. 
The  other  concemed  a  rectangular  sheet  of  plastte  with  squares  cut  from  the  comers  and  folded  to  make 
an  open  pan  of  known  volume.  Students  were  to  find  the  original  dimensions  of  the  sheet. 

In  another  interview,  students  were  asked  to  sofve  two  nonroutlne  problems  that  required 
mathematteal  reasoning,  but  no  algebra  skills.  The  two  problems  were  presented  in  written  form  as 
follows: 

The  Faces  of  the  Cube 

There  are  216  small  cubes  are  arranged  in  a  6  by  6  by  6  large  cube.  One  layer  of  small 
cubes  is  removed  from  eacJi  face  of  the  large  cube.  How  many  cubes  remain? 

Tigers  In  Cages 

There  are  15  tigers  and  4.  How  many  ways  can  the  tigers  be  put  Into  cages  so  that  no  2 
cages  have  the  same  number  of  tigers? 

In  two  Interviews  fifth  grade  students  were  asked  to  solve  problems  from  a  pencil  and  paper  test 
that  was  designed  to  measure  relattonal.  rather  than  Instrumental  understanding  of  mathemtttes.  Items 
were  designed  to  test  understanding  of  inverse  operattons.  numertoal  patterns,  nonroutlne  and 
multlstep  problems,  geometric  areas,  and  fractton  concepts.  During  this  Interview,  students  were 
asked  to  read  each  problem  and  think  atoud  as  they  worked. 

in  another  Interview,  students  were  given  a  chofee  o!  four  nonroutlne  proWems  to  solve 
these  the  two  discussed  here  are: 


Of 


Tables  and  Chairs 

We  have  12  square  tables,  each  of  whteh  seats  1  person  on  a  skJe.  If  we  push  them 
together  to  form  one  long  table,  how  many  people  can  be  sea'ied? 

Horses  and  E)uoks 

In  a  fiekJ  there  were  horses  and  ducks.  When  Tom  looked  through  the  fence  he  could  see 
seven  heads  and  20  legs.  How  many  horses  were  there?  How  many  ducks? 

in  a  final  interview  these  students  were  asked  about  their  school  mathemattes.  In  particular 
they  were  asked  what  topics  they  enjoyed  doing  the  most  and  how  they  remembered  the  algorithms 
Involved. 

Results 

Analysis  of  the  results  of  these  interviews  showed  that  all  the  students  used  Imagery  at  some 
point  during  the  Interviews  to  solve  the  mathematical  tasks.  This  is  a  partteularly  Important  finding 
since  these  groups  of  students  were  not  selected  for  high  imagery  ability.  Many  were  weak  mathematics 
students  and  tasks  designed  speciflcally  to  probe  their  visual  Imagery  indteated  It  was  not  strong.  Other 
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students  whose  Imagery  was  Judged  to  be  stronger  frequently  used  It  In  their  mathematical  reasoning  to 
great  advantage  and  with  great  efficiency.  Perhaps  the  best  way  to  examine  how  students  used  imagery 
Is  to  show  specific  examples  of  how  this  was  done. 
Types  of  lm«g«ry  tnd  Examples 

Presmeg  (1985;  1386a)  identified  five  types  of  imagery  used  by  students  in  mathematical 
reasoning  In  school  mathematics.  Examples  of  these  five  types  were  found  in  the  current  investigation. 
In  this  section  these  five  types  are  explained,  related  to  other  terms  in  the  literature  and  several 
examples  of  each  included. 

Concrete  Imagary.  This  type  of  Imagery  may  be  thought  of  as  a  "picture  in  the  mind."  In 
classical  conceptualizations  It  is  thought  of  as  the  only  type  of  mental  imagery,  but  currently  this  view 
Is  thought  not  to  be  adequate.  Piaget  and  Inhelder  (1966)  have  used  the  term  "static"  Images  and 
Johnson  (1987)  "rich"  Images  to  describe  this  type  of  Image.  The  salient  characteristic  of  concrete 
images  is  that  they  consist  of  a  single,  nonmoving  but  otten  highly  detailed  picture. 

It  has  been  suggested  (Brown  and  Wheatley.  1 989)  that  this  type  of  imagery  has  little  to  do 
with  relational  understanding  of  mathematics.  It  has  also  been  found  (Presmeg  1985;  1986a)  that  the 
use  of  a  concrete  image  In  mathematical  reasoning  may  lead  to  many  difficulties.  In  spite  of  these 
difficulties,  however,  it  was  found  that  many  students  do  use  concrete  imagery  in  mathematical 
reasoning. 

The  results  of  this  current  investigation  confirm  these  previous  findings.  Many  Instances  were 
found  where  both  fifth  grade  and  eleventh  grade  students  used  concrete  imagery  in  their  mathematical 
reasoning.  During  the  counting  squares  portion  of  the  match  stick  task  several  students  used  the 
concrete  image  of  the  five-by  five  square  to  reason  the  answer  to  this  problem.  One  student  in 
partk^ular,  Jerry,  used  a  method  for  counting  squares  in  the  five-by-five  and  even  the  slx-by  six  that 
indicated  his  image  was  extremely  detailed  and  accurate.  Jerry  also  used  a  unique  method  involving  a 
concrete  image  for  counting  the  number  of  cubes  removed  from  the  large  cube  in  that  problem.  Again, 
Jerry's  solution  Involved  the  construction  of  a  very  detailed  and  accurate  image. 

Likewise,  students  In  ths  fifth  grade  group  frequently  couid  construct  concrete  images  which 
lead  to  viable  solutions  to  problems.  Two  girls,  Janet  and  Jean,  whose  imagery  was  otherwise  not 
strong  were  able  to  construct  concrete  images  of  fractional  parts  and  use  these  images  to  sort  fractions 
into  three  categories:  "about  1,'  "about  1/2,"  and  "about  0." 

It  was  also  possible,  however,  to  find  many  examples  in  which  concrete  imagery  led  students  to 
solutions  that  were  not  viable.  Most  commonly  in  these  cases,  students  constructed  an  image  that  was 
inconsistent  with  or  falied  to  coordinate  all  the  information  given  In  a  problem.  In  the  counting  squares 
problem  one  student  constructed  an  image  of  the  five-by-five  square  in  which  it  was  made  by  adding  a 
row  of  small  squares  to  the  four-by  four  on  all  sides.  Another  student,  Tim,  began  to  solve  the  cube 
problem  by  drawing  a  very  accurate  diagram  of  the  six-by*six*by-six  cube.  He  then  reasoned, 
however,  that  this  cube  with  one  layer  of  small  cubes  removed  from  each  side  was  a  five<by-five-by- 
five.  In  both  these  cases  once  the  student  had  constructed  these  images  they  became  confidant  in  the 
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viability  of  their  solution  methods  and  it  was  difficult  for  them  to  realize  other  possibilities.  In  Tim's 
case,  however,  he  finally  did  realize  the  inconsistency  of  his  original  image  with  the  Information  In  the 
problem.  He  then  generated  a  much  more  dynamic  image  of  the  cube  with  all  Its  faces  being  removed, 
and  was  then  able  to  see  another  solution  that  was  quite  efficient  and  consistent  with  the  information  in 
the  problem. 

Among  the  fifth  grade  students  several  students  attempted  to  solve  the  horses  and  ducks  problem 
by  assigning  the  number  of  legs  to  one  species  and  the  number  of  heads  to  the  other.  These  students  all 
had  a  clear  image  of  how  this  could  happen  and  were  confident  of  the  correctness  of  their  answer. 

Mamorv  ImaaBS.  In  her  original  study  Presmeg  (1985.  1986a)  identified  many  visuallzers 
who  recalled  a  formula  by  visualizing  it  written  on  a  blackboard  or  In  a  note  book.  She  called  this  type 
of  Imagery  as  memory  Images  for  formulae.  This  classification,  however,  seems  narrow.  Younger 
students  and  those  In  r>oncollege  Intending  curricula  do  make  frequent  use  of  formulae  In  their  school 
mathematics,  but  It  still  may  be  possible  that  they  use  visual  methods  to  recall  information.  It  seems 
more  generally  viable  to  talk  about  memory  Images  that  students  use  to  recall  Information  from 
mathematics  classes.  Piaget  and  Inhelder  (1966)  referred  to  these  Images  as  "reproductive."  Such 
images,  when  they  occur,  are  concrete  and  though  they  may  be  accurate  and  detailed,  may  rwt  contribute 
to  a  student's  understanding  of  mathematics.  The  two  examples  given  betow  Illustrate  this  point. 

In  an  example  very  simitt,'  to  that  cited  by  Presmeg  (1986a).  Carl  used  a  memory  Image  to 
recall  the  quadratic  formula.  After  ho  visualized  and  wrote  the  formula  he  was  then  able  to  explain  how 
it  was  used  to  solve  quadratk;  equations.  In  similar  fashton  another  student,  Judy,  had  a  good  memory 
image  for  the  diagram  her  teacher  had  drawn  on  the  blackboard  to  help  them  solve  the  rectangular  box 
problem.  She  couW  reproduce  this  diagram  accurately  and  dkJ  so  without  prompting  when  she  read  the 
problem.  As  she  attempted  to  use  It  In  solving  the  problem,  however,  It  was  clear  she  had  little 
understanding  of  how  it  related  to  the  solution  process.  She  was  eventually  reached  a  solutton  to  the 
problem,  but  with  a  much  diffkjulty.  When  prompted,  several  other  students  coijld  reproduce  the 
diagram  of  the  parabola  drawn  by  the  teacher  to  Illustrate  the  projectile  problem,  but  they  were  unable 
to  relate  this  diagram  to  the  solutton. 

It  Is  also  possible  that  younger  students  may  use  memory  Images  in  a  similar  fashton  to  help 
them  remember  algorithms  or  procedures.  In  this  Investigation  none  of  the  students  reported  doing 
this,  but  It  is  a  questton  for  further  investigation.  It  Is  also  possible  that  students  may  use  dynamic 
memory  Images,  but  In  this  investlgatton  wo  found  no  examples  where  students  reported  doing  this. 

K-/nartcfhof,>  imaaftrv.  This  type  of  Imagery  Involves  muscular  activity  of  some  type.  Both  In 
Presmeg's  original  investlgatton  and  with  the  students  Involved  In  this  Investlgatton  the  muscular 
activity  was  limited  to  the  use  of  hands  and  fingers.  Many  examples  were  tound  In  both  groups  of 
students. 

One  very  interesting  example  of  klnaesthetto  imagery  occurred  when  an  eleventh  grade  student. 
Judy,  attempted  to  solve  the  cube  problem.  On  first  reading  of  the  problem  she  lacked  an  kiea  of  how  to 
begin.  Al  the  urging  of  the  Interviewer  she  drew  an  acceptable  three  dimenstonal  diagram  of  the  cube. 
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As  she  started  to  ttilnk  about  th«  problem,  however,  she  abandoned  this  diagram  ar>d  started  to  use  her 
hands  to  demonstrate  what  would  happen  to  the  large  cube  as  a  layer  of  cubes  was  removed  first  from 
each  sWe,  then  the  top  and  tx>ttom  and  finally  the  front  and  back  of  the  cube.  In  this  case  the  visual 
diagram,  though  sha  had  drawn  It  herself,  seemed  of  no  assistance  in  finding  a  solution  to  tho  problem. 
The  movement  of  her  hands  In  space,  however,  allowed  her  to  find  a  solution. 

Klnaesthetlc  Imagery  was  even  more  common  in  the  younger  students.  One  student  in 
particular.  Rob,  was  frequently  observed  to  look  out  into  space  and  point  to  solve  problems  that 
required  counting.  One  student,  Mandy.  whose  Imagery  was  quite  weak  used  klnaesthetlc  imagery  to 
Illustrate  her  solution  to  the  tables  and  chairs  problem.  Her  image  was  Inconsistent  with  the 
Intormatton  given  in  the  problem,  but  her  gestures  showed  her  Image  was  clear  and  the  solution  viable 
for  hor. 

Dynamic  imaaGrv.  Dynamic  Imagery  involves  the  ability  to  move  or  transform  a  concrete 
visual  Image.  In  her  original  investigatton  Presmeg  (1985)  found  only  two  Instarwes  of  students  using 
dynamic  Imagery  and  therefore  was  unable  to  study  It  In  any  detail.  Other  researchers  (Brown  and 
Wheatley.  1989),  however,  believe  that  the  ability  to  transform  Images  is  essential  to  mathematical 
understanding.  By  accepting  Kosslyn's  (1983)  position  on  conceptual  acts  in  the  imaging  process  they 
have  excluded  statte  Imagery  from  conskJeration  as  a  process  Involved  in  the  construction  of  meaningful 
mathematics.  In  further  work.  Brown  (1993;  Brown  4  Wheatley.  1993)  has  identified  several 
Individual  components  of  dynamic  imagery  that  are  particularly  important  to  mathematical 
understanding. 

In  the  current  investigation  the  use  of  dynamk;  imagery  was  found  to  be  much  greater  than  In 
Presmeg's  original  work.  Both  students  In  the  fifth  and  eleventh  grades  successfully  used  dynamic 
Imagery  to  help  them  solve  problems.  In  solving  the  rectangular  box  problem  several  eleventh  grade 
students  reported  "seeing"  the  flat  sheet  of  plastic  being  transformed  Into  a  threa  dimensional  figure. 
Among  the  fifth  grade  students  one  series  of  area  problems  was  partteularly  useful  in  evoking  dynamic 
Imagery,  in  this  task,  students  Isolated  porttons  of  a  figure  that  couW  bQ  moved  and  combined  with 
other  portkjns  of  the  figure  to  make  a  wtiole  unit. 

PatiPrn  imRQGrv.  Pattern  Imagery  Is  a  highly  abstract  form  of  Imagery.  It  consists  of  pure 
relationships  depicted  In  a  vlsual-spatlal  scheme.  This  Is  the  type  of  Imagery  Einstein  seems  to  have 
used  In  his  scientific  thought  when  he  talks  about  "certain  signs  and  more  or  less  clear  Images  which 
can  be  Voluntarily"  reproduced  and  combined"  and  "this  combinatory  play"  (HadamarJ.  1945. 
p.142).  This  type  of  Imagery,  then,  may  be  considered  of  major  Importance  In  mathematical 
understanding.  Johnson  (1987)  has  used  the  term  "Image  schemata"  to  describe  this  process  In  a 
theory  of  meaning  and  Dorfler  (1991)  has  shown  how  the  concept  may  be  applied  In  mathematical 
thinking.  He  goes  on  to  delineate  different  types  of  image  schemata  arKl  show  1k)w  these  can  be  produced 
by  protocols. 

In  the  current  Investigation  pattern  Imagery  was  the  least  frequent  type  of  Imagery  to  occur. 
Examples  were  found  In  both  an  eleventh  grade  and  a  fifth  grada  student,  however.  Both  students  were 
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considered  two  of  the  stronger  mathematics  students  In  tho  Investigation. 

In  ttie  counting  squares  portion  of  ttie  toothpick  task  one  student,  Tim,  found  a  general  solution 
for  the  n-by-n  pattern  of  squares.  He  dW  this  by  constructing  an  Image  of  several  larger  pattern*  and 
switching  back  and  forth  between  visual  and  numeric  patterns.  Tim  also  used  a  pattern  Image  In  the 
solutton  of  the  tigers  In  cages  proWein.  He  began  by  drawing  a  diagram.  As  his  work  pfogre«wd, 
however,  he  was  couW  see  a  pattern  so  that  he  proceeded  simply  by  writing  answers.  It  appeared  hit 
Imagery  became  quite  abstract  and  altowod  him  a  very  efftelenl  sdutkKi.  One  ftfth  grade  atudenl,  Brad, 
started  to  solve  a  multiplteatlve  problem,  Involving  the  pairing  of  shirts  and  shorts  to  make  outfits,  by 
drawing  a  diagram.  After  he  started  drawing  lines  on  the  diagram  to  find  the  answer  he  recognized  a 
pattern  and  coukJ  then  count  multiplteatlvely  to  find  the  answer  without  completing  the  diagram. 

In  this  Investigation  we  were  not  able  to  find  any  examples  of  Imagery  that  coukl  not  be 
classified  as  one  of  the  preceding  types.  This  finding  does  not  preclude  the  existence  of  her  types, 
however.  The  use  of  different  types  of  Interview  tasks  may  evoke  many  different  types  of  Imagery  in 
students. 

Ditcuttlon  and  Conclueiont 

The  results  of  the  current  Investlgatton  confirm  and  extend  prevtous  findings.  Both  students  in 
the  fifth  and  eleventh  grade  groups  use  imagery  of  similar  types  and  In  similar  ways. 

There  were,  however,  large  Individual  differences  in  the  imagery  of  students  In  both  groups. 
Students  who  were  ludged  to  have  a  better  relational  understanding  of  mathemattes  In  both  groups 
frequently  used  Imagery  that  was  more  dynamic,  abstract  and  efficient  than  students  whose  relattonal 
understanding  was  judged  to  be  weak.  The  weaker  students  tend«l  to  rely  on  ooocrele  or  memory  images 
and  these  were,  at  times.  Inconsistent  wHh  Informatton  In  the  problem  or  unrelated  to  the  solutkw). 

This  is  not  to  suggest,  however,  that  concrete  and  memory  images  do  not  contribute  to  relattonal 
understanding  of  mathemattes.  Examples  were  found  where  both  were  used  to  advantage.  Teachers  ewi 
mathemattes  educators  need  to  be  aware  that  each  has  associated  problems.  It  Is  also  possible  that  In 
curricula  of  the  future  where  less  emphasis  Is  placed  on  symbol  manipulation  and  learning  of 
atgorllhms.  and  technotogy  Is  readily  available  these  more  concrete  types  of  Imagery  will  become  less 
useful.  For  the  present  these  are  open  questtons. 
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FLUENCY  IN  A  DISCOURSE  OR  MANIPULATION 


OF  MENTAL  OBJECTS?^ 


Willi  Dorfler 
Universit&t  Kla^cnfurt,  Austria 


Abstract.  In  the  reprcsentatioml  view  of  the  mind  successful  thinking  in  mathematics  w  based 
on  the  mental  construction  and  availability  of  mental  objects  for  mathematical  notions.  A  critical 
discussion  is  carried  out  in  regard  to  the  characteristics  ascribed  to  mathematical  objects.  This  is 
complemented  by  a  subjective  report  about  my  own  mathematical  experiences  which  exhibit  the  role 
of  non  -cognitive  aspects  like  attitude,  agreement,  acceptance,  willingness  to  enter  a  discourse. 

Mind  as  a  Space  for  Mental  Objects 

In  many  papers,  talks  and  discussions  about  mathematical  thinking,  terms  are  used  like  mental 
objects,  mental  entities,  cognitive  conotructions  and  others,  see  for  instance  Centner  and  Stevens, 
1983,  Greenu,  1988,  Hajrel  and  Kaput,  1991.  What  is  the  use  of  such  notions?  They  are  used  to 
model  and  explain  thinking  and  problem  solving  in  mathematioj  (but  also  elsewhere).  Therefore, 
they  are  to  be  taken  as  theoretical  terms  within  a  psychological  theory  about  how  the  human 
mind  works  and  proceeds  to  produce  a  behavior  which  by  an  expert  observer  might  be  judged  as 
mathematical  (and  correct,  i.e.  in  accordance  with  established  mathematical  norms). 

According  to  niy  interpretation  of  those  pai)crs  the  basic  tenets  and  assumptionfl  of  that  theory  are 
the  following  points.  First  of  all,  the  mind  (or  cognition)  is  viewed  metaphorically  as  a  kind  of  space 
which  can  contain  something  and  which  can  be  structured.  As  the  product  of  cognitive  or  mental 
constructions  in  that  mental  space  mental  objects  originate  or  are  produced.  These  mental  objects 
then  can  be  memipulated,  transformed,  combined  etc.  with  a  kind  of  mental  operations.  And,  what 
is  even  more  important,  the  mental  objects  arc  representatives  or  replicas  of  mathematical  objects. 
This  means,  they  have  properties  and  behave  as  the  mathematical  objects  do.  It  is  postulated  that 
for  an  adequate  understanding  of  a  part  of  mathematics  the  learner  has  to  construct  mentally  the 
mental  objects  corresponding  to  the  entities  of  the  mathematics  in  such  a  way  that  there  holds 
a  kind  of  isomorphism  between  those  two  realms.  This  is  viewed  to  guarantee  that  the  (mental) 
manipulation  of  the  mental  objects  produces  correct  results.  Other  ways  of  expressing  this  model 
aie  in  the  discourse  about  mental  representations  of  abstrr' t  objects  (and  the  mathematical  objects 
are  of  course  abstract  objects). 


*  Parts  of  this  paper  were  tbe  content  of  a  plenary  presentation  in  Working  Group  4  at  ICME  7 
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Mentai  Objects  Support  Understanding 

The  necessity  to  construct  mental  objects/units/entities  (also  termed:  cognitive  or  conceptual  ones) 
is  considerea  being  a  prerequisite  for  adequately  understanding  certain  mathematical  constructions; 
for  instance,  addition  of  functions  or  quotient  structures  in  algebra  and  topology.  Since  those 
constructions  can  only  be  appUed  to  object-like  entities,  to  accomplish  thtm  mentally  presuppose^) 
to  have  constructed  the  respective  mental  objects.  One  has  therefore  to  have  available  a  mental 
object  corresponding  to  a  function  or  to  a  vector-space  or  to  a  group.  The  failure  to  understand 
thote  mathematical  constructiona  is  interpreted  w  being  caused  by  a  lack  in  the  corresponding 
mental  objects.  All  that  is  in  fuU  congruence  with  the  representational  view  of  the  mind.  What  we 
know  is,  according  to  this  position,  a  sort  of  a  mapping,  a  picture  or  a  representation  of  something 
dfc,  of  something  outside  of  the  mind,  of  the  memory  or  the  cognition.  The  working  of  the  mind 
then  consists  in  manipulating  those  (mental)  representations.  For  being  able  to  speak  meaningfully 
and  sensibly  about  mathematic«l  objects  of  any  kind  one  haa  to  have  available  mental  objects 
at  mental  representations  of  those  mathematical  objects.  Those  mental  objects  are,  as  ao-ealled 
btcrnal  representations,  weU  discerned  from  the  usual  representations  (a^  graphs,  symbols  etc.) 
which  are  termed  as  being  external. 

An  Example:  Natural  Numbers 

Let  me  be  a  bit  more  concrete  by  interpreting  this  general  description  by  yome  examples.  The 
first  example  is  alrc*dy  simple  arithmetic  of  natural  numbers.  The  theory  of  menUl  objects  would 
stipulate  the  existence  of  mental  entities  which  represent  mentally  numbers  like  2,3,4,5,  etc.  At 
least,  this  is  considered  to  be  necessary  for  a  deeper  and  adequate  understanding  of  the  operations 
T^ith  natural  numbers,  like  2+3,  4*5,  etc.  In  arithmetic,  those  operations  are  no  longer  considered 
as  being  general  dctjcriptions  of  manipulations  with  discrete  sets  or  manifolds;  like  2+3  aa  being  a 
symbolic  description  of  combining  two  units  of  a  certain  kind  with  three  others  of  the  same  kind.  In 
arithmetic  the  referents  for  the  numerals  are  no  longer  specific  discrete  sets  but  (natural)  numbers 
qualified  as  mathematical  objects.  And  those  have  to  be  represented  mentally  by  respective  mental 
objects  (constructed  by  the  learner  to  understand  arithmetic).  Those  mental  objects  must  be  able 
to  reflect  (isomorphically)  the  quality  of  the  represented  numbers;  especially  they  have  to  lend 
themselves  to  be  added  or  multiplied,  to  be  even  or  odd  or  prime  or  perfect  etc. 

Some  Subjective  Doubts 

I  feel  tempted  to  formulate  some  doubts  in  the  ecological  validity  df  the  sketched  approach  to 
explain  mathematical  thinking.  First,  my  subjective  introspection  never  permitted  me  to  find  or 
trace  something  like  a  mental  object  for,  say,  the  number  5.  What  invariantly  comes  to  my  mind 
are:  certain  palierns  of  dots  or  other  units,  a  pentagon,  the  symbol  5  or  V,  relations  like  5+5=10, 
5*5=25,  sentences  like  five  is  prime,  five  is  odd,  5/30,  etc.,  etc.  But  nowhere  in  my  thinking  1  ever 


479 


n-147 

could  find  something  object-lrke  that  behaved  like  the  number  5  aa  a  mathematical  object  does. 
But  nevertheless,  I  deem  mys^^lf  being  able  to  talk  about  this  number,  ita  properties,  the  relatioo« 
and  operations  it  takea  part  in;  and  I  do  add  5  and  1  multiply  by  5  quite  correctly.  In  other  words, 
I  have  a  huge  amount  of  knowledge  about  the  number  "tive^  v^ithout  having  distinctly  available 
for  my  thinking  a  mental  object  which  I  could  designate  as  the  mental  object  "5".  Every  (almost 
.  perhaps)  property  or  relation  regarding  5  I  can  express  to  myself  and  others  in  one  )vay  or  w^othcr, 
e.g.  by  using  conventional  diagrams  or  formulas.  But  according  to  the  common  dibrourse  these  are 
just  not  to  be  equated  with  the  number  5  itself  but  only  ere  reprcsenUtions  of  it.  In  conclusion, 
I  am  constantly  treating  "five"  as  an  object  without  having  available  either  an  abstract  object 
outside  of  n,y  mind  or  a  mental  object  inside  of  it  which  could  serve  as  th  it  object.  My  knowledge 
about  a  (noil  -existing?)  object  is  enough  to  give  rise  to  my  feeling  of  being  entitled  to  talk  a*  If 
there  were  stich  an  object.  Yet,  as  my  analysis  shows  the  object  itself  nowhere  turns  up,  it  is  not 
needed  in  Uci.  I  can  deduce  its  further  properties,  from  those  which  I  already  know  by  deductive 
reasoning.  1  can  construct  material  objects  (Representations")  to  exhibit  by  way  of  an  adequate 
interpretation  at  Icitst  some  of  those  properties  and  relationships  which  are  characteristic  of  the 
postulated  (abstract  or  mental)  object. 

More  Obiectivc  Doubts 

Beyond  my  introspective  experience  with  the  number  »5"  there  are  other  arguments  which  mifeht 
question  the  adequacy  of  the  theoretical  discourse  about  mental  objects  or  entities.  For  which 
natural  numbers  should  I  have  a  mental  object  available?  Assuming  that  the  mind  has  a  only  finite 
capacity  for  whatsoever  it  will  possibly  only  contain  finitely  many  mental  objects.  But  give  me  any 
number  as  big  aa  you  want  and  I  will  treat  it  as  an  object:  1  can  operate  on  it  (half  it,  double  it, 
add  it  to  another  one  etc.),  1  can  ascribe  properties  to  it,  put  it  into  relations  with  other  numbers, 
etr. 

This  I  can  do  even  for  a  number  which  I  have  never  thought  of  before.  Or,  take  very  laige  numbers, 
like  10»*^.  What  could  be  a  mental  object  representing  that  number  beyond  essentially  a  symbolic 
or  verbal  description  (10  to  the  power  100)?  But  those  symbols  do  not  have  any  mathematical 
properties;  e.g.  10»°^  is  neither  even  nor  odd  in  contrast  to  the  number  it  is  taken  to  stand  for.  A 
similar  remark  applies  to  all  kinds  of  (external)  representations.  Who  is  not  yet  convinced  should 
take  (10^*^)'^  or  the  1000th  pover  of  that.  Still,  by  using  the  common  representations  we  can 
talk  and  argtie  about  all  these  nun»ber.s  without  having  access  to  any  kind  of  object  which  could 
be  viewed  as  being  the  respective  number  (neither  in  our  mind  nor  in  the  abstract  realm  whatever 
thai  might  be). 
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Somt  More  Examples 

Even  worse  is  the  situation  with  "objects"  like  W,0,2,R  orC.  They  are  infinite  and  thus  cannot 
have  a  mental  representation,  a  mental  object  sharing  their  constituting  properties,  But  again,  1 
do  not  have  problems  treating  those  sets  as  objects,  e.g.  by  applying  certain  operations  *o  them 
or  by  speaking  of  the  properties  and  relations  to  other  "objects"  (e.g.  W  C  Z  C  Q,Q  is  dense  in 
R,C  =  with  a  specific  multiplication  etc),  Of  course,  for  those  objects  we  even  do  not  have  a 
material  representation.  Any  drawn  number  line  by  necessity  is  finite!  And  only  in  language  and 
in  discourse  we  can  extend  it  infinitely,  To  be  honest,  1  cannot  innagine  (create  an  image  of)  an 
infinite  line!  Thus,  I  do  not  have  a  mental  object  corresponding  to  an  infinite  line  (or  plane),  and 
yet,  I  find  it  very  sensible  to  talk  about  those  things  as  objects. 

What  we  do  have  is  material  models  of  a  (very)  local  cha.actcr  which  nevertheless  are  generic  in 
the  sense  that  they  convey  the  general  pattern  or  the  general  structure.  Any  finite  part  of  the 
number  line  serves  this  purpose  very  well,  at  least  if  it  is  interpreted,  viewed  and  accepted  aii  a 
local  model  (for  W,Z  or  R).  Similarly,  a  small  "window^  intoC  instantiated  as  the  Gaussian  plane 
can  be  used  as  a  generic  model  for  all  of  C 

Anothev  Example:  Raiional  iWumbers 

Let  us  consider  some  more  examples.  Notorious  are  the  problems  with  fracti(^rl^•  and  rational 
numbers.  As  with  "5",  I  have  great  diHiculti(;s  with  conceiving  of  a  mental  object  for,  say,  2/'.i.  All 
kinds  of  things  come  to  my  mind  when  I  see  that  symbol;  part  whole  relations,  inea^surements,  a 
po\ni  on  the  number  line,  many  luuTiorical  relations  (like  2/3=(),(i6()  ...),  that  I  can  add  it  to  other 
numbers  or  symbols  or  use  it  as  an  operator  (for  taking  two  thirds)  etc.,  etc.  I  have  various  so 
called  representations  for  the  number  2/3,  many  different  instantiations,  situations  where  it  gets 
materialized  but  I  can't  get  hold  of  neither  an  abstract  object  nor  a  mental  object  which  could 
serve  as  the  genuine  number  2/3.  Thus  2/U  to  nie  ai)i>ears  rather  as  a  fuzzy  system  of  mutually 
connected  and  related  situations,  and  actions  (which  commonly  are  termed  appiicati<jni,  of  2/3)  and 
of  opeialions  with  2/3.  That  can't  possibly  be  the  mental  object  for  2/3!  This  mental  object  would 
have  to  be  of  a  much  more  refined  and  restricted  (juality,  stripped  of  all  these  nwUerial  images  and 
intuitions  and  just  reflecting  wliat  counts  as  the  mathematical  object  2/3  (essentially  viewed  toflay 
as  being  a  specific  element  of  Q  with  its  algebraic  and  topological  structure).  Of  course  here  a.s  well 
the  arguments  regarding  infinity  of  Q  etc.  Hpi>ly     I  have  made  them  for  the  natural  numbers. 

Who  Ma7itpulatfs  Mental  Objects? 

ft  appears  ridiculous  to  me  to  pursue  a  theory  of  the  mind  where  the  mind  has  or  contains  nientcil 
objects  corresponding  to  the  rational  numbers.  Then  the  mental  objects  for  2/3  arul  3/5  would 
have  to  be  conibiiiable  in  ways  corresponding  to  addition  and  multiplication  in  Q.  How  can  this  be 
conccivcil  of  Do  the  mental  objects  have  a  kind  of  extension  (leriglli,  volume)  to  bi*  added  hiuK 
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simultaneously,  the  quality  of  operators  to  be  multiplied?  Who  operates  on  the  mental  objects? 
DoesnH  that  lead  to  the  notorious  problem  of  the  homunculus  in  our  head?  Thus,  even  when  not 
regarding  the  problems  with  the  infinity  of  Q,  the  metaphor  of  mental  object,  — ntally  simulating 
rational  numbers  and  their  operations  leads  to  unsurmountable  contradictions  and  inconsistences. 
Because  of  the  exhibited  numerous  proble.ns  with  that  theory  1  also  cannot  believe  that  construction 
.  of  mental  objects  -  whatever  that  means  -  is  a  precondition  for  successful  mathematical  activity. 

A  More  Advanced  Example 

U^t  mc  consider  another  example.  It  is  argued  that  for  a  functional  understanding  of  operations  on 
(real)  functions  (like  derivative,  intergral)  and  of  spaces  of  functions  (like  C(\)M)  it  is  necessary 
to  have  constructed  functions  as  mental  objects  (or  entities  and  the  like),  or  to  have  encapsulated 
the  mapping  process,  to  have  reified  the  process,  etc.  Again,  this  is  the  arfeiimrnt  that  for  treating 
something  as  an  object  or  for  carrying  out  operations  on  it  which  in  a  common  interpretation 
need  objects  as  operands  one  has  to  have  at  least  mentally  available  adequate  and  appropriate 
objects.  Those  mental  objects  are  (in  theory)  viewed  to  have  the  pertinent  properties  which  then 
permit  to  manipulate  and  transform  them  accordingly.  In  a  way  in  our  mind,  if  trained  adequately 
and  extensively,  there  is  to  be  a  kind  of  imitation  or  isomorphic  simulation  of  the  mathematical 
processes  and  objects.  Only  then  we  can  -  it  is  assutnod  -  genuinely  understand  the  matliematics. 
What  would  this  mean  in  our  case  of  functions?  Let  us  take  the  rather  extreme  example  of  /.2(/), 
the  Hilbert-space  of  (classes  of)  quadratic  hebcsgue-integrahle  functions  on  the  interval  1.  Not 
regarding  the  infinity  of  L2  one  has  not  even  available  a  structural  description  of  a  generic  member 
of  /.2.  There  are  various  ways  to  define  a  limit  process  which  when  applied  to  functions  in  a  certain 
space  (like  step  functions  or  continuous  functions)  will  by  definition  generate  all  members  of  i^- 
But  the  latter  can  be  very  fu^zy  and  extremely  irregular  what  prevents  any  generic  description. 
How  ev<T  then  could  we  have  mental  objects  for  the  members  of  L2?  I  do  not  believe  that  any 
mathematician  has  something  available  which  would  deserve  that  name.  Yet,  with  relative  ea.sc 
one  talks  about  the  set  of  all  those  functions,  of  abiding  them,  of  their  making  up  a  vector  space, 
of  the  integral  as  a  linear  mapping  on  that  space,  of  the  length  or  norm  of  a  member  of  L2,  of  the 
<listance  of  two  functions  in  L^^  -tc.,  etc.  And  I  repeat,  all  that  is  possible  without  having  any  kind 
of  mental  representation  of  L2  iuul  its  members. 

Mtntal  Objects  an  Replicas? 

Of  course,  the  same  argument  applies  to  many  (all?)  other  mathematical  constructions  which 
appan-ntly  have  to  be  miderstandable  without  the  support  by  any  mental  object  or  representa- 
tion mirroring  the  mathematical  structtiro.  and  processes.  To  the  very  lea-st,  my  argmnrnts  and 
deliberations  «.hould  make  it  doubt ftd  to  ptirsue  a  strict  theory  of  mental  objects.  Such  a  theory 
stipulates  a  kind  of  duplication  of  the  mathematics  in  the  sense  that  in  our  mind  we  have  available 
and  manipulate  mental  objec  ts  as  repli<  a.s  of  the  mathematical  objects  under  study.  Yet,  it  appears 
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we  cAn  get  hold  cognitively  only  of  specific  properties  of  those  objects  but  the  objects  (they  being 
«tbatract,  mathematic&l  or  mental)  themselves  elude  our  awareness  or  consciousness.  But  do  we 
need  the  objecta?  All  the  mathematical  reasoning  and  arguments  are  exclusively  concerned  with 
mathematicai  properties  and  relations  which,  as  it  is,  are  mostly  formulated  as  being  attached  to 
objects.  Proving  thut  differentiability  entails  continuity  we  only  use  those  two  properties,  the  func- 
tions themselves  do  not  occur  in  any  essential  way.  I  could  even  think  of  formulations  which  avoid 
completely  the  function  concept  in  a  reified  form.  Might  be,  it  is  rather  a  matter  of  convenient 
expression  and  communication  that  one  uses  a  language  with  objects  as  carriers  of  the  properties 
and  relations.  It  for  sure  is  cumbersome  to  address  properties  directly. 

An  Altcmativt  Approach 

To  exhibit  an  alternative  way  of  viewing  and  describing  mathematical  thinking  or  mathematical 
cognition  I  decided  to  give  a  personal  and  subjective  account  on  my  own  experiences  with  a  specific 
mathematical  topic  smd  my  accommodating  to  it.  1  chose  complex  function  theory  because  I  think 
a  topic  which  is  less  familiar  lends  itself  better  to  conveying  the  central  features  of  my  experiences 
and  subjective  understandings.  Basic  to  complex  functions  is  the  field  C  of  complex  nunil»ors.  1 
have  accepted  that  notion  and  all  of  its  implications  on  thf  following  grounds. 

I  carried  out  many  additions,  multiplications  and  divisions  of  specific  complex  numbers  in  dilTcrcnt 
algebraic  or  geometric  realizations.  This  permitted  mo  to  agree  that  those  operations  can  be 
assumed  to  be  applicable  to  any  pair  of  complex  numbers.  It  appeared  sensible  to  me  to  speak  of 
addition  aJid  multiplication  of  arbitrary  complex  numbers  though  1  know  that  for  most  of  tlieni  these 
operations  cannot  be  carried  out  by  me  just  by  lack  of  time.  The  algebraic  fornmlas,  the  geometric 
figures  and  the  matrices  worked  as  prototypic  a- id  generic  exemplars  justifying  the  generalization. 
I  never  could  find  anything  like  a  mental  object  or  representation  of  t  as  a  wholr  in  my  thinking 
and  I  did  not  need  anything  like  that.  I  cannot  imagine  the  infinite  Claussian  plane,  I  only  ran 
say  something  like  "it  stretches  further  and  further"*  *'it  never  cornrs  to  an  end";  and  j'et,  I  find 
it  useful  to  talk  about  the  whole  plane  including  the  infinite  point  added  to  it.  The  tiny  window.^ 
into  the  plane  which  I  can  draw  serve  nie  as  a  kind  of  generic  schema,  an  ini^ge  schema  (Lakolf, 
1987)  for  the  whole  plane. 

Essentially,  1  interj)ret  niy  "knowledge  about  as  the  ability  to  handle  the  various  models  of 
complex  numbers  and  their  operations  in  an  appropriate  way.  I'or  that  1  do  nol  need  access  t(t 
abstract  objects  which  lurk  behind  the  mode's  (as  their  rj'presenlati()us)  though  our  language  is 
very  suggestive  in  this  direction.  But,  I  do  not  mind  using  this  discourse  since  for  rue  it  is  just  a 
discourse  which  helps  us  communicating.  For  me  the  different  "models"  of  C  are  .simply  symbolic 
constructions  which  from  a  certain  point  of  view  behave  in  the  same  way  (i.e.  are  isomorphic). 
And  1  only  and  exclusively  do  know  those  "models"  and  1  do  not  know  anything  beyond  them 
and  their  mutual  relations.  And  that  is  all  what  I  really  ue-fd.   I  should  hasten  to  add  that  1 
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do  not  consider  my  understanding  of  C  being  purely  formal  or  symbolic.  I  have  aviulable  for 
my  thinking  image  schemata  of  a  prototypic  character  for  notions  like  complex  number,  addition, 
nuiltiplicAtion,  norm,  plane  etc.  which  lend  subjective  meaning  to  my  thinking  and  talking  about 
(t.  I  am  further  aware  that  my  accepting  of  those  schemata  (like  the  vector  addition  diagram)  aa 
being  gene-ric  and  universally  applicable  is  a  kind  of  agreement,  of  belief,  of  consent  ba^ed  on  many 
prior  experiences  of  the  same  kind  where  such  an  attitude,  such  a  use  of  language  (subjected  to 
many  other  rules  of  discourse)  proved  sensible,  plausible  and  even  productive.  Those  experiences 
refer  to  my  understanding  and  knowledge  of  natural,  rational  and  real  numbers,  for  instance,  which 
shows  the  same  features. 

Ix-t  me  now  turn  to  the  notion  of  a  function  How  do  1  associate  a  meaning  with  a  sentence 

like:  under  /  to  every  point  (or  number)  in  C  corresponds  a  unique  value,  i.e.  again  an  element  of 
V  Of  course,  any  understanding  of  that  presupposes  already  my  ..aving  accepted  the  talk  about  t 
as  admissible  and  sensible.  Then  1  am  reminded  of  various  experiences:  how  we  have  talked  about 
functions  /  :  R  -  R  and,  foremost,  of  specific  examples  Hke  f{z]  --^  c^/(^)  =  sinr,  etc.  It  was 
for  tlmse  examples  that  1  had  calculated  f{:]  for  some  values  of     had  drawn  a  diagram  showing 
the  relation  between  c  and  /(z),  etc.  In  each  specific  case  I  trusted  it  to  be  meaningful  to  talk 
about  the  function  /  having  a  value  for  every  z  6  £  (or  wliere  /  is  definable):  the  formula  or  rule 
suggested  its<.lf  lo  be  applicable  to  every  c  e  C .  It  w^us  and  still  is  for  me  again  a  sort  of  agreenu^nt 
with  a  stvle  of  talking,  with  a  specific  discourse  which  received  its  legitimacy  from  the  schematized 
rxperieuces  with  various  examples.  From  accepting  f[z)  =  z\f{z)  =  sin  z.  f{z)  =  exp(r),  etc.  my 
mufidence  is  widened  to  accepting  talk  about  Prbitrary  functions  /  :  C  -  C  where  1  do  not  have 
available  a  rule  or  fornuda.  What  is  specificly  remarkable  is  that  1  am  not  aware  of  any  "mental 
object"  corr<-sponding  to,  say.  /(c)  -  z'.  I  know  what  this  tells  me  to  do:  take  z  and  square  it;  I 
know  various  -  properties"  of  f.  .vg.  how  to  map  (mathematical  jargon  again!)  circles  around  the 
orign,  lines  through  the  origin,  ^'et,  I  do  not  have  available  a  repr.-sentation  of  /  in  its  totality 
a.s  su.l.  whidi  could  serve  me  as  the  external  basis  for  a  menial  object.   Neivertheless,  when  I 
want  to  view  /  as  an  object  1  can  do  so  and  1  can  talk  appropriately:  1  can  talk  about  adding  /, 
and       about  thr  correspondence  /  - «  /'  being  a  linear  mapping,  etc.  This  very  likely  involves 
my  being  prrpared  to  think  of  all  values  of  /  l>eing  evaluated;  in  a  way,  of  /  being  completely 
acannplished.  l  itis  amonnts  to  conceiu-  of  the  potentiality  given  by  an  expression  like     as  being 
r<.aliz<'d    Thr  meaningfulness  of  this  concr-ptiou  for  nu'  is  boused  on  the  image  schemata  which  I 
d.v.lwp<Ml  wh.n  handling  specific  cases  (.f  c.  of  /)  and  .'xan.ple..  Hut  I  eu,plui-si/e.  those  image 
M-heniala  fur  me  do  not  constitute  a  global  vi(>w  on  /  but  are  of  a  local  character  (e.g.  how  1  +  / 
brhaves  unchT  f{z)  -        Still,  they  h'ud  meaning  to  the  generalized  talk  which  is  further  justified 
through  the  <Misuing  .ieveh^pn.ent  of  the  theory  of  cou.plex  functions:  if  we  accept  that  discourse 
a  wonderful  and  fa-scinating  theory  ch^vc-lops.  Thereby,  again  and  again  similar  agreements  aie 
.UM-essarv.  ac<rpting  ..om.  thing  as  admissible,  trusting  in  a  was  of  talking,  taking  a  specific  case  a--^ 
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generic  and  generating  general  meaning. 

Take  as  another  example  the  vector  space  of  all  entiro  functions  (or  equivalent ly  all  every wlirre 
convergent  power  series).  I  admit  having  no  global  conception  of  that  beyond  knowing  a  generic 
way  of  describing  its  elements,  their  addition  and  scalar  multiplication.  This,  and  many  other 
pertinent  pieces  of  knowledge  and  mathematical  experiences,  persuade  me  to  use  this  talk  and  to 
associate  meaning  with  it,  For  instamce,  I  find  it  sensible  to  ask  for  the  diniensit)n,  for  a  basis, 
for  jiubspaces  etc.  I  am  fluent  in  the  discourse  which  treats  this  notion  as  a  complicated  object 
without  having  any  external  representation  of  it  or  even  a  mental  object  reflecting  its  structure  anti 
properties.  This  discour^^  for  me  is  a  sensible  and  meaningful  way  of  thinking  and  talking  about 
a  collection  of  {ilreaidy  beforehand  accepted  things  (=  entire  functions).  But  of  course,  one  coukl 
dispense  with  this  discourse,  it  is  not  unavoidable,  and,  one  could  reject  it  for  various  reasons.  There 
is  no  cogent  reason  which  forces  me  to  accept  the  collection  of  all  entire  functions  <is  something  to 
talk  about  in  a  meaningful  way.  I  could  equally  well  stay  with  some  specilir  entire  functions  anil 
reject  thinking  of  the  totality  of  all  such  functioiK^  as  a  well-defined  and  surveyablo  entity,  hi  a  way 
I  have  to  want  and  to  like  this  way  of  thinking,  and  of  exploring  its  <on.sequencos.  Kor  short,  that 
is  not  just  a  cognitive  question  but  one  of  attitude,  of  agreement,  of  socialization  and  experience. 

To  sum  up  my  personal  experience  with  complex  function  theory:  Kor  nie  my  knowledge  about  it 
is  a  coiiii "Heated  web  and  fabric  of  image  schemata  based  on  specific  exemplar  experiences,  generic 
examples  lending  meaning  to  generalized  statements  and  definitions,  agreemenls  to  and  acceptance 
of  ways  of  talking,  etc.  In  all,  for  me  it  is  fluency  in  a  (highly  specific)  discourse  which  encompasses 
syntactic  and  semantic  but  also  attitudinal  and  emotional  .uspects.  And,  for  all  that  1  feel  no  need 
for  mental  or  abstract  objects! 

References 

Dorfter,  W.  (1991):  Meaning:  Image  Schemata  and  Protocols.  In:  Proce<'dings  I5lh  Conference  of 
the  International  Group  for  Psychology  of  Mnf hematics  I'ducation,  A.ssisi.  Vol.  1,17  32. 

Oentner,  D.,  and  A.  Stevens  (19^3):  Mental  Models.  Lawrence  Krlbauni,  Hillsdale.  N.,1, 

Greeno,  J. (J.  (1988):  Situations,  Mental  Models  and  Generative  Knowledgt-  In:  1).  KUhr  and  K. 
Kotovsky  (Kds.),  Complex  Information  Processing:  The  Impact  of  Ih-rbert  A.  Simon,  Lawrence 
Krlbaum  Ass,,  Hillsdale,  N.J. 

Ilarei,  G.,  and  J.  Kaput  (1991):  The  role  of  conceptual  entities  in  building  advained  inatheinalical 
concepts  and  their  symbols.  In:  D.  lall  (Kd.),  Advanced  Matheinatical  Thinking.  Kluwer  Ac.uleniic 
Publishers.  82  91. 

LakofF,  G.  (1987):  Women.  Lire  and  Dangerous  Things,  The  University  of  Chi<'ago  Press,  Chicago 


n-153 

AN  ANALYSIS  OF  THE  STUDENTS'  USE  OF  MENTAL  IMAGES 
WHEN  MAKING  OR  IMAGINING  MOVEMENTS  OF  POLYHEDRA 

Angel  Gutierrez  and  Adela  Jaime 
Depto.  de  Did^ctica  de  la  Matematica.  Univetsidad  de  Valencia  (Spain). 

Abstract 

We  report  a  part  of  a  research  project  focused  on  the  anfl/ysis  of  the  mertta!  imges.  processes  and 
abilities  of  visualization  used  by  primary  school  students  when  they  mnipulate  polyhedra.  Students 
worked  in  a  hands-onlpaperlcomputer  environment  integrated  by  real  solids,  plane  representations,  and 
3D  software  The  tasks  presented  here  asked  the  students  to  rotate  some  polyhedra  and  to  imagine  then 
position  after  some  rotations.  The  main  ,«r(  of  the  paper  is  devoted  to  describe  and  annlyze  the 
characteristics  of  environment  and  tasks. 

The  students  exhibited  tmys  of  solving  tlu^e  tasks  that  reflect  different  levels  of  proficiency  in  the 
Ufe  of  abilities  and  processes  of  visualiiation  and  mental  representation  of  spatial  relationships. 

Introtmction 

During  Ihe  lasl  years  we  have  carried  out  a  research  project*  aimed  to  develop  units  (or 
leaching  space  geometry  in  Primary  Schools.  As  visualization  and  plane  representations  are 
two  basic  components  of  the  learning  of  space  geometry,  a  part  of  the  research  focused  on  the 
ways  students  build,  manipulate,  and  draw  3-dimensional  objects.  We  created  a  microworld, 
integrating  -eal  solids,  plane  representations,  and  3D  software,  in  which  different  types  of 
problems  with  polyhedra  were  prop-^sed  to  the  students:  Movement,  comparison,  plane 
representation,  and  building  up  of  solids  from  plane  representations.  Because  of  the  hmited 
space,  we  don't  report  here  the  whole  research  project,  but  a  group  of  tasks  in  which  students 
were  supposed  to  build  mental  images  of  polyhedra  and  to  make  mental  rotations  of  them. 

The  aims  of  this  report  are  a)  to  identify  different  kinds  of  students'  behaviours  arisen 
when  (hey  worked  on  tasks  dealing  with  the  movement  of  polyhedra,  and  b)  to  analyze  now 
these  behaviours  correlate  with  the  use,  or  lack  of  use,  of  different  mental  images,  processes  or 
abilities  of  spatial  visualization.  In  the  following  pagc=s  we  describe  the  part  of  the  miaoworld 
relevant  for  the  tasks  described,  present  the  procedures  used  by  our  pupils  for  solving  the 
tasks,  and  analyze  these  procedures  in  terms  of  the  processes  or  abilities  of  visualiz.ition  used 
by  the  students. 

'  ™s  Tesearch  project  has  been  funded  by  the  Institucion  Valenciana  de  Estudios  e 
Investigacidn  "Alfonso  cl  Magnaninio"  de  Valencia  (Spam). 
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A  thftpretical  fraimcwoik 


Spatial  visualization  has  besn  studied  from  several  approaches.  The  one  most  directly 
related  to  Mathematics  Education  and  our  research  distinguishes  three  components  of 
people's  spatial  visual  activity:  Images,  processes,  and  abilities. 

Presmeg  (1986)  defined  a  visual  image  as  "a  mental  scheme  depicting  visual  or  spatial 
information*'.  She  identified  several  kinds  of  visual  images;  the  most  relevant  ones  for  our 
research  are: 

-  Concrete  images  are  pictorial  figurative  images  of  physical  objects.  Our  pupils  dealt  ever 
with  this  kind  of  images  of  the  polyhedra  they  manipulated. 

"  KinaestHctic  images  are  images  involving  the  physical  movement  of  hands,  head,  etc. 
Our  pupils  very  often  moved  their  hands  to  represent  a  rotation  before  choosing  the 
appropriate  button  on  the  computer  screen,  or  while  explaining  to  a  researcher  or  to  another 
child  the  movements  they  had  just  made. 

-  Dytiomic  images  are  images  involving  the  mental  movement  of  an  object  or  some  of  its 
parts.  These  images  were  necessary  for  the  students'  work,  since  in  most  of  the  activities  they 
had  to  rotate  polyhedra  or  compare  two  different  positions  of  the  same  solid. 

Visual  images  are  the  units  manipulated  by  people  when  they  make  a  mental  activity  of 
spatial  visualization.  So  when  a  person  manipulates  visual  images,  there  is  a  flow  of 
information  between  external  objects  and  mental  images  or  between  different  images.  The 
main  visualization  processes  controlling  this  flow  were  defined  in  Bishop  (1983;  1989)*.  Some 
of  their  components  were  relevant  to  our  experiment: 

-The  process  of  interpreting  figural  information  (IFl),  that  is,  of  reading,  analyzing  and 
understanding  spatial  representations  (such  as  plane  representations  or  mental  images  of 
polyhedra)  in  order  to  obtain  some  data  from  them. 

-The  visual  processing  of  images  (VP),  that  is,  "the  manipulation  and  trartsformalion  of 
visual  representations  and  visual  imagery". 

We  have  also  to  consider  different  visualization  abilities  which  may  be  used  by  students 
when  solving  3-dimensional  geometrical  tasks.  Del  Grande  (1987;  1990)  mc^de  a  summary  of 
such  abilities.  The  following  ones  were  relevant  for  our  study: 

-  Figure-ground  perception  is  the  ability  to  identify  a  specific  figure  by  isolating  it  from  a 
complex  background.  Our  pupils  used  this  ability  when  they  had  to  identify  faces  of  a 
transparent  solid,  since  usually  the  edges  created  distracting  shapes. 

-Perceptual  constancy  is  the  ability  to  recognize  that  an  object  has  invariant  properties 
such  as  shape  In  spite  of  the  variability  of  its  position.  We  shall  show  below  that  one  of  our 


*  Bishop  (1983)  defined  abilities  instead  of  processes,  so  he  referred  to  ihe  abilities  to  perform 
the  corresponding  processes. 
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students  had  problems  with  respect  to  this  ability. 

-  Visual  discriminatior.  is  the  ability  to  compare  several  objects,  pictures  and/or  mental 
images,  and  to  idenUfy  their  similarities  or  differences.  As  the  students  were  asked  to  move  or 
compare  polyhedra,  the  had  to  use  this  ability. 

The  onvironmcnt 

We  devised  a  microworld  based  on  different  solids:  Cubes,  tetrahedra,  octahedra,  square 
pyramids,  and  rectangular  prisms.  These  polyhedra  were  presented  in  several  ways: 

•  The  appearances  of  the 
polyhedra  were  (figure  1):  a) 
Figurative  opaque  cubes,  b) 
shaded  opaque  polyhedra  and  c) 
Iransparent  (straw)  polyhedra. 

•  There  were  3  physical 
embodiments  for  the  solids:  Real 
solids  (made  of  cardboard  or 
straws),  perspective  3-D  representations  on  a 
compu';er,  and  perspective  3-D  representations  on 
paper  (hard  copies  from  the  computer  screen).  The 
figures  or  shades  on  the  faces  were  the  same  in  the 
3  cases  (hard  copies  from  the  computer). 

We  used  computers  Macintosh  Sli  with  2 
programs:  1)  We  created  a  HyperCard  stack 
allowing  to  rotate  a  figurative  nibe  90"  around  the 
3  axes  crossing  its  faces  (figure  2):  When  one  of  the 
6  rotation  arrows  is  marKed,  the  computer 
automatically  rotates  the  cube  90°  in  that  direction. 
2)  The  program  Phoenix  3D  allows  to  rotate 

freely  solids  around  the  axes  X,  Y,  and  Z  (figure  3). 

After  selecting  one  of  the  6  direction  arrows,  the 

user  has  to  determine  the  angle  of  rotation;  for 

doing  this,  the  software  uses  the  metaphor  of  a 

hand  tunning  in  the  chosen  direction  (in  real  time)  a 

little  pyramid  that  appears  on  Iht  screen;  when  the 

user  has  decided  the  angle  of  rotation  and  releases 

the  mouse  button,  the  computer  shows  the  new 

position  of  the  solid. 


0^ 


Figure  2. 


Figure  3. 
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Several  types  of  tasks,  and  several  instances  of  each  task,  were  proposed  to  the  students, 
combining  the  different  polyhedra,  their  appearances  and  embodiments,  and  the  computer 
programs;  Some  times  the  students  had  to  move  a  real  solid  and  other  times  one  on  the 
computer;  some  times  they  had  to  compare  a  real  solid  to  one  on  paper,  other  times  lo  one  on 
the  computer,  and  other  times  solids  on  paper  and  the  computer;  etc.  In  this  report  we  shall 
focus  on  two  of  those  types  of  tasks:  The  first  task  asked  the  students  to  move  a  solid  on  the 
computer  screen,  from  its  current  position  into  another  position  shown  on  paper.  An  example 
is  this  activity: 

"Open  the  (Phoenix  301  file 
"Solid  Tetrahedron" .  Move  the 
tetrahedron  on  the  acrccn  lo  the  first 
positiou  you  see  below  (figure  4 J.  Then, 
move  it  to  the  secotid  one,  and  so  on. " 

For  the  second  task,  the  students 
used  a  sheet  of  paper  containing  a 
picture  of  a  figurative  cube  and 
several  other  views  of  the  same  cube 
with  some  blank  faces.  The  students 
were  asked  to  draw,  if  possible,  the 
missing  figures  on  the  blank  faces.  An 
example  is  this  activity: 

"On  the  ri^hl  there  is  a  jneture  of  a 
cube,  and  below  there  are  some  more  pictures  of  the  saiue  ci'be  (fiy^ure  Hi.  7>i/  to  draw  the  fi^^urv^:  on 
the  blank  faces  of  those  cubes. " 

Both  tasks  are  related  since  tlie  student:^  should  manipulate  mental  images  of  solids  in 
both  of  them.  1  he  main  difference  between  the  tasks  is  due  lo  the  fact  that  the  solid  used  can 
be  rotated  in  the  first  task  but  no  in  the  second  one. 

HiiLauhjiitta 

Three  6lh  grade  students  (11-12  year  olds)  participated  in  the  research.  They  had 
different  ability  levels:  C  was  a  high  ability  girl,  E  was  an  average  ability  boy,  and  M  was  a 
low-average  ability  girl.  They  had  not  received  any  previous  instruction  on  techniques  of 
visualization  (menta.  rotations,  plane  representations,  etc.).  Their  knowledge  about 
3-dimen5ional  geometry  previous  lo  this  experiment  consisted  on  the  learning  of  the  main 
families  of  solids  (prisms,  pyramids, ,..),  their  elements  (faces,  edges, . ..)  and  basic  properties 
(equalities,  perpendicularity,  ...).  This  knowledge  was  us'^ful  for  our  experiment,  since  the 


ERLC 


4sn 


n-t5i 

sludenls  only  inanipulnted  known  polyhedra,  i;o  they  did  not  suffered  nny  difficulty  for  a  lack 
of  knowledge  of  some  polyhedra's  properly. 

In  the  tasks  not  requiring  computers,  each  student  worked  alone,  but  interactions  among 
them  were  allowed.  When  the  tasks  required  the  use  of  computers,  only  2  computers  were 
available,  C  and  E  worked  together,  and  M  worked  alone.  This  grouping  was  decided  because 
when  M  and  another  child  worked  together,  as  M  was  the  less  able,  it  resulted  in  M's 
inhibition,  being  the  other  student  who  solved  most  of  the  activities. 

To  analyze  the  diversity  of  the  students'  answers  we  have  taken  in  consideration  the 
different  elements  of  visual  thinking  involved;  such  analysis  should  help  us  to  understand 
how  the  students'  capabilities  of  visualization  develop.  In  this  section  we  show  and  analyze 
some  students'  aivsv.ers  to  the  tasks  dwcribcni  al>ove.  The  students  carried  out  the  first  type  of 
tasks  (movement  of  solids  on  the  computer)  by  using  two  different  strategies,  reflected  in  the 

excerpts  included  below: 

.  M  had  to  move  the  shaded  tetrahedron  from  its  current  position  on  Ou>  screen  (figure 
54)  to  the  position  shown  by  the  model,  a  real  tetrahedron  (figure  n-2).  The  following 
dialogue  look  plnee  between  M  and  .1  researcher  (R): 

(l-irst  M  moved  the  solid  to  position  ^^fc^ 

-  R:  1$  it  in  the  i^twie  position?  ^^^^^B^  ^ 

-  M:  It  is  not  the  i^ime  fin  e.  1  Z  ^ 

-  R:  77tis  vertex  here  (poinhn^  to  the  h'igureS. 
model],  u'/ndi  one    here?  Ipoinling  to  the 

screen] 

-H\Ah\\t\s  upside  down. 

.  IM  made  several  rotations  <g,  but  at  the  end  the  tetrahedron  was  iKMrly  in  the  same 
po?,ition  as  bclore  these  tunvs] 

-  M:  Ok. 

-  R:  Are  the}/  m  the  s<iwe  position?  It  is  the  same  as  before.  You  have  h'ft  it  in  the  sime  position. 
[M  .started  turning  the  solid  by  ^ITell  me.  matarcyou  Uvkin^jor? 

-  M:  /  don 't  hwiv.  Ishe  continued  rotating  the  same  direction]  Look.  It  js  uwi^v 

-  R:  Is  that  movnnent  useful  to  you? 

-  M:  No, because  ... 
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-  (R  had  to  guide  M,  but  she  continued  making  complele  rounds  in  a  direction) 

•  In  a  similar  activity,  C  and  E  had  to  move  the  shade<l 
pyramid  from  its  airrent  position  on  the  screen  (figure  6-1)  to 
the  model's  position  (figure  6-2).  E  made  the  movements 
althouRh,  almost  every  time,  C  decided  the  movement  to  be 
made.  This  was  the  dialof;uc  bt>tween  C  and  H: 

••  (C  and  E  had  moved  the  pyramid  to  the  position  in  j  2 

-  C:  Noio  it  has  to  be  moved  so  that  this  (pointing  to  the 
vertex  in  the  scret^n]  ^v>o«?  there  (pointing  to  the  vertex  in  the  model). 

•  (E  made  the  mtation       and  the  pyramid  moved  to  po.sitlon  7-2) 

•  C:  1  stY  thdt.  Now  it  hn<  to  he  movai  down  (E  moves  the  pyramid  by  rotation  -^V' 
position  ?•?>]. 

12  3  4  5 

lMj;ure  7. 

'  c.":  ( U  Nino,  tml  it  honzorttdl,  horizotilal.  Do  yoii  Jbieie?  (C  "drev^'"  an  horizontal  line  with 
her  finger  in  front  of  the  screen,  and  E  moved  the  pvtLimid  by  ^ ). 

-  C:  Ami  now  irc  have  to  nee  tht^  face  [the  base). 

-  IC  directed  E  to  rotate  the  pyramid  by  ^  and  "(J^  to  reach  position  7-4.  Then  C 
realized  that  they  had  mistaken  the  model's  front  face  for  another  with  a  similar  .shade.  Then 
she  continued  directing  E  in  the  same  way  as  for  the  previous  excerpt  until  they  put  the 
pyramid  in  position  7-5) 

While  M  usually  made  a  search  by  guess,  just  rotatmg  the  solid  until  it  happened  to  stop 
in  a  position  resembling  the  model's  one,  C  and  E  used  efficiently  the  I  El  and  VP  processes, 
pre-planning  the  search  and  deciding  which  movement  (or  sequence  of  2  or  3  movements) 
should  be  done  by  comparing  the  positions  of  the  movable  solid  and  the  model. 

•  When  the  same  task  had  to  be  done  with  a  figurative  cube,  all  the  3  students  used  the 
same  strategy:  They  moved  the  cube  until  the  figure  on  the  front  face  of  the  model  appealed 


1M59 

on  the  screen;  then.  Ihoy  moved  the  eubo  to  put  Ihol  fij/.uro  on  the  front  face;  filially,  they 
tunxcd  the  aibe  to  put  this  i'\y,\in'  in  the  correct  position. 

But  having  n  correct  btrMef*y  did  not  imply  i\n  ou  urocy  in  the  movement'^  While  C 
never  nwded  to  move  the  cubes  n\ore  th^n^  o  few  yteps,  M  some  times  made  very  lonj*. 
sequences  of  rotations  and  other  times  siu>rl  (ines.  There  L';  never  a  need  of  more  than  ? 
rotatloivi  to  move  the  aibo  to  the  position  of  the  model  ^  often  M  made  up  to  10  roiatioa^ 
(in  4in  occasion  she  needed  21  turns!).  Such  djfferei\l  behaviours  mean  different  levels  of 
proficiency  in  the  ust»  of  vlHuai  abilities  and  proceHst^s:  While  C  was  aiMe  to  transform  mrn»ctly 
her  mental  visual  movcrnei\t  i  into  real  rotations  on  the  computer  (i.e.,  to  \jse  properly  the  \V\ 
procej;fl),  many  times  M  was  uniible  to  perform  adequately  r.uch  prDCi^-s. 

•  Finally,  we  refer  to  an  K's  ai\swer  to  the  second  task  descrilnni,  In  whidi  it  was  evident 
thai  E  had  not  completely  ai  quired  the  ability  of  perct'pt\ial  constancy.  The  students  were 
provldtxi  with  a  'Au\{  ot  paper  conlainii\j»  a  puturc  of  a  cube  (fi^;ureH  M),  and  od\er  views  of 
the  same  cube  with  some  l»l  nk  faces  (fij;ures  8  1  to  8-1).  They  were  asked  to  draw,  when 
possible,  the  missing  f  ij;uros  en  the  blai^k  faces. 


The  slU(ienls  could  not  move  the  model,  so  they  had  to  imagine  the  shapes  and 
positions.  In  Ihe  cube  84,  \i  drew  an  apple  on  the  tro!\t  face  and  a  sheep  on  Ihe  rij;ht  one.  Ihis 
is  a  pan  of  the  dialo{;ui^  between  l-  and  a  researeher: 

■  R:  [watching;  F.'s  drawin^;s)  U  i>  iwt  t  lair  to  mc.  Where  iha^  Ow  >hn'fi  look  at/ 

-  R:  [pointit^,  to  uilv^'Ml  IM-^u't  it  look  nt  the  fj/>/'/i'.' 

-  v.:  Ya^. 

••  R:  Uut  here  IcnW-  ^J-l)  no  hn,Kcr 
'  !■:  Of  course,  bcoiUi^c  it  monr-. 

-  R:  lUil  do  all  fiKct^  move  at  one  time,  or  only  one  jihe  i/ivs.'* 

H:  Vo   fface)  Mmivs  IM  //lis  u\iy,  then  thtU  [faiel  nii>i rs  im  thh  miu 

-  R:  An>i,  liivj^  the  i^heey  eonimue  lookini^<it  //if  rJ/'/'/t'  or  no  lon^^ei  ' 

-  E:  N(»  h^ii;^er. 

'  R:  Then,  by  tumm^^  the  euk,  ean  you  nuike  the  <heep  look  al  iiijlorent  f^^utci;? 
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«  E:  Of  course. 


Conclusions 


•  The  use  of  3  different  lypes  of  solids  (figure  I)  was  relevant  in  this  experiment,  since  it 
was  evident  thai  the  figurative  cubes  were  confidently  manipulated  by  our  pupils,  while  the 
transparent  solids  were  the  most  difficult  for  them.  So  students  of  different  ages  or  ability 
levels  shall  react  in  different  ways  to  the  various  kinds  of  polyhedra. 

•  When  selecting  software  for  moving  solids,  it  is  important  to  know  how  ead\  program 
asks  for  data.  Some  programs  allow  only  rotations  of  a  specific  angle;  others  represent 
graphically  the  rotation's  amplitude  (no  input  for  angles  is  needed);  and  others  ask  to  key  in 
the  value  of  the  angle  to  be  rotated.  The  first  type  of  software  is  the  best  for  young  children, 
but  it  may  inhibit  the  development  of  analytical  reasoning.  Tl^e  third  type  is  the  best  for  good 
visual izers,  who  are  able  to  imagine  complex  movements  and  to  calculate  accurately  the 
angles  of  rotation.  The  second  type  is  good  for  students  in  an  intermediate  stage  of 
development  of  their  capabilities  of  visualization. 

•  Different  types  of  activities  have  to  be  proposed  to  students  to  promote  a  complete 
development  of  their  visual  reasoning:  Movements,  comparisons,  drawing  of,  and  building 
from,  plane  representations  are  types  of  activities  in  which  different  kinds  of  mental  images, 
abilities  and  processes  have  to  be  used  by  the  students. 

®  Some  questions  have  arisen  from  this  exploratory  research  about  the  students' 
bcliaviours  and  mental  activities:  The  use  of  analytical  or  visual  ways  of  reasoning.  Tlie  kinds 
of  mental  images  (for  instance,  static  or  dynamic,  global  or  local)  generated  by  students  of 
different  ages  or  abilities.  Those  questions  should  be  investigated  in  future  phases  of  the 
research. 
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PUPILS'  OEVELOPflOT  OP  GRAPHICAL  REPRESENTATIONS  OF  3-DIHENSlONiL  FIGURES 
..  On  Technical  Difficulties,  Conflicts  or  Dilennas,  and  Controls  in  Drawing  Process  - 

Setsuko  HAZAMA  (OSAKA  UNIVERSITY  OF  EDUCATIOSI 
Toshiyuki  AKAI  (VAMADil-HlNAHI  ELEHENTARY  SCllOQI.) 

ABSTRACT.  In  earlier  papers  we  noted  sone  developnental  aspects  of  graphical 
ropresentations  of  3-di«ensional  figures  In  clenentary  school  pupUs.  In  th>s 
paper,  on  the  base  of  attempts  which  pupils  perforned  connunication  tasks  on 
30-figurc3  and  the  individual  Interview  with  sone  of  the™,  we  will  observe  what 
technical  difficulties  they  have  in  drawing  what  conflicts  or  dilearas  they 
are  confronted  with,  and  how  they  control  their  difficulties  by  thenselves. 
In  pupils'  perspective  drawings  supplemented  with  any  spatial  infornation  v.a 
words,  sytibols  and  in  their  attenpts  of  redrawing,  we  will  observe  their 
difficulties  »r  dilODDas,  and  their  strategies  to  control  then. 

Purpose  and  Background  of  the  Re.search 

In  earlier  papers  reported  based  on  cooperative  research,  we  identified  developnental 
leveU  of  perspective  drawings  of  3D-figures.  where  pupi Is  were  asked  to  represent  cubo.ds. 
cylinders.pyra.ids  and  Junglegyn  on  a  sheet  of  Paper,  seeing  the  Pcdels  of  the.  in  one  case 
aid  i^aging  then  nentally  without  nodels  <  (1),  (2)>.  Our  individual  ,nterv>ew  w.th    r  an, 
4th  graders  showed  their  technical  difficulties,  conflicts  or  inevita  le  di  e.»as  t 
theiJ  awareness,  seeing  or  inagery,  and  drawing,  especially  at  C-leve    which  we  will  show 
Table  1.  Though  oany  of  pupils  at  C-level,  and  sone  of  then  at  lower  levels  also,  recognised 
then.  Lhey  could  not  control  then. 

This  research  has  also  connections  with  those  which  reported  based  on  French- Japaneaso 

co-oP€rative  research  <(3),(4)>.  .     .     •        i  , 

,„  this  paper  we  will  observe  what  technical  difficulties  pup.ls  have  ,n  drawing,  wha 
conflicts  «r  dilenoas  they  arc  confronted  with  and  how  they  control  then,  and  we  will  furthe, 
explore  developmental  aspects  of  graphical  representations  of  JD-f.guros. 

Methods  of  the  Research 

Our  experinent  was  conducted  as  follows. 
Subjects:  Elenentary  school  Pupils  in  Osaka,  two  classes  for  each  grade 
Grades  1st     2nd     3rd     1th     5th     Glh  lotal 

Nunb.  of  pupils         A5      57      58      62      W      afi  318 
DaLct  February »  1992  , 
Tasks:  Pupils  were  asked  to  represent  each  of  ■!  types  of  nodels  ol  3D-figures  and  to  convey 
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spatial  inforaation  of  each  of  thea  to  his/her  friends  staying  far  froa  here. 

Instruction  to  pupils!  "Here  is  a  set  of  4  types  of  nodels  for  each  of  you.  You  will  receive 
the.  one  after  another.  You  would  like  to  represenL  what  you  have  on  a  sheet  of  paper  and 
to  convey  the  suitable  representations  so  as  to  identify  then  to  one  of  your  friends 
sUyinfi  far  froi  here.  You  nay  «ive  your  explanations  using  drawings,  words  or  syubols, 
as  you  wish." 

Material:  (1)  wooden  cylinder-sodels  with  a  dianeLer  of  5  cq  and  hight  of  8  cq. 

(2)  wooden  cuboid-aodels  with  edges  of  5  cn,  5  ca  and  8  cn, 

(3)  wooden  regular^pyratiid-sodels  with  edges  of  Lhe  base  of  5  cn  and  hight  of  8  ca, 
(4)  for  1st  and  2nd  grades:  franed  unit  cube  aade  of  steel  sLicks  and  rubber  holders, 

for  3rd  and  4th  grades:  fraoed  cubes  which  2X2X2  unit  cubes  will  fit  into, 
for  5th  and  6th  grades:  fraoed  cubes  which  3x3x3  unit  cubes  will  fit  into! 
(  Latter  two  aodels  were  called  "jungle-gyn*'  by  pupils.) 
Procedure:  First  each  pupil  received  a  cyJinder-oodel .  AfLer  he/she  perfoned  the  task, 

he/she  received  a  cubo'd  nodel,  and  so  on. 

Vihole  tine  for  perforaing  all  tasks:  abouL  oO  ninuLes. 

tre  interviewed  uith  sone  pupils  individually  afler  the  tasks. 


ClHssification  and  Levels  of  Graphical  Hcpresentatior.s 

Introduce  our  classification  u(  pupils'  graphical  represenUt  ions  of  3D-figurcs  and 
developaental  levels  in  perspecLivc  drivings. 

1.  Classification  of  pupils'  graphical  reprcsenULions  of  3D-figuiL>s 

(1)  Graphical  representations  of  .ny  "state^  or  "forrr  of  3D-figures  (ue  call  then  "static*') 
(P)  Perspectives  (or  picLoriaj  drauings,  including  one  plan), 

(£)  Projections  (two  or  noro  plans  or  orlliogorui  prc'ecl ions) , 

(2)  Graphical  represent  at.  ions  of  an>  conrLrucl.on  of  then  aflcr  bre.kinf.  nontaIl>  Lhen  up  in 
any  conponents  (t»c  call  Lhetj  "const  ruclivo**) . 

(P)  Nets  (of  solid  figures) 

(G)  Construe ivc  dr.vuss  Uh i,:h  .  „„l .in  'sLHti,"  l.pes  P  .r  K  of  rcprosonl..!  i.,„.s  .,f  run- 

rononls  and  „„>  infuriMliun  u  diru.t  I,          build  up  or  conslrud  :iD-fiKm-«,  suci,  as 

tK.|> -cubes  or  fr.nod-cub,-s),  r„.!s'  ,„  p,,,-es„nl  .iunRU-g),-,  b>  using  consLrucl  iw 

dr.iv  Hig  are  shown  in  Ki^;.  i . 


2.  Dint'lopncntal  levels  it,  pcrspocl  i  vc  drdMiigs 
In  pupils'  pcrsfvcli.r  dr-dvjngs  vo  riassifiod 


<-^^-^:  ^.  A,  B,  r.  .,1,0  {)  It-voK  vhifh  Hr( 
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Results  and  Discussion 


Ve  observed  pupils'  devcloprental  inclinations  in  craphical  ropresenUtions 
froi  follovins  three  aspects: 
types  of  representations, 
levels  in  perspective  drawings,  and 

technical  difficulties,  conflicts  or  diletmas  and  controls  thei  in  drawings. 

1.  Developiental  inclinations  in  graphical  representation  types 

In  representation  of  cylinders,  cuboids  and  pyraiids,  perspectives  were  used  by  «>3t  of 
pupils  at  Ut-Bth  trades,  and  t«o  or  «)re  plans  (or  orthogonal  projections)  were  used  by  a 
SBall  nuiber  of  the.  at  3rd  and  More  at  upper  grades,  gradually  increasinj.  At  8th  trade 
about  half  of  pupils  used  two  plans  or  orthogonal  projections  or  nets. 
(I.  Japan  at  6th  trade  pupils  learn  orthogonal  projections  via  two  plans  and  nets  of  so«e 
solid  figures.)  So«  of  5th  and  6th  graders  represented  a  solid  figure  by  using  various  types 

,  as  shown  in  Fig. 2.  „     u  j 

In  the  case  of  .1un«lc-sy.  4th-6th  traders  often  used  constructive  drawings.  Ve  sho«ed  the 

cxaiples  used  by  ord  and  4th  traders,  as  shoun  in  Pig.l. 

2.  De- olc->*!ntal  levels  in  perspective  drauings 
(-)  HMa  raise  of  trades  levels  proceeds  to  D-level,  gradually  and  respectively  for  each 

Ist  and  2nd  traders  distribute  «inly  at  A  and  B-level  in  the  drauints  of  cuboids  and 
pyrauds.  and  at  *,  B  and  C-level  in  the  drawings  of  cylinders.  3rd  and  4th  traders  distri- 
bute at  B,C  and  D-level,  thouth  rates  of  distributio     of  each  level  are  different  for  each 
of  3  solid  fitures,  for  each  of  3rd  and  4th  trades  also.  Host  of  5th  and  6th  traders  are  at  C 
or  D-Ievel  and   iore  70)!  of  then  are  at  D-level  in  each  drauints  of  3  solids. 
(2)  In  the  drawints  of  cylinders,  in  conparison  with  other  solids,  «ore  pupils  are  at  D- 
level.  In  the  drawinis  of  cuboids  the  develop^ntal  inclinations  described  in  (1)  are  showed 
re.arkablly.  On  the  other  hand  in  the  drawints  of  pyramids  4th-6th  traders  at  D-level  are 
less  than  in  cylinders  and  cuboids.  Pyra.ids  are  not  fa.iliar  to  pupils  and  besides  it  is 
often  difficult  for  us  to  identify  which  levol  it  is. 

3.  Oevelop«intal  inclinations  in  technical  difficulties,  conflicts  or  dile«.s,  and  controls 

(1)  On  suppleeentary  inforration  added  to  the  perspective  drawints 

In  this  experiment,  to  perforn  the  connunication  tasks  nany  Pupils  used  perspectives 
supple»onted  with  any  spatial  inforoation  via  uords,  numbers,  sypbols,  etc.,  in  other  words, 
they  used  ".i.ed  types"  of  perspectives.  Supplencnt.ry  infornalicn  or  lejcnds  are  classified 
as  follows. 
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Fig. 2. 


Table  I 
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1)  Verbal  description  of  a  for.  or  -hole  of  a  solid  figure: 

;:  ■» -  -  -  - 

seois  to  overlook  all", etc, 
for  pyra^ds:  "Tents-,"Pyra.ids","The  for.  is  a  isosceles  irianjle  .etc  _ 

2)  lurLtes  of  components,  relations  and  structure  (  curved  face,  shapes  and  nu.oer  of 
f 3ccd  etc*) 

a   "Makini  up"  faces  or  lines  by  shadowir.i  and  accentuating  line, 

b.  Labelint  the  faces,  such  as  "top-.-botto."  or  "lateral   of  a  Lodel, 

c.  Na»ini  curved  face  and  shapes  ot  faces  and  numbering  effaces. 

d.  Directini  ones  viewpoints,  such  as  "where  1  saw  it  fro.  , 
(Pupils'  atte.pts  for  each  leiend-b.  c.  and  d  are  shown  in  Table  2.) 

e.  Dra><inc  dotted  lines. 

3)  Hcasureicnt  .        ,  o 

Pupils'  "mixed  types"  of  perspectives  are  su«ed  up.  as  shown  in  Table  3. 
s   a  d  2"     aderacccntuate  "where  striKed  .e"  by  using  ".aKing  up"  teohniouos^ 
U  e       dded  to  perspectives  via  words,  symbols  etc.  are  used  by  aany  pupils  at  3rd 
Letends  addeo      Po   P  ^     i„^„t  with  "verbal  description  of  a  for.  of  the 

"^bu  :  :i  as  curved  faces.  Shapes  and  the  nu.ber  of  faces, 

other  hand  Sth  and  Oth  graders  supple.ent  with  '^^"^ ^ 
There  are  clear  distinctions  between  ^'t-  -^'  ^^^^      „^  .  Na:.ng 

Int  the  figure  drawn  with  the  components  of  the  «>del.    ihis  v 

rr:::^;rr— -    ■  -  • 

square,  because  I  saw  it  fro.  upper  .  especially  in  perapectivos  with 

.e  Observe.  ^^^X'^:'^^^     o^alr  I'egerb.  said:  "1  .0,  the  base  is 

legend-b  and  c.  For  exa.ple.  PupUs  at  ^  '  ^  „  ,  ,  .  ,t„i,ut  "  or  "Though  this  later 
a  circle,  but  1  did  not  draw  it.  Because  it  oust  be  fl  t  and  -  J^angle'". 

31  ..St  .  a  rectangle,  this  (figure)  .not  a  recUng  e   so  I    rot   ^rectangle^^^  ^^^^ 

Legends-c  directs  their  viewpoints.    Vhere     saw  .t  f  0.  ^ 
methis  front  view".  Legends-c  are  used  more  at  4th  grade  than  at  3th  grade, 
thgraders'  viewpoints  are  freer  than  ^^rZU^Ze..!  and  they  see  hidden  lines.  So.e 
5th  and  6th  graders  drawing   °  -      ^  \re;poinU.  5th  graders  use  often 

of  the.  drew  some  perspectives  of  a  solid  figure  information  ot 

legends  of  measurement  and  Sth  and  6th  graders'  attempts  give  a  set  of  spatial  informat 

a  solid  figure. 

(2,  Redrawing  and  moving  to  other  level  or  staying  at  the ja-  1-^^  ^^^^ 
The  Table  4  shows  changes  of  levels,  that  is.  moving  to  other  level 
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cyl inders 


A  g  C  D 


cuboids 


A   B  C  0 


pyraiids 
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level  after  pupils'  attempts  of  redravinj.  A  straight  arrow  in  Table  4  aeans  a  Qoving,  and 
the  starting  point  and  tho  end  point  of  the  arrow  is  corresponding  to  the  level  of  drawings 
of  pre-redrawing  and  the  level  of  post-redrawing  respectively.  A  curved  arrow  neans  staying 
at  the  sane  level. 

In  the  case  of  cylinders  pupils'  levels  of  post-redrawing  ooved  to  upper  levels  -espec- 
tively  except  for  one  atteopts. 

In  the  case  of  cuboids  pupils'  attenpts  are  very  coaplicated  and  sone  of  them  are  shown 
in  Table  5.  In  the  case  of  pyraiids  scbo  of  pupils  at  lower  grades  changed  their  viewpoints. 

At  C-levcl,  nany  pupils  at  3th  and  4th  and  a  few  at  all  other  grades  used  one  of  the 
typical  representations  of  cuboids,  such  as  the  drawing  C*  shown  at  center  in  Tsblc  5. 

Table  5  shows  changes  of  levels  in  pupils'  atteapts  around  the  typical  drawings  C»  by 
redrawing  or  adding  any  legends. 

1st  and  2nd  graders,  who  Boved  to  A-level  froD  the  drawing  C»,  said  nt(C*)  looked  like 
strange  for  oe,  and  it's  easy  to  draw  it  froa  front."  3rd  graders,  who  «oved  to  the  C»,  said 

know  the  base  is  a  square,  though  I  see  it  like  a  upside-down  triangle.  Drawing  the 
triangle,  it  looks  like  another  object,  because  it  nust  be  stand  holizontally". 

The  3rd  grader's  attempts  shown  in  Fig.3  showed  that  he  noved,  through  iwny  steps,  iroa  B 
to  C- level. 

In  Table  5  we  observe  inclinations  as  follows.  The  first,  1st  and  2nd  graders  attempts 
inclin^^  to  nove  fro.  the  drawing  C»  to  A  or  D-level  in  their  redrawings  and  it  secrns  that  the 
drawing  C*  is   not  stable  but  strange  or  even  doubtful  for  theD  as  the  representation  of  the 

cuboids.  .  . 

The  second,  3rd  graders'  attenpts  incline  to  stay  at  C-levol  by  adding  to  the  drawing  (C* 
lef.end-a,  b  or  c,  though  the  drawing  C»  is  strage  or  doubtful  for  then. 

The  third,  4th  and  upper  graders'  attenpts  incline  to  bovo  to  upper  level. 

SUMMARY 

Graphical  representations  of  3D- figures  are  iaportant  Deans  to  coiaunicate  spatial 
infornation  on  then  between  a  teacher  and  pupils,  pupils  and  other  pupils,  and  a  pupil  and 
hiia/herself . 

In  traphical  representations  of  cylinder,  cuboids  and  pyra.ids  on  the  conounication  tasks 
pupils  use  «inly  perfective  drawings,  and  uith  raises  of  jrades  4th  and  upper  graders  use 
gradually  various  graphical  representations  :  perspectives  fron  different  vieupoints,  two 
plan  or  ortogonal  vieus,  and  nets  of  the  solids.  In  jur.£le-gyn  4th  and  upper  graders  use 
often  "constructive"  drawings,  in  which  they  seen  to  recognize  sonewhat  of  3-dinensional  f.g- 


ures. 


With  a  raise  of  grades  the  level  in  perpective  drawings  proceeds  to  0-level,  gradually 
and  respectively  for  each  solid  figure. 

Hany  of  pupils  .  especially  at  C-level,  and  for  pyranids  sooe  of  then  at  B-level  also. 
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have  technical  difficulties  in  drawing  and  recognize  conflicts  or  inevitable  dileanas  between 
their  awareness,  seeini  and  drawing.  As  we  showed  sobkj  exanples,  pupils  feel  against  repre- 
senting the  base  of  cuboids  using  oblique  lines,  and  instead  of  using  Iheo  they  add  to  their 
perspectives  any  legend  or  they  change  their  viewpoints  in  order  to  represent  nore  stably  and 
□ore  suitably  one. 

Adding  legends  to  perspective  drawings  is  their  strategy  to  control  technical  difficulties 
.conflicts  or  inevitable  dlileanas  which  they  are  confronted  with  in  drawing.  Fron  this  point 
of  view  Table  4  shows  soie  aspects  of  developnental  inclinations  of  graphical  representations 
of  3D-figures  as  follows^ 

Verbal  description  of  whole  solid, 

Attributes  of  conponents,  relations  and  structure, 

a.  **f<aking  up"  faces  or  lines 

b.  Labeling  faces 

c.  Ni.Hing  shapes  of  faces 

d.  Directing  ones  viewpoints 

e.  Drawing  dotted  lines 
Heasuroasnts. 

)(any  of  5th  and  8th  graders'  attempts  in  drawing  give  a  set  of  spatial  inforuation  of  a  solid 
figure  also  fron  these  aspects  descrived. 

When  pupils  feel  strikingly  technical  difficulties,  conflicts  or  dileiias,  they  redrew. 
So»c  aspects  of  developiontal  Inclinations  were  obserned  in  pupils*  redrawing  attoHptsI 
Boving  to  other  level  or  staying    at  the  sate  level. 
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CHILDREN'S  USEOFDUGRAMS  AS  A  PROBLEM-SOLVING  STRATEGY 


Fnmcis  Ix)pcz-Re^l 
Vnivcrshi  BruMi  Damssahm 


PultniRtmy  K.  Vcloo 
Univeniti  BruMi  DarussaUvn 


Abstract :  Drawing  diagrams  h  an  often  recommended  strategy  for  probUm-soMng  In  the  literature.  This  paper  e^ines 
to  whai  extent  children  actually  use  this  strategy  mui  discusses  some  specific  examples  ofthetr  ara^^rngs  along  with  their 
use  of  diagrams  presented  by  (he  authors. 


Introduction 

For  many  yetiB  now  the  ability  to  solve  problem  in  mathematics .  as  been  recognised  by  mathematics  educators  as  a  key 
element  of  the  malhematioi  curriculum  (NCTM,1984;  Cockroft,l982).  School  children  however,  have  b«a  noted  to 
expeileooe  cottBtdcrablo  diffioilty  in  solving  mathematical  word  problems  despite  the  increased  emphwis  given  to  it  in 
school  miUheiMliw.  A  step  tba'l  is  considered  critical  in  wWins  word  problems  is  understanding  the  probletu  and 
rrp««KMtin«  it  in  a  meaningfi,!  way  (Scboen  Oehmke.1980;  Davis  &  Silver.  1982).  Uere  arc  at  least  3  ways  of 
itpnj-eatiflg  a  problem.  <l)  informal  and  linguistic.  (2)  physical  or  visvud  and  (3)  algebraic  (Rc.-nick.et  al..  1581).  Related 
to  (2)  t«  the  u»e  of  drawing  of  diagnmw  as  a  strategy  in  solving  word  problems. 

•n,o  drawing  of  diagrams  a.  a  problem  solving  lUategy  has  long  beai  advocated  by  mathematics  educators 
(Polya.1957;  SchocnfeW.  1985;  Hyde.A.A.  et  al.  1991)  a£Kl  has  of  late  received  ct^^h  attention  (Gonzales.  1986; 
Eodncr,1991)  Although  this  has  boon  the  case,  the  cxt'-.at  wliich  children  use  this  strategy  in  problem  solving,  or  how 
spootaiKXHitly  thia  »tralegy  has  been  resorted  to  has  .Krt  been  fully  investigated.  In  a  recent  study  by  the  aulhorB  (Upcz- 
Real,  Veloo  A  Ma»wiab,  1992)  analysing  the  pcrfonnanco  of  primary  ichool  children  in  a  mathematics  eMmimtion,  it  was 
noted  that  in  only  about  190  of  tho  wordi^roblems  attempted  by  pupils  was  any  kind  of  diagram  evident.  Furtlicrmorc, 
eve«  if  the  word  problem  involved  refe^rnccs  to  geometric  figures  such  as  rectangles  and  so  on.  the  use  of  diagrams  to 
solve  the  problem  was  rare  indeed.  Tht  main  focus  of  this  paper  will  b«  on  children's  success  in  solving  word  problems 
aftef  the  hint  of  drawing  diagrams  was  given. 
Methodology 

Ninety-six  Standard  5  and  Standard  6  primary  school  children  were  given  a  series  of  word-problems  to  solve.  After 
marking  tho  problems  a  selection  of  tl.e  tmsucc«;sful  instances  were  studied  further  using  a  "Ncwnmn-  interview  procedure 
(Newnian.1977).  That  is,  classifying  the  point  at  which  error  occurred  under  the  categories  Reading,  Comprehension. 
Transformation.  Prx)ceH3,  and  Encoding.  A  number  of  the  problema  used  in  this  le«t  had  been  chosen  because,  in  the 
author,'  view,  the  use  of  a  diagram  could  be  helpful,  if  not  esseoUal.  in  their  solution.  It  is  these  particular  problems 
which  the  re«t  of  this  paper  is  concerned  willi. 

Noo«  of  the  ehlldrco  in  the  study  failed  to  solve  a  problem  due  to  a  Reading  error.  The  Comprehension  and 
Transformation  stages  aic  often  difficult  to  untangle  even  during  interview,  however  they  arc  bodi  clearly  difitinguishahle 
from  a  Process  or  Encoding  error.  TTius  the  errors  that  wertj  identified  in  those  former  stag«.  were  now  followed  up  with 
the  following  procedure.  First,  the  pupil  was  asked  to  draw  a  diagram  of  the  problem  and  to  include  any  important 
mformalion  from  the  problem.  Tlity  were  then  a.sked  to  try  to  solve  the  problem  again,  using  their  diagt^m.  No  help  or 
assistance  was  given  by  the  interviewer:^.  If  the  pupil  was  unable  to  draw  a  diagram  or  wa.s  still  unsucc^sful  after  having 
drawn  one.  they  were  then  presented  with  a  diagram  drawn  by  the  authors  and  asked  to  try  again  u^ing  this  diagram. 
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502 


M?0 


Orcmll  Results 

The  nuun  purpo«e  of  this  ptp«f  i$  to  di«cu«  »ome  of  the  idiocyDcretic  •{>f>ro*cbos  of  pupiU  usio^  diagrum  in  problem^ 
•olviAg  tod  to  try  (0  identify  tuy  signific«&t  elcmests.  Howcvct,  it  it  useful  to  look  briefly  at  the  ovmiI'  pau«ni  tluU 
emerVM  from  the  itudy.  In  the  inititl  testing,  the  number  of  "di«gnim-«uit«blc'  pfoblem,?  tlut  were  ratrkod  w*s  693.  Out 
of  this  numbM- juf<  35  (i.e.  5%)  involved  the  um  of  •  spontt&cous  di«{niro.  (Out  of  iIkm  35  casc«,  20  weo5  solved 
oonvctly.)  Tbi<  i«  t  striking  indicttion  of  the  fact  thtt  Although  the  use  of  ditgruas  hM  been  widely  Advoc«led  in  the 
Uterafure,  m  toentioncd  in  the  introduction,  in  radity  it  is  a  very  nrely  used  strategy  by  childftm.  The  fbUow-up  mculti 
for  tfaoM  problcfDs  wiiich  bad  been  unwcceaiful  it  the  Con^Miobciuion  or  Traosformatioo  tUge«  sro  m  foUowi : 


Able  (o  drew  Dltgnun 
Ye*  No 

107  19 


If  Diagram  Drawn 

Succe«sfu]  Unsuccessful 
41  66 


If  Authors'  Diagram  Uacd 
Succc«aful  UnsucccMful 
52  26 


iNoi£:  In  a  few  casti,  ofier  an  utixttcctssful  otifmfH  using  their  own  diagrxwi,  thr  authors'  diagram  was  not  subs  fquf nth 
useid  because  It  was  almost  itUnticul  to  the  diagram  drawn  by  the  pupil.)  The  atriking  future  to  notice  bore  is  that  nearly 
one  third  of  the  atteinpts  which  had  previously  failed  were  now  luccestful  with  no  further  assiatance  or  lK*p  other  than  the 
mgffttion  to  ropriwcat  the  informatioo  and  aituation  of  the  pfoWem  pictorially.  The  i««poaMa  to  the  apecific  proWeniJ 
VJBtA  in  thh  *n!dy  ^  nuw  discusaed  in  more  detail. 
DiacuMiOfi  of  sekctcd  dUgrwns 

FrobUmI:  A  teacher  hough/  a  bundi  of  bcmanas  to  be  shared  equally  among  12  boys.  8  of  the  bananas  were  bod  and 
were  thrown  OHny.  ^er  this  each  b<ry  nceis^sd  4  bananas.  How  many  bananas  w^re  in  the  bunch  aS  the  tlarx7 


Tcnnizi 


Uasnul 


Ixzudin 


SSI 

i 

The  diaf  rams  show  thAt  ooce  a  matching  ha«  beca  entabliabed  between  the  itudenU  and  bcnaoac,  pupUa  ween  able  to  obuin 
with  oMe  the  critical  step  12x4.  Iizudio't  is  an  example  of  the  toore  coaimoQ  fonn  of  helpful  diaftim.  Termizi  shows  a 
slight  varialioa  m  that  be  began  by  drawing  4  bcocnaa  (concrete)  but  lh«  decided  to  write  inite*d  the  nuiwber  4  (lymbolic) 
for  the  rest  of  the  diagram.  Similarly  Hasnal  began  by  drawing  4  bananas  per  pupil  but  did  not  proceed  beyond  the  2ad 
pupil.  The  procets  of  beginning  to  draw  the  picture  itself  was  su(fici«)t  to  eoable  him  to  enUbliih  the  matcliing  between 
pupils  and  bananifl.  Pwncla  and  Rebecca  are  examples  of  t  more  symbolic  fonn  of  rcprcscnUtion.  Pamela  showed  the 
relationship  between  the  students  and  bananas  by  means  of  a  long  bracket.  This  diagram  was  meaningful  enough  for  her 
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p„«n.ll,  .0  woA  0-.,.  .he  «..^vcr.  On  «,c  o,hc,  hand  .he  (unCon  »f  Raxx^'r,  dn,8r««.,  .p^.^  .o  he  .o  help  he,  .u 
inoUte  iho  imporlAni  aspccis  of  the  pr(»»>lom. 
Unxuarssful  diaanwis. 

Two  cx,n.plc,,  of  unhelpful  <t..g™a«      prc«n.cd  .b.>ve.  In  .H,.h  U,e.,e  d,.g™,n,  U,o  in^x-run.  infon«..,on  b.,  no. 
,„c<..pon..«l  .n  a«  >l,.sr.n.,,  .nd  hence  w«  of  m,  help  .o  Ihe  pup.U  conecroed  m  solvms  U.o  problem. 

PnM..  2.  ^  r«/  (hu  3  „n,.  as  ,„.W,  «  <•  .W,».Jfi<^  H^'.-  -W" 


1  r — 1 


R07iC 


lh««  d.ffc,.n.  .ypea  of  di.g™.,,  we,.  oh«,ved  lor  U>i.  qu«.ion,  U>c  ■««.  comnK,n  being  one,  .i.nil.r  .0  .1...  d™wn  by 
Rotie  -n.  ....K^m  eM.rc,se.,  dcrly  U,o  reU.ionship  lx^v«„  U,c  red  bo,  .nd  .he  blu.  Ik,,.  An  b.crcaio«  reprcsen....on 
of  ,h«  p«.blem  wa»  observed  in  .he  d,.gr.n,  d,.wn  by  Ho;«,.  He  drew  .hx«  UU.c«,  .he  r.r>.  wiU.  d,e  poin.er  3.  U«, 
««md  wiU,  U.C  po.n.er  1  u^^i  U,o  .h„d  wi.h  .he  po.n.er  ..  1.  Ho««,'.  e.>nunen.  ..  0,1.  ,«in.  w«.  •  1  -u  only  n-V,n« 
4  bccuse  36  would  Ik,  .o<,  b,«.-  ITi^  ...ongly  muc^^  >h..  Ho«...  h«  .  cle.r  view  of  U,e  r.Uo,  involved  «d  keeps  .he 
V.1UC  J61<g(*o  .oul  weigh.)  in  h,«  be.d.  He  Aen  ™cee.«fully  wro.e  dov.-n  .he  s.ep  36-^  4.  (No„ce  U,..  hi,  «.le,,  do  no. 
begin  wiO,  zero  .hough.)  Uyan  drew  .  l«,c  «,d  n-rVed  ou.  36  p,r«  .o  repK«o.  a«  .oUl  weigh.  30kg.  He  coun.ed  .long 
U,e  ..nc  «,d  n«rke<l  .  longer  dmsion  on  9  «.d  s.id  .h..  .he  weigh,  of  .he  blue  box  is  9kg.  He  U>en  proceeded  to  e,leul..e 
U,c  weigh,  of  me  red  to,  «  36-9.  n<>  i.s  .n  e,.,„ple  of  ...  idioaynert.ic  rcprescnu.ion,  which  w«  cle«  .o  iv>.n 
pcrjionclly  bul  n«y  not  be  to  olhern. 


Urtsuccfssful  diagrams 


n,..  diagrar^s  Ucked  t  clcr  visu.1  relationship  l^twccn  the  bo...        «ppe*r«  to  be  .  cnicl.l  f.ctor  «  U.c  pup.U  were 
found  to  solve  the  problem  with  ea«:  when  prc^ntcd  with  tlic  authors'  iliagmm  which  was  similar  to  Roz^e'.. 
Problem  S.  A  lesson  hsisfor  35  minutes.  It  endsjit  lllOo-m.  At  whm  timt  does  the  lesson  besin?^ 

Succesaful  Dioffratrv:: 


Otnar 


Faikts 


Emmu 


504 
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Although  Onuf  h»a  drtwn  m-o  clocks  hie  noliitimi  to  the  problem  wis  c*m«d  out  entirely  oo  tho  *Ends"  clock  by  counting 
back.  Thus  the  drawing  of  tho  'Starf  siliutioo  iecmi  to  bo  timply  i  wiy  of  recording  the  luuwcr.  However,  it  wm  noU-xJ 
having  drawn  die  iw^lution  Oiimr  a>en  counled  forward,  ihus  cl»«kif»i  hi«  tiiswf  r.  Another  point  to  notice  is  thtt  ihc 
hour  hand  in  rather  inaccuiately  placed  tnd  another  person  interp'Xting  iho  diftgmn  would  bo  likely  to  read  tho  time*  an 
.0. 10  and  9.35.  It  appears  that  Omar  keeps  the  "hours  relationship'  in  hin  head  while  using  tho  diagram  to  help  him  willi 
the  problem  of  tho  minutM.The  wme  strategy  is  apparent  with  Palkis  who  dr^WH  Uio  final  fiitiution,  then  counts  back,  and 
then  inr.ert3  only  tho  mmule  hand.  But  his  ftnal  answer  is  novertliele«A  correctly  written.  Iliis  strategy  in  even  nwre  clearly 
iUuslratod  by  Rnmw  who  dors  not  bother  to  inchKle  the  hour  bands  in  her  diagram  at  all. 
Vnsuccrsxful  Dlagraitis: 


Begins 


35  nilns 


Ends 


11.10  a.m. 


in  AdIi'E  case  it  is  po.v.jblo  that  he  baa  Kpent  bo  much  lime  on  Irrelevant  fcaturea  of  the  fmal  situation  thut  ho  loses  bight  of 
the  relational  aspect  of  \hc  problem  i.e.  Ihc  (imo  difference  betwcefl  sUrt  and  cfid.  On  being  presented  with  tlio  aulhom' 
diagiain  Adli'8  rwi{X)nso  was  fairly  typical.  Adfl:  Hut  It  dorsn't  show  ihr  tnhutrji. 

Intmi^H^r:  No,  but  if  you  like  you  aw  copy  it  aiui  add  anythlna  >y)M  wmi. 
Adh  ihcii  proceeded  to  draw  his  own  voi«ioii  and  bucccwifjll,'  solved  die  inxjblcm.  llic  ruarkidE«  at  5-nunutc  intervals 
were  {>|>onttuioous  on  biti  [uirt. 

Prohlmt  6:  The  area  of  a  rfcia:\f^{e  Is  40  an^.  Us  Unjith  is  8  an.  \Vhat  is  the  perimeter  of  the  recian{(le? 
Succensjui  dttifitatt*^ 


Dcirdrc 


il 

ir^o"  +8-1: 


Iryan 


All  pupils  were  able  to  draw  a  rectangle.  Dcirdrc's  tolution  was  mnWtr  to  die  iiulhors'  diagrNrn  and  was  fairly  typical  of 
diagranw  drawn  by  iiucce*i5ful  pupils,  liyan  drew  two  rectangles,  the  firsl  with  arrows  along  iho  fiidcs  to  Indicate  pciimctcr 
and  tho  otiier  with  actual  dimcoiiious.  Ho  worked  out  Ijje  problem  as  snown. 

Problem  7.  A  white  stick  is  3  times  longer  than  a  black  stick.  The  difference  in  their  lengtlLs  is  }2ari.  Wiat  is  the 
IttiJith  of  the  black  stick  ? 

Successful  Diaf{NUfU:  KHrlika 


3^4 

V5* 

17  If 
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Kxrttkt  wikAt  (wo  attempts  it  «  (Itxwmg  uillKxtt  My  prDO^in^  from  the  intcP/iewcr.  Hiving  con)pte(«(i  her  flrvt  dt^wtns 
itM  iminediit«ly  ahook  ber  hc«J  «nd  uid  'No,  tbat'i  not  ritbt*.  SIm  proc««dod  to  draw  i  Mcood  .^iigrtin  in  and  th«Q  wro<o 
drtwii  (ho  aiMv^Tr  6cro  without  h^fiitntiofl.  Hor  Mcood  ditfnun  is  ia  fact  ttjuMt  idcoticAl  to  (be  authors'  diagrtn^  fof  thii 
prohlein.  Marctu  lued  a  totally  differra(  ktntegy.  Hit  repreMOUtion  was  in  trrmi  of  'txMtchKicks*  lod  be  liscd  a  (rial*u\d- 
error  appmach.  Marcua  was  also  umuual  in  that  Ik>  focusNcd  itroogty  oa  the  diffcrrtKo  i>c<wc<n  tht  two  sticks  tt«ing  12cm. 
He  kt[\t  (bis  paramctcf  coQStant  vvhilr  varying  ibo  leogtJiB  and  checking  on  tbo  "3 ♦times'  condition.  The  figxirca  in  \\k 
diagram  show  his  con^ccutivo  triaU,  i.e.  (3,15),  (5,17),  and  finally  (6,13). 


W 


VAc 


Hxirol 


■.:~:i> 

01  IZchi  - 


RufttMldin 


A  number  of  Uw  childrtn  were  able  to  rcf  rodf^it  U»o  'S-litiwii'  rclatiofjship  cftLvlivcly  b\it  were  Ihco  uaablo  to  mterpre*  tbo 
'diffcrcnco*  ap|>mpriately .  Hairol  hai  alignod  tJve  Btickj  in  Ibo  luwrt  h«lpful  way  in  tenia  of  the  "difftrcooi'  ispoct  but 
doM  ltd  put  this  Lnfonua(ioD  on  liis  diagram.  Siroilaily  Rain^iali  and  Faxhani  ittustralo  a  lack  of  underRtaodittg  of  the 
diffctctitjo  Cisccpt.  I^rtth  RaftuddijQ  and  Arue  were  unjtucccssful  with  their  ov/n  diagnmfl  but  quickly  tclvod  the  problem 
using  th«  authors'  version.  In  bolh  c^sea  dwy  have  drawn  coticreio  PA«mp!*fi  nf  tlw  sticks  attd  the  infomwitlofi  from  the 
ptuHcm  io  bimply  written  alongsido  tbo  diagram.  Thus,  the  data  and  relatioriUiipii  slated  in  (ho  problem  arc  not  ctfcciivdy 
in<5orp{iralcd  into  tbo  disgram.  lliis  wan  a  conuuoo  fe«»ure  of  m<iny  Uflm*cc««sful  aKeuipts  for  all  U»  problomtf. 

Vroblm  8.  Vxert  ait  GOO  boys  and  400  gitb  in  a  sdujol.  One  dity  3%  of  itU  the  i-hlldtcn  were  absent.  If  1%  of  the 
hoys  were  absent,  how  many  girls  wet^.  al)S€M? 

Successful  Diagnznis: 


Sara 


Pauline 


506 
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The  key  feature  of  both  these  c««;  is  the  fact  that  the  3%  is  clearly  related  to  the  whole  population.  However.  Pauline 
indicates  the  number  1000  on  her  diagram  which  docs  not  appear  as  daU  in  the  problem  (i.e.  she  has  already  performed  a 
calculation).  On  the  other  hand .  Sara  has  only  marked  "data  given  in  the  question.  Her  understanding  that  the  3  %  must  be 
applied  to  the  whole  school  is  shown  by  her  crossing  out  of  the  dividing  line  between  boys  and  girls  at  the  bottom  of  the 
diagram. 

Unsuccessful  diagrams;   


Safrina 


2^ 


Mo 


Malai 


In  tlie  same  way  as  Pauline  above,  both  these  cases  have  incorporated  numbers  which  they  have  calculated.  Unfortunately 
they  have  both  jumped  to  th.e  conclusion  that  the  pcrceoUge  of  girls  abwnt  is  2%.  Tliis  was  by  far  the  most  common  error 
for  this  problem.  Without  this  error  it  is  possible  that  Stfrina's  diagram  would  htvc  been  helpftil  but  the  separation  of  the 
data  into  two  halves  by  Malai  prsvcoLs  the  crucial  relationships  being  seen- 

Discussion  of  GejKral  Features 
/;  Initial  attempts. 

Before  we  consider  feature  relating  to  the  me  of  diagram.-;  it  is  of  interest  to  look  at  the  kinds  of  stntegies  and  behaviour 
cvidcaccd  by  the  children  prior  to  being  asked  io  draw  a  diagram.  One  of  the  roost  common  was  performing  an  operation 
miUated  by  a  "cue"  word  in  the  problem.  For  example,  the  word  "times"  m  Problems  2  and  7  often  resulted  in  the 
operauocs  36x3  and  12x3,  and  the  word  perimeter  in  Problem  6  soinctimcs  led  to  2(40  +  8).  Stuart's  comment  while  trying 
Problem  I  highlight  Ihjc  type  of  strategy:  "It  says  'dirown  away'  so  it's  got  to  be  a  subtract  somewhere! "  The  trouble  is 
that  guch  words  act  as  mis^ues  almost  as  frequently  as  they  cue  the  appropriate  operation.  Unfortunately,  we  suspect  that 
the  strategy  of  looking  for  cue  words  is  actively  encouraged  by  many  textbooks  and  teachers. 

Even  where  it  was  not  a  oisc  of  being  misled  by  a  cue  word,  the  spocd  wiUi  which  children  launched  into  operating  on 
the  numbers  themselves  (without  apparent  reference  to  their  meaning)  was  very  striking.  Typically.  12x8  and  12-8  were 
fnqucot  attempts  at  Problem  I,  while  36+ 3  and  12-1-3  were  even  more  common  for  Problems  2  and  7.  Subtracting  I  % 
from  3%  io  Problem  8  was  an  immediate  reaction  in  almost  all  the  pupils.  Problem  3  was  interesting  in  that  many  children 
cho»  the  correct  operation  but  subtracted  the  numbers  as  if  Ibcy  were  ordinary  decimals  (i.e.  11.10  -  0.35  =  10.75). 
Morwver,  a  numt<r  of  children  spontjmeously  indicated  that  they  knew  their  answer  was  not  right  -  "There's  only  60 
minutes  in  an  hour"  -  but  were  unable  to  see  how  to  correct  it. 

//;  Function  of  Diagrams. 

Given  that  nearly  1/3  of  the  pupils'  attemfjts  were  succcssftjl  after  simply  drawing  a  diagram,  can  we  identify  what 
ftmction  the  diagram  is  playing  in  those  cases?  The  Problems  where  a  diagmin  was  suggested  by  the  interviewer  were  those 
where  children  had  failed  at  the  Comprehension  or  Transformation  stages,  so  can  a  diagram  help  in  some  way  to  overcome 
those  difficulties?  Ut  us  first  consider  Comprehension  (or  Understanding).  We  suspect  that  there  are  at  least  two  elemenU 
involved  m  underslanding  to  be  considered  here.  The  first  anwis  from  the  Newman  instruction  "  Tell  mc  what  the  question 
If,  Rjikmt{  you  to  dt).  ■  This  is  effectively  K.sking  whether  the  child  understands  the  structure  of  the  problem  and  docs  not 
prol^c  any  undcn;tandinij  of  the  Mx..nd  element  which  is  the  comrpts  involved.  Thus  it  wa<5  clear  that  wmc  children 
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underelood  the  'sticks"  problem  in  icrms  of  knowmg  ihey  bad  to  Rod  ihc  length  of  the  ^rtcr  slick  but  did  not  h*vc  in 
understanding  of  Ibc  "difference'  concept.  Docs  Uus  mean  that  understand injf  (in  both  icnses  above)  is  a  pre-requUUe  for 
drawing  an  appropriate  diagram?  From  our  observations,  it  appears  to  us  that  the  very  act  of  drawing  a  diagram  focusscs 
the  child's  attention  on  to  what  the  numbers  represent  rather  than  tl»e  numbers  as  abstract  eiiiitie*.  In  this  jcosc  the  function 
of  a  diagram  may  be  to  act  as  an  aliemaiive  form  of  'expressing  the  pit>blcm  in  one's  own  words'  (which  is  another 
problem-solving  strategy  of^en  advocated  in  the  literature).  It  is  as  though  it  helps  oowclf  become  aware  of  one's  own 
understanding.  Having  focussed  on  the  meaning  of  the  numbers  and  their  relationships  within  the  problem,  it  then  appears 
that  the  diagrmm  can  act  as  a  key  aid  in  the  Trans fonnalion  ittge.  For  example,  as  we  saw  before  in  the  "bwmus" 
problem,  Hasnal  breahs  off  the  drawing  process  because  his  initial  nutching  of  pupils  with  bananas  brings  the  realisation 
(which  hf  did  not  haw  txfort)  that  he  needs  to  multiply. 

Hi)  Helpful  Features  of  Diag  ranis 
D&sptte  the  optimistic  note  of  the  last  section,  we  must  remember  that  for  most  of  the  children  their  own  diagtums  did  not 
lead  to  success.  Can  wo  therefore  identify  any  significant  differences  between  successful  and  unsuccessful  diagrxras?  Two 
specific  clcmcots  fca'ured  regularly  in  the  Kucccssful  cases.  First,  the  incorporation  of  numerical  information  from  the 
problem  into  the  diagram  itself.  Second,  the  reprcseoUtioQ  of  relatiooships  in  a  clear,  visual  fonn.  However,  theiie 
obecrvationa  need  to  be  qualified  with  some  further  coounents.  It  wu  clear  from  this  study  that  the  nature  of  the  problem 
itself  was  a  highly  significant  factor  in  the  kind  of  diagram  that  wis  drawn,  and  this  would  cither  facilitate  or  hinder  the 
ease  of  rcprtscoting  relationships  visually.  For  example,  if  a  realistic  diagram  of  boxes  is  drtwn  for  Problem  2  then  it  is 
unlikely  that  the  "3  times"  relationship  will  be  shown  visually  (since  rite  usually  varies  iin  throe  dimcosioos)  whereas  the 
"sticks"  problem  is  essentially  one-dtmenstonal  and  hence  either  a  realistic  or  symbolic  diagram  can  easily  show  the 
relationship.  In  fact  many  of  the  diagrams  could  be  classified  on  a  contmitum  from  Coocnrte/Rcalisttc  to 
Abstracl/Sytnbolic  but  because  of  the  above  comment  it  was  unclear  whcihc^  or  not  they  correlate  with  success  or  failure. 
Nevertheless,  in  this  context,  one  thing  is  clear.  When  a  problem  movci  from  small  to  large  numbero  iben  a  more  symbolic 
representatioQ  bocomct;  a  necessity.  This  is  well  deroonstrated  when  comparing  Problems  1  and  8  and  leads  us  to  the  next 
issue  discussed  ia  part  (iv)  below. 

iv)  Are  there  Siay,es  in  Diagram  Development? 
Sometimes  children  expressed  puzzlement  on  first  being  asked  to  draw  a  diagram.  One  fuch  reaction  was  "Do  you  mean 
like  we  used  to  do  in  Standard  1  and  2?"  The  workbooks  used  by  these  children  in  the  first  years  of  the  primary  curriculum 
contain  a  large  number  of  diagrams,  mostly  of  the  ooncretc/rcalistic  variety.  However,  during  informal  disctissions  with 
the  children  it  was  apparent  that  they  were  no  longer  encouraged  to  uae  diagrams  in  their  tnatbematic*  aad  indeed  may  have 
been  actively  discouraged.  The  attitude  of  some  of  the  children  eug««ted  that  they  viewed  the  use  of  diagrams  as 
something  they  should  have  "grown  out  oP.  And  yd  more  than  a  half  of  those  who  failed  with  their  own  diagrams  (or 
were  unable  to  draw  one)  were  successful  when  presented  svith  the  authors'  diagrams.  One  boy  commented  '1  understood 
the  problem  before,  but  I  underi^ood  it  even  better  with  the  diagram".  However,  a  sizeable  proportion  of  the  pupils  were 
still  unable  to  succeed  with  the  authors'  diagrams.  Now,  altliough  it  had  not  been  our  conscious  tntcnUon.  it  is  clear  that 
the  authors'  diagrams  were  all  at  the  Symbolic  end  of  the  continuum  described  earlier.  (The  diagrams  for  Problems  1  and  8 
are  shown  on  the  next  page.)  It  could  well  be  the  ca.««  that  some  children  were  not  "ready"  for  such  rcprcsenutions  and  yet 
might  have  been  able  to  interpret  a  more  realistic  version.  All  these  points  lead  us  to  conjecture  that  children  may  need  to 
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progress  ihrwjgh  stages  of  dcvclopmem  in  the  drawing  and  interpretation  of  diagrams  for  problem-solving  but  arc  not 
being  given  the  cxpcricocefi  or  encouragement  lo  enable  them  to  do  so.  (Compire  this  with  the  readily  accepted  stoges  in 
graphwork  oxjviag  from  pictograms  and  one-one  idcotificalion  up  to  histograms  and  line  graphs  etc.) 
v)  Final  Communis 

Mo6t  of  the  children  were  interviewed  oq  3  or  4  problems  and  one  of  the  characteristics  that  emerged  was  their 
itccptiveoefis  (after  initial  uncertainly  in  some  cases)  to  taJce  on  board  the  strategy  of  drawing  diagrams.  On  m«iy 
occasiona  a  pupil  would  %sk  whether  they  could  'draw  a  diagram  this  lime'  withcul  being  requested  lo.  "I  think  a  diagram 
would  be  useful  here"  was  Another  commeol  from  one  boy.  There  are  strong  indications  in  this  study  lhal  drawing 
diagrams  can  be  an  importaiil  strategy  in  problem-«olvuig  but  is  one  that  is  nol  being  exploited  'at  the  chalk-face" .  The 
desire  to  push  children  loo  quickly  into  abstract  manipulalion  and  algorithms  may  be  one  reason  fof  this.  And  possibly 
tencliers  have  the  perception  (which  is  passed  on  to  the  children)  Out  drawing  diagrams  is  somehow  less  mathematically 
reapecUble  than  algebraic  manipulation.  However,  if  this  strategy  is  to  be  taken  seriously  it  must  be  realised  that  it  needs 
to  bo  taught.  (But  not  \n  ti  rigid,  algorilhnuc  manner;  the  rich  diversity  of  examples  given  in  this  paper  should  be 
encouraged.)  Children  need  to  be  given  a  repertoire  of  techniques  and  strategics  from  which  to  select.  If  one  accepts  the 
broad  visualiBer/ooo-visualiicr  style*  of  thii^g,  it  may  be  that  Don-visualiscrs  would  make  little  use  of  this  strategy.  But 
our  rtudy  Indicates  that  children  are  not  even  being  provided  v/ith  the  possibility  of  choice  which  is  surely  a  matter  of 
concern.  Wc  feel  that  there  is  a  rich  field  here  for  further  research  both  in  identifying  the  salient  features  of 
nioceesfui /helpful  diagrams  and  in  developing  suitable  curriculum  materials. 
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Abstract.  In  the  fra/r«  of  a  research  project  on  geometrical 
reasoning  a  particular  phenomenon  was  highlighted:  the  influence 
of  standard  images  on  mental  processes.  The  report  presents  the 
interpretation  of  this  phenomenon  according  to  the  theory  of 
Figural  Concepts,! 

Introduction.  This  report  provides  some  results  of  a  research 
project  still  in  progress.  The  general  subject  of  investigation  is 
geometrical  reasoning  and  the  study  of  the  dynamics  between  two 
critical  aspects  in  such  reasoning:  the  figural  and  the 
conceptual.  The  general  reference  frame  is  the  theory  of  figural 
concepts  [1){2][7]. 

The  main  thesis  is  that  geometry  (in  elementary,  Euclidian 
terms)  deals  with  particular  mental  objects,  the  figural  concepts, 
which  possess,  at  the  same  time  both  conceptual  and  figural 
aspects.  These  aspects  are  usually  in  tension:  the  dialectic 
between  figural  and  conceptual  aspect  is  characteristic  of 
geometrical  reasoning. 

The  aims  of  the  experimental  research  project  are  to  observe  and 
describe  mobilities  of  this  process.  The  collection  of  data  is 
organized  around  simple  problems  about  solids  (for  a  description 
of  the  experimental  design  and  other  details  see  151(6]).  The 
following  tas)^s,  among  others,  were  considered:  counting  the 
number  of  faces,  vertices  and  edges  of  a  specific  solid,  and 
drawing  its  unfolding. 

The  study  was  carried  out  at  three  different  age  levels  and  with 
pupils  attending  different  schools  in  different  social  contexts. 
Particularly,  three  different  age  levels  were  studied,  following 
the  same  experimental  design:  the  end  of  the  Primary  School 
(pupils  aged  10-11),  the  end  of  the  Middle  School  (pupils  aged  13- 
14)  and  the  end  of  the  High  School  (pupils  aged  17-  18). 

The  method  of  observation  was  a  standardized  interview;  that  is 
to  say,  the  schedule  of  the  interview  was  fixed  and  the  same  list 
of  questions  was  given  to  all  the  subjects.   In  this  way  each  one 
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was  asked  the  same  questions,  but  at  the  same  time  the  subject  was 
left  completely  free  to  use  his  own  strategy  for  solution  and  to 
comment  on  it.  Because  the  interviewer  was  present,  it  was 
possible  to  observe  most  of  the  process  underlying  the  solution. 

The  analysis  of  the  collected  data  highlighted  a  number  of 
interesting  aspects  and  a  previous  report  gave  a  first  account  of 
them. 

In  this  presentation  a  particular  aspect  is  chosen  and  deeply 
discussed,  in  order  to  illustrate  the  idea  of  Figural  concepts  and 
their  dynamics;  this  choice  is  based  on  the  conviction  that  the 
following  discussion  is  meaningful  both  within  the  framework  of 
the  theory  of  figural  concepts  and  because  of  the  fact  that  it 
goes  on  in  the  same  direction  as  the  results  of  other  studies 
C3][4)[7)I8], 

A  particular  phenowenon:  the  role  of  prototype. 

Let  us  consider  the  counting  task:  a  solid  is  shown  and  then  it 
is  hidden;  the  subject  is  tiien  asked  to  count  the  number  of  its 
faces,  vertices  and  edges.  In  other  words,  the  taain  characteristic 
of  the  counting  task  is  that  the  subject  is  asked  to  count  in 
his/her  mind. 

Among  different  counting  processes  used  by  pupils  a  very  common 
performance  can  be  observed;  frequently,  and  again  at  different 
age  levels,  the  mental  image  of  the  object  seems  to  be  assimilated 
to  a  standard  image,  which  doesn't  correspond  to  the  real  object. 

Consider  the  regular  Tetrahedron.  The  solid  is  shown,  the  pupil 
look  at  it;  then  the  object  is  hidden  and  the  pupil  is  asked  to 
count.  One  of  the  most  frequent  answers  sounds  like:  "5  faces,  5 
vertices  and  8  edges".  The  mental  image  on  which  the  pupil  is 
doing  the  counting  is  not  that  of  a  regular  Tetrahedron,  but  that 
of  a  square  pyramid,  and  the  answer  is  consistent  with  this 
substitute  image. 

This  kind  of  phenomenon  is  very  common  at  different  age  levels, 
but  overall  very  persistent.  The  substitute  image  of  a  certain 
solid  is  always  the  same  -  i.e.  the  square  pyramid  for  the  regular 
Tetrahedron  -  and  in  this  .-ense  we  speak  about  prototype  effect. 
Furthermore,  the  substitute  image  seems  to  insinuate  itself 
without  any  possibility  of  control  (see  the  protocol  enclosed). 

Reasoning  is  submitted  to  the  influence  of  such  standard  images: 
when  the  object  is  hidden,   the  percetual   stimulus   is  interpreted 
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according  to  a  prototypical  image:  few  critical  attributes  present 
in  the  object  draw  the  pupils'  attention  and  this  causes  the  image 
to  be  assimilated  to  a  prototype.^  Afterwards,  the  counting  is 
performed  consistently  with  this  image. 

Thus,  in  achieving  the  counting  task,  the  mental  image  is 
assimilated  to  a  standard  one,  and  this  phenoiuenon  agrees  with 
other  results  such  as  those  found  in  classification  tasks  [3117]. 
What  is  interesting  is  that  a  similar  phenoaenon  appears  in  a 
different  domain  of  problems.  In  this  case  no  classification  is 
expressly  required,  no  definition  is  formulated  or  must  be 
checked.  Pupils  are  merely  asked  to  count  certain  items  of  a 
particular  object.  But,  in  the  mental  process  of  counting  a  mental 
image  is  involved  and,  as  in  the  case  of  classification,  a 
prototype  effect  seems  to  appear. 

Standard  images  and  paradoxes . 

Moreover,  a  second  aspect  of  the  influence  of  standard  images 
arises.  Rather  often,  pupils'  answers  reveal  a  very  strange 
phenomenon:  the  assimilation  of  the  image  of  the  object  in 
question  to  the  standard  one  is  not  complete.  The  resulting  image 
appears  like  a  paradox.  In  other  words,  pupils  seem  to  reason  on 
the  mental  image  of  an  inconsistent  object.  The  image  derives  from 
both  the  memory  of  the  object  -  the  perceptual  stimulus  -  and  the 
assimilation  to  the  standard  image. 

The  following  situation  is  very  common.  The  pupil  is  asked  to 
count  the  edges  of  a  re^ul^r  Tetrahedron,  the  answer  is:  "7  edges 
three  on  the  side,  four  on  the  base".  His  counting  is  clearly 
based  on  the  inconceivable  image  of  a  solid  formed  by  a  square 
base  and  a  lateral  surface  of  three  triangles.  The  effect  of  the 
standard  figure  leads  him  to  consider  the  base  in  the  form  of  a 
square,  while  the  perceptual  memory,  coming  from  what  was  really 
seen,  leads  to  three  triangles  on  the  lateral  surface. 

How  is  it  possible  to  manage  this  kind  of  mental  image,  and  not 
realize  the  cognitive  conflict  of  such  an  impossible  image? 
Actually  the  reality  of  the  object  seems  to  be  completely  absent, 
its  figural  appearance  is  not  taken  into  account.  This  means  that, 
in  order  to  count,  pupils  consider  an  image  which  has  no  direct 
connection  with  the  real  object,  but  which  is  derived  from  the 
object  by  the  combined  means  of  a  perceptual  memory  and  the 
assimilation  to  a  prototype. 


512 


n-180 

The  origin  is  in  the  visual  code,  but  the  image  is  affected  by 
the  conceptual  organization:  in  the  counting  task,  the  structure 
of  the  algorithm  used  by  the  pupil  -  counting  on  the  side  and  then 
on  the  base  -  leads  him  to  separate  the  mental  image  into  two 
autonomous  parts,  one  originating  from  the  perceptual  memory  of 
the  object,  the  other  from  the  influence  of  the  prototype  effect. 
The  achievement  of  the  counting  does  not  require  him  to  come  back 
to  the  whole  image,  so  that  the  counting  is  performed  on  the  two 
parts  separately,  and  cognitive  conflict  is  not  experienced.  In 
fact,  the  subject  realizes  his/her  error  only  in  the  presence  of 
the  physical  object. 

Persistence  of  the  phenomenon. 

It  is  interesting  to  observe  the  same  phenomenon  in  the  solution 
process  of  another  task,  the  unfolding  task.  During  the 
interviews,  after  the  first  step  about  the  counting  of  faces, 
vertices  and  edges,  the  pupil  was  asked  to  draw  the  unfolding  of  a 
particular  solid.  Let  us  consider  the  case  of  a  regular 
Tetrahedron:  the  solid  is  shown  and  then  hidden.  It  is  possible  to 
have  answers  like  the  drawing  of  fig.  1,  Once  again  the  influence 
of  the  prototype  is  clear. 

It  is  interesting  to  note  the  strength  of  this  influence,  which 
is  evidenced  by  the  fact  that  the  error  comes  again  in  the 
unfolding  task,  even  if  it  has  already  been  corrected,  discussed 
and  checked  on  the  object  in  the  previous  phase  of    the  interview. 

The  protocol  of  Serena  provides  a  good  example. 

Once  again  the  pupil  is  referring  to  the  hybrid  image,  coming 
from  the  two  sources,  the  memory  of  the  object  and  the  prototype 
assimilation  (see  fig.  2),  but  this  time  the  necessity  of  coming 
back  to  the  real  object  in  order  to  verify  the  unfolding 
transformation  leads  Serena  to  a  conflict. 

Discussion 

The  previous  example  can  be  interpreted  according  to  the  results 
of  other  studies  where  similar  performances  in  terms  of 
prototypes  are  shown.  But  it  is  possible  to  go  further:  what  seems 
to  happen  is  that  the  prototype  effect  works  at  a  very  general 
level,  and  shows  a  great  persistence. 

Not  only  are  there  'figures*  which  are  more  popular  than  others, 
but  their  influence  is  so  strong  that  it  can  overcome  any  control. 
Prototypes    are   not   alone    in    leading    to    inconsistencies  between 
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definitions  and  examples,  but  the  effect  of  the  prototype  leads  to 
inconsistencies  between  the  mental  image  and  the  real  object  to 
which  it  is  referred. 

From  the  point  of  view  of  the  theory  of  figural  concepts,  the 
mental  object,  which  we  deal  with,  originates  in  the  figural 
domain,  and  is  conceptually  orgemized.  The  ideal  harmony  between 
the  two  aspects  may  not  be  complete,  leading  in  certain 
circumstances  to  different  interpretations.  In  this  sense,  the 
conflicts  and  errors,  previously  described,  due  to  the  prototype 
effect,  may  be  interpreted  in  terms  of  the  interaction  between  the 
figural  and  the  conceptual  aspect,  and  highlight  a  break  between 
the  two  components. 

The  influence  of  the  visual  processes  affects  the  figural 
component  of  geometrical  reasoning.  Visual  processes,  their  own 
phenomena,  and  among  them  the  effect  of  standard  images,  have  a 
great  influence  and  not  always  a  positive  one;  but,  over  all  that 
influence  can  avoid  any  rational  control,  and  originates  mental 
images  which  are  unreliable,  but  very  effective. 

A  correct  and  productive  reasoning  is  possible  only  by  a  good 
harmony  between  images  and  concepts,  in  order  to  menage  with  this 
Kind  of  phenomena. 2 

Protocols 

Serena  (11  years  old)  mentally  counted  the  number  of  faces  and 
vertices  of  the  regular  Tetrahedron  correctly,  then  she  is  asked 
to  go  on  in  counting  the  number  of  edges. 

-  Finel  Now  the  edges,  the  spines. 

-  Well, ...  7. 

-  How  did  you  count  them? 

-  Well,  first  those  on  the  top,  three  on  the  top  and  the  4  at 
the  bottom. 

-  Can  you  show  me?  [handing  her  the  object]  Then  let  us  start 
with  the  faces. 

-  Then,  1,2,3,4.  ... 

[The  counting  goes  on  correctly  and  she  realizes  that  she  has 
made  a  mistake] . 

-  What  was  your  mistake,  what  do  you  think? 

-  I  thought  that  there  were  4  .  . .  ,  here  .  .  .  That  the  base  was 
...  Yes,  I  was  wrong. 

-  That  the  base  was  a  square. [She  nods,  she  is  asked  to  draw  the 
unfolding  and  Serena  draws  rapidly,  the  object  having  been  hidden] 

-  Then,  this  comes  vertically,  this  one  too,  this  one  too  and 
then  this  one,  we  can  say  that  it  is  the  base  (she  points  to  the 
square  in  the  middle  (fig.  2)]  and  then  they  go  together  ...  and 
it  would  come  out... 


2  I  want  to  thank  P.Boero  and  M.  Bartolini  Bussi  for  their 
friendly  and  professional  help  to  my  work. 
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-  Are  you  sure  that  it  is  right? 

-  But,  There  is  a  hole  left. 

There  is  a  hole  left.  Can  I  put  another  face  there? 

-  I  don't  think  ao.  However,  let  me  try. 

-  Why  don't  you  think  so? 

-  I  meaii,  because  it  has  three  faces  ... 

-  On  the  top?  ^  ^ 

-  Yes,  on  the  top.  And  then  a  fourth,  otherwise  they  would  be  5. 
(The  discussion  goes  on,  but  she  is  not  able  to  resolve  the 
conflict.  I  give  her  the  Tetrahedron.  Serena  checks  the  3 
triangles,  she  tries  to  draw  again,  then,  finally,  she  raises  the 
obiect  and  looks  at  the  base  . . .  ] 


fig.  1 


fig. 2 
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A  MClDKl,  FOR  KSTIMATINO  TOK  /ONK  01^  I'ROXIMAl.  DKVHI.OPMHNT  THROUC.H  STUHkNTS- 
WlUTSNCl  ABOUT  MATHEMATICM.  ACnVITi' 
(Inrv  DAVIS.  1. a  Trobc  Univcrsily.  Melbourne  & 
Andrew  WAYWOOD.  Ausirallan  Catholic  Univorsiiy  ,  Melbourne 

In  Ms  article  »  <■  concenlraie  on  tlu-  lise  of  a  pariiaU.ir  convarotive  indicator  of  .■:trt,ctur„!  difference  in 
Mies  of  ^  rmng  about  mathematics.  We  apply  this  indicator  to  obttm  a  numerical  comparison  helKeen  the 
mothemattcs  »  r„mx  of  1 7  year  W  s<rh  and  a  corpt^ofone  miUum  ^ords  of  everyday  English  Vte  dLuanee 
measure  is  then  cotnhined  »-,th  a  measure  of  the  ekMon  of  a  student's  nriting  to  produce  a  tneasure  of 
••<.„K««,w«l"  of  a  student  the  maihenuu.cs  they  are  writing  about.  This  tneasure  ofetigagemetU  correlates 
sigiuficantly  with  independent  mathematics  test  .scores. 
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lAGKMHNT  AND  VYCiOTSKY'S  /ONH  OH  I'ROXIMAl.  DHVhl.Ol'MHNT 


77i<'  tone  of  pro.\imal  development 

Vypilskv  introduces  the  /one  or  proximal  development  in  the  following  way. 

■•ll.i.sdi(rerenee  between  llK         uK-nl^a  ago.,  llti.  diftocnce  iKMWcen  Uk'  oh.W.s  ae.n.U  level  .f  dcveluptncnt.  m,d 

level  of  p>.-tion«anee  be  aeh,eve.  n.  collaU-rtnion  wiU,  Uk'  .idult.  dernKs  rho  /one  of  pro,.n>al  Uevdop.nen. 
(RieK-r  and  Oiriim.  l'W7,  pp.  :0'i.:i4 ) 
defmUlon  and  explieation  of  Vygotsky's  idea  of  the  /one  of  proximal  developn.ent  oecurs  in  se-elion  4 ... 
•-n,e  l)evelopn,e,>t  of  SeientUte  Concept.s  in ChildhcHKi".  litis  seelion deals  w ith  V> potskys  ba.sk-  notion  that 
development  and  in.slruction  are  proeesscs  with  coniplex  Interrelationships,  and  In  11  he  expUues  these 
relatkmshlps  IhrouB"  four  studies,  two  of  whieh  are  ehildrons'  writing  and  tlK  /one  of  proximal  develop.ttent. 

Vvgoisky's  analysis  (Rieher  and  Carton,  1^)S7)  of  ehildren's  writing  on  the  one  hand  and  griisp  of  seienlilie 
explanation  on  the  other  indicates  that,  initially,  these  two  aetiviUos  are  quite  different  frotn  everyday  aetion  and 
spee-c-h,  in  that  they  reeiuhe  greater  eons.ious  involvement  and  a  detmhe  aet  of  volition  to  heeotne  and  stay 
involved  Consequenllv  .me  tnipht  at  hrst  think  that  the  m.>re  ne.trh-  aehild's  writing  atx.ut  scUMttiOe  e.meepts 
had  approaeheM  evcrvdav  writing  the  less  a  eonseious  aet  ..f  engagetnent  was  .Keurring:  the  d.mhie  burdet.  ..I 
writing  ml  wrilihi;  ah.ntt  seientlli.:  ntattets  w.,uld  s.-ent  t.,  indkale  writing  that  bore  little  resentbla.tce  t..  wr,l„>g 
aNntt  m.>re  every.lay  n.atters.  However,  as  Vyg.Usky  (Rieber  attd  Cim.w,,  1487)  |..inls  .,ut: 

■•  lln.s.  wh.le  se.e..l.f.e  an.l  every  .lay  e.-necpLs  nu.ve  ni  ..pp..s.te  .lir.'.-.,..ns  n.  .levelopmcnt.  teiamjtOJSiiUi; 
iMI^inijill'i  and  prolouriillv  e»iitn:.:tol      fiivli  vUi'^'  'P 

•The  .levehnxnent  ..f  seientttie  .-..neepts  kgins  .u  the  .U.na.n  ..I  e.ms.aoas awareness  an.l  vohtu.n  1,  gi..ws d..w.,vvar.l 
,„,..  the  d..iiuun  ..r  Ute  .-..ae.x-te.  uu..  the  .l.Mnan,  ..1  ^rs.,„al  eMXT.en.e  In  e..n.,as,.  the  dcv..l.,pn,e,n  ..I  s^m,;u,e.,us 
.■.,Mee,.|s  be-gn,s  n,  the  .l.mndn  ..t  the  con.Tetc  an.l  e,np.r..-.,f  h  n,..v  es  l.«  ..rds  the  Ingher  .iK.raeleosties  ..1  e.,necp,s. 
u,w..rds  e..nsc-K.us  awareness  .m.l  v..l.t,.m.  Pk-  lu,k  Ivtweei.  thes..  t«.,  hnes  .,r  docl..pn,enl  retleets  Ih.n  tr.,e  tulure 
It  ilv  hill'  ■)!  o'  P""""'''      ■i.inal  .leMM.mmil  '  'P  -1" 
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Here  and  elsewhere  In  this  chapter  (p.  216.  for  example)  Vygotsky  states  his  belief  that  performance  in 
language  and  thought  related  to  everyday  concepts  merges  with  that  for  sclenUHc  concepts.  For  us.  it  difncult  to 
separate  Vygotsky's  thinking  on  Uie  development  of  scienUHc  concepts,  the  conscious  voUUonal  nature  of  writing 
as  compared  with  speech,  and  \hc  rOle  of  the  zone  of  proximai  development.  To  us  these  matters  are  aspects  of  a 
unified  vision:  that,  laitially.  evciyday  activity  and  speech  coinmunlcaUon  is  different  from  scienUHc  activity  and 
writing,  the  latter  requiring  a  greater  degiee  of  conscious  intent  and  volition  on  the  part  of  a  student,  on  the  one 
hand,  and  involvement  with  a  teacher-guide  on  the  otiier, 

A  model  of  production  of  technical  writing 

Vygotsky  argues  c^invinclngly  that  ttw  connection  between  thought  and  language  iirlses  tJtirough  a  process  of 
sociaUsaUon  -  a  gradual  mapping  of  language  onto  the  inner  processes  of  an  individual,  A  significant  part  of 
these  processes  Is  mediated  by  gaining  a  vwabulary.  liowevcr  within  the  v^x-^bulary  of  an  Individual  at  any  one 
Ume  not  all  words  are  funcUonally  equivalent.  The  model  wc  envisage  for  pnxJucUon  of  technical  wrlUng  divldw 
die  vocabulary  accessible  to  an  Individual  into  3  fuiKtional  levels,  The  first  of  Uteso  levels  consists  of  those 
which,  at  any  given  lime,  form  tlie  senianUc  basis  fnr  the  lndl\iduals  expression  of  their  undcr^Jtandlng  of  their 
world.  A\  this  level  vocabulary  seems  to  l)e  relatively  stable  and  resistant  to  citange,.  and  the  words  at  Uiis  level 
are  highly  Ual  to  theemoUons.  ex|xesslng  ilw  experience  of  the  Individual,  Tlte  second  level  consists  of  words 
that  arc  accessible  through  a  re-membcring  of  experience  -  typically  the  words  that  an  Individual  can  read.  This 
level  is  frequently  supplemented  by  words  novel  to  an  individual,  FuncUonally.  this  level  Is  divided  Into  a 
comprehension  domain  and  a  producUon  domain,  and  typically  the  coni[)rehension  domain  Is  quite  a  bit  larger 
Uian  ilie  prtKlucUon  domain.  Words  in  the  pr.iductlon  domain  are  capable  of  being  used  with  facility  over  a  range 
of  morphological  forms  with  consistently  acceptable  syntax  and  In  socially  appropriate  senses.  Tills  :^x'ond  level 
forms  pan  of  Uie  Interface  between  an  experiencing  individual  and  the  society  in  which  they  are  contextual  bed. 
Toe  movement  of  words  across  the  se  two  domains,  and  Into  the  first  level,  are  determined  by.  and  we  argue  also 
assist  in  determining,  tm  individual's  sense  ofUidr  worid. 

The  third  level  consists  of  the  vocabulary  used  In  the  production  of  particular  texts.  It»  other  words,  it  Is.  Irom 
the  point  of  view  of  an  observer,  an  instance  of  the  use  of  a  specialised  .  coimected.  coherent  part  of  the 
producUon  vocabulary  of  level  2.  We  believe  that  the  connectedness  and  coherence  propcnies  of  Uie  vtKabulary 
are  also  part  of  tlie  individual's  cognillon  of  their  production  process:  In  other  words,  whai  they  produce  Is 
"about"  something,  and  makes  sense  to  them,  this  sense  may.  of  course,  differ  from  what  an  observer  regards  as 
the  sense  of  the  production. 

'The  model  Is  integrated  frcnn  one  level  to  anoilier  by  a  factor  we  call  engagement.  As  a  word  Is  used  In 
l^roducUon  it  acc|nires  a  number  of  propenles  lor  the  user:  i(  may  be  close  to  or  far  from  what  tite  |K*rson  wants  to 
express,  and  It  may  be  rich  or  ptn^r  In  connections  and  asstx:latlt)ns  for  the  i>crson. 
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F.veryiiay  M-rm/i^  and  elaboration 

Tlicrc  arc  several  factors  tliat  nilglit  contribute  to  a  measure  of  "en^'asenicnf'  of  a  matliciuatlcs  student  with 
maUicnuiUcs.  as  cvlcknmi  by  their  writing,  hollowing  Vygotsky's  obsci^ations  on  the  growth  of  scleniine  aixl 
everyday  concepts  towurii  each  other  wc  might  expect  one  such  factor  lo  \k  Die  degree  to  which  a  stuUeiu's 
wriUng  matches  everyday  writing.  The  quanUtnUve  UX)I  we  use  to  Luialyse  these  students'  wriUng  Is  based  o\\  a 
distance  measure  IxMwecn  linguistic  corrx^a.  devised  for  Ute  puTK»se  of  providing  us  with  a  measure  of  how  "fai 
apart"  two  bodies  of  writing  might  be.  "Hic  usual  terms  used  to  distinguish  Uie  form  of  n  word,  such  :ls  "ihu"  from 
Uie  actual  occurrences  ot  that  word  In  a  b<xly  of  text  are  \m  ^  f^''^'^^  template,  of  the 

word  .rnd  mki'jl  refers  to  a  spec  Ilk  Instance  of  titat  type  In  a  corpus. 

Other  factors  Implicated  In  "engagement-  are  tlie  number  of  ty(X's  used  by  a  student,  the  cMcm  to  which  any 
sampling  ol  the  types  most  frciiuemly  usal  contribute  to  the  overall  numlier  of  types.  Uie  volume  of  writing  as 
nieasnred  by  the  nuinlvr  of  tokens  used,  and  the  context-dep^'ndenl  nature  of  the  writli»g  as  evidenced  by  tix' 
number  of  types  used  Uiat  are  frequently  used  but  not  common  In  everyday  writ  lug. 

'Hie  number  of  types  is  an  Imponant  factor  In  any  analysis  of  engagement:  generally  the  use  of  a  larger 
number  of  type's  eai^  be  vegardeil  as  evidence  of  the  use  of  a  larger  active  vocabuhu-y  that  Is  biought  to  bcai  on  a 
topic.  'Ihere  arc  tw  o  ways  in  which  one  might  attempt  to  use  the  quantity  of  text  to  mea.sure  "engagement  by  any 
person  writing  on  a  partlculm-  topic.  Hie  (Irst  Is  by  tlie  volume  of  work  that  they  produce;  the  number  ol  tokens, 
nils  variable  Is  related  to  the  im>tlvatloiial  asp^'ct  ot  engagement,  'nie  second  is  by  the  mmihcr  ol  tyivs  and  their 
ranking  by  haiueiieies.  Hils  variable  Is  related  to  tlv  structural  wa>s  In  which  a  {x'rson's  mind  actively  engages 
with  a  subject. 

Tlie  volume  of  writing  -  the  number  ol  tokens  used  -  Is.  In  part,  a  me;isore  ol  the  dcgtee  i>f  engagement  as 
niciisuied  by  elaboration  in  a  student's  wiiUng.  Ihe  question  ol  the  conelatiou  nl  tlie  vulunie  ol  wi  Ithig  with 
grades,  for  essay  type  examinations.  Ikls  been  discussed  by  Norton  and  Mailley  ( 1*^86)  and  1  onka  and  MIkkonen 
{ 19K9).  1  .onka  and  MIkkonen  conclude  that  a  slgnlllcant  factor  In  relating  the  volume  ol  writing  tu  grade,  loi  nn 
essay  type  answer.  Is  tlie  "elaboi  atloir  that  occurs  In  the  writing  ol  able  studems.  nxlr  dellnltlon  o!  elaboiatlon. 
and  Its  antithesis  "reproduction".  Is  as  follows: 

"KepriHluctioh  n.eant  tliat  n  fact  wa.  slated  as  li  wils  presented  n.  Uie  source  l  l.U)raiiou  ^xcuiTcd  when  tbe  writer 

presented  leasnns  for  or  drew  eoncliLsioii^  from  tlw  faefs  inentioued."  (p  2?^) 

A  (/iv/micc  mvosurv  hriwiru  vorpom 

in  Us  simplest  lortiu  Imagine  we  have  a  corpus,  or  part  ot  a  con)Us.  A  with  typjs  i  imked  by  Ircqueney  of  use: 
Ihe  most  frequently  used  t^x:  has  tank  1 .  Iniaphie  we  also  have  am>ther  such  corpus,  or  pait  ol  a  corpus.  U  with 
precisely  the  same  collection  of  tytx's  W,  but  ix>sslbly  dllfevem  tyix.'  ranks.  We  dien  delhie  a  vector  I  A.lM  with 
IWI  components;  the  kH»  coni|>inent  of  lA,n]  is  the  real  number  log2(rankA(w))  •  log2(ranku(w))  where 
r;nikx(w)  denotes  the  IrequctK-y  rank  ol  the  type  w  in  the  corpus,  .>r  part  corpus.  X.  We  tlien  deline  the  distance 
iUA;l3)  between  A  and  H  to  be  the  luiclidean  length  ol  this  vector  in  l-nclidean  space  r'^^'.  In  other  words. 
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'Uw  roasoii  foi  Jpplyliii!  loyariilinis  to lanks  of  lypcj.  in  a  a»rpiis  Is  lo  roflcci     onipirii^-iil  laci  ilia!  ;K  iiial 
aiqxira  arc  JiMiibutal  in  an  approxiinaldy  lnp-rKirnial  way.  ('onscqucnily  a  (HITlTlmilv  In  iy[v  ur<lof  Mwani 
o>r|>«»i;i.  f(tr  l)jx'.s  iiinki'U  al  Uic  head  of  the  corp«»ra,  Is  more  sljinilU'anl  In  inoaMidng  how  tar  uparl  Uk"  air|yifa  ajc 
liiaii  Is  ihc  Miuio  lank  ilitlcrcna'  toward  tin-  i-iul  of  the  a»r[x>ra. 

Typically.  In  order  lo  iiuikL' compuiatU)n  iiiaiuiK'ahk'.  wv  ;iru  noi  so  much  Inicicstcd  in  iiiaichini;  an  ciUlic 
coipus  with  aimlhcr  rnliiv  curpus,  as  wc  arc  in  niulciunt;  sij^nilicaiii  pails  ol  coijxua.  Most  nl  our  analysis  will 
center  aroiind  the  ItX)  mosl  Irequeiu  types  In  any  pi  von  con>us.  So  in  Die  deHniilon  ol  d  we  take  A  and  U  to  he  the 
lUsi  \m  types  in  a  piven  cttrpiis  liere  we  arc  nuiniencirily  assnnihip  thai  A  and  W  comist  oi  the  tyjvs  In  a  set  W 
ol  si/e  KXJ.  It  Is  siraij!htlorw;ird  locliock  that  d  Is  a  metric  on  ihe  set  ol  all  rank  oideiinp  ol  ilic  lype.s  In  tlie  sei 
W. 

Il.ashapivns  in  practice.  iw(Hor|x>iu  do  not  luivc  Uk*  same  sei  ol  uxinmsi  hcqueiiily  used  iy|H's  in  other 
word'.,  il  Mime  iy|x.'s  aie  on  otto  llsi  hut  nut  on  the  oiher  ■  we  assl[in  any  lyiv  on  oiv  list  A  bui  not  on  list  U.  a  lank 
ol  U)l  III  IJ,  and  vice  versa  This  means  we  cMcnd  ihe  ^k'Unition  ol  the  metric  d  lo  Include  ihosc  tonus  io^!2(  ^ 
lof^iiw)  wlieie  w  is  a  l>|v  ihal  ot  aii  s  in  one  or  tlie  nther  lists  nt  IlK)  most  hei|nent  typi's,  hut  nol  in  hoih  lisi-x 
ircnciall).  loi  ihc  smdenls  we  liasc  sludted.  Hie  lop  llKiiv|x's  acciuint  for  Citi'I    T^'A  ol  all  ty|M"\used  hy  a 
siu'U'iit  l-or  siudenis  wiili  a  Inuci  \olnnie  nl  \\\\iU\\!  in  the  course  ol  iiic  study,  the  lop  liX)  lyjvs  jienerull) 
aicotmis  III!  a  |x'iceniat!C  of  the  toial  niiinlx'rol  iy|vs  ncaiei  7S''; .  niai  is.  in  t;eueial.  \u'  found  thai  siudenis  who 
wiiU'  I1-.S  Ml  a  {'INCH  [Viiod  lend  toou'i^uMk  ilieir  lop  ItKi  uoid  i>[X's.  as  compaied  wiHi siudenis  who  wiiic  a  Int 

/\  t'udsurr  c//  mitiiin  tnvnl 

l-oi  siudenis  as  old  as  iluise  we  studied  ■  siudenis  In  the  III"'  year  of  sdiooliii^^  we  could  ex|x'Cl  a  iuei(!in;.' 
Ixiueeii  llu'  e\ci>da>  and  Hieiitillc  modes  ol  discouisc.  sucli  os  ihal  clesc[il)ed  hy  Vy^joiskv.  lo  have  Ix'j'jin  lor 
inair-  <>|  ilie  suideius.  What  we  ciniiii  ex|vci  ihcielore  is  lor  siudenis  with  a  hitTlide^irw  of  conscious 
iiuiilvenieiu.  ni  cnj'.aiieinent.  in  the  scieniUic  concepiual  luitureol  iheii  writing:  in  maiiieiuaiics.  tn  produce 
willing;  dial  was  itoi^  U»  everyda;,  writing:  Mian  the  uiiiiny  t>l  ihcir  classmates  whose  ihou^iht  mode  was  stil! 
mnre  doimnaied  hy  unconscious  cveiyday  concepts. 

llie  measure  wr  usetn  djsaiinlnate  iinjlxlduals  (mi  the  hasis  ol  ilieir  writin;:  Is  defined  as  Utllows-  loi  a  coipus 
•\  wodclhic  Ihc  measure  i:|A|  -  ^!^('^,"|Alr  ^"'HA]  is  ihc  (mmI  numin-i  ol  woid  lokens  iu  the  coipiis  A  . 
.1  nd'lh  own"  I  dels  lo  Ihc  coipus  studied  in  Kucera  and  liancls  al  Brown  univ-isliy 

Why  do  we  use'  the  !oyarithni  nl  llie  Nnhinic  '  I'learls  wc  sliouUI  scale  lliedlsiancc  dltimwn,  A|  someljuw  in 
■>K  \olmiie  in  order  to  },'ei  a  measure  that  we  can  use  to  compare  writing  across  siudenis  Uui  win  l(»ts(vol|  A|) 
"Hlwh\  iKU  Nol|A|  '  One  leason  lia>  to  do  wjiiilhc  waj  we  want  to  scale  ilie  \ar>ahlc  \oi|A|  It  weiiiuj:nic  llu- 
>*ii.lcnls*  \nhinie(d  wriiiiiii  10  he  loii-iuninally  dlslribuied.  as  it  ap{X';as  to  he.  ihcii  a  scaiitiii  lliai  will  ^\\v  us  an 
.i|  proxitriaiel>  normal  distril»uilon  is  k>|:2<^"'|Ah  Of  course,  iliis  iloes  not  answer  the  question  ol  win  ilie 
Mudcnis  volume  nl  wruiii}^  is.  or  could  Ix' expected  to  be.  approvmiatelv  l(5|:-hnrmal 
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•n.e  mcitsiirc  Ul  A)  di-pc-iuls  oh  a  sLiikUjU  sulIi  as  tlio  Urowri  coipiis  it  will  philnly  allor  snuicwliol  when  other 
a.n^.r;i  ore  used  In  lis  phicc.  'Ilio  csm'iUkiI  k-aliiu'  nl  ilk-  Biown  Lon^us  U-r  mii  pnriM.sc  Is  llial  H  K  ji  iiuKloratdy 
lariic  corpus  lakon  lion.  CM-ryday  wriling.  Hic  nKMsiire  li|  A|  is  sinallof  when  llu'  corpus  A  Is  dose  to  the  Drown 
a,nMis  In  the  sense  of  the  n,eirU-  on  n.ii^)ra.  and  when  the  volunie  ol  wridnn  tlun  consilliiies  tlic  corpus  A  Is 
large. 

We  claim  that  this  measure  shniiltl  jilw  ns  a  nuinerleal  tiuliLathui  oC  tlie  extent  \n  wlildi  a  .student  at  a  a-rtain 
level  nl  tnaUiematkal  development  ean  {'o  Ivyontl  that  develnpnient  to  learn  witti  the  a>sisianee  ol  a  leaeher.  In 
olhei  words,  we  elahn  Nxe  have  a  measure  ol  tlie  de.-jee  nf  pioximal  developmenl  ol  a  student  in  n.ati.en.aiies.  In 
the  sense  ol  Vynotsky's  /one  nl  pioxnnal  deveh.pnient.  based  on  Mndenls"  vMlm  .ilHnil  nialheniatieal  aetlNily 

MI-  ni(M)«V  Ul  SUI  TS 

IV  willlni>  ill  niatheinalKs  elass  ut  17  ye;ir  It)  jiHls  w;is  eolleeted  over  a  p^-iiul  ol  one  seliuol  lei  m 
l.,ppi.,xliuaiel>  1  ^  weeks).  'Hk-  i'tils  NU-ie  Mudentsoi  ihe  senrnd  aiitlmi  at  Vaaehise  C'.dlev.e.  Kleluuoiid.  a 
secondaiy  rlrls'  mIm^oI  In  Iniiei -uhniban  MellMnnne.  'Hieh  writing  was  called  '•Inlornial  writiiur  to  leai n".  and  il 
c.Mslsied  ..1  jomnal  eiilnes  the-  v^^\s  made  In  lellcctiiu!  on  nuitheinatlcs  tla-y  had  lecenily  studied  in  class. 

ittkrn  Will  tviH'  I  <nt('li\(um 

I  ni  llie  •Mvrlnienlal  jimup  nl  sUidents  Iheie  w;,s  a  ve.y  hii-heMneiahn.,  hetw.eu  li.e  hu'a.ilhn.  nl  Uk-  numbers 
nl  i\pes  and  tee  cniies)Mindin{'  Inj-aiithm  nl  the  uuiubei  ul  lukcns: 


('nuni 

rttvaiiaiice 

Cnne!at[on 

R  squaieil 

n  ■  ■■  ■ 

■-■174  ■ 

A  simple  le^mssinu  m^.  ^mm's    7.Umukeiis)'»  '^'^  will,  r   <ad|nsled)  ■  D.^^:  ^  Wh>  slumid  there  Ih-  such  a 
MioniJ  coifelation  Ivtween  h^;!  lyivs)  and  1.^^  >lvolnnie)  '  One  l>osMhle  answer  has  (o  dn  with  tlie  ^lencial 
chjuacter  ol  |.,^^ er  lavvs  desa  Hu-d  h>  Ne^cell  and  UoseiibhKuii  { I'^S  1 ).  'Ilie  liyiMUhesis  lavoviuM  by  those  autliors 
Is  a  modinealion  and  clab.naiinn  ol  Millci  "s  i  P>SM  clmnkiiu^  hyiMnliesis  Unwever.  in  oui  stud>  ^ve  do  lUU  haw  a 
slniMe  |>ersoncarryliU!  onl  icpeateil  Iralls  ni  tune,  latlicr  ^u•  liavc  iuan>  stiidcnls  .anyiiu..  out  sinm!taiie(^us 
.Ktlvllv  If  Neuell  and  UnseiiMPoin's  v.encial  arpunieni  ou  i>owei  llke  laws  ^eere  0.  a|)ply  in  this  situali.u,  it 
apivars  thai  wc  would  lKl^e  tu  assume  a  uiiiU-mu  model  nl  p.oduclion  acrnss  tlie  saui|>le  ol  1 7  students.  Tiiis.  In 
unn.  sui:jysls  m  us  a  unilorm  cor.uUu e  nt.ulel  nl  wMtini-  tu  Icai  n  malheinaties.  This  ,s  ailirely  i>*>sslble.  but  ii 
^^as.     ns.  a  most  unex|M.u.l  liudme  inm;  the  smds.  We  ieel  lliai  Hiis  issue  needs  lo  be  explored  tho.ouidUv  m 
lariiei  scale  studies  ul  a  sumiai  iialuo- 
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Volume  and  f>riuie  correlation 

The  volume  of  writing.  Uiai  is  the  number  of  tokens  used,  by  eacli  student  correlated  well  with  grades; 


Count 

Co  variance 

Correlation 

R-squared 

l7 

.6^\ 

.423 

What  Is  much  more  striking  is  the  correlation  of  the  logarithm  of  the  volume  witli  the  same  grades: 


Count 

Co  variance 

Correlation 

R'Squared 

17 

.164 

.751 

.626 

Volume  and  distance  correlation 

There  was  almost  zero  correlation  between  Uie  ci)lle<;tion  of  distances  from  the  girls*  corpora  to  the  Drown 
corpora,  on  (he  one  hand,  and  the  logarithm  of  the  number  of  types  for  each  girl  on  the  other: 


Count 

Co  variance 

Correlation 

R-squarcd 

17 

-1.445 

-.012 

l.5«5E-4 

The  measure  E(A|  for  the  corpus  A  for  each  student  is  as  follows: 


R 

Yl. 

r.R 

AV 
1. 

JJ 

JT 

I.F 

KI5 

VM 

MH 

0 

DO 

AL 

KO 
S 

m 

B 

MH 

0.^0 

(i.60 

0.66 

6.65 

0.74 

0.78 

0.7.*^ 

0.76 

0.7S 

0.80 

0.82 

0,55 

l.()0 

1.07 

'Riese  measures  are  signinciititly  negatively  correlated  with  performance  on  tests: 


Count 

Co  variance 

Correlation 

R-squared 

17 

-.102 

-.8?8 

.?or 

"Die  measure  ElAj  is.  as  we  suspected,  giving  us  someUiing  other  than  that  measured  simply  by  volume.  The 
(act  that  It  slgriilicamly  correlates  with  test  txirformance  suggests  lhai  it  does  indeed  relate  more  closely  to  lliat 
pan  t^f  "engagement"  of  a  student  in  their  writing  that  has  ti^  do  with  Uie  structural  aspeets  of  mathematics.  Tliat 
uilume.  or  the  logarithm  of  volume,  should  have  something  to  d(^  with  test  perfcmnance.  is  as  we  have  mentioned, 
suggested  by  the  findings  ol  1  .onka  and  Mikkonen  ( 1989):  volume  is  greater  for  students  who  eLiborate  due  to 
Uieir  writing  style  being  more  actively  engaged  in  re-structuring  and  explanation,  rather  than  mere  description  or 
recall.  The  faet.  as  it  seems,  that  some  students  have  more  to  elaborate  ()n  suggests  that  lliese  students  have 
reflected  on  their  matheinalical  experience  and  are  structuring,  re-ordcring.  and  communicating,  their  experience. 
In  other  words.  tJirough  the  socialisation  prcicess  of  writing  to  learn  mathematics.  elalx)ratlon  is  promoted  by  an 
active  process  (»f  jnternali/ation  of  vocabulary:  words  that  could  be  comprehended  ami  then  used,  are  now 
K-comlng  \\  ords  to  describe  the  |X-isonaI  experience  of  an  indis  idual. 

Sif^nijh  iuit  words:  We 

One  of  the  useful  aspects  tif  the  distance  measure  between  corpora  is  that  it  allows  us  in  pie  k  out  word  types 
that  ha\  e  a  Mpnilicant  "shift"  Piese  are  types  that  are  usetl  suhstanlially  differently  in  a  students  writing  than  in  a 
Mandijrd  collccnon  nf  everyday  wrUtng  eiihei  significantly  more  or  less  often.  One  sucli  word  type  Is  "we". 
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Pimm  (1987.  pp.  64  -70)  remarks  on  the  peculiar  use  of  Ihc  word  "we"  In  mathcmaUcs  -  generally  he  is 
concerned  with  speech  In  mathemaUcs  classes,  bui  on  p.  68  he  discusses  power,  dominance  and  acquiescence 
the  context  of  textbook  writers  use  of  "we".  How  did  the  Students  in  tWs  study  use  "we"  and  how  did  this  diffi 
from  the  use  of  "wc"  as  evidenced  in  the  Brown  corpus? 

A  rank  order  plot  of  the  rank  of  the  type  "we"  in  each  of  the  students'  wrIUng  appearv  below: 


8 

4 

2 


5  10  15 

The  word  typo  "we"  occurs;  significantly  relatively  far  more  otten  in  each  of  Uie  students*  corpora  than  it  does 
in  the  Drown  corpus,  wl^cre  its  rank  is  41 .  The  elevaUon  of  "we"  to  rank  1  in  the  writing  of  one  ol  the  students. 
MH.  is  panlcutarly  significant,  because  a  detailed  cxaniinaUon  of  the  ways  in  whicli  MH  uses  "wc"  provides 
many  indications  of  cognitive  acquiescence  throughout  the  corpus: 

•  We  were  told...     •  We  had  to ...  •  ...we  had  to  divide  7  into  quarters 

.  ...wc  had  to  try  to  figure  out...      •  ...we  had  to  divide  each  number ... 

•  ...we  -A-'eie  given  a  sheet...  •  Wc  got  anoUier  sheet. 

-nice  were  instances  of  reflective  activity  in  Mirs  use  of  "we",  such  as  that  described  below,  however  such 
instances  of  reflection  were  rare: 

.  Tliafs  where  we  got  stuck.  We  thought  it  wi^uld  be  sixths  hut  v^c  couldn't  prove  it.  Then  wc  were  told  it  w;i.s 
eighths  but  wc  couldn't  pnwe  that  either. 

On  the  other  hand  for  another  student.  Yl ..  whose  use  of  "we"  gave  this  word  type  a  rank  of  9.  there  was  far 
less  evidence  of  acquiescence  to  a  teacher's  real  or  imagined  lequests.  Rather  Yl/s  use  (»f  "we"  indicated  a  mind 
Uiat  was  adively  questioning  and  building: 

•  What  can  we  do  with  it? 

.  We  can:  add  numbers  (+)  subtract  (-)  multiply  (X)  divided  by  (0  1  sqiuire  (X^2  )  square  rml 

....  as  we  approached  the  third  steps  of  the  work  \\e  f(^und  that  these  are  some  tough  calculations  we  need  to 

do. 

•...we  siartcxJ  to  feel  unsure  of  what  our  aim  was...   •  We  scilved  our  problem.. 

.  When  we  have  overccMne  our  problem  ...  •  We  were  pu/zle  ab(^ut  what  7/4  got  to  do  wiUi  our 

pr(,hlem  '  •  We  tried  to  do  by  ourselves... 

.  We  never  work  on  teal  numbers  before,  so  this  is  one  area  we  should  know  later  on  this  year. 
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DISCUSSION 

Tlic  results  from  vhc  mathematics  corpora  of  the  students  in  this  study  are  consistent  with  the  view  that  ihey 
randontly  use  words  from  an  everyday  corpus,  subject  to  the  frequeticies  of  word  use  in  such  a  corpus.  In  other 
words,  we  hypothesise,  ii  is  as  if  they  had  psychic  Tyches  (the  goddess  of  chance)  dipping  into  a  common 
reservoir  of  word  patterns  and  use  in  everyday  writing,  and  using  words  in  mathematics  this  way.  This  hypothesis, 
which  is  not  inconsistent  with  the  experimental  data  and  the  analysis  of  distances  of  corpora,  has  a  corollary.  It  Is 
Chat  for  these  students  there  was  Utile  extra  structua'  in  their  use  of  words  that  would  distinguish  ihcir 
mathematics  writing  as  a  genre.  IMncipally  however  the  hypothesis  says  that  our  measure  could  not  distinguish 
Uie  students'  matheinailcs  writing  from  an  appropriately -random  use  of  everyday  words  on  the  one  hand,  and  was 
not  close  enough  to  an  everyday  corpus  to  be  able  to  assert  that  they  were  writing  in  a  significantly  everyday 
sense  on  the  other. 

We  hy|X)thesjse  that  the  measure  of  engagement  presented  here  will  provide  a  more  scientific  way  to  study  the 
coherence  of  given  text  and  hence  a  way  of  quantifying  the  integration  of  the  lexicon  at  the  second  of  our 
propt)sed  levels. 

I'resently  we  are  extending  this  work  in  thra'  ways.  The  first  Is  by  computer  simulations  of  stochastic  m(xlols 
of  text  pr(Hluction  in  which  we  aiiP  to  estimate  the  mean  value  of  the  distance  function  d[ Brown;  A]  for 
appropriately  stochastically  determined  corpora  nuxlels  A.  Tlie  purpt)se  of  these  simulations  is  to  get  a  feci  for 
whether  simple  stochastic  models  might  provide  a  reas{)nahle  explanation  of  observed  token  frequencies,  and  also 
to  get  a  feel  for  the  magnitude  of  the  distances  involved.  'Ilie  second  way  we  are  extending  the  work  is  by  a 
larger-scale  study,  using  first  and  second  year  terliary  students,  taking  Into  account  suspected  factors  that  might 
inlluence  the  outcomes,  such  jus  giMider.  whether  their  writing  language  (in  our  ease.  Hnglish)  is  a  sa*ond 
language,  and  whether  students  studied  science  subjects  other  than  mathematics  to  an  advanced  level.  The  third 
extension  is  to  up^late  the  coipus  ol  everyday  writing  used  as  the  base  for,  and  stJ  reline.  our  metric  d(-.Al. 
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FORMATS  AND  SITUATIONS  FOR  SOLVING 
MATHEMATICAL  STORY  PROBLEMS 


Saburo  Minato 
Akila  University,  Japan 

Mitsuyuki  Honnia         and         Hitoshi  Takabashi 
Shiazan  Elementary  School  Araya  Senior  High  School 

Honjyo,  Akita,  Japan  Akita,  Japan 

The  study  xcas  conducted  for  clearing  the  existence  of  the  clJect  of  forvxat 
and  situation  of  story  problems  on  performance  of  low  and  middle  grade  stu- 
dents of  an  elementary  school  in  Japan.  Two  kinds  of  fo^^^at,  drawn  and 
verbal,  and  ttro  kinds  of  situation,  concrete  and  abstract,  were  dealt  in  the 

'  "'r/if  re<^ults  irvcaled  that  then  uttt  significant  differences  both  between  two 
kind'^  of  format  and  situation  in  the  second  and  thinl  grades,  and  a  significant 
diffeirnce  between  txoo  kinds  of  fonriat  tn  the  forth  grade.  The  study  showed 
that  in  the  second  qixide  students  the  conente  situation  affects  more  positive  y 
pcrfoiinance  of  verbal  story  probhms  and  also  dixiwn  story  piMms  than  the 
abstract  situation. 

U  is  sai.l  lha.  format  i„lluona-s  o„  porformanc-  of  olo,n<.ntary  sd.ool  st  u.l<-,.ls'  solvi.tg  prol.ln... 
1„  tl,.-  UniK-d  Stairs  llirr.-  af  n.rar.-l.os  dealing  witl,  olonu-ntary  school  stud..nfs  o„.I.Tsla,.ainR  of 
storv  probl<..„s  with  dill<To„t  foitnats  (Noil,  H)69;  O'Flahorly.  HHl  ;  Throadgill-Sowdor  a„,l  Sowd.T. 
U)82;  Thn^adRill-SowdcT,  Sowdor.  Mover,  a„d  Moy.-r,  1985).  With  so.ik-  ..xcq>tio,.s,  rc-s.-archos  i,. 
i\u-  U.iitrd  Stafs  report  that  lh<'  draw,,  fori.tal  is  more  .■IT.Ttive  than  the  verbal  one  for  elementary 
.scliool  students'  miderstaiiding  of  story  probl.'ins. 

AllhouRh  in  Japan  there  are  few  res<.ar<hes  d.-aling  with  snch  a  theme,  except  for  two  re- 
M-ar.h<.s  of  Honnta  an-l  lakahashi  (19!K)),  and  Takahasln  [m\).  and  although  verbal  explanation., 
a,.,  .-xcessivelly  ..sc.!  n.  .I«pan<-.e  classrooms  (Stigler.  IDSS),  tnany  picttir,.'  have  be.-„  described  in 
fXthooks  of  elen,e,nary  vhuol  matematics,  and  teadnTs  of  ele.nentary  schools  often  ,..e  pictnres 
i„  their  tnathetnati.s  classroom^,  saying  that  pictorial  presentation  may  promote  stode.ns'  nnder- 
standing  of  niatl,.  inali.al  ideas.  Now  resear.  hes  of  clfecls  on  perfornnnitce  of  story  problems  with 
<lilTer.'nl  formats  ai.'  ne.-<ied  .■specially  in  .lapan 

ri„,-,.  a,e  two  kinds  „f  pnlure  nsed  t.,  h'arn  story  piohlenis  with  nnn.bers  and  opetations  in 
textbooks  of  elententary  s.  hools.  One  is  ih,.  picture  of  concrete  situation  with  concrete  real  ile,„s 
n,e  other  is  the  pi-lnie  of  al.sl.acl  silnalion  where  the  symbolic  representation  of  tih^s,  dots, 
.,,,.1  tape.s.  .are  sulM.tnled  for  ,  on,  ret<.  iten.s   Kxcpl  for  the  research  of  lakahashi  (1!W1).  Iher.. 
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Is  no  research  dealing  with  elementary  student's  understanding  of  story  problems  with  different 
situations  experimentaly  or  statistically  in  Japan. 

In  the  United  States  some  researches  dealt  with  student's  understanding  of  problems  with  differ- 
ent situations.  Koutz  (1974)  found  that  among  four  problem  forms,  the  models,  slides,  picture-book 
forms  and  abstract  forms,  the  abstract  form  problems  were  more  difficult  than  the  others  for  sec- 
ond and  third  grade  students.  Caldwell  and  Goldin  (1979)  researched  fourth,  fifth  and  sixth  grade 
students'  understanding  of  word  problems  with  different  situations  and  contexts  which  ai'e  abstract 
fartul(AF),  abstract  hvpothetical(AH),  concrete  factul(CF)  and  concrete  hypotlietical(CH)  prob- 
lems, and  found  that  the  order  of  difficulty  of  the  problems,  from  the  easiest  to  the  most  difficult, 
waa  CF,  CH,  AH,  AF,  and  regardless  of  problem's  contexts  any  gra^le  students  solved  more  con- 
crete problems  than  abstract  problems.  Heddens  (1986)  described  that  the  semiconcrete  level  with 
pictures  of  real  items  and  semiabstract  level  with  pictures  of  tallies  helped  students  to  understand 
mathematics. 

Then  the  problems  of  the  study  were  as  follows: 

Problem  1.  Are  there  any  different  effects  betwc-en  drawn  and  verbal  formats  on  performance  of 
solving  story  problems? 

Problem  2.  Are  there  any  different  effects  between  concrete  and  aksliact  situations  on  perfor- 
mance of  solving  story  problems? 

Problem  3.  Are  there  any  different  effects  between  drawn  and  verbal  formats  on  performance  of 
solving  story  problems  with  each  of  the  situations? 

Problem  4.  Are  there  any  different  effects  between  concrete  and  ab.stract  situations  on  perfor- 
mance of  solving  story  problems  with  each  of  the  formats? 

Problem  5.  Are  there  any  different  effects  among  four  visions  of  two  formats  and  two  situations 
on  performance  of  solving  story  problems? 

MKTHOD 

Format  and  situation  In  the  study,  we  defined  format  and  situation  as  follows.  Format  is 
'  the  written  form  of  story  problems,  and  we  used  drawn  and  verbal  formats.  Drawn  format  is  a 
pictorial  representation  without  numerals,  and  minimal  words  are  used  for  prt-.senting  the  structure 
and  requesting  the  answer.  Verbal  format  is  the  presentation  of  story  problems  with  words  and 
numerals  without  any  pictures. 

Situation  is  defined  as  the  degree  of  the  relation  to  everyday  lif(>  in  presenting  story  problems. 
Story  problems  of  concrete  situation  are  described  with  candies,  cra^'ons  and  so  on  according  to 
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the  content  of  problems,  and  story  problfiins  of  abstract  situation  arc  described  with  dots  (and 
tallies  and  tapes,  but  these  are  not  used  in  the  study)  substituted  for  candies,  crayons  and  so  on 
in  concrete  situation. 

Test  instrument     After  preliminary  test  for  students  in  other  schools,  we  selcctc<l  six  types  of 
operation  significant  and  suitable  for  the  subjects  for  each  of  the  grades,  which  arc  as  follows: 
For  the  second  grade.  A:  a-b,  B:  a+b+c,  C:  a+b-c,  E;  a+b+c-d,  F:  a-b-c,  G:  a+b-c-d. 
For  the  third  grade,  F:  a-b-c,  G:  a+b-c-d,  H:  axb,  I:  a+b-c-^-d  (+:  equal  division),  J:  a-i-b-c+d 
(-r:  divisible),  L:  (a+b)xc  (+:  divisible),  and 

For  the  forth  grade,  F:  a- b ~c,  G:  a+b-c-d,  K:  axb+cxd,  L:  (a-^b)xr(+:  divisible),  M:  (axb)-fc 
(+:  divisible),  N:  (axb)+c  (+:  with  non-zero  residual). 

For  each  of  the  above  types,  we  substituted  each  letter  for  a  numeral  in  two  ways,  for  example,  the 
type  G:  a+b-c-d  was  ciianged  into  two  numeral  phrases  2+8-4-5,  and  5+5-2  -4,  wliich  secnu-d 
not  so  difHcult  but  not  so  easy  for  the  subjects.  Then  we  modified  each  numeral  phrase  into 
( Format) X (Situation),  and  obtained  four  story  problems.  Figure  1  shows  story  problems  with  tiie 
same  numeral  phrase  2  f  8-4-5  of  type  G  of  (Drawn  format) x (Concrole  situation),  and  (Orawi 
format) X  (Abstract  situation). 

On  the  other  hand,  we  developed  Calculation  Ability  Test  with  some  problems  of  calculatioiih 
corrraponding  to  tlu-  U'^\  instrument.  The  test  were  used  for  screening  students. 


©©  O 


Figure  1.  l>xamj»le.'^  ot  story  ])rob!em  with  concrete  and  abstract  situations. 
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Subjects  The  subjects  of  the  study  were  the  second*  third  and  forth  grade  students  of  the 
Shinzan  elementary  school  in  Honjyo  City,  Akita,  Japan.  They  were  classified  into  two  groups  of 
good  and  poor  calculators  following  performance  of  th<*  Calculation  Ability  T('st  stated  above.  The 
students  who  were  identified  a.s  good  calculators  and  not  absent  from  at  least  one  of  the  tests  were 
the  subjects  of  the  study. 

The  rat(^  of  excluding  from  subjects  for  poor  calculators  in  ihc  stvond*  third  and  forth  grades 
were  '2%,  8%,  and  11%,  and  the  rates  of  excluding  for  their  absence  were  8%,  9%,  and  5%,  respec- 
tively. The  students  of  91%,  85%,  and  87%  of  the  second,  third  and  forth  grade  students  were  the 
subjects  of  the  study,  and  the  numbers  of  the  subjects  were  164,  191>  and  161,  respectively. 

Adininistratiot)  of  instrument  The  test  instrument  and  CaUulalion  Ability  Test  were  divided 
into  ihrcc  parts  and  were  administered  in  thre*-  school  hours,  one  of  which  is  45  minuU\s,  from  6 
lo  24.  July,  1992,  at  the  near  end  of  the  first  term  which  begins  in  April  of  the  y<'ar. 

The  front  cover  of  the  test,  there  were  blanks  and  a  written  senl<'nce.  The  blanks  were  should 
be  filled  with  students'  classroom  names  and  students'  numljers,  and  their  names.  The  sentence 
wai>  writt<'n  as,  *"jMie  result  of  the  test  wouUl  not  relate  to  your  marks.  i)Ut  we  expect  you  may 
pay  your  full  attentiori  and  power:  GANBAROH."  The  sentence  was  rea<l  aloud  by  their  clfissrooin 
teacher  as  t\\v  administrator  of  the  test. 

Unta  analysis  In  the  study,  all  subjects  were  allntetl  to  all  the  (I'orn  -  t  )>  (Situation).  AN  OVA 
suitable  for  such  design  as  (Subject )  x(  Format )  v.(Situalioti )  waN  undf-rtakeri  for  solving  ['roblcms 
1,  2,  '1  and  4.  ari<l  Problem  5  was  solveti  using  the  test  of  the  differcii* <■  bciwcx-ri  mean  vahn-s.  I  hf 
rcsull  of  ANOVA  of  a  grade  for  Problems  1  and  2  is  sumniarixcd  in  a  triblc  Tin-  results  of  ANC)\'A 
for  Piobleiiis  :i  and  4  are  indicated  by  fully  abl)reviated  tal)k's.  In  the  foUowing  tables,  and  * 
denote  significant  at  )%  and  5%  levels  resixrtively. 


Problems  1  and  2  'Ww  results  of  ANO\'A  for  Probk-ms  1  an<l  2  ar*'  surmnarized  in  Talile  1 
foi  the  mmoikI  grade.  Tabic  2  for  (iie  third  grade,  and  Table  :i  f(M-  the  forth  grade. 

Probh'iii  I  Wits  an.swered  allirrnatively  in  all  the  three  gr.ide.s.  Pn'blem  2  was  answere<l  aUnnia 
lively  in  the-  second  and  third  grades.  The  mean  values  of  performance  of  drawn  and  verbal  formats 
of  tlie  second,  third  and  f(irth  grade  were  15). 70  and  \i<Jy\.  14.41)  and  12.45.  and  17.9:i  and  17.11. 
H'sp(  (  liv(4y  fo.-  Probk'Ui  1.  Tlu'  U'can  values  of  j)erforniance  of  corn  rete  and  abstract  situations 
of  the  second,  third  and  foith  gra(h'  were  19. G9  and  18.55,  \:\  (V.)  and  VLZl.  and  17.65  and  17.:19. 
iespe(tiv(4y  for  Problem  2.  Throughout  Tables  1,  2  and  il,  with  an  exception  of  pecforniance  of 
silualinn  <)f  the  fortli  grarle  (nnm<'rically  not  against  the  other  <a<('Nl.  there  <onsislently  exists  the 
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,  ..  h  n.at  th.  mean  value  of  porforn.anc-  of  drawn  for,.al  is  signif^cantly  higher  than  that 
"Z::^:^^^  or  perfor.,.,,.  of  concrete  .U.ation  .  signir.eant.  higher 

than  that  of  abstract  situation. 


Tabic  1 .         ANO VA  of  the  second  grade. 


Source 


SS 


"df  MS" 


Format(F) 

J5XF  

Situation(T) 

SxT  

I-xT 
SxF  xT 
"TOTAL 


54.45 
632.80 
53.31 
194.94 


2.82 

200.43   

4735.68  '  655 


1 

163_ 
1 

163_ 
1 

1G3 


54.45 
3.88 


14.03 


53.31  44.57 
JJO  

2.82  2.29 

1.23 


ANOVA  of  the  lhii"d  gr^^i^- 


Source 

SS 

df 

MS 

F 

~J^ubjcct(S) 

C327.37 

190 

33.30 

Korniat(F) 
SxF 

"SilualionlT) 
SxT 

193.01 
627.99 

1 

190 

193.01 
3.31 

58.39 

10.14 
248.86 

1 

190 

10.14 
1.31 

7.74 

KxT 
SxFxT 

.1.71 
203.29 

1 

190 

4.71 
1.39 

3.40 

TOTAL 

7675.37 

763 

T:iblr  3. 

Source 

^Siibj(;tU^l  

Forn\ai(F) 

S^F 


ANOVA  of  the  forth  grade. 


SS  

"4.503.14 


df  MS 
"TeO  28.15 


27.17 
■  ;2.28 


1 

160 


Siluation(t)        2.87  1 

SxT   179.88  IGO 

'Y:—-              2.13  1 

SxFxT_          l-''^3.62  160 

■'Tcmi' 


27.47 
3.39_ 
2.87 
L12 


2.13 
0.96 


8.10 


2.55 
"2.2r 


Probloin  3.  Ti 


result,  of  ANON-A  for  IVoblmi  :^  are  fully  suinniari/r<l  in  Table  4. 


ERLC 


528 


3EST  COPY  AVAILABLE 


M96 

Table  4.     Results  of  ANOVA  for  Problem  3. 

Situation  ^^""^^^   " 

 2  3  4 

Concrete                    ♦  _ 

Abstract  * 


Table  4  indicates  that  on  concrete  situation  Problem  3  is  answered  amrniatively  in  the  second 
and  third  grades,  and  on  abstract  situation  Problem  3  is  answered  affirmatively  in  the  second,  third 
and  forth  grades.  On  performance  of  story  probleins  of  concerte  situation,  the  mean  values  of  the 
version  of  drawn  and  verbal  formats  of  the  second,  third  and  forth  grade  were  10.07  and  9.62.  7.27 
and  6.42,  and  8.98  and  8.68,  respectively.  On  performance  of  story  problems  of  abstract  situation, 
the  mean  values  of  the  version  of  drawn  and  verbal  formats  of  the  second,  third  and  forth  grade 
were  9.63  and  8.92.  7.19  and  6.03,  and  8.96  and  8.43.  respectively.  On  performance  of  concrete 
situation,  problems  of  drawn  format  arc  significantly  easier  than  those  of  verbal  problems  in  the 
second  and  third  grades,  and  on  performance  of  abstract  situation,  problems  of  drawn  format  are 
also  signifjcantly  easier  than  those  of  verbal  problems  in  the  second,  third  and  forth  grade.s. 
Problem  4.     The  results  of  ANOVA  for  Problem  4  are  fully  summarized  in  Table  5. 

Table  5.       Results  of  ANOVA  for  Problem  4. 


Kormat   ^ili^ 


Drawn 
Verbal 


Tables  indicates  that  on  drawn  format  Problem  4  is  answered  affirmatively  only  in  the  secx)nd 
grade,  and  on  verbal  format  Problem  4  is  answered  aflirmatively  throughout  the  i\ir<^  grades.  On 
performance  of  story  problems  of  drawn  format,  the  mean  values  of  the  version  of  concrete  and 
abstract  situations  of  the  second,  third  and  forth  grade  were  10.07  and  9.63,  7.27  and  7.19,  and 
8.98  and  8.96.  respectively.  On  performance  of  story  problems  of  verbal  format,  the  mean  values 
of  the  version  of  concrete  and  abstract  situations  of  tlie  second,  third  and  fortli  grade  were  9.62 
and  8.92,  6.42  and  6.03.  and  8.68  and  8.43,  respectively.  In  the  second  grade,  problenrs  of  concrete 
situation  are  significantly  easier  than  those  of  abstract  situation  on  performance  of  drawn  format. 
On  performaticc  of  verba!  format,  problems  of  concrete  situation  are  significantly  ea^sier  than  those 
of  abstract  situation  in  all  the  thre<^  grades. 

Problem  5.  The  mean  values  of  performance  of  four  versions  of  slory  problems  are  indicated 
in  Table  6. 
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Tabic  6.  The  mean  values  of  performance  of  four  vernions. 


Format  Situation 


Grade 


2 


3 


4 


Drawn  Conrroat 


10.07 


7.27 


8.98 


Drawn 


Abstract 


9.63 


7.19 


8.96 


Verbal  Conrreat 


9.62 


6,42 


8,68 


Verbal  Abstract 


8,92 


6.03 


8,43 


Table  6  indicates  that  the  orders  of  larger  or  smaller  mean  values  arc  at  least  numerically  the 
same  through  the  three  grades.  Table  6  also  indicates  that  the  difference  between  format  arc  larger 
than  that  bctwct»n  situation  on  performance. 

CONCLUSION 

The  sttuly  revcal.s  that  in  the  second  grade  there  are  significantly  different  effects  between  two 
formats  of  drawn  and  verbal,  and  also  two  situations  of  concrete  and  abstract,  on  performance  of 
solving  story  problems.  Despite  that  the  effects  are  gradually  decreasing  aa  student  grade  increasing, 
the  difference  between  drawn  and  verbal  formats  of  story  problems  with  abstract  situation,  and 
the  difference  between  coiu  rele  and  abstract  situation  of  story  problems  with  verbal  format  are 
obtained  in  the  study. 

Although  the  study  also  reveals  that  the  different  effect  of  formats  is  larger  than  that  of  situa- 
tions, the  findings  of  the  study  tells  us  that  different  effects  between  concrete  and  abstract  sil  nations 
of  story  problems  on  performance  are  not  negligible  especially  for  low  grade  students  in  elementary 
school  rnathematiis  classrooms  in  Japan. 

Owing  researches  by  IMaget.  Hruner  and  others,  elementary  school  teachers  of  Japan  have  been 
interested  in  the  difference  between  two  formats  of  drawn  and  verbal,  and  excessively  used  drawn 
formats  in  school  niathematii  s  chussrooms.  but  they  are  not  conscious  of  the  value  of  students'  such 
concrete  and  everyday  life  tuoile  of  thinking  as  revealed  in  the  study,  and  they  are  not  interested 
in  the  difference  between  concrete  and  abstract  situations.  The  findings  of  the  study  implies  the 
importance  of  the  difference  of  situations  for  their  presentation  or  translation  of  contents  of  school 
mathematics  corresponding  to  the  developmental  level  of  students  they  teach. 
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ZcMg  ilu-  native  o/Ou*  "(ulk"  i/um  M;  ihr  s.lWui ...  on.^  of  wUok- 
class  dl.scusiton  or  small  flroii;;  ;)r()/;lcMi  scj/i'wu). 
totroduaion  and  B«kgroui.d,  In  o>,r  worU  w.  c„lh,bu,  at.  will,  U-adu-rs  lo  cU-vc-U>„ 
instructional  approaches  lo  ntalluMnallrs  whlc'l,  Mc  chlMrcn  In  cloveloplnR  pc-rsonally 
mernvtuRful  sdntlons  lo  problcnts  In  s.nall  Rronp  .  ollaburallvc.  sctllnMs  and  llton  <liscnsslnM 
Utelr  solutions  In  a  subsocuu-nl  wboU-  c.lass  sclUn.U.  flassrocm,  cbsc^.tllous  rl.-arly  sl-ow 
that  tlK-  way  In  which  chlldmi  talk  aboul  Uu  lr  acUvllv  .UH.Ts  dcpm.lluU  on  Ihdr 
UUcrpn-tatlon  of  the  sllnallon  as  a  social  cvcnl.   -Ihls  paper  presents  ll...  results  ol  a,. 
analysis  which  Inveslli-atcs  these  .linercMces.  Aspects  ol  (be  c.hlUUrn's  '■lalir  that  are  of 
UUercsl  a.c  the  natntc  of  the  lan^JnaMo  used  and  the  lyi.e  ol  .•M'lanallon  jjlvc^n. 

Disllncllons  b.-tween  styles  of  sp..vh  and  types  ol  talk  In  the  class.oon,  have  been 
,nade  by  ■csearchers  who  study  .•lassroun,  lanRoaue  and  discourse,  Inc'lu-llnR  C'avden  (I'.HH). 
narues  (1976,  1977),  aiul  IMnu,,  (19871.  Barnes  dille, ennat.^s  between  what  he  calls 
••exploratoiT  talk"  and  '■nnal-draa  (or  e..plaMato>yl  talk'.  Dxplonao...  talk  Is  speech  thai  Is 
,„ouMh.  out  in  U,e  co.trse  of  expression  while  nnal-dral.  lalK  Is  speech  lhat  Is  characteristic 
.„•  planned  expression.  Acc^ordlnM  to  Uan.es  ,.nd  Ca/den,  cxploratoiy  talk  Is  n.on-  likely  to 
occur  in  <Uscusslo.,s  belwcen  peers  and  linal  d.alt  talk  dnrlnRa  ■Tcpurt. back"  dlscnsslon 
will.  Ihc  whole  class,    ri.nm  (1987)  tnakes  a  sballar  dlstlnc  llon,  naarely,  between  student's 
-lalklnK  lor  then.selves"  and  •  talking  Ibr  others-.'  The  tualn  pnrpose  (and  elVecU  of  lalk.a,-  lor 
oneseiris  to  orf-anUe  ones  IhouRhtsand  rcllect  un  on.'s  own  thinkinu,  whereas  Ihc  tnaln 
puipose  of  talkinf;  for  others  Is  coinniUMlcallve. 

cxprrssetl  arr  solely  Ihost;  of  the  author 

Sotne  or  the  Kk-as  In  this  paper  weu.  .level,,,,,.,!  ,„  d,.  usm„„s  «Uh  l.,..u,Uh  l<a,„Msl,.|,l.  Paal  Cobl,. 
Gut/.  Knmimheucr.  ,Joi(>  Volfil,  andlVny  W,i".l 
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At  I  he  oiiLscl.  these  dlsUiicHons  seeiiu'd  useful  io  us  to  accouiU  lor  dlfleiences 
hotwecii  chilflrcM's  aeUvliy  atici  lalK  (huln^^  small  ^loup  work  and  In  whole  class  discussion. 
Our  purposes  tn  ortjanl/ln^^  classrooin  lusli  union  to  Include  both  small  group  work,  where 
students  develop  solcKlons  to  problems,  and  whole  class  discussion,  where  they  later  explain 
their  solutions  to  the  whole  class,  wei  e  to  faclHlatc  opportunities  for  children  to  deveJop  ways 
to  talk  about  their  thlnkljif*.  to  l  eflecl  on  their  arllvUy.  and  to  reconceptuallze  and  reorganize 
their  prior  activity  In  order  (o  exi)latM  II  u»  oihcrs  (Piinin.  \i\  press:  Yackel.  Cobb.  &  Wood, 
1901).   Therelore  we  expected  that  sludeuls'  talk  durhu*  whole  class  discussion  would  be 
Indicative  of  such  reflectloii,  rcconceiJtuall/attou  and  reoj7?anlzallon  and  would  be  more 
matheinatlcaliy  sophisticated  Uiaii  talk  In  small  work.  lIowe\'er,  the  data  rernilred  a 

nnrr  analysis  to  account  for  I  he  obsem-d  tliricn-nccs.  This  finer  analysis  Included  lakla^  the 
children's  Inlerpretatlon  of  the  slluallon  Into  acconiil.  It  Is  the  contcM  that  Is  relevant  raUier 
than  the  srttUui  Heie  we  are  nsln;^  confcM  In  tin-  srnse  ol  Ccfbl)  (198(3).  In  (his  sense 
eontexl  Is  Individual  and  Inckides  the  individual's  Intel  pi  elation  of  tJie  situation  Including 
their  expeclatlons  and  ubll^^allnus.  Tlius.  the  same  seUln/4,  suth  as  sin;dl  ^^ro'.ip  work  or 
whole  class  discussion,  may  be  completely  dllfei'enl  contexts  for  dlflerenl  individuals, 
Discussion  of  Data  end  Results  of  Analysis.  Videutapc  data  and  available  transcrlpls  were 
perused  to  Identlly  eases  In  which  clilhlien  had  been  videorecorded  as  th(!y  attempted  to 
solve  a  t)ioblei.i  In  (he  small  ^[you\i  seltlii};  and  then  the  same  children  described  Uielr 
solutions  during  the  sulxsetiui'nt  wIkjU*  class  discussion.  Data  analyzed  Include  all  available 
data  from  three  inonlJis  tn  the  middle  ol  one  year  lon^  teachlniJ  e-^wperlme^lt  and  selected 
episodes  across  the  school  year  from  anoLlier  yeai  -lun^  leaching;  experiment.  Both  were 
second  fjrade  classes  but  In  dllTerent  c  ultural  settln^^s. 

'Ilie  a^K'iysIs  of  the  targeted  ei)lsodes  Indicates  (hat  for  children  the  critical  feature  Is 
not  wlicilu-i  ihcy  are  enMa^ed  In  small  j^roiip  jiroblem  solvln^^  or  whole  class  discussion  but  Is 
the  nalUK^  ol  the  local  situation  realt/ed  as  a  social  event.  The  presence  of  the  teacher  or  of  a 
researcher  In  small  /^i()U]j  work  resulls  In  dllleicnl  iulcracllon  patterns  lhaii  when  the 
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children  are  aloiur.  CliUdreii  alter  tlieli  exphinjUlons  diu*  io  (linoilii/^  exjuH'talluiiH.  lluMr 
porcepllons  of  llii-lr  oblljiiUlons.  and  Iht-lr  dwn  personal  amentias.  For  cxaniplc  in  the 
prfsrnro  of  Uu*  toaelicr  a  child's  i^oal  may  be  to  establish  that  he  had  the  eorreet  answer 
ratlier  thiui  lo  elaboralc  on  dimcuUies  lie  had  wiUi  a  parlleidav  interpretation  of  the  problem. 
On  Ihc  olhor  hand,  the  f^oal  mighl  be  to  ellell  llu-  teaehei's  asslstanee  to  resolve  a  conillct 
between  two  differing  Inlerprelallons.  When  children  are  Interaclinfi  alone  in  small  gronp 
work  Ihcy  may  be  attemptij^g  lo  eonvii\ce  eaeh  oilier  ui  the  viablllly  of  Ihetr  own  persotial 
lnten)relation.  or  they  may  be  atlemi)tin^  lo  take  each  other's  perspective.  \V1ien  children 
talk  (luring;  whole  class  discussion  it  may  be  in  report  (and  e.xplaln)  a  prevlunsly  developed 
solullon  metliod.  Or  It  may  be  lo  enter  into  the  uii^oliui  diseiission  usinK  their  prior  small 
Kronp  aellvlty  as  a  basis  for  eontribntlnM  lo  Ihe  disenssUMi.  In  some  cases.  th(7  abandon 
their  prior  small  j^roup  work  and  develop  a  solution  that  addresses  the  (piesttons  and 
challenj^es  of  the  tnimediale  discussion.  The  child  s  interpu'laiion  of  his  obligations  and  his 
expectations  of  other  parlicipanls  in  the  iinmrdt.ite  situatiun  aie  ertllcal  to  the  nature  of  the 
acllvity  (and  talk)  the  child  enMaL'es  in.  In  nuikini'  Ihesc  !udj',emenls  Ihe  child  liUnself 
(  uninbules  lo  the  development  of  Ihe  sitnalioii. 

To  lllualrale  children's  dlllerln^  aelivity  and  talk  U\  various  situations  that  they 
inlerprel  as  clllTcrcnt  social  cveiils  we  presi  ut  the  followini^  example. 
Example.  John  and  Andy  arc  working  loKciher  on  a  problem  in  small  j^roup  work,  first 
alone,  then  In  the  pirsencc  of  a  ifseiin  hri .  and  Liter  in  tlie  pirsenee  of  ihc  teacher.  Filially. 
Ihey  participate  In  the  subsccinciit  whole  dass  discussion  ol  the  prnbleni.  The  problem 
under  discussion  is  tlie  third  problem  In  the  sequence  shown  below.  In  eacli  case  the  task  Is 
lo  n/4me  out  what  number  lo  put  In  tlu*  blank  lo  make  ihc  Icll  and  rlMht  sides  l)alanee. 

46.  46  /   48.  48  /   3H.  38  /  

HnvluM  solved  the  flrsl  task  by  adding;  40  anrl  40  to  ^^ei  80.  adding  n  Ki  80  to  j^ei  80  ;md  then 
addinjj  on  G  more  to  M^'t  'S^-  and  the  second  task  bv  relating  it  to  ihe  Hrst.  "Just  4  more  than 
thai,  what's  IlialV  That  mal<es  90".  Andv  n-iaK's  ihc  tliiitl  task  to  the  .iccoud.  "20.  20.  take 
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away  20.  "  John  agrees  lo  Andy's  solutions  oflhe  lirst  iwo  tasks  although  he  first  proposed 
solvlnj^  the  second  task  by  adding  8  and  8  and  SO.  John  also  relates  the  third  task  to  the 
second  but  thinks  you  should  "take  away  10.  take  away  10."  Each  child  Insists  on  his 
iruerpretaiion  of  the  problem.  Since  there  is  a  ill.spuie.  an  occasion  lor  clarification  has 
arisen.  From  the  obseiver's  perspective,  it  is  appropriate  Ibr  each  child  to  provide  a  rationale 
for  his  suggestion.  Tlie  first  evidence  of  an  attempt  at  doing  so  Is  given  by  John  when  he 
s;iys.  'Take  away  10.  take  away  10  (pointing  at  48  and  then  38).  Look.  40.  30.  Not  20." 
Andy  replies  with.  "1  know,  oh  ...  yeah.  "  Ji)hn  ■■cxj)lanation".  however,  is  not  clearly 
articulated,  it  relies  on  pointing  and  is  not  a  well  dn  t-Uipcd  verbal  explanation  of  his 
thinking.  /\july.  on  the  otlier  hand,  gives  no  raliunalf.  Further,  nis.  "1  know,  oh  ...  yeah", 
Iniilcalcs  that  he  is  unaware  of  the  discrepancy  betwee-n  his  and  John's  Interpretations.  He 
aj)pears  to  agree  with  John  acknowledging  that  tliis  jjrohleni  involves  30  whereas  the 
previous  problem  involved  40.  The  subsequent  verbal  interchange  that  occurs  does  not 
acUIress  their  dlfiering  InlfMpretatlons  of  the  j)rubleHi  task.  Andy  repeatedly  restates  the  need 
to  "lake  away  20".  anil  reiterates  the  result  as  being  "TU  or  in  the  70's  while  John  reiterates 
his  Interijrelatlon  of  the  task  as  'take  away  lO".  John  attempts  to  provide  a  rationale  on 
three  oeeaslons.  llrst  saying,  "Look.  40,  30.  not  20.'  Later  he  says  "No,  take  away  10.  Look, 
lis  40.  30  (pointing  tr)  the  two  tasks)"  and  slill  later,  '  neeause  there  is  48  and  43.  that'sjust 
taking  away  10.  So  take  10  away  from  tJiat  (j)ointing  to  the  answer  of  the  second  task)."  (We 
Inlerijret  the  "43  "  as  misspeaking  )  John's  last  uUeranee  Is  the  only  one  in  the  entire 
dIaio)iue  that  has  Die  form  of  an  ex])lanati(>n.  His  language  "because  ...  so  ..."  Is  evidence 
that  his  Intention  Is  to  give  a  rationale  for  the  solution  meihod  he  is  advocating.  However, 
his  exi)lanalion  falls  lo  explicate  the  (llfferences  between  his  and  Andy's  interpretations. 

There  Is  a  dlsllnrt  change  in  the  natuu-  of  Andys  ulleniiiee  In  the  next  portion  oflhe 
episode  when  a  researcher  enters  the  sciiie.  Now  botli  boys,  in  response  to  the  researcher's 
refjiiest.  '  H(»\v  did  yon  do  It'.^'  give  a  raliunali-  lor  their  sohiliun  activity. 
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Andy:  Well,  take  away  10.  10  from  each  of  these  (points  to  the  previous  task).  Take  away 
lOfromeachof  these  make  20.  take  away  20.  He  put  80.  1  think  that's  ...  I  think 
Its  seventy-six." 

John:  See.  that'sjust  10  more  ....  10  less  than  that.  So  *he  answer  has  to  be  10  less. 
Andy's  reply  to  the  researcher  elaborates  his  interpretation  of  Ihe  problem  and  explains  the 
origin  of  the  "20"  that  Is  to  be  taken  away.  Andy's  previous  comments  to  John  did  not 
provide  this  clarification.  Andy  may  have  assumed  that  John  shared  his  interpretation  of  the 
task.  There  is  some  support  for  this  hypothesis  from  the  previous  history  of  tills  pair  (Yackel. 
Cobb.  &  Wood  1990).  .Another  possibility  is  that  Andy  did  not  feel  obliged  to  explain  to  John 
but  did  feel  obliged  to  explain  to  the  researcher.  The  researcher  had  previously  established 
that  he  was  Interested  In  how  the  children  thought  about  the  tasks.  In  any  event.  Andy's 
reply  to  the  researcher  Indicated  that  he  understood  which  aspects  of  liis  Uiinklng  were 
critical  to  providing  a  complete  explanaUon.  For  his  part.  John's  reply  to  the  researcher 
differed  from  his  prior  comments  to  Andy  in  that  he  now  fjoes  on  to  verbaUy  relate  his 
observation  "Just  10  more  ....  10  less  than  that"  to  the  answer.  "So  the  answer  has  to  be  10 
less",  whereas  previously  he  had  only  pointe{l  to  the  answer.  If  either  child  had  said  to  the 
other  what  he  said  to  the  researcher  they  may  have  resolved  their  disagreement.  The 
difference  In  t>ie  explanaUons  given  by  each  child  and  in  the  nature  of  their  "talk"  indicates 
that  they  Interpreted  the  presence  of  the  researcher  as  a  different  social  situation. 

Later  when  the  teacher  enters  the  group  the  boys  immediately  tell  her  about  their 
conflict  over  the  problem  even  though  they  were  already  working  on  another  acUvity  page. 
Based  on  their  previous  experience  In  this  class,  they  might  expect  the  teacher  to  help  them 
resolve  their  disagreement  by  discussing  their  solution  procedures  with  them.  However,  tlie 
two  soluUon  meUiods  discussed  with  the  teacher  are  boOi  different  from  the  methods  the 
boys  were  attempting  to  use. 

Teacher:  You  know  that  48  and  48  make  96.  so  38.  38. 
Tlie  teacher's  Initial  comment  signals  a  relationship  to  the  previous  problem.  John's 
acceptance  of  the  teacher's  implicit  reference  to  solve  the  problem  by  rolaUng  it  to  the 
previous  problem  is  indicated  by  his  next  remark 
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John:    Ten  less  than  that. 
Teacher:  Not  quite  10. 

Simultaneously,  Andy  solves  the  problem  by  adding  30  and  30  and  8  and  8.  using  the  same 
method  he  used  to  solve  the  first  problem  on  the  page. 

Andy:  thirty,  sixty  ...  68,  69,  70       76  (puts  up  fingers  as  he  counts  the  last  8).  76. 

Here  Andy  has  used  a  counting-based  method,  one  that  would  be  undisputed  by  either  child. 
In  this  class  counting  was  always  viewed  as  a  method  you  could  fall  back  on  when  you  had 
no  other  way  or  to  provide  "absolute  proof  of  your  answer.  When  the  method  of  solution  Is 
counting-based  no  "explanation"*  was  deemed  necessary.  Andy's  giving  this  solution  shifted 
the  focus  from  relating  the  two  tasks  to  the  result  of  tlie  computation.  The  teacher  chose  to 
followe  up  on  the  counting  approach  by  suggesting  an  alternative  way  to  figure  out  the  sum 
of  30.  30.  8  and  8.  namely  adding  the  two  30*s.  the  two  8's  and  then  adding  the  partial  sums. 

The  solutions  discussed  In  the  presence  of  the  teacher  are  not  the  same  as  those  the 
clilldren  attempted  when  working  as  a  pair  or  In  the  brief  Interchange  with  the  researcher. 
One  Interpretation  Is  that.  In  the  teacher's  pres'^nce,  Andy's  purpose  was  to  clarify  which 
answer  is  correct.  Another  possible  lntei"pretatlon  is  that.  In  an  effort  to  resolve  the 
disagreement,  he  chose  to  use  a  method  that  had  been  established  In  the  class  as 
unquestionable.  The  verbal  Interchange  with  the  teacher  addressed  the  question  of  which 
answer  Is  correct,  but  did  not  address  the  disagreement  about  the  boys'  differing 
Interpretations  of  the  problem.  The  teacher's  comment,  "Not  quite  10",  signals  John  that  his 
Interpretation  Is  not  appropriate  but  there  Is  no  explanation  of  why  and  tiie  discussion  does 
not  return  to  this  Issue.  A  potential  situation  for  explanation  (Cobb,  Wood,  Yackel.  & 
McNeal,  1992)  exists  but  It  does  not  develop  since  the  teacher  and  Andy  Interactively 
constituted  the  topic  of  discussion  to  be  developing  a  viable  solution. 

In  the  subsequent  whole  class  discussion  Andy  first  explained  that  he  and  John 
disagreed  on  the  answer  and  then  gave  the  variation  of  his  solution  method  that  the  teacher 
suggested  when  she  intervened  In  their  small  group  work.  It  served  the  function  of  clarifying 
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that  the  correct  answer  Is  76.  The  topic  of  discussion  then  moved  to  the  difference  the 
partnei-8  experienced  In  small  group  work. 

Andy:  Well,  urn  ...  John  was  a  lltUe  mixed  up  cause  he  thought  It  was  only  48  take  away  - 
and  no  48.  He  thou^t  Just  48  and  no  other  48  and  38  and  no  other  38.  And  Just 
take  away  10  would  be  86.  But  we  had  to  take  away  20. 

Here  Andy's  explanaUon  Indicates  that  he  might  have  an  understanding  of  the  difference 
between  his  and  John's  IntcrpretaUon  of  the  task,  but  there  is  no  clear  explanation  like  the 
one  he  gave  to  the  researcher  when  he  said  "Well,  take  away  10.  10  from  each  of  these. ... 
Take  away  10  from  each  of  these  to  make  20.  Take  away  20."  These  children  understood 
that  in  interactions  with  the  researcher,  they  would  be  asked  to  explain  how  they  thought 
about  the  tasks,  whereas,  in  whole  class  discussion  the  teacher  would  typically  assist  with 
explanaUon.  The  purpose  of  explaining  one's  solution  was  different  in  the  two  cases.  When 
explaining  to  the  researcher  it  was  sufBclent  to  describe  and  clarify  your  thinking.  When 
explaining  to  the  class.  It  was  necessary  to  try  to  explain  It  so  other  students  in  the  class, 
who  presumably,  represented  a  wide  range  of  mathemaUcal  understanding,  could 
understand.  The  teacher  supports  these  cxpectaUons  by  asking.  "Ahal  Why  did  you  pick 
20?  ■  Andys  response,  "Cause  48  and  48.  Just  take  away  -  tak-  48  take  away  10  makes  38" 
still  provides  no  differentiation  between  his  thinking  and  J  hn's.  who  repeatedly  said  "take 
away  10"  during  their  small  group  attempt  to  solve  the  problem.  It  Is  the  teacher  who  goes 
on  to  give  the  clarifying  explanation  when  she  says.  "Here  Is  38  (pointing  to  48  and  38)  and  I 
know  that's  10  less.  And  48  and  38  Is  10  less  (pointing  to  the  other  48  and  38).  So  how's 
that  going  to  affect  your  answer?" 

In  summary.  In  this  example,  the  language  of  explanation  was  limited  to  one  Instance 
of  John's  during  small  group  work,  and  one  Instance  of  Andy's  In  the  Interchange  with  the 
researcher.  Neither  child  used  the  language  of  explanation  In  the  Interchange  with  the 
teacher  or  during  tiie  total  class  discussion.  Andy's  use  of  explanation  when  talking  to  the 
researcher  Is  consistent  with  what  we  would  expect  and  with  the  notion  of  flnal-drafl  talk. 
However  during  class  discussion  teachers  frequenUy  intervene  to  fuinu  Uie  role  of  rephrasing 
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and  elaborating  on  children's  solution  descriptions  for  the  benefit  of  other  students.  By 
doing  90  the  teacher  serves  both  to  assist  the  children  to  understand  what  constitutes  an 
explanation  and  to  Interfere  with  their  giving  one.  It  serves  to  assist  the  children  understand 
in  as  much  as  the  teacher  repeats  and  elaborates  based  on  her  understanding  of  the  other 
children's  potential  for  making  sense  of  what  Is  being  said.  It  serves  to  Interfere  In  that  It 
relieves  the  student  of  the  obligation  to  figure  out  for  hlm/herself  which  repetitions  and 
elaborations  might  be  useful.  In  effect,  the  teacher  is  taking  the  responsibility  forjudging  the 
fit  between  the  explanation  and  what  Is  taken-as -shared  by  the  class. 

Conclusion.  This  paper  has  documented  Uie  qualitative  dlfierences  In  student's  talk  and  the 
nature  of  their  explanations  In  vai  lous  situations.  The  critical  feature  Is  the  student's 
Interpretation  of  the  situation  as  a  social  event  as  it  Is  Interactively  constituted  by  the 
partlrlpants. 
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LEARNING  OPPORTUNITIES  IN  AN  IN-SERVICE 
TEACHER  DEVELOPMENT  PROGRAM 
Ada  BoufJ.       Sonla  Ka-Fousei 
Unlvorsity  of  Athene 

Thiss  paoer  is  focused  on  tho  anaivsia  o-f  tvacharm'  mathmmatic^ 
PGdagogy  learning  Jn  the  context  of  an  in-SBrvicB  dmvslopmmnt 
program.  TsachBrs'  learning  is  considwrad  as  both  an  individual 
constructivs  activity  and  as  an  intaractiva  activity  of  acculturation 
into  the  be  1 1  of s  and  practices  of  a  specific  pedagogical  community. 
The  analvsis  i^iU  concentrate  on  two  teachers'  learning  proceamma. 
This  anaivsis  aims  at  a  better  undmratanai  ng  of  thtf  complmxitimm 
involved  in  the  teachers'   learning  orocmss. 

In  rocont  vearB  the  studies  r*lat«d  to  teachBra'  (iducatlon  hav« 
replacttd  their  perspactlvB  of  a  Da«»lv»  teacher  with  one  that 
considers  teacher  as  an  active  constructor  of  her  knowledge.  Thle 
Change  reflects  a  parallel  shift  In  our  conceptions  about 
mathcmaticB.  and  mathematics  teaching  and  learning.  Constructivism 
IS  the  epiatemology  that  underlies  thaee  changes. 

Under  this  new  perapectivo,  several  aspacta  of  teachers' 
developmental  process  have  been  Illuminated  by  many  researchers 
(Cooney,  1985)  Cobb,  Wood,  U  Yackel,  1990;  torman  U  8cott-Hodgetts, 
1991;  Simon,  1991).  These  studies  are  mostly  re-ferred  to  the 
teachers'  individual  activity  in  constructing  new  knowledge  end  they 
do  not  provide  oxplicit  data  concerning  the  procese  of  teachers' 
learning  within  the  context  of  interactive  communication  with  their 
coUeaaues.  However.      as     Steffe      U991)      omphaBizes  interactive 

communication  that  transpires  between  teachers  and  etudente,  among 
students.  or  among  teachers  is  One  of  the  requirements  of 
constructivism  for  mathematics  education.  This  reouirement  springs 
from  a  view  that  raspects  students*  as  well  as  teachers'  knowledge. 
Therefore,  we  should  note  that  communication  among  tsachsrs  and 
between  mathematics  educators  and  teachers  is  neceesary  for  teachers' 
deve 1 opment . 

In  the  context  of  a  teachers'  development  program  we  aesumed 
that  teachers  -  like  the  students  -  construct  thsir  own  meaningful 
knowledge  by  reflecting  on  their  eHperiences  of  their  classroome' 
incidents  well    as    bv    negotiating    their    own   ascribed   meanmge  to 
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these  incidentB  within  th«  community  of  their  profsseional 
col  leagues. 

In  a  way  analogous  to  the  analysis  of  students'  mathematical 
learning  in  a  claeeroom  (Wood,  1991),  the  purpose  of  this  papor  is  to 
provide  an  initial  analyeie  of  teachers'  learning  as  a  constructive 
and  interactive  activity  (Bauerefeld,  1988).  Thie  analysis  is  a  part 
of  a  research  program  which  aime  to  develop  a  model  of  the  teachers' 
learning  procese. 

Method 

The  examplee  used  in  thie  etudy  for  the  investigation  of 
teachere'  learning  come  from  a  teachers'  development  program 
organized  in  order  to  help  teachere  construct  a  context  of  the  class- 
room's      evonte       interpretation       compatible       with       constuct i v ism. 

Ton  third-qrade  teachere  participated  in  this  program  three  hours 
per  week  for  three  months.  Prior  to  their  participation  those 
teachers  wsrs  studied  with  respect  to  tnoir  beliefs  and  practices. by 
being  observed  in  their  claesrooms  for  four  months.  In  the  course  of 
the  program,  thess  teachers  were  involved  in  several  activities. 
Among  these  activitiee  they  were  supposed  to  keep  diaries  with 
detailed  commente  on  epecific  episodes  from  thsir  own  teaching  that 
captured  their  interest.  Thie  activity  wae  expected  to  develop  their 
reflective  practice.  8one  teachers'  lessons  were  video-taped.  These 
tapee  gave  opportunitiee  for  discussions  in  ths  seminar.  These 
discussions  wsrs  a  msans  for  the  constitution  of  taken~as-shared 
meaninge  of  the  claeeroom  events.  Two  representative  teachers'  teach- 
ing 'actione  and  reflections  about  theee  actions  constitute  the  data 
for  the  analyeie  of  their  individual  development.  A  transcript  of 
the  discourss  dsveloped  among  the  program  participants  provided  the 
data  for  the  analysis  of  thsse  two  teachere*    collective  development, 

rheoB  analyses  will    be  carried  out  by  using  constructs  from  the 
sociocoqnitlve      and      soc 1 oa nt hropo 1 oq i ca 1       context       (Cobb,  1990). 
Analytical   descriptive  narrative  was  the  method  used  for  our  analysis 

(Erlckson,  1986). 
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R««ult« 

At  +irst  an  analysis  of  two  taachers'  comm«nt»  on  •pacific 
incidents  o-t-  thair  teaching  will  be  given.  In  thle  analysis  thsrs 
will  be  shown  ths  teachers'  learning  opportunities  that  were  created 
by  their  activity  of  reflecting  on  their  practice.  It  ehould  be  noted 
that  both  teachers  used  the  same  activity  In  their  claeerooms.  Thle 
activity  was  suggested  to  the  teachers  by  their  educator  for  the 
purpoee  of  helping  them  to  become  aware  of  their  etudente*  potential 
to  construct  non-standard  algorlthme  for  division. 

Second  an  analysis  of  the  discueslon  that  took  place  between  the 
teachors  and  their  educator  will  contribute  to  an  underetandl ng  of 
the  related  learning  oppor turn t I oe .  Although  thle  diecueeion  happened 
at  the  end  of  the  first  month  of  the  seminar,  it  ehould  be  mentioned 
that  teachers  and  their  educator  were  et 1 1  1  in  the  proceee  of 
BBtablishinp  appropriate  norms  for  tnelr  interactive  communication. 
A.   Analyeic  of  teachere*  commente 

Ihe   activity    that    both    teachers   gave   to  their  etudents  wae  the 

computation  of  the  following  sequence  of  divlelonei 

72   :    4  a    ,    36   J    4  =  ,   40   :    4  «  ,    i   4  «   15  , 

80    t    4  =  ~        ,  I    4   =    ,    16B   :    4  =    ,    160    t    4   "    , 

160  :  ^4   ,    160   :   20  =  ,   20  X  -=  160. 

It  Should  be  mentioned  that  both  teachers  uee  the  eame  textbook. 
So  two  months  ago  their  etudents  worked  on  dlvlelone  with  double- 
digit  divldonde.  As  both  dlglte  of  the  dividend  were  multlplee  of  the 
dlvleor  students  had  already  been  trained  on  the  application  of  the 
distributive  algorithm  by  analyzing  the  dividend  into  tene  and  onee. 
A  set  of  activities  on  division.  Including  the  one  above,  wae  given 
to  our  teacher's.  These  activltiee  wars  supposed  to  be  ueed  In  place 
of  the  textbook's  second  sequence  of  lessone  concerning  a  further 
devoloomont  of  the  standard  divielon  algorithm.  However,  the  eecond 
teacher  did  not  -hollow  our  suggestions  and  Inetoad  she  ueed  theee 
activities  as  a  supp 1 ament  to  the  textbook 'e  activities. 

In  the  classroom  of  our  first  teacher  -  Maria  -  there  was  the 
+ol lowing  wholB-claes  discussion  after  studente  had  worked  In  email 
or oups : 
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Teacher : 
John: 

Teacher : 
vasso: 


Toacher ; 
Mar  i  na : 
Teachsr : 
Mar  1 na : 
Teacher : 
Ki  k  i  : 
Toacher : 
Klk  1  X 
Teacher : 
Klk  1  : 

Teacher : 
Tass  1  a : 

LStudent 
rest  of 
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s  J2.   di  V  1  de  d  ov 
qr oup   dec  1  de"'' 
40.    It    doesn't    do.  We 
Then    we   tried   18   and  it 


1- 1  na 


Let's    think    again    -from    the    beainninq,  wh^it 
What   have  vou   -Found'''  John,   what   did  vour 
We   found    l8.    We   said    lu   times   4  is 
then    took    20    time?    4    and    gave  8u. 
Qdve  72. 

This     IS    nice.     Did    another  group 
this'> 

We  said  ...  10  times  4  is  40.  b  times  ^ 
18  20.  40  plus  20  IS  60.  Up  to  now  we 
we  reached  60.  60  Plus  12  is  72.  4  olt 
P I  us  3   is    18 . 

Is  there  a   different  way''  Kiki   and  Marina  what  did 
We  found  36  pluB  36   ic  72.    9  Plus  9   is  18. 
Where   did  vou   find  this  nine"? 

In  the  «BCond  problem.    Miss,    where  we  found  nine. 
How   did  you   find   that  nine'' 
As    It    IS    ...    it   makes  nine. 
And  why   doesn't    it   make  eight 
If   It  was  26   divid«d  bv 
And   if    I    told  you  six? 
I   will    say  6  plus   3  equals  9  , 
this  four   at   al  1'^ 
Do  vou  agrea  to   that"^  Tassia, 

If    It    was    correct.     th©n  TZ 
that   would  be  wrong, 
s  kept   describing   their   strategies  for 
t  ho   di  V  1 »  1  ons  3  . 


different  wav  for 


whi ch  IS  ha  1 f  of  40 
took  It  lb  t 1 mes  but 
3    4   plus    ^    IS    12.  lb 

vou  do'^ 


it  would  be  eight. 


But  shou 1 dn*  t 


t  h 1 nk    a  bout 


cli  V  I  ded  bv 


wou  1  d    'Tia  k  e  9  a  nd 


the   computation  of  the 


Ihe  comments   of   Maria   on  the  above  excerpt   o^   ner    lesson  are  the 


foil ow 1 na : 

"  ...  Mv  students*  methods  in  these  divisions  we»-G  wonderful. 
I  was  impressed  by  the  way  thev  were  connecting  the  several  results. 
So  far  I  have  not  let  all  of  them  to  describe  their  solutions.  Une 
correct  method  of  solution  was  usual Iv  enough.  However.  1  do  not 
Know  where  to  find  ouch  problems.  The  textbook  doss  not  help.  I  was 
viirv  glad  with  my  students'  happiness  which  thev  felt  bv  partici- 
pating in  the  classroom's  discussion,  I  believe  that  these  discus- 
sions help  my  BtLidnnts  to  develop  a  di  f  ferent  d  i  cture  of  mathematics. 
By  inventing  their  own  strategies  and  not  following  my  owr,  they  stop 
viewing  mathematics   a»  mysterious  and  strange  to  them  ... 

The   excerpt    that    follows    is    from   the   discussion   that   took  olace 


In    our    second    teacher  s 


E  1  e  n  1 


c  1  assroom .    at  ter   her   students   ba  d 


worked   indlviduallv   for   a   few  minutes: 

Tpacher:   How  much   did  vou   ^- i  nd   in  the   first  division^ 

CoBtaa:        I    found    18     (He    goes    to    the    chalkboard    and    ns    riOPlies  thc3 

standard   division  algorithm). 
Teacherj      (Several     students     raise     their     hands    whispering  different 

answora)    O.K.,    what   did  vou   find  Kena ^ 
Kena:  I    found   32.     (She    is    asked   to   come   up   to  the  chalkboard  but 

she  can   not   complete   her   effort   to  aoply   the  algorithm). 
Teacher:      you     have     to     practice     enouah,     otherwise     vou     will  have 

problems.       Nikos,    whv    are   vou   »  a  i  b  i  na   your   hand'     What  have 

you  dohO"' 

NiKos:  1  also  found  ^8  but  I  used  a  different  wav.  i  said  ...  how 
manv  fours  equal  /2  and  then  ...  1  added  4  plus  4  plus  4  ... 
unt 1 1    1    found   72.  .        _        *  . 

leacher:    Ihis   is  alriqht.    but    it   takes  a   lot  of   time:    that  s  why    it  s 

better   to  use   the  way    I    showed  you. 
[Students    continued    with    the    next    problems    and    solved    each  problem 
separately   by  using   the  standard  division  algorithm,    the  relation- 
ship  between   division  and  multiplication,    or   the   basic  factsD 
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Helen»-s   comments    .eter.inq    to    the   above   eoisode  of  hBK  lesson 

are  the  following: 

..      MS    1    remernDBr-    Rena's    error's   were    duD    to  her   poor  ^nder- 

irS?ul         -iLv^r  v£^ 

IhQ  eOlSodBB  in  Maria's  classroom  indicate  that  her  students 
ano  herself  have  constructed  an  environment  rich  in  learnincj 
□poo.tunities  for  ner  .  The  variety  of  hor  students*  etrateqies. 
tnei.  inventiveness  and  their  attitudes  trigger  off  a  change  in  her 
content  interoretinq    her    classroom'B    life.     Mar i a ' s  expectat ions 

tor  the  activitv  of  her  students  cease  to  be  con^ i ned  to  "one  correct 
solution  method".  1  hese  students'  attitudes  and  pr  ac  1 1  ces  m  i  q  ht. 
rr.otwate  r.er  towards  new  expectations  about  their  mathematical 
..ctivit..  Her  future  expectations  miqht  involve  a  more  active 
r....  ticiPation  and  respons  i  bi  li  tv  from  her  students  in  the 
construction  o^  new  mathematical  knowledge.  On  the  other  hand, 
her  .  c^ser  vat.  ions  about  ht>.  ability  to  des  i  qn  appr  opr  i  a  te  ac  1 1  v  i  1 1  es 
cihow  that   <ihe   begins   to  accept   new  obligations  for  her 

o.-actice.  Thus  Maria's  beliefs  about  the  roles  of  her  students  and 
herself  as  well  aS  abo.a.  mathematical  activity  are  in  the  process  of 
.  r-'ot  CKini  za  1 1  on. 

in  contrast,  cler.i's  lesson  and  her  reflections  on  it  c'o  not 
c^Pem  to  c.tre^  her  a.w  siomficant  learnmq  oddo  r  tun  i  1 1  es .  i  he  events 
,-.er  ciaGs.oofT  a^e  npt  interp^-eted  bv  her  as  subversive  to  her 
practice.  hus  sne  does  not  nave  anv  reason  to  Deqin  questioning  her 
..u..ert  D^..<-tlc-.  I'.ort^ovB^-.  ov  be  1  np  attached  to  a  te  1  1  -  show- do 
.r.e-r.c.n  .r.P  ov..  lou.s  whatf^vu^  creative  efforts  of  her  students  and 
sne  .>-Dc.^Llr.  them  to  adopt  her  own  methods.  In  other  words,  the 
.eiaiionship  between  her  oractice  and  beliefs  is  not  dynamic. 
B.    rtnaiyolB  of   thO  diScuBBlon 

.Prjisodes    ^.elected    from    a    discussion    tnat   took   place   in  our 
,,c..,ina^  be    ..sed    fo.     the    analysis    of    teachers'     learning   in  the 

coi^vt^At.  fM    1  tite»  .3<:t  1  vB  communication. 


544 

ERjC"   ^EST  COPY  AVAILABLE 


11-212 


First  •piBocta 

Th»  mducator  prosentBd  tho  BXCorptB  of  tha  two  above  leswonB  and 
inltiatKid  th«  following  discuasion: 

Educator;  What  are  vour  comments  on  the  stud«ntB'  strategiOB  in  these 
two  l«s«on«7 

Marlat  I     did    not    expect    that    thev    would    do    so    well.     I  was 

surpr 1 eed  by  the  st ra tog los  thev  worked  out . 

Eloni:  My  etud«ntB  alwavs  find  such  stratogicB  but   I   be i i ev©  that 

we  must  not  encourags  thorn.  A-f-tor  all  thQBG  strategies  are 
not  f  act  l  ve  when  number  g  arm  largo.  F-or  thiQ  roaeon  our 
pr imar V  goa  I  shoul d  be  to  make  students  understand  the 
standard  tochnl ques . 

Maria:  I   can  not  eee  how  your  stuaents  develop  such  strategies. 

1  dieaqree  with  vou  because  in  the  tcjxtbooks  there  are  no 
such  activities. 

vacBiliB:    1   do  not  agriio  with  you  Maria.   SomQ  o-f-  mv  students  use  such 

strataglBB   in  the  textbook's  exorciseti. 
Educator;   Whv  does  thiB  happenV 

Sophia:  This    happens    o-f    course    after    manv  exercises  and  usual  Iv 

with  the  higher  abi 1 i tv  students. 
Elcni:  This   ic  also  my  opinion. 

biorgos:  However,  1  found  out  that  all  mv  students,  without  my 
intervention,  -found  many  strategies  by  themse Ives  jn  this 
ac t 1 V 1 ty . 

Maria:  1    agree    with    you    taiorqos.    My    problem    is    if    all    of  my 

students     understood     the     var  lo'js     solutions     they  heard. 
Educator:    1    would   like   to   dwell    on  what  Sophia  said.    1+  students  had 

not    known    the    algorithm    and    nad    not    been    trained,  could 

they  have  developed  such  strategies'* 
Eloni:  No.     Of     course    students     should     have     been    taught  the 

algorithm.    The^o  strategies  are  dependent  on  the  algorithm. 

What  else  could  have  happened'? 


The  above  discussion  showB  the  incompatibility  ot  teachers' 
interpretations  concerning  students'  abilitv  to  generate  their  own 
strategies.  F-or  Eleni  a  students'  abi  1  i  tv  to  aenerate  strategies 
depends  on  his  prior  Knowledcte  o+  the  ^-elated  alaorithm  whereas  for 
Maria  is  a  matter  of  aoP>>Dpriate  activities  and  aood  communication, 
this  incompatibility  stems  +rom  d  i  tter  e  nct?r,  in  their  belitj-fs  and 
Practices,  tleni  believes  that  the  teacher  is  the  sole  source  of 
Knowledae.  In  contrast  Maria  seems  to  become  aware  of  the  teachSK's 
di +f icul ti QB   in  helping  students  to  create  their  own  strateaies. 

leachers  Old  not  achieve  taken-as-shar  ed  meani  nas  oi-  the  their 
students'  activity  in  constructing  non-standard  algorithms.  ] ne 
arguments  heard  fro-n  both  teachers  do  not  Provide  a  rationale  for 
their    approaching.      However,    teachers   had   the  opportunity  to  clari+v 


and  articulate  their   di  sagt- eement . 


Second  splaoda 

Towards     the    end    of     the     discussion    tne    educatof      oroDosed  a 
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comparieon  of  thB  students'  atratoqioa  to  the  tsacherii.  As  teachers 
compare  these  strategies  Maria  notee  that  th.lr  textbook,  direct 
teachers  to  present  the  division  algorithm  DaoocJ  on  the  analvBis  of 
the  dividend  into  ten«  and  ones  and  othor  Btrategi.»  are  not 
mentioned.  This  comment,  loads  tleni  to  oav  'Now,  I  am  convinced  that 
all  students'  strateqiOB  arc  not  related  to  the  taught  division 
a  1 qor 1 1 hm" . 

(hoBB  two  teachers  clarified  the  domain  of  students'  eKpenencea 
and  achieved  a  taken-as-shared  meaning  of  the     students'  activitv. 
Ihus    thev    constructed   a    consensual    domain    for  a  further  negotiation 
of     the    consequences    of    the    students'     activity    on    their  practice. 

Conclu»lon» 

The  investigation  of  teachers'  learning  is  nocessarv  if  tenant 
to  upgrade  teachers'  education.  However,  tht3  analysiB  of  toachere' 
l«a.  ning  as  an  individual  and  collective  activity  19  a  complex 
process.  Teachers  Isarn  continuouoly  from  their  experiences  in  thiiir 
Classrooms.  But  if  ws  attempt  to  studv  their  learning  and  develop 
approoriate  models,  it  id  essential  to  focus  our  attention  on  th« 
dosian  of  suitable  activities.  These  activities  should  reflect 
teachers'  interests  and  at  the  same  time  be  directed  to  tooice  that 
the  .-esea.ch  communitv  o+  mathematics  educators  has  i  nsti  tutiona- 
Mzed.  in  UMB  wav  research  on  the  analysis  ot  teachers'  mathematics 
peoaqoqy  learning  would  be  possible  to  keep  pace  with  research  on  the 
analysis  o+    teachers'   mathematics  learning. 
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S,,1MF.  THOUGHTS  ABOUT  CULTURAL,  i  X)Ui  AND  MATHHMA^  ^CA.  LEARNING 

Paul  Cobb 
Vandcrbilt  University 

7-;...  study  reported  in  this  paper  investigates  the  claim  of  .ccio-cull  ./  7^^J;;« 

the  vlJskia.  tradition  that  cultural  tools  ca.serve  as  o  ;kc  ...  -'"--^  ,3 

mathematical  meaning  from  one  generation  to  the  nex  .     lo  th,  ^  J'f ''J'X 

analysis  was  conducted  of  four  second-graders'  use               "  '    '  ' 

lunTcdsZard  as  an  eff.cient  problem  solving  tool.     Tnc  pcper  c;Ms  unth  a 
discussion  of  assumptions  implicit  in  the  tool  metaphor. 

The  analysis  reported  in  this  paper  deals  with  the  role  that  cultural  ools  play  in 
mathematical  learning.  The  issue  is  signiticant  given  the  claim  by  socio  cult  ara  theorists 
vvorkioR  in  the  Vygotskia.,  tradition  that  cultural  tools  can  serve  as  ca.rie.s  of  meaning 
cue  generation  to  the  next  (e.g.,  Uavydov,  19C«;  ..ont'ev,  1981;  Ro.olf,  1990.  Prom 
this  theoretical  perspective,  children  acquire  thoir  intellectual  inl  eritance,  :he  object.ve 
mathematical  knowledge  of  the  culture,  as  they  learn  to  use  the  c.,lt>  -al  tools  of 

mathematics  appropriately.  ,    u     j  ,  4. 

The  particular  cultural  tool  that  was  the  focus  of  the  investigation,  the  hund...ds 
board,  has  printed  on  it  a  ten-by-ten  grid  with  the  squares  labeled  from  "V  tluough  "100 
starting  with  the  top  left-hand  square.  The  question  addressed  was  whether  the  hundreds 
board  serves  as  a  so-called  objective  mediator  that  supports  children's  construction  of 
increasingly  sophisticated  concepts  of  ten.  To  this  end,  a  longitudinal  analysis  of  four 
second-graders'  (seven  year  olds')  use  the  hundreds  board  was  conducted.  These  children 
worked  together  on  a  daily  basis  in  the  classroom  and  the  data  consisted  of  video- 
rocordings  of  the  two  pairs'  of  children's  small  group  activity  over  a  ten-week  period. 
Additional  data  consisted  of  video-recorded  interviews  conducted  with  the  children  prior 
,0  the  first  small  group  session.  It  should  be  noted  that  the  classroom  was  unusual  (at  leas. 
i„  the  United  States)  in  that  the  teacher  had  successfully  guided  the  d-ebpment  of  wha  , 
following  Richards  (1991),  we  call  an  inquiry  mathematics  tradition  (Cobb,  Wood  Yackel, 
&  McNeal  1992).  Mathematical  activity  generally  involved  expl.-nation  and  justification, 
and  further,  the  teacher  and  children  together  constituted  a  community  of  validators 
Such  a  classroom  provides  a  best-case  scenario  in  which  to  investigate  the  soc.o-cultural 
hypothesis  given  that  we  are  interested  in  the  development  of  conceptual  understanding 
rather  than  the  shaping  of  behavior  in  a  narrow  range  of  situations. 
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Tens  and  Ones 

A  distinction  that  proved  useful  when  accounting  for  the  four  children's 
mathematical  activity  was  that  between  ten  as  a  numerical  composite,  and  ten  as  an 
abstract  composite  unit  (Steffe,  Cobb,  &  von  Gbsersfeld,  198a).  This  distinction  can  be 
illustrated  by  comparing  two  solutions  to  a  task  in  which  three  strips  of  ten  squares  and 
four  individual  squares  are  visible,  the  child  is  told  that  thirty  squares  are  hidden,  and 
asked  to  find  how  many  squares  there  are  in  all.  One  way  in  whicli  children  solve  this  task 
is  to  move  their  hands  with  ail  ten  fingers  extended  as  they  count  "34-44,  54,  64".  Steffe  et 
al.  interpreted  solutions  of  this  sort  by  arguing  that  each  of  the  three  counting  acts  is  a 
curtailment  of  counting  ten  units  of  one  and  thus  signifies  a  numerical  composite  of  ten 
ones.  However,  the  way  in  which  the  children  move  all  ten  fingers  as  they  count  indicates 
that  these  composites  are  not  discrete,  conceptually-bounded  entities  or  units  for  them. 
Other  children  solve  the  same  task  by  sequenrially  putting  up  three  fingers  as  they  count 
"34-44,  54,  64".  For  Steffe  et  al.,  the  children's  acts  of  putting  up  individual  fingers 
indicates  that  the  composites  of  ten  ones  they  count  are  single  entities  or  units  for  them. 
As  a  consequence,  tlie  children  are  inferred  to  have  created  abstract  composite  units  of  ten, 
each  of  which  is  itself  composed  of  ten  units  of  one. 

A  second  distinction  that  proved  useful  was  that  between  the  image-supported  and 
image-independent  creation  of  numerical  composites  and  abstract  composite  units.  In 
general,  children's  establishment  of  numerical  meanings  was  inferred  to  be  image- 
supported  if  they  could  rely  on  situadon-spedfic  imagery  of  items  grouped  in  collections  of 
ten  when  interpreting  a  task  or  another's  mathematical  activity.  This  would  be  the  case  in 
the  two  sample  solutio:^.s  given  that  the  children  could  re-present  hidden  strips  of  ten 
squares.  However,  if  there  is  nothing  particular  to  a  task  that  might  lead  children  to 
visualize  collections  of  ten  items  and,  further,  there  is  no  evidence  that  they  did  so,  we 
would  infer  that  their  establishment  of  numerical  meanings  was  image-independent. 

Findings 

This  section  presents  a  summary  of  the  case  studies  of  the  four  children's 
mathematical  activity.  A  more  extensive  account  can  be  found  in  Cobb  (1993).  At  the 
outset,  all  four  children  were  limited  to  counting  by  ones  when  they  used  the  hundreds 
board  to  solve  arithmetic  tasks.  During  the  ten-week  observation  period,  two  of  the 
children,  one  from  each  group,  curtailed  these  solutions  and  counted  by  tens  and  ones. 
For  one  child,  Janet,  this  subsequently  became  a  routine  way  in  which  she  solved  a  wide 
range  of  tasks.  In  contrast,  although  the  other  child,  Brenda,  solved  tasks  in  this  way  in 
four  different  small  group  sessions,  these  solutions  all  seemed  to  involve  situation-specific 
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advances.  On  the  first  occasion  on  which  she  counted  by  tens  and  ones,  she  was  in  fact 
working  with  Janet  because  Janef  s  partner,  Chuck,  was  absent  from  school.  Here,  Brenda 
first  attempted  to  solve  the  sentence  37  +  25  =  _  by  drawing  three  groups  of  ten  tally  marks 
and  seven  individual  marks.  This  made  it  possible  for  her  to  create  abstract  composite 
units  of  ten  in  an  image-supported  manner  when  she  interpreted  Janet's  counting 
soluHon,  "(Points  on  the  hundreds  board)  25  plus  ten  makes  35,  plus  ten  makes  45,  plus 
ten  makes  55.  1,  2,  3,  4, 5,  6,  7... 62."  Brenda  then  counted  effidenUy  on  the  hundreds  board 
during  the  remainder  of  this  session. 

The  analysis  of  the  video-recordings  gives  no  indication  that  Janef  s  and  Brenda's  use 
of  the  hundreds  board  directlv  contributed  to  the  advances  that  they  made.  Both  children 
appeared  to  first  establish  abstract  composite  units  of  ten  when  interpreting  a  task  and  then 
to  express  those  units  by  counting  by  tens  and  ones  on  the  hundreds  board.  Significantly, 
there  was  every  indication  that  Janet  could  establish  abstract  composite  units  of  ten  m  an 
image-independent  manner  whereas  Brenda  could  only  do  so  by  relying  on  situation- 
specific  imagery.  Further,  it  appeared  that  Janefs  but  not  Brenda's  use  of  the  hundreds 
board  supported  her  reflection  on  and  monitoring  of  her  activity  of  aeating  and  countmg 
units  of  ten. 

Janet's  and  Brenda's  attempts  to  explain  their  relatively  sophisticated  countmg 
solutions  to  their  small  group  partners.  Chuck  and  John,  were  generally  ineffective. 
Chuck  who  could  establish  numerical  composites  of  ten,  seemed  to  understand  how  to 
count  by  tens  and  ones  on  the  hundreds  board  but  did  not  appear  to  understand  why  it 
made  sense  to  do  so  to  solve  tasks.  John,  who  could  create  neither  numerical  composites 
nor  abstract  composite  units  of  ten,  realized  that  there  were  more  efficient  alternatives  to 
his  counting-by-ones  solutions.  However,  his  occasional  attempts  to  produce  such 
solutions  were  singularly  unsuccessful  and  it  appeared  that  the  only  column  on  the 
hundreds  board  that  signified  the  curtailment  of  counting  by  one  for  him  was  "'  ^0", 
"30"... 

Conceptually  Restructuring  the  Hundreds  Board 

The  findings  briefly  summarized  above  are  inconsistent  with  the  view  that  a  cultural 
tool  such  as  the  hundreds  board  can  serve  as  an  objective  carrier  of  meaning  for  the 
children.  In  general,  it  appears  that  learning  to  use  the  hundreds  board  efficiently  as  a 
problem  solving  tool  involves  the  construction  of  increasingly  sophisticated  numerical 
conceptions.  A  comparison  of  the  four  children's  mathematical  activity  suggests  that  two 
steps  can  be  identified  in  this  developmental  process.  The  first  results  in  knowing  how  to 
count  by  tens  and  ones  on  the  hundreds  board,  and  the  second  leads  to  the  ability  to  use 
the  hundreds  board  in  this  way  to  solve  a  wide  range  of  tasks.  The  contrast  between  John's 
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and  Chuck's  problem  solving  efforts  clarifies  what  is  involved  in  making  the  first  of  these 
two  developmental  steps. 

As  was  noted.  Chuck  seemed  to  understand  how  Janet  counted  on  the  hundreds  board, 
but  did  not  know  why  she  did  so  to  solve  various  tasks.  This  understanding  appeared  to 
be  based  on  his  realization  that  moving  down  a  column  from,  say,  "37"  to  "47"  curtailed 
counting  the  ten  intervening  squares.  Thus,  it  would  seem  that  he  gave  numeral 
significance  to  regularities  in  the  numerals  (e.g.,  '7",  "17",  "27",  "37"...)  and,  by  so  doing, 
structured  the  hundreds  board  in  terms  of  composites  of  ten  units  of  one.  This  inference  is 
consistent  with  the  way  in  which  he  immediately  responded  during  his  interview  that  he 
would  perform  ten  counting  acts  to  go  from  43  to  53. 

It  seems  reasonable  to  assume  that  John  could  also  abstract  these  regularities  from  the 
numerals  on  the  hundreds  board.  During  his  individual  interview,  for  example,  he 
produced  the  number  word  sequence  "4,  14,  24... 94"  when  the  interviewer  first  put  down 
four  squares  and  then  repeatedly  put  down  a  strip  of  ten  squares.  Nonetheless,  the 
hundreds  board  did  not  seem  to  be  structured  into  numerical  composites  of  ten  for  him 
and  only  the  column  "10",  "20",  "30"...  seemed  to  signify  the  curtailment  of  counting  by 
ones.  This  inference  is  consistent  with  the  observation  that  he  had  to  count  by  ones 
during  his  interview  to  find  out  how  many  times  he  would  count  when  going  from  43  to 
53.  John's  relatively  unstructured  interpretation  of  the  hundreds  board  can  be  accounted 
for  by  first  noting  that  a  break  or  pause  in  the  rhythm  of  counting  by  ones  occurs  at  the  end 
of  each  row.  These  breaks  in  sensory-motor  counting  activity  might  facilitate  the  isolation 
of  the  count  of  an  intact  row  (e.g.,  "51,  52. ..60")  as  a  composite  of  ten.  Counting  down  the 
column  "10",  "20",  "30"...  would  then  signify  the  curtailment  of  counting  along  each  row 
by  ones.  The  possibility  that  John  had  made  this  construction  is  supported  by  his  reference 
to  the  hundreds  board  during  his  Interview  to  explain  why  he  would  perform  ten 
counting  acts  when  going  from  40  to  50.  In  contrast,  there  are  no  similar  breaks  or  pauses 
that  might  facilitate  the  isolation  of  counting,  say,  "38,  39,  40... 47"  as  a  numerical  composite 
of  ten.  Consequently,  the  process  of  giving  numerical  significance  to  a  sequence  such  as 
'7",  "17",  "27"...  v/ould  seem  to  transcend  sensory-motor  counting  activity.  John  appeared 
unable  to  create  composites  of  ten  units  of  one  in  this  image-independent  manner 
whereas  Chuck  was  able  to  do  so. 

The  second  developmental  step  in  learning  to  use  the  hundreds  board  as  a  problem 
solving  tool  can  be  clarified  by  considmng  why  Brenda  learned  from  Janet  whereas  Chuck 
did  not.  We  saw  that  Brenda  was  able  to  make  sense  of  Janet's  efficient  counting  solution 
to  the  sentence  37  +  25  =  _  by  creating  composite  units  of  ten  in  an  image-dependent 
manner.  As  a  consequence,  she  knew  why  Janet  had  counted-on  three  tens  and  seven 
ones  from  25.  Chuck,  however,  seemed  to  n\isinlerpret  Janet's  counts  by  tens  and  ones.  On 
one  occasion,  for  example,  he  assumed  she  had  misread  the  sentence  39  +  19  =    when  she 
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said  "39  plus  ten".  From  his  point  of  view,  adding  ten  to  39  had  nothing  to  do  with 
solving  the  task.  Although  he  structured  the  hundreds  board  by  creating  numencal 
composites  of  ten,  there  was  no  indication  that  these  were  single  entities  or  units  for  h.m. 
Consequently,  the  abstract  composite  units  that  Janet  expressed  by  counting  on  the 
hundreds  board  did  not  exist  for  him. 

In  contrast  to  Brenda,  Janet  could  create  abstract  composite  units  in  an  image- 
independent  manner.  Further,  there  was  strong  evidence  that  her  use  of  the  hundreds 
board  enabled  her  to  reflect  on  and  monitor  her  activity  of  counting  by  tens  and  ones.  It 
seems  reasonable  to  assume  that,  for  her,  the  hundreds  board  was  structured  in  terms  of 
units  of  ten  rather  than  composites  of  ten  ones.  The  units  of  ten  and  one  that  she 
expressed  by  counting  were  then  simply  there  in  the  hundreds  board  as  objects  of  reflection 
for  her  Thus,  her  ability  to  create  abstract  composite  units  of  ten  in  an  image-independent 
manner  made  it  possible  for  the  hundreds  board  to  serve  as  a  so-called  cultural  amplifier 
for  her. 

Discussion 

Although  the  findings  challenge  the  notion  that  cultural  tools  are  carriers  of 
mathematical  meaning,  the  tool  metaphor  has  been  accepted  uncritically  thus  far.  In 
many  situations,  this  is  a  perfectly  reasonable  way  of  talking.   For  example,  the  second- 
grade  teacher  often  used  this  metaphor  when  she  discussed  materials  such  as  unifix  cubes 
L  the  hundreds  board  with  her  students.    However,  it  is  worth  considering  how 
assumptions  implicit  in  the  use  of  the  metaphor  inOuence  the  way  that  mathematical 
cognition  and  learning  are  characterized.  First,  it  can  be  observed  that  >alk  of  say,  the 
hundreds  board  as  a  tool  tends  to  objectify  it  and  to  separate  it  from  individual  and 
collective  mathematical  activity.  Newman,  Griffin,  and  Cole  (1989)  note  that  a  similar 
process  of  objectification  occurs  when  researcher  talk  about  "the  task".  Their  analysis  of 
the  interactions  that  occur  as  a  researcher  interviews  a  child  leads  them  to  question  the 
assumption  that  the  researcher  simply  specifies  the  task  for  the  child  to  solve.  Instead 
they  propose  viewing  "the  laboratory  task  as  a  kind  of  very  lightly  supervised  instructional 
interaction"  (p.  32).  As  they  put  it,  "an  enormous  amount  of  psychological  work  goc-s  into 
maintaining  the  psychologist's  task  as  a  focus  of  attention"  (p.  18).  Consequently,  "tasks  are 
.lralC9ic  fictions  that  people  use  as  a  way  of  negotiating  an  interpretation  of  a  situation. 
They  are  used  by  psychologists  and  teachers  as  well  as  children  to  help  organize  working 
together"  (p.  135).  This  same  argument  can  be  made  with  regard  to  cultural  tools.  The 
analysis  of  the  four  children's  mathematical  activity  indicates  that  there  were  significant 
differences  in  the  ways  that  they  structured  the  hundreds  board.  Consequently,  if  we  want 
to  preserve  the  metaphor,  we  might  say  that  they  used  different  cognitive  tools  when  Ihey 
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solved  tasks.  Ax-  enormous  amount  of  social  and  cognitive  work  therefore  went  into 
maintaining  taken-as-shared  interpretations  of  the  hundreds  board.  In  the  course  of  their 
small  group  interactions,  both  Janet  and  Chuck,  and  Brenda  and  John,  were  negotiating 
their  differing  interpretations  of  the  hundreds  board.  In  this  sense,  the  notion  of  a  single, 
unambiguous  hundreds  board  was  a  strategic  fiction  that  the  teacher  and  children  used  to 
negotiated  taken-as-shared  interpretations  of  situations  and  to  help  organize  working 
together.  The  uncritical  acceptance  of  the  tool  metaphor  obscures  the  differences  in 
individual  interpretations.  As  a  consequence,  the  interactional  and  cognitive  work 
necessary  to  communicate  effectively  and  maintain  the  hundreds  board  as  an  objective 
entity  tends  to  be  overlooked. 

To  argue  that  learning  to  use  a  cultural  tool  involves  active  individual  conceptual 
construction  is,  of  course,  not  to  deny  that  children  make  these  constructions  with  the 
teacher's  guidance  as  they  participate  in  current  classroom  mathematical  pracHces.  For 
example,  the  advances  that  Janet  made  were  not  isolated,  solo  achievements  but  instead 
occurred  against  the  background  of  whole-class  discussions  in  which  the  teacher  both 
legitimized  counting  by  tens  and  ones  on  the  hundreds  board  and  indicated  that  she 
*ralued  these  solutions.  Further,  Janet  contributed  to  the  establishment  of  this  use  of  the 
hundreds  board  as  a  classroom  practice  once  she  could  create  abstract  composite  units  of 
ten  in  an  image-independent  manner.  Thus,  in  this  account,  Janet's  mathematical  activity 
contributed  to  the  establishment  of  the  mathematical  practices  that  both  enabled  and 
constrained  her  individual  mathematical  activity.  This  proposed  reflexive  relationship 
between  individual  activity  and  the  taken-as-shared  mathematical  practices  of  the 
classroom  community  can  be  contrasted  with  socio-cultural  theorists'  tendency  to  argue 
that  social  and  cultural  processes  drive  individual  thought.  Saxe  and  Bermudez  (1992) 
capture  this  reflexive  relationship  succinctly  when  they  say  that  an  understanding  of 
children's  mathematical  environments  requires  the  coordination  of  two  perspectives. 

The  first  is  a  constructivist  treatment  of  children's  mathematics:  Children's 
mathematical  environments  cannot  be  understood  apart  from  children's  own 
cognizing  activities...  The  second  perspective  derives  from  sociocultural 
treatments  of  cognition...  Children's  construction  of  mathematical  goals  and 
subgoals  is  interwoven  with  the  socially  organized  activities  in  which  they 
are  participants.  (Saxe  &  Bermudez,  1992,  pp.  2-3) 
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DEVELOPING  METACOGNITION 
DURING  PROBLEM  SOLVING 


Linda  J.  DeGuire 
California  State  University,  Long  Beach  (U.S.A.) 


Abstract:  The  paper  presents  a  case  study  that  chronicles  one  path  of  the  develop- 
ment of  metacogr)ition  during  problem  solving  and  highlights  some  mechanisms  that 
spurred  that  development  and  some  of  its  effects  on  the  subject.  Data  included  jour- 
nal entries,  group  and  written  problem  solutions,  four  videotape  sessions  of  talking 
aloud  while  solving  a  problem,  a  pre-  and  post-Attitude  Inventory,  and  prompted 
retrospection.  The  development  showed  evidence  of  certain  aspects  of  metacogni- 
tion  becoming  automatic.  {Mechanisms  that  spurred  development  all  had  to  do  with 
externalizing  thought  processes  in  some  way.  The  development  had  positive  effects 
on  the  student's  success  in  problem  solving. 

Metacognition  has  been  widely  discussed  and  accepted  as  an  important  factor  for 
success  in  problem  solving.  Yet,  the  path  of  its  development,  and  the  mechanisms  that  spur 
someone  along  that  path,  as  v^ell  as  the  effect  of  that  development  have  received  much  less 
attention  (Lester.  1992).  Earlier  v^ork  established  that  self-report  data  can  be  used  to  study 
the  development  of  metacognition  (DeGuire,  1987,  1991).  The  purpose  of  this  paper  is  to 
present  a  case  study  tliat  chronicles  one  path  of  such  development  and  highlights  some 
mechanisms  th?.t  spurred  that  development  and  some  of  its  effects  on  the  subject.  Though 
there  is  no  universally  accepted  meaning  of  the  word  "metacognition,"  alt  usual  definitions 
include  the  monitoring  and  regulation  of  one's  cognitive  processes;  this  is  the  aspect  that 
will  be  emphasized  in  this  paper.  Also,  the  word  "probiem"  is  used  here  to  mean  a  task  for 
which  the  potential  $olver  does  not  know  a  set  procedure,  even  though  one  might  exist. 

Context  of  the  Case  Study 

The  subject  of  the  case  study  (Jackie)  was  a  student  in  a  course  on  Problem  Solving: 
Topics  in  Mathematics  for  the  Elementary  Classroom,  taught  by  the  researcher.  There  were 
12  students  in  the  course,  all  preparing  to  teach  students  in  the  elementary  grades  (ages  5 
or  6  through  12  or  13)  and  all  with  limited  backgrounds  in  college-level  mathematics. 

The  data  for  the  case  study  were  gathered  throughout  the  semester-long  course  (two 
75-minule  sessions  per  week  for  fifteen  weeks)  on  Problem  Solving.  The  course  began 
with  an  introductory  phase,  that  is.  four  sessions  devoted  to  an  introduction  to  problem 
solving,  several  problem-solving  strategies  (e.g.,  make  a  chart,  look  for  a  pattern,  work 
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backwards),  and  metacognitlon.  After  the  introduction,  the  course  progressed  from  fairly 
easy  problem-solving  experiences  to  quite  complex  and  rich  problem-solving  experiences, 
gradually  introducing  discussions  of  and  experiences  with  the  teaching  of  and  through 
problem  solving  and  the  Integration  of  problem  solving  Into  one's  approach  to  teaching. 
Throughout  the  course,  students  discussed  and  engaged  in  reflection  and  metacognitlon. 
Often  especially  early  in  the  course,  students  solved  problems  in  pairs,  with  one  student 
servirig  as  the  'thinker-  and  the  other  as  the  "doer"  (Schultz  &  Hart.  1989).  Most  other 
in-class  problem  solving  took  place  in  groups  of  3  to  5  students. 

During  the  course,  the  students  were  given  8  problem  sets  to  be  solved  and  written  up 
outside  of  class  in  order  to  be  evaluated.  The  written  report  was  to  be  an  in-progress  record 
of  all  work  on  the  problem.  Including  blind  alleys,  and  was  to  include  a  separate  column  for 
•metacognitlons."  .All  solutions  were  evaluated  so  as  to  give  more  weight  to  the  cognitive 
and  metacognitive  processes  In  the  solution  than  to  the  final  solution  ol  the  problem. 

Students  In  the  course  also  completed  an  Attitude  Inventory  {Charles,  Lester.  &  O'Daf- 
fer.  1987.  p.27)  twice,  once  early  in  the  course  and  once  at  the  end  of  the  course,  and  wrote 
lO  journal  entries.  The  topics  of  the  journal  entries  were  chosen  to  encourage  reflection 
upon  their  own  problem-solving  processes  and  their  own  development  of  confidence,  stra- 
tegies, and  metacognitlon  during  problem  solving. 

Jackie  was  one  of  two  students  who  volunteered  to  be  videotaped  while  thinking  aloud 
during  problem  solving.  There  were  four  videotape  sessions  at  various  times  during  the 
course.  The  problems  used  in  the  videotaping  sessions  are  representative  of  the  problems 
used  throughout  the  course.  In  abbreviated  form,  they  were  the  following: 

viHi^ntane  Session  1;  (Number  Problem)  Three  whole  numbers  multiply  to  36 
Five  more  than  the  sum"  of  the  numbers  is  a  perfect  square.  What  is  the  sum  of 

the  numbers?  ,      .        ^  .       u..  i 

viHpntanQ  Session  2:  (Fence  Problem)  You  have  10  boards,  each  1  unit  by  1 
^jnit  by  2  units.  (The  red  rods  from  sets  of  Cuisenaire  rods  were  used  as  a  model 
for  this  problem.)  You  want  to  build  a  fence  10  units  long  by  1  unit  wide  by  2  units 
high  It  is  possible  to  build  the  fence  in  a  variety  of  ways.  (The  side  views  of  2 
possibilities  were  pictured.)  With  how  many  different  arrangements  of  the  boards 
could  you  build  the  fence?  ,   .  u  ^ 

VjHftQtaDft  Session  3:  (Locker  Problem)  There  are  1000  lockers,  numbered 
frorri  1  throuah  1000.  and  1000  students.  Each  student  walks  by  the  lockers  one 
at  a  time.  The  first  student  opened  all  of  the  lockers.  The  second  student  then 
closed  every  other  locker,  that  is,  the  one  with  the  even  numbers  on  therri.  The 
third  student  changed  the  status  of  every  third  locker,  that  is,  opened  it  il  it  was 
closed  and  closed  It  If  it  was  open.  The  fourth  student  then  changed  the  status  of 
every  fourth  locker.  One  by  one,  the  students  changed  the  status  of  the  appropri- 
ate lockers.  At  the  end.  which  lockers  were  left  open  and  where  were  left  closed? 
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videotape  Session  4;  (Extension  of  Checkerboard  Problem)  How  many 
different  rectangles  are  on  an  8-by-8  checkerboard?  Note,  rectangles  are 
considered  different  if  they  are  different  in  position  or  size.  So,  a  2-by-1  rectangle 
is  considered  different  than  a  l-by-2  rectangle. 

Each  session  included  brief  discussions  before  and  after  the  solution  in  which  the  subject 
was  asked  to  reflect  on  their  development  of  problem  solving  ability  and/or  metacognition 
and  to  reflect  on  the  just-completed  solution.  The  fourth  videotape  session  included 
prompted  retrospection;  that  is,  the  researcher  and  the  subject  viewed  the  videotape  of  the 
just-completed  solution,  with  either  person  stopping  the  tape  at  any  time  for  the  researcher 
to  probe  the  subject  further  about  his  or  her  processes  or  for  the  subject  to  voluntarily 
supply  further  information  about  what  was  occurring  at  that  time  during  the  solution. 

The  following  case  study  is  the  story  of  the  development  of  one  of  the  videotaped 
subjects,  Jackie.  Throughout  the  description,  direct  quotes  are  from  her  written  problem 
solutions,  journal  entries,  or  videotape  transcripts. 


The  Case  Study  of  Jackie 


Jackie  was  a  "mature"  student  returning  to  college  after  an  extended  absence.  She 
had  completed  the  two-semester  sequence  of  mathematics  courses  for  elementary 
teachers  and  had  taken  Calculus  I  and  II,  earning  A's  in  all  of  ihem.  She  had  had  no 
teaching  experience  or  classroom  experience.  As  a  problem  solver,  she  described  herself 
as  "striving  to  be  creative  but  this  is  the  most  difficult  area  for  me. ...  I  would  like  to  be  more 
organized  in  my  mind."  She  described  her  previous  problem-solving  experiences  as 
having  "used  math  in  Physics  and  Chemistry  to  solve  practical  problems"  and  having  some 
brief  exposure  to  strategies  "and  stuff"  in  her  Math-for-Elementary-Teachers  courses. 

After  the  Introductory  phase  of  the  course 

After  the  introductory  phase  of  the  course,  Jackie  described  her  approach  to  solving  a 
problem  In  the  following  way. 

1  start  by  reading  it  and  then  writing  down  my  interpretation  of  the  problem.  Then 
if  I  dont  know  what  to  do  next !  just  stare  at  the  stuff  I  wrote  down  and  wait  for  an 
idea  to  come  to  me.  When  I  get  an  idea  I  play  with  it  for  a  short  time  and  see  if  it 
might  lead  to  a  solution.  If  it  looks  hopeless  I  abandon  it  and  stare  at  the  problem 
again  waiting  for  a  new  idea.  I  do  this  until  I  find  a  strategy  that  works  or  I  give  up. 

She  had  used  this  staring  technique  before  beginning  this  course  but  "it  felt  haphazard,  out 
of  my  control,  and  I  never  knew  if  an  idea  would  come.  .  .  .  [Now}  I  am  finding  out  what  the 
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haphazardness  is  all  about.  I  stare  at  problems  with  more  purpose  now  knowing  that 
metacognitive  thinking  is  taking  place  on  some  level."  She  felt  that  "the  exercise  where  I 
keep  track  of  my  metacognitive  processes  on  the  right  side  of  my  work'  helped  her  to 
access  these  metacognitive  processes.  She  described  her  metacognition  as  "there  is  nore 
than  one  'person'  working  on  the  problem." 

During  her  first  videotape  session  (the  Number  Problem),  she  used  her  staring  tech- 
nique and  the  haphazardness  of  her  attempts  was  very  clear.  She  tried  briefly  to  guess  the 
numbers  but  confused  the  conditions  of  the  problem.  She  felt  overwhelmed  with  all  tne 
possibilities  but  did  not  attempt  to  list  them  in  any  orderly  way.  She  briefly  tried  setting  up 
an  equation  and  then  setting  up  a  table  but  discarded  each  approach  quickly,  each  one 
giving  her  a  sense  of  being  overwhelmed  with  possibilities  Finally,  she  returned  to  guess- 
ing and  suddenly  found  the  triple  that  worked.  She  said  she  had  "stumbled  upon  it  I 

didn't  expect  it."  However,  she  did  feel  that  tr^^ng  to  talk  aloud  while  solving  the  problem 
had  interfered  "a  lot"  with  her  cognitive  processes.  Upon  further  probing,  she  clarified  that 
interference  as  perhaps  more  "slowing  them  down  than  really  changing  them." 

During  the  second  part  ot  the  course 

Three  weeks  after  her  first  videotape  session.  Jackie  felt  she  had  improved  as  a 
problem  solver,  that  she  was  "becoming  much  more  aware  of  my  cognitive  and  metacogni- 
tive abilities."  At  the  same  time,  she  described  the  changes  in  herself  as  "I'm  willing  to  risk 
making  wrong  turns  more.  This  class  has  really  improved  my  confidence  and  has  helped 
me  to  think  of  strategies  a  little  more  organized  than  before." 

One  week  later,  in  the  seventh  week  of  the  course,  Jackie  attempted  the  Fence  Prob- 
lem in  the  second  videotape  session.  Before  beginning,  she  described  herself  as  "getting 
better  at  realizing  what  I'm  thinking,  with  the  Thinker-Doer  stuff.  ...  I'm  getting  a  little  more 
sense  of  control. ...  I'm  becoming  more  conscious  of.  more  aware  of  what's  going  on  in  my 

head  Writing  the  metacognitive  on  the  right  and  the  problem  on  the  left  you  know 

once  you  write  it  down,  you  can  see  what  you're  thinking."  She  again  referred  to  "another 
metacognitive  thing  that's  kind  of  overseeing  the  metacognitive  part  of  me."  After  reading 
the  Fence  Problem.  Jackie  quickly  realized  there  would  be  many  possibilities,  became 
overwhelmed  with  possibilities,  and  tried  to  devise  a  chart  or  a  way  to  record  them  all.  She 
found  the  chart  confusing  and  relumed  to  generating  possibilities.  She  tried  to  record  them 
in  her  chart  but  found  ones  that  would  not  fit  into  the  chart.  Finally.  Jackie  said  she  was 
ready  to  quit  the  attempt.  At  that  point,  the  researcher  intervened  to  suggest  that  "some- 
limes  when  you  are  overwhelmed,  that's  a  signal  for  something."  a  point  that  had  been 
discussed  in  class.  Jackie  could  not  accommodate  this  signal  into  her  thinking.  So,  the 
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researcher  again  prompted  Jackie  by  interjecting  that  'Frequently  making  a  chart  goes  with 
other  things.  You  might  consider  what  other  things  you  frequently  do  when  you  make  a 
chart."  Suddenly  Jackie  decided  to  try  solving  a  simpler  problem  and  began  to  consider 
fences  of  varying  lengths.  After  correcting  some  errors  in  the  combinations  generated  for 
certain  lengths,  Jackie  had  to  quit  the  session  (to  go  to  a  class)  on  the  verge  of  but  without 
solving  the  problem.  When  the  researcher  would  not  finish  the  solution  for  her.  she  left  with 
a  sense  of  challenge  rather  than  disappointment.  She  successfully  completed  the  solution 
to  the  problem  by  the  next  day. 

During  the  third  part  of  the  course 

During  the  next  four  weeks,  Jackie  improved  significantly  in  her  written  problem  solu- 
tions. She  was  trying  a  wide  variety  of  approaches  to  problems  and  was  beginning  to 
check  them  in  various  way.  At  the  beginning  of  the  third  videotape  session,  she  com- 
mented. 'I  feel  more  confident  about  what  roads  to  take."  When  asked  whether  she  thought 
her  awareness  of  her  cognitive  processes  had  changed  since  the  course  began,  she  did 
not  let  the  researcher  finish  the  question  but  responded  enthusiastically.  "Very  much." 
When  the  researcher  probed  as  to  whether  "your  awareness  has  really  changed  or  deve- 
loped or  do  you  think  you've  learned  vocabulary  to  express  what  you  really  were  aware  of 
before.'  she  responded.  "Both."  She  went  on  to  say  that  "becoming  aware  of  th»9m  has 
given  me  more  control.  I  think.  .  .  .  Now  when  I'm  stuck  or  something.  .  .  .1  can  kind  of 
regulate  stuff.'  She  also  recognized  in  herself  a  willingness  to  try  to  do  a  problem  more 
than  one  way. 

At  the  third  videotape  session  (eleventh  week  of  the  course),  Jackie  was  asked  to 
solve  the  Locker  Problem.  After  reading  the  problem,  she  quickly  decided  to  do  a  simpler 
problem  (10  lockers)  and  to  record  the  status  changes  in  a  chart.  Soon,  she  saw  that  the 
lockers  with  numbers  that  are  perfect  squares  would  be  left  open.  She  felt  that  this  solution 
was  mostly  a  guess.  She  then  pondered  that  "I  feel  like  I  have  an  answer,  but  I  haven't  got 
a  clue  how  to  check  it.  But  I  want  to  check  it."  She  then  extended  her  chart  to  include  20 
lockers  and  confirmed  her  initial  solution.  "I  wonder  why  that  is.  It  has  to  do  with  the  num- 
bers.' She  then  tested  individual  lockers  (e.g..  locker  number  12),  now  going  through  their 
status  changes  by  considering  whether  or  not  the  locker  number  was  divisible  by  the  stu- 
dent number.  'What  is  there  about  square  numbers?  Why  are  the  square  numbers  left 
open?"  She  went  on  to  list  all  the  factors  of  several  numbers,  which  led  her  to  realize  that 
square  numbers  have  an  odd  number  of  factors  while  others  have  an  even  number  of  fac- 
tors and  thus  lockers  with  square  numbers  would  be  left  in  a  different  status  from  other 
lockers   But  she  still  wasn't  satisfied.  "I  wonder  why  that  is.  .  .  .  why  the  square  numbers 
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have  odd  numbers  of  divisors?  OHI  OHl  OHI  I  knowl  One  of  them  gets  counted  w,ce^ 
The  middle  one. ...  I  never  knew  that  before."  When  asked  if  she  felt  'pretty  sure  of  U  even 
'hough  you  never  wen,  past  the  16th  locker,'  she  responded  confidently  -Yeah,  because 
iVs  logical  •  The  researcher  pointed  ou,  to  her  that  "the  way  you  checked  ,t  ,s  you  under- 
stood  why  the  pattern  works  that  way.  Now  that  is  a  different  kind  of  looking  t.ack  strategy 
than  you've  used  before,  right?"  Jackie  agreed,  'Yeah,  I've  never  done  that  before. 

Durlna  th»  last  part  of  the  course 

During  the  last  part  of  the  course,  Jackie  cont.nued  to  be  a  successful  problem  so,ver. 
Her  report,  of  her  cognitive  and  metacognitive  processes  became  more  elaborate  and 
sophisticated.  However,  some  of  her  processes  were  becoming  automatic.  Alter  one 
problem  solution,  she  added  a  postscript  which  said,  "Oh,  1  forgot  to  say  ,n  the 
Ltacoqnitive  column  that  1  used  a  chart.  It  was  so  obvious,  it  was  ,us.  k,nd  of  au  omat^^ 
SO  .y  meta'  self  didn't  report  it,  %  'doer'  self  iust  did  it."  Jack.e  described  her  own 
metacognition  as  'the  part  of  my  problem  solving  thinking  that  actual  y  directs  me  ,n 
deeding  what  roads  1  should  and  should  not  take  to  solve  the  problem.   She  reported. 

LZdeTotrSrrm^^^^^^^^^^^^ 

ISng  .  1  believe  my  awareness  has  ^<^'^^^^vr'^^Jf"'ZV^^^{ZyTl 
,Kt  mv  vocabulary  to  express  it.  It  has  grown  to  such  as  extent  that  1  feel  have  a 
StZSniS  process  watching  my  metacognitions  direct  my  cognitions. 

,n  the  fourth  videotape  session  (the  Extension  of  the  C>^^ckerboaKi  Problem)^  Jackie 
successfully  solved  the  problem  by  doing  simpler  problems,  making  a  chart,       «  ° 
and  finding  a  pattern.  Initially,  she  was  not  very  confident  of  her  answer,    m  not  v  n,  quic 
as  far  as  finding  patterns.  1  predict  the  answer  is  1296  rectangles.  1  dont  know  why    .  .  I 
:  e7pattern.%'he  pattern  works.  It  holds  as  far  as  1  can  tell,  1  really  haven't  double 
checked  everything  But  1  think  1  was  pretty  methodical  about  counting  squares.    She  still 
s  rug  jed  w  h  why'this  pattern  arose.  As  she  struggled,  she  eventually  recognized  ,,  as  the 
squ  es  of  the  triangular  numbers.  She  used  this  fact  to  produce  a  general  o-ula  o  h 
number  of  rectangles  on  an  n-by-n  checkerboard  but  rejected  the  general  formula 
.eans  of  checking,  'What  can  1  say?  If  1  get  a  general  formula,  „  (its  my  data,  I,  still  doesnt 
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mean  it's  right.'  She  decided  she  would  quit  for  then  and  come  back  later  to  trying  to  figure 
out  how  the  numbers  relate  to  the  picture. 

In  the  discussion  after  the  solution  of  the  problem,  when  Jackie  described  the  strate- 
gies she  used  to  solve  the  problem,  she  neglected  to  report  that  she  solved  simpler  prob- 
lems first.  When  this  oversight  was  pointed  out  to  her.  she  responded  that  "You're  right. 
I  didn't  mention  It  because  it  was  too  obvious  to  mention.  It  was  just  so  automatic  to  do 
that.'  Upon  questioning  about  her  confidence  in  her  solution,  she  admitted  she  had  never 
actually  counted  the  1296  rectangles  on  the  8-by-8  checkerboard.  Yet  she  felt  'pretty  con- 
fident' of  her  solution  'if  I  did  the  counting  right.  That's  the  place  where  I'm  least  sure  of  il.' 
The  researcher  asked  her  'How  can  you  tell  that  you  did  the  counting  right?"  Though  she 
recognized  there  were  internal  patterns  in  the  chart  she  used  to  do  the  counting,  she  did  not 
at  first  recognize  them  as  a  means  of  checking.  Her  suggestion  to  check  was  to  redo  the 
problem.  However,  she  still  hoped  to  understand  why  the  pattern  worked. 

Later  in  the  prompted  retrospection,  at  a  point  in  the  tape  whien  Jackie  seemed  to  be 
stuck,  she  again  referred  to  her  staring  technique,  saying  she  was  "trying  to  bring  things  in 
from  the  outside,  .  .  .waiting  for  them  to  com©  in.  float  in  from  wher^a  ever  they  come  from." 
After  considerable  probing  and  discussion  as  to  what  she  might  do  if  nothing  "floated  in." 
the  researcher  finally  suggested  that  "at  least  what  some  people  do  is  consciously  think  of  a 
list  of  strategies  and  tick  them  off  one  by  one.  Or  they  consciously  ask  themselves  those 
questions  that  Polya  suggests  at  each  stage  of  the  problem-solving  process.  Or.  ..."  At  this 
point.  Jackie  had  a  sudden  insight  and  excitedly  Ir.terrupted  with  '  Oh  yeahl  Of  course! 
They  force  things  to  float  into  their  headsll  Because,  indeed,  every  time  something  floats  in. 
I  suspect  that  there's  a  part  of  my  mind  that  is  actively  sending  it  through  to  float  in.  That's 
right!  There's  a  couple  of  'me's'  in  there.  And  the  one  who  is  writing  down  the  stuff,  that's 
the  person  who  Is  waiting.  And  the  'metacognator'  up  there,  the  thinker,  is  sending  down 
these  things  for  the  "doer"  to  latch  on  to  and  see  if  they're  going  to  work  or  not.  (Pause,  as 
she  obviously  ponders.)  Yeah. . . .  (Pause)  Wowl  I  guess  I'm  not  so  passive." 

Toward  the  end  of  the  prompted  retrospection,  Jackie  stated  that  she  thought  "maybe 
the  very  act  of  having  been  a  participant  in  the  videotaping  might  have  made  a  difference" 
in  doing  well  In  the  course.  [Both  students  that  volunteered  for  the  videotaping  did 
especially  well  in  the  course.] 

Jackie  did  very  well  on  the  final  exam.  She  felt  "confident  about  all  the  problems  be- 
cause I  tried  and  found  several  ways  of  solving  them  using  different  strategies.  ...  The 
problems  themselves  were  fun  and  interesting."  A  comparison  of  her  responses  on  the  first 
and  second  administrations  of  the  Attitude  Inventory  showed  a  clear  increase  in  her  persis- 
tence.  In  her  enjoyment,  and  in  her  confidence  in  solving  problems. 
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Discussion 

It  is  ctearthat  Jackie  made  very  substantial  progress  in  developing  her  metacognitions 
and  becoming  an  expert  problem  solver.  The  case  study  above  chronicles  that  develop- 
ment. Jackie  also  provided  evidence  that  the  development  of  metacognition  can  and  does 
lead  to  at  least  some  metacognitive  processes  becoming  automatic. 

The  report  also  Includes  references  to  several  mechanisms,  some  explicitly  referred  to 
by  Jackie,  that  seemed  to  spur  that  development.  Those  mechanisms  all  had  to  do  with 
externalizing  her  thought  processes  in  some  way  (either  orally  or  in  writing,  either  during  or 
after  problem  solving)  and  in  reflecting  on  or  observing  herself  solving  problems.  It  seems 
possible  to  assimilate  each  of  these  mechanisms  into  an  ordinary  classroom  setting. 

Note  also  that  Jackie  referred  several  times  to  another  level  or  aspect  of  motacognition 
which  monitored  her  metacognition.  It  seems  reasonable  to  conclude  Jackie  was  referring 
to  an  awareness  of  metacognitive  processes  that  seems  to  be  separate  from  the  metacogni- 
tive processes  themselves. 

Finally  Jackie  referred  either  directly  or  indirectly  to  the  effects  on  her  of  the  develop- 
ment of  her  metacognitive  activity  and  awareness  of  that  activity.  To  summarize  these 
effects,  she  gained  a  sense  of  control  over  her  cognitive  and  metacognitive  processes  and 
increased  the  organization  of  her  processes.  As  a  consequence,  she  improved  her  confi- 
dence In  her  problem-solving  abilities,  her  persistence,  her  willingness  to  risk  error,  and  her 
enjoyment— all  important  characteristics  ot  an  expert  problem  solver. 
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The     Mechanism     of  Communication 
in     Learning  Mathematics 

Hidoyo  EMORI 
Graduate  School  of  Education,  University  of  Tsukuba,  Japan 

The  purpose  of  this  paper  is  to  throw  light  upon  the  fundaniental 
mechanism  of  the  communication  process  in  learning  mathematics. 
For  this  purpose,  classroom  observation,  questionnaire  and 
interview  to  the  8th  grade  students  was  done. 
The  communication  process  in  learning  mathematics  is  a  dynamic 
process  for  the  social  interaction  between  participants,  and  it 
develops  with  alternations  of  sharing  information  and  making 
communication  gaps.  It  is  an  'autonomous  adjustment-process* 
which  has  two  faces  of  cooperation  and  personalization. 


The  importance  of  social  interaction  in  constructing  mathematical 
KHDwiedge  makes  us  pay  attention  to  the  significance  of  communication  in 
learning  mathematics  (  Giod  et..l992;  Krummheuer  et  al..l990:  Pimm, 1987; 
Bishop, 1985  ).  But  we  do  not  know  how  we  communicate  mathematical  ideas 
(  Uburde.1990  ).  Von  Glasersfeld  said, 'The  underlying  process  of  linguistic 
coffifRuni cation,  however,  the  process  on  which  their  teaching  relies,  is 
us'jaily  taken  for  granted,  there  has  been  a  naive  confidence  in  language  and 
Its  efficacy  (  Von  G lase rsf e 1 d , 1987 , p. 4  ).*  Therefore  we  should  study  the 
lat'chanism  of  the  communication  process  in  learning  mathematics. 

Th**  meaning  of  words  to  sender  or  receiver  who  sends  or  receives  some 
!:i«-i::jage  depends  on  his/her  knowledge  and  experiences.  We  can  not  transmit 
-••anir.g  to  other  people,  we  just  can  send  a  message  (  Samovar  ed.,1981  ). 
T^-  r.'.5:sage  does  not  ccritair.  any  tneaninii.  the  message  is  just  auditory  or 
ftral  stimulus  (  Skeiiip.1982  ).  I  f  we  grant  that  the  meaning  of  message  is 
<'}v   .wn  subjective  construction  and  resides  in  a  subject's  head,  we  should 
ir.'iiyze  the  comnjunicat  ion  process  in  learning  mathematics  from  the  point  of 
'the  subjectivity  of  meaning*  (  Banersfeld  et  al..l988  ). 


Introduction 
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M  hod 

The  purpose  of  this  paper  is  U  throw  light  upon  the  fundamental 
^echaniSB,  of  the  comunicalion  process  in  learning  mathematics.  For  this 
purpose,  two  sludys  which  consist  of  classroom  observation,  questionnaire, 
interview  to  the  Bth  grade  students  are  designed. 
(  Study  1  1 

Subjects:  One  class  of  grade  6  in  Tokyo.   It  consists  of  forty  students. 

Procedure:  For  these  studys,  a  new  Japanese  word  'Keisan  no  houhou  wo  si.es. 

kigou.  or     sjpn  which  ind ic^tjs_,a_caUuJation_.!neth^d'  is  coined. 

This  coined  word  is  made  of  well  known  word.^.  -  s  i  gn' ind  icate' . '  calcu  1  at  i  on" 

and  -melhod'.  This  coin-d  word  is  not  defined.  The  meaning  of  the  co.ned 
word  is  discussed  in  the  class.  Students  are  a3ked  to  classify  some 
mathematical  signs  by  their  personal  interpretation  of  the  coined  word.  If 
studen's  did  the  same  classification,  then  we  regard  they  could  share  so.. 
co..mon  information  through  the  communication.  Before  the  discussion  and 
after  the  discussion,  students  answer  Questionnaire  1  and  2  respectively. 
One  week  later,  students  answer  Questionnaire  3. 
Materials:  Three  questionnaires  are  prepared. 

QlLe.sJlon.DaIre..Li_2  :  Both  of  them  contain  the  same  question;  "   'V    .s  , 
sign  which  indicates  a  calculation  method  or  not  ?  Why  ?  ' 
9uesUop.nair^.._3  :  "   'a'  (exponent)'   is  a  sign  which  indicates  a  calculation 
method  or  not  ?  Why  ?  ' 
(  Study  z  1 

Subjects:  Another  class  of  grade  6  in  the  school  where  Study  1  was  done. 
It  consists  of  forty  students. 

Procedure:  The  meaning  of  the  coined  word  'a  sigh  which  indicates  a 
nalcuUtion  method"   is  discussed  in  the  class.  One  week  later,  students 
answer  Questionnaire  2.  Two  weeks  later,  students  answer  Quest i onna ne  3. 
And  some  students  are  interviewed  by  the  observer.  The  classroom  discussion 
and  interview  are  recorded  by  the  audio  and  video  tape  recorder. 
Questionnaire  1  is  not  asked  before  the  discussion,  because  of  avo.d.ng  any 
influence  to  the  students'   classroom  discussion. 

Materials:  Questionnaire  2  &  3  are  used  .which  are  the  same  ones  used  .n 
Study  1. 
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Results     and  Discussions 

C   Study  1  ] 

(  The  results  of  Questionnaire  1  and  2  ] 

Students  selected  one  choice  out  of  the  four  alternatives.  *  '  %'   is  a 
sign  which  indicates  a  calculation  method  ?\  CO  Yes.  -2)  No.  @  Neither  or 
a)  Not  sure.  Table  1  shows  us  that  some  students  changed  their  choices  after 
.the  discussion.   In  Study  1.  students  had  twenty  five  minutes'  discussion. 
They  discussed  the  reason  why  they  selected  their  choices.  During  the 
discussion,  students  expressed  their  own  interpretation.  After  that,  eleven 
out  of  forty  students  changed  their  choices  (  Table  1  ). 

Table  J  :  The  number  of  students  who  select  each  choice  for  Ql  &  Q2. 


X  Yes        C2)  No        @  Neither       (5)  Not  sure 
Questionnaire  1  i  3  2  1  3  3 

Questionnaire  2  6  2  4  6  4 


Table  2  shows  us  that  the  discussicn  had  influence  upon  some  students, 
especially  for  the  students  who  had  selected  CD  as  the  answer  for  Ql.  Six 
out  of  seven  students  who  had  changed  their  choices  from  Q  to  others 
selected  (D  or  CC  This  result  indicates  us  they  were  confused  by  the 
conflict  which  was  brought  by  the  communication  with  others  (  Table  2  ). 

Table.2  :  The  content  of  changes  of  students'  choices  from  Ql  to  Q2 


Q1-*Q2    X-O)  ^->^^  ®->^       Small  Sum  of  unchanged 

6          2  0  1  2  2  9 

Q1-Q2                0:--^  Tj-*^.  C2)->C3^    3:-^^  ®->^    Small  Sum  of  changed 

14  2  12  1 


1  1 


(  The  result  of  Questionnaire  3  ] 

Students  selected  one  out  of  the  two  alternatives.  *  'a^  (exponent)'  is 
a  sign  which  indicates  a  calculation  method  ?* .  Q  Yes  or  ®  No. 

Twenty  four  students  selected  (2?  as  the  answer  for  Q2 .  Twenty  students 
kept  their  personal  interpretation,  and  four  students  changed  their  personal 
interpretation  of  the  coined  word.  One  week  later,  they  answered  Q3.  Table  3 
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shows  us  they  were  separated  into  two  groups  (D  Yes  or  (D  No, 

Table.  3  :  The  content  of  changes  for  24  students  who  selected  (2)  for  Q2 


From  the  result  of  Q3.  we  know  they  could  not  share  the  common 
interpretation  of  the  coined  word,  even  if  they  selected  the  common  choice 
for  Q2.  The  communication  process  in  learning  mathematics  develops  with 
alternations  of  sharing  information  and  making  communication  gaps. 
[   Study  2  ] 

In  study  2,  classroom  observation,  Questionnaire  2  &  3.  and  interview 
had  been  done  and  these  data  were  analyzed  qualitatively, 
{  Classroom  observation  ] 

Teacher     :  And  then,  which  signs  indicate  its  calculation  method  ? 

(  Some  mathematical  signs  are  written  on  the  black  board.) 
Students   :  Plus(  +  ).  MinusC-  ).  Hu 1 1 i pl icat i on(  x  ) .  ano  d i v i s ion ( ^  ) . 
Student  E  :  Percent(%  )  ? 
Teacher     :  PercentC  %  )  ? 

Do  you  think  'Percent'   also  indicates  a  calculation  method  ? 
Student  F:  Yes.  I  think  so.  For  example,  the  eighty  percents  of  something, 

we  can  get  the  answer  with  multiplied  by  4/5. 
Student  G :  I  am  sure  that  we  can  get  the  answer  with  multiplied  with  4/5  for 


the  eighty  percents  of  something.  But  we  never  write  100  X  8C  for 
the  eighty  percents  of  something.  So  I  think  it's  just  a  sign. 


Teacher     :  Unn.  We  never  write,  as  G  said.  100  X  80  like  5  +  3. 
Student  H:  We  have  five  plates,  and  there  are  two  apples  on  each  plate. 


How  many  apples  are  there  ?  If  we  solve  this  kind  of  problem,  we 
should  write  the  expression  like  this,  two  times  five  equals  ten. 
and  addi-^g  the  unit  'pieces'   with  parentheses.  2x5  =  lO(pieces) 

so  I  think  X  IS  the  same  sign  which  is  necessary  to  b^^  added 
parentheses  or  something. 


In  this  episode,  students  were  asked,  'what  is  the  meaning  of  the  coined 
word  'a  sign  whi^ch  indicates  a.  calculaticn  method"   V  This  word  was  coined 


Ql-^Q2-^Q3:0 
Q1->Q2-*Q3:(D 


1  1 


9 


3 
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ly  i:.e  leacher.  and  this  was  an  open  question.  We  wanted  lo  know  how 
students  try  to  interpret  it.  Prop  the  classroom  observation  and  personal 
interview,  we  know  that  they  tried  to  interpret  it  by  probable  reasoning 
with  using  their  personal  knowledge  and  experiences.  Its  illogical 
un'^ertainty  of  probable  reasoning  brought  the  necessity  of  communication 
with  other  pe^^ple.  Seme  student  said.  'I  want  to  know  others'  opinions,  and 
:  want  to  discuss  it.' 

Ir.  Ihe  episcde,  three  students  expressed  their  personal  interpretation. 
At  first.  Student  F  said  that  %  was  a  sign  which  indicated  a  calculation 
methcd.  And  next.  Student  G  sent  a  message  to  Student  F  as  feedback.  The 
feedback  is  defined  as  an  influence  which  the  second  speaker  has  upon  the 
first  speaker's  thought  or  attitude  by  responding  to  the  message  that  the 
first  speaker  sent.  In  this  case.  Student  G  used  the  method  of  indirect 
i-?c--f  fcr  refuting  Ihe  first  speaker  who  had  used  the  method  of  direct  proof 
.  "Si-ey  refined  the;:'  reasoning.  The  Student  G's  reasoning  is  analyzed  below. 

At  first.  Student  G  paid  attention  to  the  two  things.  "  +'  is  a  sign 
which  indicates  a  calculation  method*  that  had  been  confirmed  by  the  class 
sind  *'♦'    IS  a  sign  which  indicates  operation*.  And  he  expanded  the  reasoning 
ft>r  the  sign         into  the  case  of  general  signs.  Then  he  generalized  the 
:'?as?ning  into  'If  the  sign  "A"   is  a  sign  which  indicates  a  calculation 
neth^d.   then  the  sign    A'    is  used  as  a  sign  which  indicates  operat ion ( P Q 
)' .  And  next,  he  turned  the  reasoning  P ->  Q    into  the  contraposition  Q->P. 
Student  G  believed  the  con tr aposi t ion. M f  the  sign  'A'   is  not  used  as  a  sign 
which  indicates  operation,  then  the  sign  *A*   is  not  a  sign  which  indicates  a 
calculation  method*,  was  true.  Student  G  applied  this  contraposition  to  the 
FigD  '  X'  .  He  had  finally  concluded  that  his  reasoning.  "If  the  sign  '  %'  is 
not  jsed  in  the  form  of  'IOC  X  30'.  '  X'    is  not  a  sign  which  indicates  a 
cilcilation  method',  was  true.   In  the  interview.  Student  G  said,  *!  do  not 
ki.-V'  sjch  a  term  "contraposition".'  He  did  generate  the  way  of  thinking  like 
ll.'.'  =:.d;rpcl  proof  through  the  ccmtnunicat  ion  with  Student  F. 

The  circulation  for  sending  a  message  and  feedback  is  a  basic  cycle  of 
S'lcial  interaction.  The  communication  process  develops  by  linking  these 
b'lsic  cycle?;.  Betwec-n  two  coir.municat ion  participants,  they  respond  each 
'••tht-r.  We  c=ill  the  feedback  between  a  pair  of  two  'Dyad  Feedback' (Figure  1). 
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Figure  1  :  The  baaic  cycle  of  social  interaction 
•Sending  the  first  aessafe' 


Hessage 


1st  speaker 


Hessage 


2nd  speaker 


Figure  2  :  Chained  Feedback 


•  Dyad  Feedback* 

Among  acre  than  two  participants,  several  sets  of  dyad  feedback  link 
together.  In  this  episode,  the  third  speaker  Student  H  had  influence  upon 
Student  F  and  Student  6.  The  message  Student  H  sent  acted  on  Student  G  as 
a  positive  feedback  and  Student  F  as  a  negative  feedback.  This  phenomenon 
tells  us  that  the  sane  message  acts  on  each  one  of  receivers  differently. 

Among  more  than  two  participants,  several 
sets  of  dyad  feedback  link  together,  and  the 
N-th  speaker  (N^3)  could  have  influence 
upon  the  first  speaker.  Figure  2  indicates 
us  that  the  third  speaker  Student  H  had 
influence  upon  the  first  speaker  Student  F. 
We  call  this  phenomenon  'Chained  Feedback*. 
The  model  of  Chained  Feedback  (Figure  2) 
consists  of  two  sets  of  dyad  feedback. 

In  figure  2,  two  sets  of  dyad  feedback  link  together.  The  third  speaker 
has  influence  upon  the  first  speaker  as  feedback  (the  arrow  '4-'  in  Figure  2 
).  And  this  model  also  indicates  us  that  the  first  speaker  acts  on  the  third 
speaker  (the  arrow  ' '  in  Figure  2).  The  chained  feedback  is  also  one  of 
the  feedback,  it  always  contains  a  basic  cycle  of  social  .interaction 
(sending  a  message  F-»H  k  feedback  F4-H).  The  coanunication  process  among 
more  than  two  is  complicated  than  the  communication  process  between  two. 

After  Student  F  received  the  feedback,  he  changed  his  personal 
interpretation.  He  answered  the  questionnaire  2  one  week  later: 
Student  F  wrote  :  *  'X'  is  a  sign  which  indicates  the  unit  like  'piece'  or 
'  g'  when  we  write  to  tidd  it  to  the  next  of  the  answer. 

is  not  a  sign  which  indicates  a  calculation  aethod.  because  we 
can  not  put  it  into  the  middle  of  numbers  like  ' 2  +  2'  or  ' 2  x  2*  . ' 
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From  the  answer  to  the  questionnaire  and  interview,  we  know  Student  F 
has  changed  his  personal  interpretation.  The  first  part  of  the  answer 
Student  F  wrote  is  a  copy  from  Student  H' s  opinion,  and  the  second  part  is  a 
copy  from  Student  G' s  opinion.  This  shows  us  that  both  of  the  messages  from 
Student  H  and  Student  G  acted  on  Student  F  as  feedback. 

And  Student  G  answered  the  same  questionnaire; 
Student  G  wrote  :  '  I  suppose  'X'    is  a  sign  which  indicates  quantity. 
So  it  is  not  a  sign  which  indicates  a  calculation  method.' 

In  the  interview.  Student  G  said,  M  think  it  is  better  to  answer  the 
questionnaire  like  what  Student  H  said.  I  should  say  what  kind  of  sign  '  %' 
is  rather  than  '  X'   is  not  a  sign  which  indicates  a  calculation  method.' 
These  results  show  us  Student  H  also  had  influence  upon  Student  G. 

Two  weeks  later,  they  were  asked  Questionnaire  3  and  interviewed. 
Student  G  and  Student  H  answered,  *a'  (exponent)  is  a  sign  which  indicates  a 
calculation  method.*  But  Student  F  answered,  *a^  (exponent)  is  not  a  sign 
which  indicates  a  calculation  method.'  Student  G  and  Student  H  thought  a^ 
indicated  the  process  of  its  calculation  a  x  a  x  a.  On  the  contrary.  Student 
F  thought  a'  indicated  the  result  of  the  calculation  a  x  a  x  a.  This  shows 
us  that  their  personal  interpretation  had  not  completely  agreed  during  the 
discussion.  In  Study  1,  Table  3  also  shows  us  the  same  phenomenon  as  this 
case  (*  and  **  correspond  to  Student  G  Jc  H  and  Student  F  respectively). 

Conclusion 

The  result  of  this  paper  is  summarized,  'The  communication  in  learning 
mathematics  is  the  social  interaction  which  develops  with  alternations  of 
sharing  information  and  making  communication  gaps.  This  social  interaction 
develops  as  chained  feedback  of  several  basic  sets  of  dyad  feedback  whose 
cycle  consists  of  sending  a  message  and  feedback.  In  this  cycle,  each 
participant  forms  his/her  personal  interpretation  based  on  his/her  knowledge 
and  experiences,  and  he/she  assimilates  with  other  people  and  accommodates 
his/herself  to  solvi.-ig  some  conflicts.  Therefore  we  can  say  that  the 
communication  process  is  'the  autonomous  adjustment-process'  with  having  two 
faces  of  cooperation  and  personalization.'. 

Wc  are  involved  in  the  discussion  among  researchers:  *  how  to  foster 
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Students'   competence  to  comtnunicate  mathematically  '  and  '  how  to  solve  the 
problems  for  communication  in  the  mathematics  classroom  '.  The  result  of 
this  paper,  the  communication  process  in  learning  mathematicsis  the 
autonomous  adjustment-process,  tells  us  both  of  two  problems  should  be 
Solved  simultaneously.  We  have  to  take  care  of  the  facts  that  the  competence 
to  coniDun icate  raatheoatical  ly  is  fostered  through  the  everyday  practice  and 
the  communication  diseases  in  the  mathematics  class  also  grow  and  disappear 
in  the  routine  activities.  The  fact  that  the  communication  process  has  two 
faces  of  cooperation  and  personalization  indicates  us  that  the  communication 
diseases  are  the  problems  for  each  participant  and  the  whole  of  community. 

This  paper  givos  us  one  of  the  perspectives  for  the  future  studies. 
Knd  the  next  research  question  is  to  throw  light  upon  the  mechanism  of  the 
ccmmunicat icn  process  generating  new  mathematical  ideas  when  solving  a 
probler;  in  a  group. 


Bauersfeld  .H.  .Krutrjiheuer .  G.  i  Voight .  J  .(  1988) .  In ter actional  theory  of 

learning  and  teaching  mathematics  and  related  raicroethnographical  studies 
.  In  H.G.Steiner  &  A. Vermande 1 ( Eds .). Foundations  and  methodology  of  the 
discipjjpe  of  mathematics  educfllLlD( pp . 1 7 4-188 ). Proceed i n gs  of  THE 
Conference , An  twerp. 

B  ishop . A. (  1985) . The  social  construction  of  meaning  a  significant  development 
for  mathematics  education  ?,  Epx_ike_.l Mr JUQg.JiLf'^t hsJOflJciiS. §(  1  ). 24-28 . 

Good.T.  L.  .^^ulryan.C  .  i  McCas  1  in  »H .(  1992 ).  Grouping  for  Instruction  in 

HathemaMcs:A  Call  for  Programmatic  Research  on  Small-Group  Processes 1 n 
D. A. GrojWs( Ed. ), Handbook  or  Research  on  Mathematics  Teaching  and  Learning 
(pp. 165-196). New"Yor¥:Hacmil Ian. 

Krummheuer.G.  k  Yacke 1 , E .( 1990) .The  emergence  of  mathematical  argumentation 
in  the  small  group  interaction  of  second  graders.  In  G.Booker. P. Coob  & 
T.H.HendicutiCEds.). Proceedings  of  the  fourteenth  PHE  conf erence( Vol . 3. 
pp. 1 13-120), Mexico. 

Laborde.C .( 1990) . Language  and  Mathematics.  In  A.G.Howson  i  J . P. Kahane (Eds . ) 
MiULematii:5._aM_Cfi^iii-t-i^Q^"^  ,i.££^ciL.iiiitani^5._t:LJJim  (  p  p  .  5  3  -  69 ) . 
Cambridge: Camoridge  University  Press. 

Lappan.G.  4  Schram, P. W . ( 1989 ) . Commun icat i on  and  reason ing: Cr i tical 

dimensions  of  sense  making  in  mathematics.  In  P.R.Traftons  &  A.P.Shulte 
(Eds.). 1989  yearbook  of  WCTH(pp . 1 4-30 ) . V irgin ia: HCTH . 

Pimp. D. (  1987). ?p^aJtiaZJliUh£JTlAU£AiJjir.London:Routl^       4  Kegan  Paul. 

Samovar.  L.  A.  (Ed.  .  199 1 ) .  LnXeriJUiiurALJi^miU^ 

Skemp. R .R. ( 1982) .Communicating  mathematics: Surf ace  structures  and  deep 
structures. Visible  Language . 16( 3 ). 281 -287 . 

Von  Gla-sersfeld.  E.(  1987).'u3arninff  as  a  constructive  activity.  In  C, Janvier 
(Ed.  ),Pr9bIe(ns  ci  jepre3eaUUeiLJju.UieJ.ta.clujii_,aJW^ 
mathematics(pp. 3-17). New  Jerpey ' awrence  Brlbaun  Associates. 


R  ef  erences 


ERIC 


n-23B 


MATHEMATICAL  ACTIVITY  AND  RHETORIC: 
A  SOCIAL  CONSTRUCTIVIST  ACCOUNT 

Pau]  Eraest 
University  of  Exeter 


This  paper  sketches  aspects  of  a  social  constnictivist  account  of  mathematical 
activity.  Its  key  feature  is  that  it  focusscs  on  mathematical  activity  within  a  social 
context,  where  the  language  of  school  mathematics  (mcluding  the  rhetorical 
dimension),  .social  relations,  etc.  arc  the  primary  focus.  Activity  is  construed  as 
taking  place  m  a  "frame',  and  being  largely  concerned  with  the  goal-  directed 
transfonnation  of  signs.  Such  semiotic  activity  both  presupposes,  and  also  leads 
to  the  construction  and  elaboration  by  the  learner  of  a  meaningful  'math-world' 
associated  with  the  frame.  The  theory  is  illustrated  wiih  the  analysis  of  a  learner's 
task  and  simultaneous  interview  protocol. 

During  most  of  their  mathematics  learning  career  from  5  to  16  years  and  beyond,  learners  work 
on  textual  or  symbolically  presented  tasks.  They  carry  these  out,  in  the  main,  by  writing  a 
sequence  of  texts  (including  figures,  literal  and  symbolic  inscriptions,  etc.),  ultimately  arriving,  if 
successful,  at  a  terminal  text  the  answei".  Sometimes  this  sequence  consists  of  the  elaboration  of 
a  single  piece  of  text  (e.g.  the  carrying  out  of  3  digit  column  addition).  Sometimes  it  involves  a 
sequence  of  distinct  inscriptions  (e.g.  the  addition  of  two  fraction  names  with  distinct 
denominators,  such  as  1/3  +  2/7  =  1x7/3x7  +  2x3/7x3  =  7/21  +  6/21  =  13/21);  or  it  may 
combine  both  activities,  as  in  the  example  below. 

A  rough  estimate  of  the  magnitude  such  activity  is  as  follows  A  child's  compulsory  (state) 
schooling  in  Britain  extends  for  something  over  2000  days.  Suppose  a  typical  child  attempts  a 
mean  of  between  5  and  100  mathematical  tasks  per  day  (an  estinisiR  that  is  quite  plausible). 
Then  a  typical  British  school  child  will  attempt  between  10,000  and  200,000  mathematical 
activities  in  their  statutory  school  career.  The  sheer  repetitive  nature  of  this  activity  is  under- 
accommodated  in  many  current  accounts  of  mathematics  Icaniing,  where  the  emphasis  is  more 
often  on  the  construction  of  meaning.  (Notable  exceptions  include  Christiansen  et  a/.,  1985,  and 
Mellin-Olscn,  1987.) 

There  are  three  levels  to  the  social  constructivist  theory  of  mathematical  activity  presented 
here.  There  is  the  linguistically  presented  task,  the  frame  surrounding  the  task,  a^xd  the  social 
context  of  the  frame  (including  the  classroom,  the  teacher,  learners,  and  all  that  they  involve). 

THE  SOCIAL  CONTEXT  of  the  classroom  is  viewed  as  a  complex,  organised  social  form  of 
life  which  includes  the  followjuj^  categories  (which  are  neither  disjoint  nor  exhaustive) 

(a)  persons,  interpersonal  relationships,  patterns  of  authority,  pupil-teacher  roles,  modes  of 
interaction,  etc. 

(b)  material  resources,  including  writing  media,  calculators,  microcomputers,  texts  representing 
school  mathematical  knowledge,  furniture,  an  institutionalized  location  and  routinized  times. 
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(c)  the  language  and  register  of  school  mathematics  (and  its  social  relation),  including: 

1.  the  content  of  school  mathematics;  the  symbols,  concepts,  conventions,  definitions, 
symbolic  procedures,  and  linguistic  presentations  of  mathematical  knowledge; 

2.  modes  of  communication:  written,  iconic  and  oral  modes,  modes  of  representation  and 
rhetorical  forms,  including  rhetorical  styles  for  written  and  spoken  mathematics. 

Thus,  for  example,  teacher-pupil  dialogue  (typically  asymmetric  in  classroom  forms)  takes 
place  at  two  levels:  spoken  and  written.  In  written  'dialogue*  pupils  submit  texts  (written  work 
on  set  tasks)  to  the  teacher,  who  responds  in  a  stylized  way  to  its  content  and  form  (ticks  and 
crosses,  marks  awarded  represented  as  fractions,  crossings  out,  brief  written  comments,  etc.) 

This  theorization  of  the  social  context  draws  on  a  number  of  soorcet  which  regard  language 
and  the  social  context  as  inextricably  fused,  including  Wittgenstein's  philosophy,  Foucault's 
theory  of  discursive  practices,  Vygotsky  and  Activity  Theory,  Halliday  and  sociolinguistics. 
Applications  of  some  of  these  thcorisations  to  the  learning  of  mathematics  have  been  made  by 
Walkerdine  (1988),  Pimm  (1986)  and  Ernest  (1991). 

FRAME  This  concept  is  elaborated  in  a  number  of  different  ways  by  Marvin  Minsky,  Erving 
Goffinan  and  others,  and  applied  to  mathematical  activity  by  Davis  (1984)  and  Ernest  (1987), 
albeit  in  an  information  processing  orientation.  It  bears  some  similarity  to  Papcrt's  coocq)t  of 
microworld,  as  well  as  to  that  of  'solution  space'  in  problem  solving  research.  Frames,  as  used 
here,  concern  a  specific  (but  growing)  range  of  tasks  and  activities,  and  each  is  associated  with 
a  particular  set  of  representations,  linguistic  and  otherwise,  a  set  of  intellectual  tools,  both 
symbolic  and  conceptual  (and  possibly  a  set  of  manipuUble  tools,  such  as  rxUen  or  calculators). 

Frames  have  a  dual  existence,  both  public  and  private.  The  public  aspect  of  a  fiiune 
corresponds  to  a  mathematical  topic  or  type  of  problem,  and  the  associated  language  and 
intellectual  tools.  It  constitutes  what  is  taken-as-shared  by  a  number  of  persons,  although 
different  instantiations  of  a  fi^e  will  vary,  e.g.  with  time  and  social  location.. 

In  its  private  aspect  a  fi-amc  is  constructed  individually  by  each  person  (l^^f^cr  or 
teacher)  as  a  sense-making  and  activity  performing  device  (resembling  a  'schema').  The 
meanings,  conceptual  tools  and  goal-types  make  up  a  *math"Worid*  which  is  a  subjective 
construction  associated  with  the  frame,  at  least  in  outline  (specific  details  may  be  filled  in  during 
particular  tasks).  Each  individual's  personal  construction  of  a  franne  is  associated  with  a  body  of 
cases  of  previous  uses  of  the  frame,  sets  of  symbolic  and  conceptual  tools,  and  stereotypical 
goals.  Social  interaction  allows  some  meshing  of  the  individually  constructed  frirocs,  and  a 
crucial  feature  of  frames  in  this  theory  is  that  they  arc  genetic,  continually  developing  and 
grov»ing,  as  a  result  of  interaction  and  use.  (The  varieties  of  frame  use  and  growth  correspond 
to  Donald  Norman's  categories  of  schema  use:  tuning,  routiiie  use  or  assimilation,  application, 
restructuring  or  accommodation). 

The  process  of  frame-utilization  and  growth  requires  the  learner  internalizing  and 
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pursuing  an  activity-related  goal  (as  in  Leont'eVs  version  of  Activity  Theory).  Particularly  in  the 
engagement  with  and  perfonnance  of  non-routine  tasks,  the  learner  will  be  making  effort  and 
success-likelihood  estimations,  and  may  disengage  from  the  goals  and  give  up  the  task,  or  seek 
assistance  from  others.  The  learner  may  lack  confidence  and  need  reassurance;  or  may  not  be 
able  to  make  the  transformations  unaided  (i.e.  lack  a  tool,  or  not  know  which  to  apply),  in  order 
to  achieve  the  goal.  Then  the  task  li^  within  the  learner's  Zone  of  Proximal  Development,  and 
assistance  enables  the  learner  to  make  the  symbolic  transformations,  hence  to  extend  the 
appropriate  frame  so  that  ultimately  s/he  can  undertake  this  challenging  type  of  task  unaided. 

TASKS  concerning  the  transformation  of  mathematical  signs  are  central  to  this  theory 
Typically  a  task  is  a  text  presented  by  someone  in  authorit>'  (the  teacher),  specifying  a  starting 
point,  intended  to  elicit  a  frame  (a  task  in  a  sequence  may  assume  a  frame  is  in  use),  and 
indicating  a  goal  state:  where  the  transformation  of  signs  is  meant  to  lead.  The  theorization  of 
tasks  draws  on  Activity  Theory  and  semiotic  analyses  of  mathematics  (e.g.  Rotman,  1988),  as 
well  as  cognitive  science  approaches  Mathematics  education  sources  include  Christiansen  et  al 
(1985),  MeUin-Olscn  (1987),  Davis  (1986),  Skemp  (1982),  Ernest  (1987a,  b).  From  a  semiotic 
perspective,  a  completed  mathematical  task  is  a  sequential  transformation  of,  say,  n  signs  i^S^) 
inscribed  by  the  learner,  implicitly  derived  by  n-l  transformations  (''=^').  This  can  be  shown  as 
tlic  sequence  ^  S^^...^  S^.  is  a  representation  of  the  task  as  initially  construed 
(the  tcj.t  as  originally  given,  curtailed,  or  some  other  mode  of  representation,  such  as  a  figure). 
5b  is  representation  of  the  final  symbolic  state,  intended  to  satisfy  the  goal  requirements  as 
interpreted  by  the  learner.  The  rhetorical  requirements  of  the  social  context  determine  wliich 
sign  representations  {S^)  and  which  steps  {S^  ^  ^it+j,  for  k  <  n)  are  acceptable.  Indeed,  the 
rhetorical  mode  of  representation  of  these  transformations,  with  the  final  goal  representation 
(5^),  is  the  major  focus  for  negotiation  between  learner  and  teacher,  both  during  production  and 
after  the  completion  of  the  transfomnatior\al  sequence. 

Each  step  ^  S^^^i^i  is  a  transformation  of  signs  which  can  be  understood  on  two  levels. 
Drawing  on  Saussure's  analysis,  each  sign  S^^  (=  /  Ij^ )  is  a  pair  made  up  of  a  signifier  ('S' 
for  symbol)  and  a  signified  1^  (T  for  interpretation  or  imaae).  So  the  completed  task  can  be 
analyzed  as  in  the  example  shown  as  Figure  1 . 

Figure  1 :  A  completed  mathematical  task  as  a  semiotic  transformation 
Level  of  Signifiers:       ->  S2  ->  S3     S4      S5      S^  ->  Sj;  ->  Sjj  >-> 
Level  of  Signifieds.    Ij       I2      I3      I4  =0  I5  ^  I7       1^  I9 

Figure  1  is  a  schematic  representation  of  the  sign  transfomnations  in  the  sample  task  discussed 
below.  It  shows  a  linear  sequence  of  signifiers  with  most  derived  from  their  predecessor  by  a 
symbolic  transformation  (denoted  '->'),  it  shows  each  signifier  connected  vertically  to  its 
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cofTcsponding  signified;  it  shows  a  linear  sequeoc©  of  significds,  two  of  which  arc  derived  from 
predecessors  by  a  uansforniation  of  interpretationr>  (denoted  '=:»').  It  parallels  Davis'  (19«6) 
'Visually  Moderated  Sequence',  involving  symbols  and  meanings  in  a  goal  directed  sequence. 

To  clarify  the  role  of  such  analyses  in  llie  theory  it  should  be  noted  that,  first,  Fig;urc  1 
illustrates  that  transformations  take  place  on  one  of  the  two  levels,  or  both  together.  Second, 
signifieds  vary  with  interpreter  and  context,  and  are  for  fi-om  unique.  The  level  of  significds  is  a 
private  'math-world'  consuai\:ted  individually,  although  in  a  degenerate  activity  it  m*y  be 
minimal,  corresponding  to  Skemp  and  MeUin-Olsen's  notion  of  'instrumental  undwitanding'. 
Third,  signifiers  are  represented  publicly,  but  to  signify  for  the  learner  (or  teacher),  a/hc  must 
relate  to  them  (they  have  to  be  attended  to,  perceived,  and  construed  as  symbols).  Fourth, 
Figure  1  shows  only  the  structure  of  a  succeasfiilly  completed  ta»k»  represented  lineariy  as  a 
text.  It  does  not  show  the  complex  process  of  its  genesis.  Finally,  the  levels  of  lignificr  and 
signified  are  relative,  they  are  all  the  time  in  mutual  interaction,  shifting,  rcconitnjcting 
themselves.  What  constitutes  a  sign  itself  varies:  any  teacher-set  task  is  itself  a  sign,  with  tlic 
text  as  signifier,  and  its  goal  (and  possibly  frame)  as  signified 

A  Case  Study 

The  theory  is  used  to  analyze  a  routine  mathematical  task  carried  out  by  a  lAVi  year  old  female 
'Nora'.  During  the  Autumn  Term  1992,  Nora  attended  a  state  high  school  (although  absent  on  a 
significant  number  of  days)  hi  mathematics  class  Nora  worked  from  a  set  mathematical 
textbook  (Cox  and  Bell,  1986)  on  a  number  of  topics  including  trigonometry  (first  tangent 
ratios,  later  sine  and  cosine  ratios).  An  analysis  of  Ks  exercise  book  shows  notes  taken  finom 
two  sessions  of  exposition,  including  3  worked  examples  on  Sine  &  Cosine  and  the  'tooli* 
indicated  below.  Based  on  what  is  recorded  in  her  exercise  book,  during  the  month  or  so  in 
which  Nora  was  studying  trigonometry  (and  other  mathematical  topics)  she  carried  out  at  least 
62  trigonometric  tasks  (26  Tan  and  36  Sin  &  Cos).  Almost  all  were  routine  but  of  incn^iing 
complexity,  a  few  were  non-routine  problem  tasks.  She  had  feedback  via  teaclicr  marking  on 
22  Tan  and  1 5  Sin  &  Cos  tasks,  and  was  mariced  correct  on  ail  but  one  Tan  task.  Her  estercifc 
book  reveals  2  locations  where  conceptual  and  symbolic  tools  for  trigonometry  were 
recorded/developed,  notes  of  a  lesson  of  17  November,  and  4  pages  of  undated  rough  note*  at 
the  rear  of  the  book.  The  tools  involved  were:  definitions  of  trigonometric  ratios,  2  mnemonics 
to  assist  memorization;  review  of  Pythagoras'  rule;  relabelling  of  triangle  sides  '0',  'A',  and  "H' 
according  to  a  newly  designated  angle,  inverse  ratios,  calculator  use,  cross-multiplying  to  solve 
e  g  Tan  P    0/A  for  A,  and  similarity  of  trianf^les  and  ratio. 

THE  RESEARCH  TASK  The  research  interview  took  place  out  of  school  on  17  December, 
based  on  a  routine  tcngent  task  fi-om  the  school  text.  Nora  had  available  her  pencil  case, 
calculator,  text  and  exercise  book.  She  was  asked  to  work  on  plain  paper,  to  think  aloud,  and 
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was  tape  recorded. 

THE  TASK  (Cox  and  Bell,  1986:  58) 

4     Sketch  each  ofthcfoUowing  triangles  PQR,  with  /R  =  90^then 
calculate  both  /  P  and  /  Q,  correct  to  the  nearest  0.  P. 
(a)PR'=7.6m;RQ  =  5m       (b)  ... 

Figure  2:  The  first  part  of  Nora's  golutipn  to  the  experimental  task  (Q  only) 
ANALYSIS  OF  THE  WRITTEN  SOLUTION 


Nora's  answer  can  be  analyzed  as  a  sequence  of  written  signs 

5,  0  ^2  ^  ...    59,  as  foUows. 

Si. 

Figure  with  labelled  vertices 

s. 

1.52' added 

Si 

Figure  with  lengths  of  2  shorter  sides  marked 

Sr 

[NewUne]  '56.7^ 

Sy 

Figure  with  interior  angles  P  &  Q  marked 

'=  Q'  added 

S4. 

Figure  with  sides  labelled  '0',  'A'  &  'H* 

S9: 

•(56.65929265)' added 

S5. 

Tan  =  7.6/5* 

This  is  a  transformational  sequence  of  signs,  which  can  be  analyzed  as  foUows. 

Si  ^  S^ut  transformations  of  the  triangle  diagram  through  additions;  stages 

in  the  elaboration  of  the  iconic  plus  symbolic  representation.  The  figure  is  required  by  the 
question  (presumably  for  methodological  itasons).  It  enables  Nora  to  cue  and  build  up  a  simple 
math-worid  of  triangles  and  their  properties,  and  construct  a  representation  of  the  problem 
situation  within  it.  (The  elaboration  of  a  single  drawn  figure  contrasts  with  tlie  typical 
justificatory  rhetoric  of  written  school  mathematics,  where  repetition  of  symbols  is  often 
required.  The  rhetoric  of  diagrams  requires  the  maximum  of 'relevant'  information  be  displayed.) 

^4  <^  ^5  it  a  shift  firom  figure  to  written  text,  indicating  the  choice  of  the  tangent  ftinction 
t9  express  the  required  angle  in  terms  of  the  ratio  of  known  lengths.  (Having  constructed  a  task- 
supporting  representation  54,  both  as  an  iconic  symbol  S4  and  aa  a  mental  image  I4,  Nora  is  thus 
able  to  retrieve  appropriate  conceptual  tools,  and  then  to  represent  the  linguistic  signs  that  lead 
via  transformations  towards  the  completion  of  the  task.) 

Ss  ^  is  the  computation  7.6/5  by  calculator,  at  the  level  of  signifiers,  with  the  answer 
transformed  at  the  level  of  signifieds  (corrected  to  1  decimal  place;  intermediate  answer  omitted 
until  ^9)  and  recorded.  This  is  the  only  dual-level  transformation  shown  in  Fig.  1 

^  represents  the  application  of  the  calculator  'inverse  tan'  ftinction  to  S^.  (The 
actual  process  involved  first  applying  the  tan  ftinction,  and  then  rejecting  it.)  The  recording  of 
57  represents  the  completion  of  the  main  task-goal  (the  derivation  of  the  answer),  but  does  not 
yet  satisfy  the  rhetorical  requirements  of  classroom  written  mathematical  language.  Thus  ^7  ^ 
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A'a  is  the  addition  of  a  label  CQ')  to  the  previous  answer  (labelling  answers  is  a  widespread 
rhetorical  demand).  Finally,  o  5,  is  the  addition  of  the  omitted  carUcr  answer,  to  show  what 
was  actually  derived  with  the  calculator,  thus  completing  a  perceived  gap  in  the  account.  (This 
satisfies  Nora's  construal  of  the  rhetoric  of  maxhcmatics  as  accurately  and  completely  describing 
the  transformational  sequence;  whereas  the  out-of-sequencc  inclusion  of  ^9  does  not 
correspond  to  the  usual  rhetorical  demands  of  school  mathematics.)  The  signs  ^5  to  5, 
represent  the  justificatory  rhetorical  account  of  the  transformation,  recorded  after  the  event. 

The  final  written  text  (Fig.  2)  is  in  abbreviated  form.  Earlier  work  of  Nora  (school  and 
homework  recorded  in  her  exercise  book)  utilizes  a  rhetorical  form  as  follows,  e.g.:  Tan  Q  « 
0/A,  Tan  Q  -  7.6/5,  Tan  Q  =  1.52,  SHIFT  TAN  =  56.7°  =  Q,  etc.  In  Figure  2,  the  initial 
definition,  the  argument  of  Tan',  the  symbolization  of  calculator  use,  etc.  are  omitted. 

Figure  1  shows  the  sign  transformatio»is  analyzed  into  signifiers  and  significds.  Most 
transformations  take  place  on  ilie  sigr.ifier  level  of ,  but  in  c^ery  case  these  transformations  arc 
supported  by  meaningfijl  inteipreiations  and  meaning-relations  between  them  in  the  math-world. 

INTERVIEW  PROTOCOL 

1.  You're  going  to  do  number  4a,  page  58. 

N  [fmiidly]  Read  the  question? 

i  It's  over  to  you,  I  want  you  to  do  all  of  it  yourself 

N  I  can't  get  any  help  from  you? 

i  Yes,  you  can,  you  can  ask  me  for  help,  you  know,  if  you  need  itV 

N;  (Rapidly  speaking  over  the  interviewer's  last  word)  I've  got  to  draw  it  first.  PQR,  with  R 
angle  90.  P,  Q,  R,  [draws  triangle]  Just  doing  the  triangle  . .its  not  to  scale.  P  and 
Q,.  [pause].,  oh. ..alright.^ 

I  Alright  whaf^ 

N  Oh,  are  you,  it  just  said,  1  read  the  first  bit  and  it  said  sketch  each  of  the  following  triangles 
PQR  with  angle  R  90  degrees  and  calculate  P  and,  um,  Q,  but  I  didn't  know  how  long 
they  were,  but  its  (a)  and  that^.  P  to  R,  its  7.6  metres  and  R  to  Q  its  5  metres  [writes  in 
side  lengths] 

I  Speak  out  loud,  what  are  you  thinking  about? 

N  I'm  thinking  about  how  to  do  it,  hold  on.,  [marks  angles  P  &  Q]  I  know  they  add  up  to  90 
degrees  together.'*  Do  1,  do  I  use  sine?  ..tan  isn't  it?  No  its  not,  look  sec,  opposite,  hang 
on,  Where's  the  angle  I  want?  I  shall  want  this  angle  here,  if  I  want  Q  angle,  then  it's 
opposite,  which  is  P  to  R,^  I've  got  that  one.  Is  that  opposite  over  adjacent?  so  it's  0  A. 
Tan  I  need,  opposite  divided  by  the  adjacent,  that'd  be  7.6  divided  by  5  metres  [uses 
calculator]  that  is  .  1  52  Now  I  press  tan  [uses  calculator]  That's  wrong.  Maybe  it's 
inverse  tan.  Tan.  [uses  calculator]  That  looks  more  like  it.  Is  that  right?^  How  many 
significani  figures'' 

I  Did  the  question  say'' 
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N:  DO....tenth  of  a  degree.  That's  Q.  56.7.  Hang  on»  I'm  going  to  write  out  the  whole  thing, 
(writes  out  working]'^  Now  I  must  do  P»  P  angle. 

INTERPRETATION  OF  SIGNIHCANT  FEATURES  OF  THE  DIALOGUE 

Some  of  the  key  fcaiurci  of  this  dialogue  from  the  point  of  view  of  the  present  theory  of 

mithcmatical  activity  are  as  follows  (much  more  could  be  said): 

1.  In  the  preceding  three  lines  Nora  is  looking  for  clues  to  the  nature  of  the 
rolet/potitiomngs  for  her  and  the  interviewer,  and  implicitly  acknowledging  the  dominance  of 
latter.  (Is  it  tctcbtr-learner  or  tester-examinee?)  The  context  is  an  unusual  out-of-scliool 
interview  with  someone  who  is  not  the  teacher,  and  thus  pertains  to  some  but  not  all  features  of 
the  locial  context  of  school  mathenuitics,  the  source  of  uncertainty.  By  the  end  of  this  mini- 
exchange,  Nora  knows  she  must  do  as  much  as  she  can  unaided,  before  seeking  help. 

2.  Here  Nora  has  internalized  the  task  (and  is  subserving  herself  to  the  textual  commands  in 
the  task),  is  beginning  to  make  the  initial  symbolic  representation  (sketch).  Finally,  Nora  has 
cued  a  frame  to  carry  out  the  transformation  in. 

3.  When  asked  to  explain  "oh.,  alright"  Nora  firsts  searches  for  a  way  to  begin  her  account, 
and  then  constructs  a  rhetorical  sequence  to  explain  to  the  interviewer  what  has  just  taken  place 
in  her  thought.  Normally  (in  a  school  presented  task)  this  rhetoric  would  not  be  required,  unless 
interrogated  by  another  person  -  peer  or  teacher.  It  ends  with  the  phrase  '(a)  and  that',  referring 
to  part  (a)  following  the  stem  of  Q.  [Verified  afterwards.] 

4.  At  this  point  Nora  has  just  employed  a  conceptual  tool/item  of  knowledge,  concerning 
the  angle  sum  of  the  two  smaller  angles  in  a  right  angled  triangle.  It  is  irrelevant  here.  It 
suggests  that  Nora's  frame  is  a  math-worid  based  on  triangles  and  their  properties,  includuig 
(but  extending  beyond)  trigonometric  properties. 

5.  At  this  point  Nora  has  tentatively  chosen  the  Tan'  function  and  managed  to  ignore  (or 
mentally  exchange)  the  labels  'O',  'A'  in  the  figure  to  constmct  the  correct  ratio  7.6/5  for  Tan  Q. 

6.  The  whole  preceding  monologue  reflects  the  uncertainties  and  doubts,  the  feirivS  and 
moves  considered  and  carried  out  in  the  math-world,  but  also  involving  semiotic  representations 
and  tools  in  the  physical  world  (i.e.  keying  in  the  calculations  into  the  calculator).  It  represents 
the  key  thought  experiment  underpinning  the  solution  and  symbolic  transformations  of  the  task. 
Interestingly,  it  involves  self-directed  questions,  as  Nora  voices  queries  and  then  answers  them, 
regulating  her  activity  meta-cognitively. 

7.  This  represents  another  shift  into  rhetorical  mode;  the  representation  of  the  symbolic 
transformations,  after  the  event,  in  an  acceptable  way  as  required  by  the  teacher  in  the  normal 
discursive  practice  of  schooling  (as  construed  by  Nora)  This  is  followed  by  a  switch  of 
attention  to  the  other  part  of  the  question  (?)  [omitted  here] 

This  analysis  reveals  some  of  the  multi-levelled  complexity  involved  in  a  learner  carrying  out 
a  semi-routine  mathematical  activity.  This  included  the  construction  of  a  math-world,  one  or 
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more  thought  experiments  or  •journeys'  in  it,  a  monological  sd^commeotiiy  on  t  'journey-.  • 
rhetorical  description  of  thought  processes  for  the  interviewer.  and4he  construction  of  a  toa 
addrcsdng  the  riietorical  demands  of  written  mathematics  in  Nora's  social  (school)  context 
Tools  developed  by  researchers  in  problem-solving  and  representation  theory  in  mathematoc* 
education  could  take  aspects  of  this  analysis  fiirthcr. 

Cpn^UiiftB  ^      u  I  ♦•Jr. 

This  paper  suggests  that  a  focus  on  learner's  work  on  routine  (or  other)  mathematical  xmmio, 
be?ring  in  mind  both  their  textual  and  repetitive  nature  can  provide  an  illuminating  avomic  of 
enquiry  for  the  psychology  of  mathematics.  It  sketches  aspects  of  an  incomplete  social 
constructivist  theory  of  mathematical  activity,  which  looks  at  a  pupU's  letting  history  in  the 
social  context  of  the  mathematics  classroom  in  order  to  situate  their  learning  activitie*.  It  offers 
a  synthesis  combining  a  leamer^s  construction  of  meaning  with  tliwr  pubUc  symbolic  activitiea. 
situated  in  the  social  context  of  school  mathematics.  One  of  the  strengths  of  tl»e  approach  is  that 
it  is  able  to  take  account  of  the  demands  of  the  riietoric  of  school  mathematics,  somcthiiig 
largely  missing  in  research  on  learning  (although  increasingly  widespread  in  the  sociology  of 
science  and  mathematics).  Too  often  the  style  of  mathematics  is  seen  to  be  logically  dctcnniiied 
by  its  conceptual  content,  when  in  fact  it  represents  a  body  of  getire  conventions,  with  its  own 
evolutionary'  history. 

Further  developments  of  the  social  constructivist  theory  of  mathematical  activity  will  also 
take  into  account  the  leamer^s  subjectivity  and  agency  in  cairying  out  tasks,  reading  texU, 
working  with  microcomputers  in  software  including  representations  of  agency  (e.g.  the  cursor 
and  Turtle'),  a  semiotic  analysis  of  mathematical  proof;  and  a  social  constructivist  theory  of 
mathematics  in  general  (Ernest,  forthcoming). 
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Shigeki  TaKaZawa,  Hiroshima  University  Attached  Primary  School 


Abstract 


The  eompUxiiy  of  learning  fractions  on  pnpiW  side  has  been  vndtrtsiimaied.  Ji  causes 
the  tnditiona!  approach  io  fracttons  to  change  into  rigid  and  rule-oriented  instruction.  Then 
fractions  art  a  tronklesome  and  complex  sithject, 

Wt  pay  special  attention  to  the  fraction  concepts  tchich  precede  and  produce  fractions.  They 
are  schematized  on  the  base  of  tm  aspects:  the  meanings  of  mvtltipUcation  and  Vergnavd's 
relational  calculus  on  the  additive  structure.  We  have  consequently  three  hnds  of  operational 
schema  for  the  concepts. 

One  of  them  is  so  useful  to  clarify  and  analyse  research  tests  and  the  protocol  of  3rd  grade 
pupils  as  to  the  change  of  fraction  concepts. 

1.    Litroduction  —  Two  Viewpoints  on  Fractions  — 

There  are  two  viewpoints  to  analyse  fractions  used  in  the  communication  between  the  teacher 
and  pupils.  One  is  the  standpoint  based  on  the  fraction  concepts  which  precede  fractions  and 
produce  them.  The  other  is  the  standpoint  based  on  the  rational  number  concepts  which  succeed 
fractions  and  make  them  mathematical. 

In  this  case,  the  meaning  of  fraction  could  be  clarified  mathematically  through  the  list  of 
rational  number  concepts  made  by  Kieren,  T,  E,  and  Rational-Number  Project.  Kieren  [1975, 
pp.102' 103)  lists  the  following  interpretations  of  rational  numbers  based  on  fractions. 


1.  Rational  numbers  are  fractions  which  can  be  compared,  added,  subtracted,  etc. 

2.  Rational  numbers  are  decimal  fractions  which  form  a  natural  extension(via  our 
numeration  system)  to  whole  numbers. 

3-  Rational  numbers  are  equivalence  classes  of  fractions. 

4.  Rational  numbers  are  numbers  of  the  iormP/^,  where  p.q  arc  integers  and    5^  0. 

5.  Rational  numbers  arc  multiplicative  operators. 

6.  Rational  numbers  are  elements  of  an  infinite  ordered  quotient  field. 

7.  Rational  numbers  are  measures  or  points  on  a  number  line. 


Kieren's  list  of  rational  number  concepts 
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On  the  other  hM>d  JUtion^l-Number  Project  (  Behr,  Lesh,  Post,  and  SiW.r)  [1983,  Pp.99-100l 
c»lls  fractions  "subconstructs"  of  rational  number  concepts  and  proposes  the  foUow.ngUst  about 
subconstructs. 


1.  /rational  measure:  a  reconceptuaUzation  of  the  part-whole  notion  of  fraction. 

2  ratio:  a  relationship  between  two  quantities. 

3  rate-  a  new  quantity  as  a  relationship  between  two  other  quantities. 

4'.  5«o(ien(:  a  rational  number  as  an  indicated  quotient.  That  is,  a/6  is  interpreted 

as  a  divided  by  6. 

5  linear  cooro'inaie:  points  on  a  number  Une. 

6.  decimal:  that  emphasizes  properties  associated  with  the  base.ten  numeration 

7.  opeTor:  that  imposes  on  rational  number  a  function  concept;  a  rational  number 
is  a  transformation.  ^   


RNP'i  list  of  rational  number  concepts 


In  that  case,  main  issue  »  the  mathematical  meaning  differentiated  neither  from  human  spirit 
or  from  problem  conte..t.  This,  however,  has  not  been  schematized  and  analysed  fuUy.  Our  work 
is  to  make  it  clear  schematically  and  to  apply  any  schematized  standpoint  to  the  change  of 
fraction  concepts  in  3rd  grade  pupils. 

2.    Theoretical  Framework 

2.1    Our  Schemata  for  Fraction  Concept 

Our  target  is  fractions  in  the  3rd  grade(8  year,  old)  in  Japan.  These  number,  are  introduced 
and  u,ed  initially  for  representing  ,ome  quantity  less  than  a  certain  unit  mass  We  cid  it  quantity 
fraction  in  the  mathematics  education  of  Japan.  Therefore  elementary  addition      Uacti  0 
fractions  can  be  taught  on  the  base  of  quantity  such  as  length,  area  and  volume  of  a  particular 

""what  is,  then,  fraction  concept  preceding  and  producing  fractions  in  pupils?  If  it  is  not  based 
on  quantity  but  on  operation  as  an  activity  of  dividing  object,  then  addition  and  subtraction 
cannot  be  done  over  such  fractions.  „„,„,•„« 
Our  aim  is  to  analvse  the  change  of  fractional  meaning  in  pupUs  when  we  teach  them  quant,  y 
fraction  in  a  cl«s.  T;  fulfill  that,  it  i,  nece,sary  to  make  fraction  concepts  clear  as  schema  in 
advance.  After  that  we  will  be  able  to  analyse  the  protocol  of  pupils  and  a  teacher  ,n  a  3rd  grade 

''''lddUion"°aId  multiplication  are  taught  over  natural  number  before  learning  fractions.  Both 
of  them  consequently  construct  fraction  concepts.  Multiplication 

and  is  taught  as  repeated  addition,  times  and  direct  product  in  this  order.  These  meanings  are 
formalized  mathematically  as  follows: 

1)       a  X  6  =  c  <=>  a  ■(■  a  +  ■  ■  ■  +  0  =  c 
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2)  a  X  6  =  c  <=>  a  — ►  c 

3)  ax6s:c  <=>  (a, 6) — »c 

(#  means  the  number  of  "a") 

According  to  the  order  and  meaning  itself  of  the  above  multiplication,  fraction  concept  first 
consists  of  equal  division  activities  which  are  the  Inverse  opei-ations  of  repeated  addition.  Sec- 
ondly it  consists  of  various  images  such  as  shrinking  which  are  opposite  to  those  of  enlargement 
suggested  by  times.  The  typical  case  is  the  thinking  way  of  "considering  a  thing  as  a  unit".  It 
thirdly  consists  of  the  formal  comparison  such  as  ratio  between  two  quantities.  This  formation  is 
homologous  to  that  of  dir^^ct  product.  These  three  fraction  concepts  are  characterized  respecUvely 
by  concrete  operation,  inner  operation  and  formal  operation. 

Each  operation  makes  a  cognitive  schema  possible  in  mind  which  corresponds  to  respective 
fraction  concepts.  Vergnaud's  relational  calculus  in  additive  structure  [1982,  pp.41-47J  suggests 
that  we  should  schematize  fraction  concepts.  We  call  them  operational  schemata  in  contrast  with 
Vergnaud's  schem. . 


(1)  Schema  of  equal  division 


□ 


(2)  Schema  of  change 


(3)  Schema  of  comparison 


\Ihrm 


n  refers  to  quantity  of  object  or  object  itself 
O  means  parameter  of  operation 


Figure.  1:  Operational  schema  for  fraction  concepts 
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2,2       M  Quantity  Fraction 

Fra^ction    is  composed  of  three  kinds  of  symbol.  AU  poeslbk  combination  are  as  follows: 

\  a    a  al 

When  we  see  the  teaching  context  of  quantity  fraction  |,  we  know  that  symbol  "6"  refers  to 
quantity,  symbol  "3"  means  the  operation  of  dividing  "6"  and  symbol  also  refers  to  quantity. 
The  process  of  constructing  quaiitity  fraction  i  is  expressed  mathematically  by  function  like  this: 


3(6) 


means  the  number  o(  obi€Cts) 
It  is  also  schematized  by  an  operational  schema  Uke  this: 


0 


The  whole  of  above  function  and  schema  is  the  concept  of  quantity  fraction  and  a  part  of 

them  Le  Vfl       M'     """""'"^  ""^  °'  P'°''""°2 

fractions.  In  this  caI^/„  is  a  kind  of  quantity.  This  property  causes  two  fractions  to  be  compared 
and  combined. 

3,    The  Content  of  Research 

The  purpose  of  this  research  is  to  describe  the  initial  form  of  fraction  concept  and  the  transfor- 
mation processes  from  that  to  the  fraction  concept  based  on  measures,  underlying  the  mteract.on 
and  communication  between  a  teacher  and  the  classroom  pupils  at  the  3rd  grade.  Toward  thas 
end  the  following  problems  and  classroom  activities  were  administratta. 

(I)  Pilot  research  . 
A  pilot  research  was  conducted  to  clarify  the  initial  form  of  fraction  concept  on  17  November 
1992  with  38  pupils  in  a  class  just  before  teaching  quantity  fractions.  They  were  asked  to 
describe  the  length  of  4  fish  with  suitable  number  or  words  under  the  fictitious  umt  '*papua  . 

(in  Classroom  activities  and  disiourse 

A  teacher's  teaching  activi'.ies  and  pu.ils^  learning  activities  were  observed  and  recorded 
in  eight  classes  which  began  on  27  November  and  finished  on  7  December  1992.  A  teacher 
managed  to  develop  the  dissroom  activities  into  three  phases  as  foUows. 

-  Ist  phase:     fraction  as  division  of     object  and  combination  of  the  parts 

-  2nd  phase:    reconceptualization  of  above  fractions  to  construct  the  concept  of 

quantity  fraction 

-  ,3r(l  phase:    compare,  addition,  and  subtraction  using  fraction  based  on  quantity 
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(III)  PoctreMArch 

The  pc«tref«aich  tests  were  conducted  three  times  at  first,  midst  and  last  in  the  2nd  phase 
of  daisroom  activities.  They  aim  at  the  analysis  of  the  change  of  fraction  concepts  in 
pupils.  So  as  to  do  it,  following  problems  were  provided  to  them. 

(i)  First  problem 

*'Now  w  Acre  a  piece  of  ribbon.  Take  a  piece  of  a  quarter  meter  ribbon  (V-4  m),  bring  it 
to  mc,"  said  a  teacher.  Children  axe  not  informed  that  the  length  of  a  original  ribbon 
is  120  C771  leagth. 

(11)  Midst  problem 

Compared  with  the  first  problem,  the  midst  problem  had  different  numerical  values. 
Pupils  were  asked  to  take  a  one  fifth  meter  (V$  m)ribbon  from  a  piece  of  60  cm  ribbon. 
(Hi)  Last  problem 

It  was  the  ^ame  with  the  first  problem. 

4.    Results  and  considerations 

4.1    Pilot  research  —  illementary  Concept  of  Fraction  — 

A  pilot  research  aims  at  knowing  the  way  of  pupils  how  to  express  some  length  less  than  a 
cercain  unit.  Questions  and  answers  are  as  follows: 


(  ) 
(  ) 
(  ) 


The  way  of 
expression  C^uc. 
Oriiiuary  limguago  A 
Ordinary  language  B 
Naturai  number 
Decimal  A 
Decimal  B 
Decimal  C 
Fraction 

Answer 

(i)        (ii)         (Hi)  (Iv) 
^•^        oij?        middle  ,mall 
iiandhaJi    hajf    half  and  half    half  and  h*Jf  An^  h.lf 
3            1             2    ■  3 
'fj         1-2           1.3                      1.4  ■ 

Tho  num.  of 
An  5. 

5 

4    "  " 

2 

2 

^■^       O.i        ().3            ■  n4 
2&       0.6  0.3 

6 
3 

Both 
decimal  Sc  fraction 

2.5         0.5          0.33                   0  25 
2V2                     1/3  r/. 

13 
3 

Table  1:  Result  of  pilot  rejearch 


58:^ 


n-251 

According  to  the  answers  in  table  1,  14  pupils  (ordinary  lang.  B,  natural  num.,  decimal  A 
and  decimal  B)  seem  to  have  the  same  operational  schema  fig.  1-  (1)  though  they  showed  various 

expressions.                                                        .    ,^            j-  -j  ^ 

In  this  case,  □  does  not  refer  to  quantity  but  to  object  itself.  We  can  divide  f  Q 

an  object  cquaUy  but  cannot  divide  quantity  concretely  because  quantity  is  one  ^  Q 
of  the  properties  of  a  thing. 


The  above  operational  schema  develops  into  a  right  schema  easily.  A 
fraction  Vo  produced  by  this  schema  refers  to  the  combination  of  2  oper- 
ations. This  is  not  quantity.  We  caU  this  kind  of^a  division  fraction  in 
the  mathematics  education  of  Japan.  Denominator  "a"  is  always  larger 
than  numerator  ""fe"  in  a  division  fraction. 


□ 


□ 


On  the  other  hand,  3  pupiis  in  the  group  of  both  decimal  and  fraction  have  another  kind  of 

operational  schema. 

In  this  case,  □  does  refer  to  quantity  because  3  pupils  use  decimal  besides 
fraction.  Therefore  a  fraction  Vfl  produced  by  this  schema  refers  to  quantity.  We 
call  this  kind  of  quantity  fraction.  Denominator  "a"  is  not  always  larger  than 
numerator  "6". 


13  pupils  iQ  the  group  of  fraction  show  correct  answers.  It  is  difRcult  to  distinguish  their 
answers  into  a  division  fraction  or  a  quantity  fraction.  We  had  better  understaad  that  they  form 
gray  zone  between,  two  kinds  of  fraction.  This  will  be  shown  in  the  later  observation  and  research 
of  the  class  on  fraction. 

4.2    Postresearch  —  Transformation  Process  — 

The  postresearch  was  conducted  three  times,  separately  at  first,  midst  and  last,  in  the  2nd 
phase  of  classroom  activities.  The  data  Cdn  be  classified  by  the  length  of  ribbon  and  the  result 
is  summarized  in  Table  2. 


First 

Midst 

Last 

'25  cm  (2) 
30  cm  (37) 
Otiitr  (0) 

12  cm  (28) 
•20  on  (6) 
Other  (5) 

•25  cm  (24) 
30  cm  (7) 
Othtr  (8) 

Soies: 


Table  2:  Result  of  postresearch 


In  addition,  according  to  the  operational  schema,  above  data  is  classified  into  two  groups  as 
below: 

Operation-oriented  group:  Pupils  in  this  group  interpreted  fraction  Va  as  division  fraction 
as  we  said.  All  of  them  in  this  group  folded  a  piece  of  ribbon  in  four  or  five  and  cut  it  off  at 
a  crease  through  a  teacher  managed  to  tell  them  quantity  fraction  in  the  2nd  phase.  They 
tw   a  piece  of  ribbon  in  30  cm  length  at  the  first  test.  12  cm  at  the  second  test,  and  30  cm 
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at  the  third  test.  Then  we  cail  this  group  "operation-oriented  group**.  Generally  speaking, 
division  fraction  Va  consists  of  two  operations,  i.e.  division  and  combination. 

Quantity-orientcd  group:  Pupils  in  this  group  interpreted  fraction  Va  ^  quantity  fraction. 
Then  we  call  this  group  "quantity-oricnted  group".  Therefore  they  cut  a  ribbon  of  correct 
length.  They  first  measured  a  pi«ce  of  1  m  ribbon  from  given  one  and  divided  it  into  four 
or  live  parts  equally.  Then  the  pupils  talcing  a  piece  of  ribbon  in  25  cm  at  the  first  test, 
20  cm  at  the  sec  ond  test,  and  25  cm  at  the  third  tcsl  are  included  in  this  group. 

Table  3  indicates  the  number  and  the  percenlaj;e  of  pupils  included  each  group. 


Type  of  .ich«ma 

First 

Midst 

Last 

Quanlily-orientcd 

C  (15%) 

2-\    ( 629-0 ) 

Operaiion-oricni«d 

37  (95%) 

28  (72%) 

r  (18%) 

Other 

0  (O^^c) 

5  (139'o) 

8  (21%) 

Table  3:  Post-test  data  classified  into  two  types  of  cognition 


The  2nd  pha5c  of  classroom  activities  aimed  at  making  pupils  to  understand  "Va  m"  aa  quan- 
tity fraction.  \s  for  this  attainment,  a  teacher  often  asked  pupils  about  the  difference  between 
division  and  quantity  fraction  regarding  to  *'Vn  ba^ed  on  the  ribbons  cut  In  different  length 
by  pupils.  They  finally  named  "the  changeable  fraction"  for  a  division  fraction  by  themselves 
in  the  last  class  of  the  2nd  phase.  They  also  named  "the  iinchangeaMe  fraction"  for  a  quantity 
fr.-iction  bv  themselves.  They  came  to  use  siuh  words  a^  the  technical  terms  in  a  classroom  dis- 
cussion as  follows.  A  quarter  piece  of  paper,  a  haif  glass  of  milk  and  etc.  are  ail  the  changeable 
fraction.  On  the  other  hand,  one-fifth  meter,  three  quarter  dl  and  etc.  are  ;dl  the  unchageable 
fraction.  There  is  the  case  that  a  quarter  glass  of  milk  is  more  than  Ihret  quarter  glass  of  milk 
because  those  fractions  arc  changeable. 


1st  posl'tost 

N!»dst  pa-jt-lcst 

Quiin  On.  Gr. 

Ope 

On.  Gr. 

Tola! 

Quan  On.  Gr. 

2 

<1 

6  (15%) 

Opp.  Ori.  Gr 

0 

28 

■JiJ  (72%) 

Other 

0 

5 

5  (13%) 

Total 

2 

37 

.ly  (100%) 

(1  ()(>%) 

.Midst  posl'test 

Last  post-test 

Qunn  On  Gr. 

Opc.  On  Gr. 

Other 

Total 

Quan  On  Gr. 

2 

20 

2 

21  (t>2%) 

Ope  On  Gr. 

2 

4 

1 

7  (18%) 

Other 

2 

4 

2 

8  (21%) 

Total 

6 

28 

6 

30  (iUO%) 

(15%) 

(72%) 

(13%) 

(100%) 

Table  4:  Cross  table  of  post«test  data 

Table  [  indicates  us  that  the  changn  wa5  very  slowly  and  complo.K.  Kirst.  it  is  only  4  pupils 
that  movnd  fron\  operation-oriented  group  to  quantity  -oriented  group  between  the  1st  test  and 
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midU  tost.  Although  22  pupils  h»ve  moved  to  ,„antity.oricn,cd  group  at  last  th«  ch^gc  wa, 
vory  slowlv  against  our  expectation.  Secondly,  although  most  pupiU  have  n.oved  from  operation- 
0  ion  d  g;o?p  .0  quantlt>'orientcd  group,  2  pupH.  moved  b»ck  to  opcration-ononted  group  from 
oul  ty-orient.d  group.  In  fact  .omo  pupils  never  adrrMted  the  ca.,o  in  which  numerator  w« 
r  ha  d  no  iator  In  the  Ord  ph.«e  when  discussing  about  %  •.•  Vs.  They  ins  sted  that  Vs 
w  jli  e  nonsense  because  we  can  divide  one  thing  into  5  pieces  but  cannot  comb.ue  p.eces 
Trn  t  m  Therefore  Vs  +  Vs  e<,«als  to  '/.o.  They  came  back  to  the  opcrat  o„.or,en,e  grou 
Mho  3rd  phase  although  they  had  been  in  the  quantityoriented  group  in  .  0  2"<i  P  -  ;  J 
Ltion  concept.  h«  not  still  been  con.firmed  at  the  last  stage  of  fractions  tcachmg  in  the  3rd 
grade. 
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Iw«,ki.  H.,  H«himolo,  M.(1989).  Sense  and  reference  in  fraction  (I).  Proceeding,  of  the  22th 
Jap»n  Society  of  Mathematics  Education  Conference,  pp.205-210. 

|„,„ki,  H.,  H,.himo.o,  M.(1990).  Sen.e  ,nd  reference  in  fraction  (II)  -  "f^f-'' ^ 
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PRO^LE)^  sa.VER  AS  A  REALm  coNsmxrrop: 
AM  mmeniooaxxjicK.  analysis  of  mathematical  sekse-wow  icnvm 

mm  cKTANi 

Institute  of  Education,  Uoivercity  of  IVjukuba,  JAPAN 
ABSTRACT 

The  purpose  of  this  cthnorcthodologicat  study  ia  to  conotrucii  a  descHption  and 
inteiyretcttion  of  HmmATlCAL  ^TVm  of  a  probUm  voii>er.  liy  MATUSHATICAL  jcmin 
I  understand  cot  act  of  &gnse-mkit\g ,  an  act  of  renleHng  a  sriwm  aitmtim  oensibUn  or 
rational.  A  theoretical  framn)ork  uhich  is  fjrovndifd  on  the  theoretical  undoTrimingo 
of  ACTIVITY  TBEOny  and  ethnomthodology  io  presented.  Transcripts  of  videcaudio 
records  of  problem  solver  and  interiHeU)  data  arc  analysed  in  the  light  of  the 
frmcu>ork  to  gcnci^te  a  descHption  of  the  mmATXCAL  A:TmTY,  Kesulis  from  the 
interpretation  of  the  data  reveal  that  the  problem  solver  implicitly  but  deliberately 
construct  mthcmtical  reality  not  by  logical  and  rigorous  reasoning  but  by  ones 
comonscnse  background  knaslcdge  of  doing  mthcmatics, 

iMmowxriTON 

Then-;  has  been  a  (rtxvwiiig  con;;onsus  ajDong  retU2arch  coottunity  about  Uio  n(x:c3slty  for 
developing  theories  .iixl  Dcthodologios  tlvit  oiicomfvifls  af  feotivu  aiid  cognitive  tujpecta  of 
learning  raathematicG,  This  article  in  basc^d  on  a  framework  which  is  grounded  on  the* 
theoreticiil  und.trpiimiiigis  of  ACTmTY  'nmi\  and  ethnotoethodology,  relatively  nc*w  to  tl)e 
field  of  nvitJ-tL'matlcs  educi\tion,  which  studi^^s  the  lostliod  people  to  create  and  sustain 
I)articular  sense  of  i^ality. 

Tills  articlo  invcstlgater,  MATHEMATICAL  ACTIYITY  of  two  graduate  students  while  ejigaging 
collaborative  problem  solving.  Hie  investigation  focuses  on  t\ti  ways  that  problera  solver 
constructs  n«?aningful  inatheraatical  reality.  TJie  following  discussion  consists  of  two 
parts.  First  p.rt  Involves  an  indication  of  the  theoretical  framework  and  Justification 
for  the  fnetlKxtology  used.  Second  iwrt  involves  description  and  interpititaticn  of  saiople 
data  of  a  case  study. 

A  'mecREncAL  FWtjm  pdr  anai  yzing  mathematical  AcnvrrY 

By  mathematical  ACnVlTY  I  understand  an  act  of  sense-making  (ScJ)<  enf eld,  1991 ;  1992),  an 
act  of  rendering  a  given  situation  sensible  or  rational.  If  one  wishes  to  rervler  subject's 
sense-making  sensible,  one  must  take  Into  account  the  following  "units"  (theoretical 
constructs)  of  analysis.  First  unit  is  "motive  and  belief"  ti\at  are  thought  to  govern 
mathematics  practice.  Second  unit  is  "subjective  meaning"  or  "sense"  that  tl)e  learner 
gives  to  ta^k  and  situation.  Ihird  unit  is  "mattematical  work"  to  attain  specific  goal  set 
under  specific  conditions.  Hierarchical  stnjcture  of  these  units  is  called  "a  framework 
for  analr/.ing  MATHEMATICAL  ACTIVn7"(Flg.l ,  See  Ohtani  (1993)  for  detail). 
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'ftie  first  unit  Involves  sxh  currently  ac«?pt<?d  category 
of  affective  dowln  of  m,\thomatics  practice  (Cobb,198«j; 
McLcod,l992;Nlcoll£,l989;SclK>enfeldJ99M992)  as  tank 
involvenent,  ego-involvemont.  belief  about  unthematica, 
about  self,  at>out  irathe«aticQ  teachings  and  about  social 
contexts.  Third  unit  involves  ki>ow ledge  about  nathieiw^-isal 
facts  and  procwlurei;  that  arc  purely  cognitivo  ar,pecc.^.  In 
na thematic. 'J  practice.  Second  unit  Involves  "altuation 
definition"  (HertachJ965;l59):  the  way  In  which  objects 
and  events  Li  a  situation  are  rt^prescntcd  or  defined.  TIjc 
unit  media  to  and  bridgcr,  finjt  and  thtrxl  units. 


Fr^aaaewort!  for  Analysing 


Kathcitntical  Work 


Stibjoctivo  ScHM? 


Motive,  Deliof 


In  tl)e  frafflcwork,  "coomon-cnse  knowledge  and  I'earxxilng"  or  "cortmonseftfit'  rationaJ.it le^j" 
(a'irfinkel,1967;262)  play  a  sigiiificaiit  role.  MATIIF><ATIC/\L  (fjor^e-iBaking)  ACTIVITY 
mxk?rr  a  given  rUtuatlon  censible  by  **co(mmjcnr/j  ratloniUltic;:j"  an  oppooed  to  i5clentlflc 
ratiawlitioG.  Itont  research  (t<iwJTO;lterjilck,1960:Schoenfetd,l09l)  have  a  cotomon  and 
l)eniuar,ive  vision  of  iiviUiettaticG  /U3  nltuat/^l  coctal  practice,  iU-sti\»ctmYxl  dliiclpline, 
and  w»nae'«aklng  activity.  Ttter'o  ceems  to  ha  considerable  agirejoent  it^goixling  tlio  rolo  " 
cdwonsenae  ratlonalltica'*  play  in  raatixaeticiil  practice. 

Reijearch  tradition^  implicitly  ajid  oxplicitly  u?ie  a  wide  range  of  theoretical 
conceptiotiii  aij  wide -reaching'  scheitie  of  interpretation.  They  rendered  Kubject'u  acts 
sensible  or  rntional  by  notin^j  the  Wiiyn  in  which  subject' «  actii  are  rule  governed  and 
directed  toward  achieving  goalfj  that  were  speoifiGd  by  the  theoretical  constructs. 
SubJtV3t's  acts  art'  rt^^iiixinable  in  the  yciuie  that  they  had  no  choice  but  to  behave  in  the 
fashion  that  tlwy  do.  Hie  framtswork  al'foixla  Uv.^  author  a  device  to  make  aense  how  nubjcct 
thinks  and  acbs  during  problen  solving,  and  why  they  act  as  tliey  do.  Thus  the  framework 
isn't  InterKltxl  to  itnpoae  from  "oulsicte"  certain  achew?  on  acts,  ratiier  try  to  understajxl 
from  "Uvtslde". 

itTEnAiOTCAL  smjcruiit;  ot-^  Acrivm 

Concept  of  MATtiEMATlCAI.  ACTIVITY  is  grounded  on  the  Vygotsklan  perspective  on  the 
relationship  tetwecn  a  thought  and  an  utterance  (  B  u  r  o  t  c  K  M  «  •  1983)  and  ACTrVlTY 
lliEDRY  elabor.-i  o  by  Leont'ev  (Baitolini  Bussi^lggl  ;Chrlstiansen  &  WaltherJ9B6;  JI  e  o  ii 
Then  .l965»l'/^5).  Tiveir  basic  tenet  of  research  ptiilosophy  is  that  in  order  to  explain 
the  highly  complex  forms  of  human  consciousness  one  must  seek  the  origins  of  conscious 
activity  in  tlie  externa],  processes  of  social  life. 

Given  this  perspective,  Leont'ev  distinguished  three  interwoven  "units"  of  higher, 
psychologically  mediated  aspects  of  hmat)  ACnVITY;  First,  "particulai-  activities",  using 
their  energi'/.ing  "(notives"  as  the  criterion.  Second,  "actions",  the  processes 
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subortinated  to  conscious  "goals".  Finally,  the  "operation",  which  depends  directly  on 
the  "conditions"  under  which  a  concrete  goal  is  attained.  These  units  of  hjMn  activity 
form  its  oacrostructure  of  ACnVITY.  Huaan  conscious  activity  occur  with  the  active 
interaction  between  huDan  and  external  reality.  It  is  precisely  these  interaction  that 
give  rise  to  human  motive.  Thus  are  forced  those  specifically  human  activity.  This 
activity  can  give  rise  to  goals  which,  in  turn,  lead  to  specific  acts,  "mese  acts  are 
earned  out  by  tl>e  appropriate  set  of  operations.  These  "units"  are  loitually  independent 
in  the  sense  that  sam  actions  can  be  contained  in  niany  kinds  of  activity:  an  act  can  be 
carried  out  by  mny  ways  of  operations  relative  to  the  objective  conditions  of  exterml 
world.  These  different  levels  of  "units"  aUow  us  to  examine  a  single  segment  of  act  from 
a  variety  of  viewpoints. 

SENSE  m  HEMJING 

The  distinction  between  "meaning"  and  -sense"  was  introduced  in  Soviet  Psychology  by 

Vygotskii  in  his  classical  woric  "Thought  and  Unguage", 

The  sense  of  a  word  is  the  aggregate  of  all  the  psychological  facts  emerging  in 

^^ious^ss  b^u^  of  this  word.  Therefore,  the  sense  of  a  word  always  turns 
out  to^eTS^am^  flowing,  complex  formulation  which  h,^  several  zones  of 
Krentii  sSuty.  Meani'ng  is  only  one  of  the  ^'Zt^.t^^  M  ^ 
,-i«iuires  in  the  context  of  speaking.  Furthermore,  it  is  the  most  stable,  unifiKl,  ana 
D^i^z^ne  te  w^taow,  rword  readily  changes  its  sense  in  varioi^  contexts. 
Lnve^irVts leaning  in  that  fixed,  unchang^g  point  which  remau^.^^le  during 
all  the  changes  of  sense  in  various  contexts  (  BuroTCKMtl  ,  i  Joj.jto). 

Thus,  "sense"  is  the  signification  of  an  individual  instance  of  a  word,  as  opposed  to  the 
stable,  objective  system  of  relations  (meaning). 

Vygotskii  gained  insight  ij>to  the  significant  role  "sei^"  plays  in  human  cominication 
activity.  According  to  his  hypothesis  on  the  relationships  betw^'-.n  a  thought  and  an 
utterance,  a  thought  motivated  by  certain  proble-natic  situation  or  intention  passes 
through  several  stages  in  the  process  of  becomir«  clear  and  expanded  chain  of  speech.  The 
initial  thought  is  mediated  by  inner  st^ech  which  is  only  comprehensible  to  the  subject. 
TT.en  it  is  trensfonned  into  a  system  of  neanings  fonnulated  in  words  cc^prehensible  to 
others.  Inner  speech  retains  all  of  the  analytic,  planr.ing,  and  regulative  functions. 
"Sense"  dominates  "meaning"  sema'ilcally  in  it. 

Leont'ev  thought  that  the  hypothesis  is  also  true  for  human  conscious  ACTIVITY. 
According  to  Leonfev,  "sense"  and  "meaning"  correspond  second  and  third  units  of 
macrostructure  of  ACrmTY.  Leont'ev  puts  it: 

We  distinguish  two  aspects  of  ACnVITY.  First,  the  processes  subordinated  to  ,?onscious 
wals  wS  is  inte™lly  connected  with  "unit"  of  consciousness  called  V^sonal 
^:ifng".  t^nd.  we  distinguish  content  of  action  "'^i;=^Vw?tfspe"cinc'^'unit°'^f 
He  call  the  aspect  "operation".  It  is  also  connectedwith  specif ic  unit 
confciousness  that  is  called  "meaning"  (Jl  e  o  ii  T  b  c  d  .W.-ira). 
Given  these  theoretical  perspectives,  tte  autter  also  nan«i  the  second  unit  "subjective 

589 


n-257 

sense".  The  third  unit,  the  objective  properties  and  possible  means  of  action  Is. 
analogous  to  tathematlcs,  naoed  "matheoiatlcal  woric". 

BASIC  CONCEPIS  CF  BIWOCfflOOQUXTf 

Ethnooethodolcgy  (Cicourel  et  al..mU;Carfinkel,1969;I^iter,1980;Hieder.l97U)  is  based 
on  the  assumption  that  reality  is  implicitly  but  deliberately  constructed  by  knowing 
subject.  One  of  the  aim  of  ethnomethodology  is  to  study  the  processes  of  sense^naking  and 
the  practices  of  cocBunsense  reasoning  that  meobers  of  society  use  to  create  and  sustain 
the  factual  character  of  the  social  world.  In  educational  research,  yoigt(  1989a.  1989b) 
shows  ethno«ethodological  analysis  of  social  interaction  in  mathematics  classrooms.  In 
these  researctes,  Volgt  "reconstructed"  specific  patterns  of  social  interaction  airf  showed 
how  are  patterns  »ade  HEaningful,  how  are  patterns  applied  to  concrete  situations,  and 
how  do  teacher  and  students  use  patterns  to  sustain  what  is  called  "participation 
structure"(Lai!()ert,  1 988;8) . 

The  facticity  of  the  sense  is  maintained  by  interpretive  work.  However,  expressions  are 
vague  and  equivocal,  lending  themselves  to  several  meanings.  The  sense  of  these 
expressions  cannot  be  decided  unless  a  context  Is  supplied.  This  contextual  nature  of 
objects  and  events  is  called  "indexicality".  Even  though  any  act  and  utterance  have 
indexicality,  how  people  mate  the  event  meaningful  ar.d  how  they  secure  its  objectivity? 
Carflnkel  argues  that  through  the  use  of  "the  documentary  method  of  interpretation" 
(Garfinkel.1967:78),  the  facticity  of  the  social  world  is  created  and  sustained.  The  use 
of  the  method  pnxluces  a  sense  of  social  stnjcture  by  providing  objects  and  events  with 
consistency,  the  sense  that  they  are  the  same  over  time.  An  equivocal  act  then  becomes 
clear  in  the  way  that  it  obtains  its  sense  as  typical,  repetitive,  and  more  or  less 
unifonn.  i.e..  it3  sense  as  an  instance  of  the  kind  of  action  which      already  familiar. 

The  situated  appearances  of  objects  and  events  and  the  transcendent  scene  are  neither 
independent  nor  definitive.  They  mutually  elaborate  each  other.  Ethnora^thodologists  call 
this  character  "reflexivity".  Reflexivity  underscores  the  idea  tliat  the  social  world  is  a 
product  of  the  very  way  we  look  at  it  and  talk  about  it. 

A  CASE  STODY 

PIWBLEM  USED  AND  DATA  COLLBCTION 

Purpose  of  the  case  study  (Ohtani,1991 )  is  to  investigate  HATIIEKATICAL  Acr-ZTTY  of 
problem  solver,  that  is.  to  investigate  the  way  of  renderi>«  a  given  situation  sensible 
or  rational  while  engaging  mathematical  problem  solving.  Subjects  are  two  graduate 
(master's  program)  students  majoring  in  algebraic-geometry  and  number  theory.  They  are 
asked  to  uortc  the  following  problem  (Revised  version  of  Hiatt,  1987). 

—  Problao   

Consider  any  three  digits  frem  0  to  9.  With  these  three  numbers,  form  all  possible 
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two-  digit  numbers.  A  digit  can  be  repeated.  Find  the  quotient  whose  dividend  in  the 
suD  of  all  the  two-digit  nuobers  and  whose  divisor  is  the  sun  of  the  three  original 
nunbers.  Think  about  natural  eactefBion  of  the  result. 

Let  a,  b,  and  c  be  the  original  numbers.  Tlien  all  possible  two-digit  combinations  of 
these  three  numbers  ai^  10a ta,  lOVa,  lOc+a;  lOa+b,  lOb+b,  lOc+b;  lOa+c,  lOb+c,  lOc+c. 
Tiie  sum  of  these  coo*)inations  is  33(a+b+c)»  which,  when  divided  by  the  sum  of  the  three 
original  numbers  yields  33.  By  natural  extension  I  mean  to  consider  different  n  digits 
from  0  through  9  and  to  find  the  quotient  whose  dividend  is  the  sum  of  all  r-digit 
nunbers  formed  Trota  n  digits  and  v^iose  divisor  is  the  sun  of  the  the  n  digits.  The  result 
is  n      (10  '-'+1  0  »  U  .  .  +10»).  This  result  is  true  for  any  base  and  holds  for  r  >n. 

Guided  by  the  experimental  design  developed  by  Balacheff  (1991 ),  they  work  the  problem 

with  one  pen  and  as  many  papers  as  needed.  Collaborative  problem  solving  process  was  audio 

and  videotaped  for  later  analysis.  They  were  asked  to  work  the  problem  until  they  had 

finished  it.  I  was  not  with  them  for  not  collapsing  their  ACTIVITY  (on  the  problea  of 

collapse  of  ACTIVITY  see     Py6MHmTeMH  ,19W;U68-513).  The  data  are  transcribed 

in  order  them  to  interpret  their  experiences,  acts,  and  thoughts  while  working  the 

problem. 


RESULTS:  MATHEMATICAL  WORK 

They  worked  the  problem  for  56  minutes.  Eventually  they  reached  the  correct  answer.  In 
the  foUcwing,  description  and  interpretation  of  their  "mathaiatical  work",  third  unit  of 
the  framework,  are  presented.  For  convenience  "MO"  and  "UE"  denote  the  subjects. 

At  the  beginning  HO  chose  0,  1 ,  and  2  and  got  32.  [1]  Then  MO  chose  3,  U,  and  5  and  got 
33.  In  the  meantljue,  MO  proposed  UE  to  choose  digits  that  aren't  consecutive,  taking  3,  5, 
and  7  to  get  33.  MO  found  that  she  would  get  33  for  the  first  casft  if  00,  01 ,  and  02  are 
included.  [2]  MO  presented  a  proof  in  algebraic  form.  [3] 

After  that  they  proceeded  to  natural  extension.  First,  MO  considered  two-digit  nunbers 
from  four  different  digits  from  0  to  9  and  gave  an  answer  U4  without  any  overt 
computation.  Then  UE  considered  three-di^it  numbers  from  three  different  digits  and 
inferred  the  result  as  333.  MO  verified  the  conjecture  in  algebraic  form.  [U] 

Given  these  results,  MO  formulated  a  problem:  "Consider  different  n  digits  (0  ^10) 
from  0  through  9.  Find  the  quotient  whose  dividend  is  the  sun  of  all  m-digit  numbers   (  1 
^Di  ^10)  formed  from  n  digits  and  whose  divisor  is  the  sum  of  the  the  n  digits". 
Representing  33  and  333  as  3*11  and  3*111  respectively,  they  derived  formula  n(10  -  '+10  - 
•+1).[5] 

Now  the  epj^ode  starts.  In  this  episode,  MO  found  that  the  formula  doesn't  hold  for  m=:l 
because  the  answer  should  be  3  for  npl  and  n=3.  Then  MO  introduced  additional  condition  "m 
^2".  UE,  however,  seemed  to  be  uncertain. 

G  1  2 

MO:  If  we  consider  1 -digit  nunbers,...  Then,  m  must  be    []]  ^  

not  less  than  1.  Is  that  right?  In  case  m  equal  IZ  .  n.  2j.  il  ^  o/^ 

tel.. 
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UE: 
MO: 

UE: 
MO: 

MO: 
UE: 

MO: 
UE: 
MO: 
UE: 
MO: 

MO: 

OE: 
MO: 
OE: 
MO: 

OE: 

MO: 
UE: 
MO: 

UE: 
MO: 

UE; 
MO 

OE 
UE 


In  case  m  equal  to  1 ,  then  it's  just  n. 
For  l-di«it,...'Ihe  sm  is  x+y+z.  So  dividing  it  by  [2] 
the  SUD  of  the  original  digits,  we  get  1 . 
I  got  you  mean,  ...Hun... wrong? 
What.  1  and  11  then  111,  and  if  chose  3- 
digit..., then  33  and  333  and... [6]  [3] 
How  can  I  represent?  '*ni"  is  not  less  than  2.17] 

Tve  not  cobe  to  the  point  In  case  m  equal  to  U 

how,  ..,In  case  n  equal  to  1,... 
Then,... 

Hun,  it's  the  sane. 
Yah.  the  result  should  'je  1  . 
Here  noy  be  some  mistake. 

Anyway,  it  should  be  1.  It's  true  even  for  foui- 
digit  numbers.  4.  n 

Ttoefore  t&-digits  number  must  be.  here  mitst  _be^ 
Tt)^  had  been  no  question,  n^n't  vou  think  so? 
:  HeU,...  However,  isn't  it  strange? 

Is  it  really  true?  ^  ^  , 

Why  don*t  you  think  so?  'Cause,...  in  case  we  [5] 
chc?oee  two-digit,... 

For  three,... For  three-digit  number,  are  you  sure, 
for  three-digit?  [6] 
What's  wrong? 

Is  it  reaUy  OK?  „       „  r 

Yah,... 'cause,  in  tte  case,. ..here  are  "x+y+z"  for 
hundreds,  and  "x+y+z**  for  tens,  isn't  it.  [7] 
That's  right.  .   ^  ^ 

The  point      stiy  the  fonnula  dcesn't  hold  for  one- 
digit  nJDbers.  W 
I  can't  realize  .-ihaii's  the  reason. 
:  K'hy  this  is  not  equal  to  3.[8]  Reasonably, it  is 

equ^i  to  l.MO:  1  don't  know  the  reason. 
;  Me  too.  (SoUing.) 

:  One  moment,... Let's  cteck  for  the  case  of  three- 
digit,  consider  in  concrete  case. 


^/  0 1 


0/ 
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33 
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ANALYSIS  CF  MATOEMATICAL  ACTTVITY:  MDfTIVE,  BELIEF,  AKD  SURJBCTTVE  SEUSE 

Generally  it  is  difficult  to  make  sense  of  problem^olver's  motive,  belief,  and 
subjective  sense.  Having  these  ccisti^ints  in  mind,  the  author  interviewed  with  them  and 
asked  them  to  give  an  interpretation  of  their  acts  and  utterances.  Inten/iew  shows  that 
their  activities  seem  to  be  guided  completely  different  anticipations.  Heferring  to  the 
transcripts  they  interpreted  their  siti^tion  definitions.  In  the  following,  "IN"  denotes 

r^Ji^n^rconsider  the  ranges  of  «-^n   I  ^noticed  ^.^^  ^^^^ 

writing  the  formula  and  seeing  its  item  10      .1  Because  we 

■akelbmUae  and  raise  the  powers  it^  ^if^  ^  SteTto^ 
are  always  thought  to  do  so.  This  is  the  reason  vijr         at  a  loss  v*at  to  oo. 

often  the  case  for  recurrent  sequences.  So  I  understend  that  ^^'^f  .P?f  J^^f/.  ••• 
«mfident  that  it  was  true  for  not  less  than  2.  Hoover.  I  didn  t  realize  why  it 
dldn' t  the  case  fcr  n=l . 
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IN:  How  about  you?  (Asked  to  UE.) 

UE:  At  the  beginning,  I  didn't  notice  at  all.  ...  I  thought  it  strange  when  HO  said  "the 
answei*  is  1  for  one-digit  number".  It  really  strange  that  m=l  doesn't  hold  the 
formula.  I  think  it's  wTX>ng. 

As  envisioned,  they  defined  the  situation  quite  differently.  MO  anticipated  that  the 
result  was  absolutely  true.  UE  anticipated  that  the  result  might  be  wrong,  because  answer 
should  hold  without  exception.  According  to  her  utterance  (under:  ^ned  above)  and  her  own 
interpretation,  HO  seems  to  have  rendered  wrong  result  rational.  The  methods  MO  used  were 
founded  neither  by  logical  reasoning  nor  by  oathenatical  facts  and  procedures.  Rather,  MO 
used  her  eveiTday  caaDOnsense  background  knowledge  and  belief  about  doing  rathenatics.  An 
equivocal  event  beccoes  clear  in  the  way  that  it  obtains  its  sense  as  typical,  repeUUve, 
and  more  or  less  uniform,  i.e.,  its  sense  as  an  instance  of  the  kind  of  action  which  MO 
was  already  familiar.  MO  portrayed  an  event  as  instances  of  a  familiar  pattern  of 
behavior,  she  made  them  parts  of  an  already  known  pattern.  Thus  MO  normalize  the  uneven 
results  to  sustain  faciticity.  On  the  other  hand,  UE's  account,  "It  really  strange  that 
m=l  doesn't  hold  the  formula.  I  think  it's  wrong",  shows  that  he  also  uses  his 
commonsense  knowledge  on  nathematical  experience. 

The  case  study  indicates  that  problem  solver  constructs  reality  not  on  the  strict 
rational  and  logical  bases  but  rather  on  the  comox^nsense  knowledge  for  condirting  their 
everyday  affairs.  MO's  comaonsense  knowledge  also  structured  her  envirorment  by  connecting 
a  given  act  to  its  possible  goal  or  to  scoe  specific  consequence  of  the  act  among  its 
many  consequences.  These  data  show  that  coamonsense  knowledge  normalize  uneven  situation 
by  giving  sometijne  positive  and  sometime  negative  meaning  to  a  given  result. 


Analysis  of  MATHEMATICAL  ACnVITY  shows  that  subject's  presupposition  is  the  bedrock  of 
his/her  practical  activity  and  that  ccmiionsense  knowledge  is  not  just  an  inferior  version 
of  scientific  knowledge.  It  is  an  iisportant  part  of  mathematical  activity.  It  does  not 
hinder  mathematical  activity  rather  it  is  produced  through  the  use  of  coooonsense 
rationalities.  Once  doubts  dj  arise,  they  are  resolved  in  such  a  way  as  to  sustain  the 
factual  properties  of  the  world.  The  use  of  background  knowledge,  tten,  not  only  provides 
results  with  their  specific  sense,  it  also  sustains  the  subject's  sense  of  mthetjatical 
structure  through  the  normalization  of  discrepancies  which  would  destroy  the  coi^nience  of 
the  answer  as  one  particular  kind  of  mathematical  object.  While  so©e  researchers  and 
educators  imply  that  the  use  of  background  commonsense  knowledge  undermines  the 
mathematical  development  of  plain  folks,  we  have  shown  that  it  Lz  through  the  use  of 
background  ccoojonsenae  knowledge  that  the  objecUvity  of  the  result  is  secured. 


CONCLUDING  REMARKS 
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THE  CONSTRUCmNG  MEANU^IGS  BY  SOCIAL  INTERACTION  IN  MATHEMATICAL  TEACHING 

Tetsurou  Sasak! 
(Aicm  University  of  Education,  Japan) 


ABSTRACT 


The  routine  Is  comparatively  clear.  But  the  meaning  Is  not  necessarily  clear.  It 
varies  according  to  contexts  and  perspectives.  First  of  all  pupil's  worlds  must  be 
clear.  I  recognise  four  worlds  such  that  (D  Living  world.  (2)  Representative  world, 
(E)  Computational  world.  ®  Mathematical  world.  Thus  meaning  in  mathematical  teaching 
Is  defined  as  correspondence  among  the  pupil's  worlds. 

Here  I  show  S.  Mlura's  lessons  whose  content  was  "positive  and  negative  number"  at 
first  year  of  junior  high  school  In  Japan.  It  consisted  of  three  topics,  positive  and 
negative  thinking  In  every  day  life,  cards  game,  computation.  It  is  a  example  of  con- 
structing meaning  by  social  interaction  in  which  one  of  factor  is  that  teacher  and 
pupils  elaborate  to  approach  the  question  which  some  pupils  have,  collaborating. 

L  Introduction 

Most  mathematics  teachers  have  a  trouble  that  although  pupils  can  compute  or  apply 
any  formula,  thoy  can't  use  It  to  solve  problems.  This  tendency  Is  remarkable  In 
Japanese  pupils.  They  can  get  high  po'.-nts  to  computing,  but  not  to  solving  word 
.problems  or  applied  problems.  This  Is  caused  by  the  fact  that  they  seldom  understand 
meaning  of  fundamental  computation. 

Most  textbooks  are  constructed  according  to  Hankel's  (1839-1873)  'principle  of 
permanent  formula',  to  show  meaning  after  routine  procedure.  Consequently  pupils 
are  used  to  learn  procedure  without  understanding  the  meaning,  which  Is  apart  from 
routine  procedure  after  all.  Of  course  they  have  some  attempts  to  teach  meaning  but 
don't  succeed  sufficiently. 

Here  I  shall  consider  what  Is  the  meaning  in  mathematical  teaching,  and  on  this 
point  of  view,  how  to  make  pupils  understand  It,  showing  the  example  of  lessons. 

2.  Routine  and  ■caning  in  Mathematical  teaching 

I'hllosopher  of  language,  Gilbert  Ryle  [1949]  dlfferfmtlate  'knowing  how'  from 
'knowing  that'  as  a  criticism  to  Intellectuallsm.  In  mathematics  education,  relational 
and  Instrumental  understanding  which  R.R.  Skemp  [  1970]  described  are  very  famous. 
These  discussions  are  concerning  to  difference  of  routine  and  meaning  in  knowledge. 

But  those  relation  Is  not  necessarily  clear.  J.S.  Brown.  &  R.B.  Burton  [1978]  make 
the  computer  system  "BUGGY"  to  diagnose  systematic  student  errors  and  analyse  cog- 
nitive process  of  "bugs"  for  place-value  subtraction.  And  Brown,  t  K.  VanLehn  [1982] 
suggest  a  generative  theory  of  bugs.  These  researches  are  based  on  the  view  that 
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arithmetic  bugs  are  caused  by  procedural  ones. 

And  yet  L.B.  Resnlck  [1982]  points  out  that  arithmetic  errors  arc  due  to  not  only 
procedural  bugs  but  underlying  semantic  errors,  that  Is  Insufnolcn,,  or  Incorrect 
understanding  of  meaning.  Thus  she  closely  observed  4  children  (three 
second-graders  and  a  third-grader)  for  7  months  to  see  whether  It  Is  useful  In  under- 
standing routine  arithmetic  procedures  to  understand  semantics  using  learning 
representations,  for  example  Dlenos  blocks,  color-coded  chips,  bundles  of  sticks,  or 
pennies  and  dimes. 

consequently  the  data  makes  It  clear  that  the  familiarity  only  *.th  .ho  semantics 
using  learning  representations  need  not  lead  the  acquiring  p.ocedural  routine,  I.e. 
understanding  syntactic  knowledge  of  the  base-ten  system.  Thus  she  taught  three 
children  Unking  syntax  and  semantics  with  correspondences,  "mapping  which  consists 
of  code  mapping,  result  mapping,  and  operations  mapping  between  'he  written 
algorithms  and  the  concrete  materials,  so  that  all  could  acc,ulrc  correct  skills.  This 
means  that  syntax  and  semantics  i.e.  routine  and  meaning  should  be  bound  very 
closely  and  arc  not  separable  In  mathematical  teaching. 

3  What  Is  Bcnnlng  In  MatheBatlcal  teaching 

The  routine  Is  comparatively  clear,  it  Is  "knowing  how",  syntax,  or  procedure,  algo- 
rithm rules,  which  we  can  find  anywhere  In  mathematical  teaching.  Hut  the  meaning  Is 
■  not  necessarily  clear.  If  Ifs  "knowing  that".  It's  definition  In  mathematics. 
Otherwise  Ifs  knowledge  to  treat  concrete  materials.  However,  when  pupils  sometimes 
says  "1  can-t  understand  meaning",  this  meaning  doesn't  only  restrict  the  definition, 
but  contains  a  property  or  even  a  way  to  use  formula.  p„ 

Thus  meaning  varies  according  to  contexts  and  perspectives.  Nik  Azls  Nik  Pa  |198Bl 
discusses  meaning  In  arithmetic  from  four  different  perspectives.  He  argues  that  the 
constructlvlst  perspective  is  a  potentially  fruitful  framework  wit  bin  which  to  recast 
the  issues   Involved  In  the  analysis  of  meaning  In  arllhmetle"  Ip.lll.  Thus,  he 

describes  that:  „ 

From  the  constructlvlst  perspective,  the  meaning  of  a  symbol  like     i  consists 
of  the  child's  interpretation  of  the  symbol  based  on  the  schemes  that  are  availa- 
ble to  the  child.  The  primary  task  of  the  development  of  meaning  In  arithmetic  Is 
viewed  as  the  construction  of  such  schemes  (or  mental  activity),  lp.13! 
The  constructlvlst  characterl.es  meaning  as  a  slgnlfler-slgnlf led  relationship 
Ide  Saussure,  1959]  established  by  the  child  where  both  the  slgnlflcr  and  the 
signified   are  themselves  constructed  by  the  child.  Thus  the  child  creates 
meaning  by  establishing  a  relationship  between  Items  Isolated  within  the  stream 
of  experience,  [p.  14] 
This  perspective  explains  that  It  Is  difficult  to  teach  meaning  to  pupils  directly, 
for  they  can't  construct  the  slgnlflcr  or  the  signified  which  are  Isolated  within  the 
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stream  of  experience,  or  canM.  relate  Lhem.  Hut  their  Items  urcto  be  systematized  as 
each  knowledge,  domain,  or  world  which  is  not  independent  for  individuals.  As  thoy 
eorniDunleate  eaeh  other,  they  have  eommon  intersection  whieh  constructlvist.  calls 
"consensual  domain",  {von  Glasersfcld,  INTRODUCTION,  xvl] 

Generally  speaking,  the  pupil's  world  can  be  classified  Into  some  micro  worlds. 
Magdalene    Kampert    |1986|    divide    ways    to    know   multidlglt    multiplication  for 
fourth-grade  learners  into  four  categories  as  follows: 

intuitive  knowledge  is  thought  to  be  cicrived  from  and  liound  to  the  context  in 
which  the  Unower  is  confronted  with  personally  relevant  problems  to  solve. 
Another  kind  of  mathematical  laiowlcdgc  about  multiplication  that  Is  more  famil- 
iar in  school  settings  is  computational.  Using  computational  knowledge  entails 
doing  things  with  numerical  symbols  according  to  a  set  of  procedural  rules 
I  p,  3081 

A  third  category  used  to  describe  a  typo  of  mathematical  Knowledge  that  can  be 
applied  to  multiplication  lr>  concrete.  This  Involves  knowing  how  to  manipulate 
obJet:ts  to  find  an  answer.  [p,309l 

The  possession  of  principled  understanding  Is  thought  to  enable  the  knower  to 
Invent  procedures  that  are  mathematically  appropriate  and  to  recognize  that 
what  he  or  she  knows  can  be  applied  In  a  variety  of  different  contends,  ■■■ 
We  might  call  (he  laws  that  apply  tu  muUidigit  multiplication  th<?  principles  of 
multiplication  and  thus  call  the  ability  to  invent  procedures  thai  conform  to 
these  laws  principled  knowledge.  (p.310i 
I  calls  these  pieces  of  knowledge  as  worlds  to  apply  gmeral  mathematical 
teaching,  such  as 

d)  Living  world  -  Intuitive  knowledge. 
©  Uepresentatlve  world  -  concrete  knowledge. 
(H)  Computational  world  -  computational  knowledge. 
(S)  Mathematical  world  -  principled  knowledge. 

In  traditional  mathematical  teaching,  these  wcrlds  arc  emphasized  separately  and 
treated    Independently.    But   meaningful   mathematical   teaching  must  connect  the 
worlds,  as  Lampert  asserts  that: 

"understanding"  is  thought  to  be  increased  by  increasing  corapetence  in  any 
one  of  the  four  areas  outlined  earlier. 

doing  mathematics  involves  making  connections  among  activities  In  all  three 
domains    [Noddlngs'    three   categorlesj,         Davis  (1984)   also  attributes  the 
acquisition    of    •'meaningful"    mathematical    knowledge    to    making  explicit 
connections  among  different  ways  of  knowing.  [p.313| 
Therefore,  meaning  in  mathematical  teaching  is  defined  as  correspondence  among 
the  pupil's   worlds  which  they  must  select  appropriately.  This  defhilllon  Is  extension 
of  the  Rcsnlck's  mapping  and  consistent  with  l.amperfs  and  Davis's  assertion. 
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4  case  study  of  constructing  Bcanlne  by  social  Interaction 

The  model  of  constructing  meaning  by  social  IntoractK.n  Is  Lamport's  experimental 
leosons  [1386.  19901.  Here  I  show  another  example.  This  Is  usual  lessons  whleh  ShouJI 
Mlura  cave  to  general  pupils  at  Chlryu  municipal  Junior  hldh  school  In  Ald.l 
prefecture  Japan.  Independently  of  Lamperfs.  and  whose  content  was  "positive  and 
negative  number"  to  be  taught  at  first  year  of  Junior  high  school  In  "Course  of 
Study".  It  consisted  of  throe  topics,  positive  and  nogatlvo  thlnUlng  In  eve.y  day 
llfo.  cards  gmo.,  computation. 

(1)  Positive  and  negative  thinking  In  every  day  life 

Tho  teacher  took  up  a  centigrade  thermometer  In  c-lassroom,  and  asKod  pupils  what 
they  knew  about  minus  sign  and  number.as  the  degree  on  It.  They  presented  examples. 
.  minus  point  for  error  In  quiz  •  -  -sign  on  calculator 

.  ninus  volume  on  television  •  ^-  1"  «"'<^''-'<^ 

.  ..-  on  an  electric  battery  •  '^^vel  of  a  dam 

•  minus  (under)  and  plus  (over)  In  golf 

And  to  introduce  number  line  containing  negative  number,  he  placed  thermometer 
horizontal,  narrow  the  width  lo  be  line  on  a  blackboard.  But  a  pupil  suggested  that: 
C  1.  Teacher,  may  I  turn  It  Inverse? 


/ 

1" 


J 


0  ~ 


u 

T.    Oh.  good. 

C  2.  I  learned  It  In  elementary  sehool. 
As  movlnff  to  the  right  from  0.  number 
Is  larger  and  larner. 
T.    So,  Is  the  right  plus  or  minus? 
C  2.  It  Is  plus. 

T,    In  the  interest  of  C  Vs  opinion, 
please  consider  the  reason  why  O  or  0 
Is  better. 

C  a.  I  am  used  to  write  toward  the  right 
since  elementary  school. 
C  I.  In  stead  of  my  opinion,  !  am  also  more  used  that  the  right  Is  plus. 
T.    IJo  you  have  anything  whose  right  Is  plus  and  left  is  minus? 
C  4.  By  increasing  Image,  the  left  from  a  point  is  minus,  the  right  Is  plus. 
T.    What  Is  a  point? 

C  4.  Of  course.  It's  central  point,  original  point. 
T.    Vhere  In  this  line? 
C  4.  It's  0. 

T.    OK,  the  number  means  the  position  from  0. 

r  5  Teacher  1  think  about  the  quantity  Increasing  more  and  more.  Hut  to  do  so. 

It  Is  easy  to  place  the  line  vertical.  The  high  low  Image  In  such  a  line  brings  water 

level. 
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C  6.  On  quantity,  Is  the  heavy  - light  ok? 

C  7.  Oh!  they  seem  opposite  words. 

After  this,  they  presents  opposite  words  as  follows: 

(2)  Cards  game 

In  opposite  words  they  took  up  the  loss  (debt)  and 


deereaslng 
light,  low 


small 


loss 


big 
Increasing 
hoa»  y,  high 
gain 


gain  (saving),  and  played  the  eards  game  similar  with      debt  saving 
"Old  Maid".  Red  cards  are  loss  (-).  black  cards  are  gain  (♦).  Using  cards  are  20  cards 
from  1  to  5  and  a  Joker  as  zero.  Player  takes  a  card  from  neighbor.  When  he  Judges 
that  his  points  are  highest,  he  can  slop  playing  a  round.  A  game  consists  of  three 
rounds.  The  ranking  Is  decided  with  the  total. 

They  made  strategies  to  compute  by  thciaselvcs,  for  example  "gathering  same  color 
cards,   finally  subtracting.".  "It  Is  Interesting  that  the  sum  of  same  number  and 
different  color  cards  Is  zero.  On  number  Hue  they  hnve  same  length  from  0." 
(3)  Computation 

Replacing  cards  to  expression,  they  considered  meaning  and  routine  of  computation. 
Teacher  asked  pupils  to  make  all  patterns  of  additive  expressions  wli.h  number  3  and 
5.  They  made  thai: 

(03*5       (5^  3  ♦  (-5)       (3)  -3  +  5       <d)  -3  ♦  (-5) 

(S^  5  ♦  3       <g)   5  ♦  (-3)        ®   -5  +  3       (£D  -5  ♦  (-3) 
These  are  put  In  4  patterns,  positive  ♦  positive  for  ©and®,  positive  ♦  negative  for 
(2)  andOJ).  negative  ♦  positive  for  (3)  and  (J),  negative  ♦  negative  for  (J)  and  (B).  Klrsl 
they  discussed  <posltlve  *  positive?,  second  <posltIve  ♦  negative?. 
About  .(2)  3  ♦  (^- 5) 

•  Thinking  with  the  cards  game  •    •    •  Savings  are  3  and  debts  are  5.  so  -2. 

•  Thinking  with  the  vertical  number  line  •   •  The  water  In  dam  Is  saved  to  line  3.  and 

loot  5  lines. 

•  Thinking  with  number  line  •   •  . 

C  1.  In  the  same  way  as  positive  *  positive,  3  t  (-5)  means  to  go  right  from  3.  left  5 
C  2.  A3  computing  parenthesis  first.  It  means  to  go  left  5  right  from  3.  The  meaning 
Isn't  clear  like  C  1. 

T.    So  it  Is.  Jiut  how  aboiit  the  answer? 
C.  -2. 

C  3.  It's  enough  only  to  go  left  5.  for  as  the  answer  is  -2,  the  way  to  move  from  3  and 
get  to  -2  Is  to  go  left  5. 
C  4.  But,  It  seems  distorted. 

T.    Well,  how  do  you  make  sure  that  the  expectation  of  C  3  is  right?      C.  ... 
C  5,  Try  with  other  examples. 

T.    Very  good.  Please  do  It  with  other  expressions. 

-  They  checked  4  *  (-9),  7  ♦  (-3),  etc.,  and  0  ♦  (-6)  which  teacher  gave  for  C  3's  way.  - 
T.     Like  this  It's  very  Important  to  check  many  examples  so  as  to  certify  that  your 
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oxpftctallou  Is  right. 

T.    no  fore.  C  4  said  "(ll«t.orlr(1".  Is  It  rlcar? 

c  G.  What  1  thought  checking  oxaciplos  Is  that  lo  go  loft.  \\v  can  ircai  only  ralmis  from 
lu'Klnnlng. 
7.  I  aprcn.  I  think  so. 

(  Toaohcr  wrote  on  the  blackboard:  3..  r^.  ) 

i;  a.  If  so,  Iho  ♦  has  no  moaning. 
T.    llow  about.  C  7. 

C  7.  As  ♦  Ik  to  lnorcas(»,  U  may  br  omltloti. 

C  8.  Uut  In  case  of  positive  ♦  poHltlvc.  the  ♦  meant  right  hand  In  number  lino. 

C  7.  Uh  uh.         In  'JuUu'  [private  class  to  help  pupils  got  ahead)  I  learned  ♦  (-)  « 

also  In  textbook. 

C  fi.  im-hun.  Though  C  7*s  routine  or  method  may  be  right.  I  can't  understand  the 
meaning  of  ♦  as  right  hand  goes  away.  Well  even  If  you  say  It  is  a  forraula,  It  Is  so, 

After  all.  I  want  to  undorst.and  the  meaning. 
T.    C.ood  talkUu;.   (  And  he  put  ihe  point  at  Issue  In  order.  )  Now  how  do  we  thlnkV 
T.     If  we  add  positive  plua  sign  ♦  lo  3  ♦  fl,  positive  ♦  positive  form, 

.  :n  (♦  5). 

C.     How  strange! 

('10.  1  think  the  ♦  (plu.s)  in  •  :i  and  ♦  5  and  addition  ♦  of  two  numbers  have  different 
meanings. 

cn.  The  additional  ♦  la  usual  one.  positive  and  negatlvr  niunb<-r  are  opposite  words. 

nil.  The  numbers  have  meaning  such  as  saving  debt. 

riM.  Hcully  going  left  Is  regarded  as  the  reverse  of  the  right. 

ri'l.  if  so.     Is  the  reverse  and  what  Is  ♦? 

C13.  It  may  be  unchanging.  These  satisfies  meaning  of  opposite  words. 
T.      (He  wrote  In  blackboard  as  tlie  right.) 

Ok.  Do  you  agree  to  thlsV 
C,      (Almost  all  ralJied  the  hands) 
(•  7.  I  can  understand,  but  the  meaning  of 
on  ly  number,  more 

T.  c:  7  don't  understand  clearly.  Others,  how  about  It?  So  I  use  model.  Hero  Is  runner. 
Let's  explain  using  lil"i-  Please,  C  7.  (turn^ 

V  7,  lie  Is  at  3,  toward  right,  so  turns  right.  yO  ^  Q/ 

and  to  the  reverse,  so  he  turns  left,  goes  l>y  5.  A  7> 

('.     It  s  easy  to  understand.  _^    »  ^ 

T.     How  about  you,  C  7?  ^ 

C  7.  It  is  useful  to  see  a  person  moving.  Nevertheless  I  feel  It's  uneasy  to  turn  the 
person. 

T.     "Keel  uneasy"  Is  good  expression.  As  Cl2  said.  If  a  number  Itself  has  meaning  you 


3  ♦  (-5) 

5  to  the  reverse  of  the  right  from  3 
5  left  from  3 
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want  to  Biovo  without  turning,  When  not  turning  nt  3  and  movinir  to  -2,  how  do  you  sco 
[moving  a  person)? 


C.    Movlnff  ahead, 

T.    Yes,  ♦  Is  Wovln^f  ahead  In  other  wnrds  progress.  How  about  ? 
C.  Regress. 

T.    C  7,  how  do  you  feel? 

C  7.  As  progress  and  regress  are  'ery  opposite  words,  i  undcM-stniul  rloarly. 

After  this  they  progressed  to  meaning  and  routine  of  multiplication  and  division. 
In  the  lesson  some  pupils  noticed  the  commutative  law  of  multiplication  and  used  It  to 
compute  <posltive  x  ncgatlvo  regarding  It  equal  to  -^ncgat  Ivc  x  posltlvo>. 

5.  DlficuBBlou  Aiid  Concluslou 

In  first  topic,  pupils  were  Introduced  from  Uvlrur  world  wh\r\\  ('v)nslsls  of  kn<i\^lr<l{:(' 
in  every  day  life  and  In  other  subjects  to  mathematical  world  In  which  one  of  ihc 
object  was  number  line  In  this  lesson  that  was  usi^d  as  Important  means  to  think  In 
other  topics.  And  they  made  correspondonco  between  posHlve  and  n<»(;allve  number  In 
matheraatlcal  world  and  opposite  words  U\  living  world. 

In  second  topic*  they  were  Introduced  to  representative  world  whose  features  are 
concrete  and  fictional.  In  Resnlk's  experiment  the  objoets  arc  Ulcncs  blocks.  In 
Lampert's  lessons  pupil* s  posing  of  word  problems,  In  this  lesson  tho  cards  gmo. 
which  corresponds  to  computational  world. 

In  third  topic,  some  pupils  were  satisfied  with  knowing  the  routliu',  others  inquired 
into  the  meaning.  Mlura  lead  them  to  discuss  their  question.  They  tried  to  solve  the 
question  using  the  means  which  they  got  In  their  worlds.  He  did  not  answer,  but  liel|) 
pupris  to  solve  it.  He  never  teach  meaning  directly,  but  t.each  what  Is  to  understand 
meaning  and  how  to  do  It. 

As  Lamport  Insists,  pupil's  four  worlds  are  all  Important.  And  meaning  Is 
correspondence  among  those  worlds,  correctly  speaking  something  that  each  pupil 
constructs  by  It.  Classroom  Is  a  society  which  consists  of  pupils  and  teacher, In  which 
many  types  of  social  Interaction  could  occur  according  to  teacher's  ability  to  edu- 
cate. Therefore  the  social  Interaction  must  be  so  plentiful  that  each  pupil  can 
construct  meaning. 

The  common  sense  spreads  widely  that  teacher  Is  to  posc  problem,  pupils  are  to 
answer.  It  Is  not  necessarily  right,  because  such  Interaction  Is  one-sided.  In  mathe- 
matics learning  questioning  Is  more  Important  than  answering.  That  teacher  and 


C.    Moving  loft, 

T.    How  this  person? 

C  7,  Moving  back. 

T.    In  the  case  of  3  ♦  5? 

(He  moved  it  In  blackboard.) 


-2    O  3 


(noi  turn) 
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puplla  olaborutc  to  nppronch  'ho  question  vvhk')i  homo  iJiipllo  havp,  eoUahoratlnif,  )8 
oiH'  of  major  HiclorH  In  fioclal  IntorncUon. 


lilshop.  A,  (111851.  Tlu'  vSoi'Uil  i:onnlrucl Ion  uf  Mi-nnhuv  •■  a  SlKiiirU-utu  Dovolopmcnl  for 

MjUhcmnllcM  KdiHviilou?  ViM  [\\v  I.eanilnK  of  Minhonmllcs  5.  1.  24-28.  I'l  M  IHibl IsliluiC 

Assoclallun,  Mimtrcrtl.  Qucbfr.  Canada. 
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THE  COMPLEXITIES  OF  REFUTATION  IN  THE  SOCIAL  INTERACTION: 
AN  ETHNOGRAPHIC  INQUIRY  IN  A  MATHEMATICS  CLASSROOM 
Yasuhiro  Sokiguchi 
University  of  Tsukuba,  JAPAN 

The  present  study  investigated  the  social  aspects  of  refutation  'j)  the  mathematics  dassroom  by  an 
ethnographic  method.  One  high  school  goomotry  dass  in  the  United  States  was  observed  and 
videotaped  half  a  vear.  the  teacher  and  students  interviewed.  From  analysis  of  the  data,  seven 
methods  of  refuta  tion  were  found,  appealing  to  either  an  authority,    condition,  an  experiment,  a 
counterexample,  a  contradiction,  an  altemativo  frameworK  or  a  rule  for  working,  its  various  properties 
were  Identified:  problematic  interpretations  among  the  parlicipants.  the  degree  of  explicitness, 
interactive  constnjction  with  other  participants,  retrospective  and  evaluative  meanings,  hierarchical 
stnjcture.  focus,  and  context  dependency.  Refutation  constituted  pari  of  the  processes  of  instnjction, 
sense-making,  communication,  and  negotiation  in  the  dassroom.  it  is  argued  that  research  on 
refutation  should  be  reconceptualizd  to  reflect  the  face-to-face  social  interaction  in  the  dassroom. 

This  paper  Is  an  attempt  to  explore  the  nature  and  roles  of  refutation  appeared  In  the  mathematics 
classroom.  The  importance  of  refutation  in  mathematics  was  demonstrated  in  Lakatos's  historical  case 
studies  (1976).  Ho  showed  that  mathematical  knowledge  (s  social  construction,  that  it  is  always  refutable, 
and  that  refutation  provides  an  important  opportunity  to  improve  mathematical  knowledge  "Informal,  quasi- 
empirical,  mathematics  does  not  grow  through  a  monotonous  increase  of  the  number  of  indubitably 
established  theorems  but  through  tho  incessant  improvament  of  guess  by  speculation  and  criticism,  by  the 
logic  of  proofs  and  refutations"  (1376.  p.  5).  This  Lakatos's  view  of  mathematics  seems  to  encourage 
mathematics  educators  to  incorporate  critical  discussion  into  classroom  processes. 

Research  on  refutation  in  dosely  related  to  that  of  counterexample;  indeed,  presenting 
counterexamples  Is  a  popular  type  of  refutation  in  mathematics.  Several  researcfi  studies  report  that 
children,  including  some  secondary  students,  do  not  always  eliminate  conjectures  when  counterexamples 
are  provided  and  do  not  always  consider  that  one  counterexample  is  enough  to  reject  a  conjecture 
(Balachetf.  1991 :  Galbralth,  1981 :  Williams.  1979).  Balacheff  (1991)  then  identified  six  types  In  students' 
treatment  of  counterexamples:  rejecting  the  conjecture,  modifying  the  conjecture,  considering  the 
counterexample  as  an  exception,  attaching  a  condition  to  the  conjecture,  modifying  the  definition,  rejecting 
tho  counterexample. 

Unlike  most  of  those  previous  studies,  which  used  questionnaires  or  laboratory  settings,  the  present 
study  took  place  in  the  ordinary  classroom  setting.  As  Lamport's  dassroom  study  (1990)  and  recent 
research  on  situated  cognition  (e.g..  Lave,  1988)  inform,  the  setting  where  a  refutation  Is  situated  seemed  to 
have  significant  influence  In  shaping  the  refutation  and  its  treatment.  This  paper  is  based  on  my  dissertation 
study  (SekiguchI,  1991),  which  explored  the  social  nature  of  proofs  and  refutations  in  the  mathematics 
classroom.  The  present  paper  w' :  discuss  some  of  the  results  conceming  refutation  only,  focusing  on  types, 
properties,  and  roles  of  refutation  in  the  classroom,  (Results  on  proof  were  reported  in  SekiguchI,  1992.) 

Methodology 

The  study  used  an  ethnographic  approach.  It  enabled  the  investigator  to  obtain  data  on  the  actual 
practice  of  refutation  in  the  classroom,  the  context  where  the  refutation  was  situated,  and  the  participants' 
perspectives  One  Advanced  Geometry  class  In  a  high  school  in  the  United  States  was  chosen  for  the  study 
The  participants  wore  the  teacher,  the  student  teacher,  and  the  students  In  the  class  The  dass  was 
observed  every  day  throughout  the  second  half  of  the  school  year  1989-1990.  Interviews  of  the  participants 
and  collection  o(  their  writings  were  often  conducted  to  supplement  the  observational  data.  The  lessons 
wore  audio-  and  video -recorded  every  day.  As  a  main  strategy  of  data  collection  and  analysis,  the  constant 
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comparative  method  (Glasor  &  Strauss.  1967)  was  used.  Categories  and  hypotheses  relevant  to  the 
research  questions  were  devoloped  by  appiylrig  this  method  during  and  after  the  data  collection. 

For  Lakatos  (1976),  refutation  means  a  critical -often  very  harsh -argument  among  nnalhematicians 
against  a  conjecture,  proof,  or  theory.  When  that  Idea  Is  put  into  the  context  of  classroom  Instruction, 
howover,  it  seems  a  little  unrealistic  to  expect  that  a  teacher  and  students  would  engage  in  a  critical 
argument  like  professional  mathematicians  Classroom  and  mathematics  communities  have  rather  different 
goals,  Interests,  organizational  structures,  sizes,  interaction  patterns,  and  so  on.  Because  this  study  was 
exploratory  and  aimed  at  contributing  to  the  Improvement  of  dassroom  InsUuction,  I  d^^firx*  re/yfaf/on  rather 
loosely  so  that  It  not  only  encompasses  "criticism"  in  the  sense  of  Lakatos  but  also  is  feasible  In  the 
classroom. 

In  common  usage,  the  verb  refute  is  used  to  refer  to  the  act  of  arguing  that  an  argument  uttered, 
written,  or  suggested  (by  another  person  or  oneself)  is  false  or  wrong.  In  this  meaning  the  act  of  refuting 
seems  to  consist  of  (1)  a  person  who  initiates  the  act.  [filulfiC.  (2)  an  argument  that  the  refuter  is  aiming  at. 
(3)  the  refuter's  act  of  claiming  that  tho  argument  is  not  valid,  and  (4)  the  refuter's  argument  to  support  that 
claim.  Though  the  specific  term  refute  Itself  was  not  In  the  vocabulary  of  the  classroom  participants,  the 
refuting  fld  was  commonly  found  In  the  dassroom.  Refuting  In  this  study  was  a  construct  I  abstracted  to 
capture  a  broad  range  of  activity  In  the  argument  among  people  when  they  are  expressing  disagreement, 
objection,  opposition,  donial.  rejedion,  and  so  on.  The  noun  refutation  may  either  refer  to  the  act  of  refuting 
or  the  product  of  that  act.  1  uso  the  term  refutation  mainly  in  the  fomier  sense.  In  speoch.  refutation  can  be 
expressed  in  various  linguistic  fomis.  Most  explicil  forms  of  refutation  begin  with  phrases  like  "I  dont  think 
so."  -I  disagree  with  you."  "You're  wrong,"  "It  doesn't  work."  "But  ..."  In  a  less  explidt  form  of  refutation 
one  simply  says  something  contradictory  lo  a  statement.  Refutation  can  also  be  expressed  In  the  imperative 
like  "Never  do  that!"  or  the  Interrogative  like  "How  can  it  be  true?" 

Results 

^'^^^ There  is  no^unique  way  of  dassifying  refutations.  Lakatos  (1976),  for  example,  studied  refutations  by 
counterexamples.  He  classified  counterexamplos  based  on  their  targets.  He  proposed  two  dimensions  for 
classification,  global  and  local.  A  counterexample  Is  global  If  it  contradicts  a  main  conjecture.  A 
counterexample  is  local  if  it  contradids  a  subconjecture  of  a  proof  of  the  main  conjedure  (pp.  10-11).  Then 
he  found  three  kinds  of  counterexamples.  It  is  possible  to  generalize  Lakatos's  classification  of 
counterexamples  Into  that  of  refutations  by  simply  repladng  the  term  counterexample  by  refutation.  That  is, 
a  refutation  Is  global  if  it  contradicts  a  main  conjocture  A  refutation  Is  local  If  it  contradicts  a  subconjecture 
of  a  proof  of  the  main  conjecture. 

The  present  study,  on  the  other  hand,  focused  on  the  wevs  of  refuting  rather  than  the  targets  of 
refuting.  According  to  my  conceptualization,  refutation  accompanies  an  argument  to  support  tha  refuter's 
claim  (though  the  argument  may  not  be  always  explicit).  When  a  refuter  wants  to  wpvlng^,  other  people  of 
his  or  her  refutation,  ho  or  she  has  to  do  more  than  just  make  a  dalm.  For  example.  In  Lakatos's  (1976) 
book,  refutations  were  made  mostly  by  presenting  counterexamples.  Refutation  needs  a  skflJogy  ^oi" 
convincing  other  peoplo  of  its  validity  f  call  the  strategy  the  rngthod  Qfrpfglgtixm  The  method  of  refutation 
was  not  limited  to  presenting  a  counterexample.  Various  methods  of  refutation  were  observed  in  the 
dassroom.  The  dassification  of  those  methods  presented  In  the  following  was  developed  through  the 
analysis  of  many  instances  of  refutations  in  diverse  contexts  and  situations.  Thore  are  problematic  aspeds 
in  Identifying  and  dassifying  tfie  methods  of  refutations.  These  aspeds  will  be  discussed  In  the  next  soction. 

Authority  Method:  'That's  not  correct."  The  Authority  Method  is  a  refutation  which  Indudes  the  least 
elaboration  as  to  what  is  wrong  with  the  statement  to  be  refuted.  A  refuter  denies  or  rejects  a  statement  and 
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simply  gives  an  altomatlve  statement  that  Is  consWored  to  be  authorized  on  a  certain  basis,  for  examp'^  the 
teacher,  the  textbook  authors,  able  students,  or  long-established  facts.  For  example,  careless  mistakes  in 
cateulation  wore  often  observed  in  the  dassroom.  They  were  usually  )u8t  replaced  by  correct  calculations. 
The  basis  of  the  correctness  was  simple  arithmetic  facts  (long -established  facts). 

When  the  class  was  checWr^g  the  answer  to  a  homework  problem,  the  teacher  often  said  to  a  student, 
Tbafs  not  correct."  The  teacher  was  ordinarliy  expected  to  know  the  correct  answer,  an  authorized  answer. 
When  a  studenfs  answer  was  different  from  it,  ttie  teacher  sometimes  just  said,  That's  not  corect.  The 

correct  answer  Is  "  The  basis  of  the  con-ectness  was  the  teacher's  experience  or  the  textbook's 

authority.  This  was  a  common  method  of  refutation  In  the  dassroom. 

Condition  Method:  'You  canj  ODQlv^lhal"  The  stixlents  had  to  learn  many  definitions,  theorems,  and 
formulas  and  to  use  them  In  solving  problems.  When  solving  problems,  they  often  used  definitions, 
theorems,  or  formulas  in  inappropriate  ways.  For  example,  one  student  used  a  tangent  ratio  for  a  triangle 
that  was  not  a  right  triangte.  The  teacher  kwked  at  it  and  said.  "You  can't  use  this.  This  is  not  a  right 
triangle."  Another  student  applied  the  area  formula  for  regular  polygons  to  calculate  the  area  of  a  nonregular 
polygon.  The  teacher  said.  "You  cant  do  that.  One  half  times  apothem  times  perimeter  is  the  area  fomnula 
for  a  ryjular  polygon."  We  assume  that  for  each  definition,  theorem,  or  formula,  except  a  tautology,  there 
are  prescribed  conditions  under  whteh  we  can  use  It.  When  we  use  any  of  them  outside  that  condition,  one 
can  make  a  refutation  by  pointing  out  that  the  prescribed  condition  for  its  use  is  not  met. 

Experimenting  Method:  "Check  it  out."  Though  not  frequent,  there  were  several  occasions  in  which 
students  engaged  in  exploring  empirically,  that  is.  drawing  a  conduslon  from  data  obtained  by  actual  work. 
For  example,  one  day,  the  class  was  doing  a  small  group  activity  on  constructions.  Some  students 
eventually  conduded  that  a  construction  procedure  did  not  produce  a  desired  construction  Irom  the  results  of 
constructions  they  actually  per1om>ed.  though  their  constructions  were  not  very  accurate. 

C^^ritftl'^xampie  Kiethod:  "Look  at  this."  Showing  a  counterexample  is  a  common  method  of 
refutation  In  mathematics.  The  students  In  the  geometry  course  studied  the  concept  of  counterexample  in 
the  section  on  conditional  statements.  Nevertheless,  the  uss  of  counterexample  seemed  to  be  very  limited 
in  this  classroom.  In  the  episode  below  the  teacher  falsified  students'  statements  by  using  a 
counterexample. 

(Episode  1 :]  One  day.  the  dass  was  going  over  a  homework  problem  in  coordinate  geometry:  The  point  (a, 
b)  Is  equidistant  from  (-2.  5).  (8.  5).  and  (6.  7).  Rnd  the  values  of  a  and  t)."  When  solving  it.  the  class 

got  an  equation  "d  =  Vo  +  (b  -  7)^  "  Pete  suggested  moving  the  9  under  the  square  root  sign  to  the 
left  side. 

Pete:  "You  could  do  that.  [Cari:  'I  doni  understand."!  You  could  do  that.  Move  the  9  over  there  with 
d" 

T  (Teacher):  "Move  the  9  over  here  [moving  her  finger  from  '9'  of  the  right  side  to  "d"  of  the  left  side)?" 
(The  movement  of  T's  finger  is  Indicated  by  an  arrow  In  Rgure  1 .) 

d=:V9  +  (b-7)2 

RQUro  1.  The  movement  of  the  teacher's  finger, 

Pete:  "Yeah.  Couldn't  you  do  that  [Luis:  "it's  under  the  square  root  sign.")?" 
T:  "No.  You  can't  do  that." 
Pete:  "Why  not?" 

T:  "Well,  first  of  all,  It's  under  the  square  root,  and  it's  been  added  to  something." 
Pete:  "So?" 
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T-  -W^M  lookatthte.  n-wrfteefSTie  tttherightmtrfllnofthaOHPec^ 
■  16?  Whitli9pki$l67  (Alan:  •Squire  root  o!  25.1  Not  a  hard  qu^ttion. 
Pete:  •25." 

T:  "What's  the  square  root  of  25?" 

TfnwJS!  J^STwa^a  take  the  square  root  of  9  over  here  and  pull  H  to  ttie  other  aide  [poinUnfl  at  the 

equation 'd  =  V9  +  (b  -  7)h  " » take  the  square  root  of  0,  wtwt  do  1  get?" 
Pete*  "S." 

T:  "What's  the  square  root  of  fou-,  1 67* 
Peto;  *2,  (Inaudible).' 
T:  "WhaVs  the  square  root  of  167* 
Pete:  '4.* 

T:  "Is  3  +  4  equal  to  57- 
(Ts  writing  on  the  OHP  is  shown  in  Rgure  2.) 
Peta:  "Yeah.' 
BiH:  "Hor 

Pete:  'Nor  ^  .  

T:  •[Slashing  out  the  writing  shown  In  Rgure  o  tk- ♦--^k-,««  u,rftinn  nn  ih.  OHP 

21  So.  you  cam  pull  this  out  Ipointing  at  BflUlfti-  The  teacher^  writing  on  the  OHP. 

•91- 

A  counterexample  appeared  to  reject  a  statement  m  a  dear  and  definite  way  m  the  cJaMfoom.  I  dkJ 
not  oboen/ed  any  effort  to  further  explain  why  the  statement  was  wrong  at  a  conceptual  level.  For  Inttance. 
though  a  counterexample  showed  that  tan  A  +  tan  B  Is  not  generally  equal  to  tan  (y^  +  fi^,  no  dtaaJ«»ion 
fdtowed  as  to  why  it  Is  not  true  by  retuming  to  the  definition  or  meaning  of  tangent. 

^^^^rnrtKltlnn  Mmhf^'  -^-^'^     ^^-^  Pointing  out  an  Incontisteocy  or  contradiction  in  an 
argument  la  a  popular  form  of  refutation  In  mathematics.  An  argument  may  be  refuted  by  eHher  imanial  or 
external  Inconsistency.  Ihe  first  method  points  out  an  Inconetetency  between  assumptiona  ua^  tt>e 
argument.  The  second  method  points  out  an  Inconsistency  of  the  argumwit  wHh  statementi  which  are 
consktoredtobetruebutnotnece^Mirilyu^KJlntheargume^  The  stulents  adually  studied  tW^m^ 
refutation  when  they  were  Is^ning  Indtrect  proof.  .In  the  foMowtng  episode  a  student  Ja«  used  tWs  method 
to  atgue  against  the  teacher's  explanation: 

(Episode 2:1  ^ class studted the trigonometrto rattos Itheright^^^  nT2Sa??flS^ SSSSi ?y 
itjuow^  J  tngononoelric  ratloa  of  angles  0  »^ 

SSJi^nd'i'keS'«2  ieX^  explain  w^^vS^^^SS^l^^K^^  J?  ^ 
explain  It  in  class  by  using  Infinrtely  Wn  right  triangles,  whteh  had  an  Interior  angle  of  0  degrees. 


nquro  3.  A  right  triangle  used  to  explain  cosine  of  zero. 

adjacent  8ide7'' 

rf  •a^.Tsi^  Kacent  8ido  and  the  hypotenuse  would  havo  exacjly^^^^  Do  y«i 

undelitwKilhat?  This  wag  zero.  Wouldnl  thte  tall  directly  on  top  ol  the  adjacent  rtle?  Okay?  Do 
you  und6<star)d  that?' 

T*'"AU  rtfh't  What  do  you  suppose  the  sine--.  So  the  coelne  ol  zero  degree.  '^ontbM^  we've 

lus  S»»ed  th«  L  hyjKuse  and  the  adjacent  itdo.  would  have  the  a-r^tength. 
The  te^^S^Mnued  similS^xplanatlons  on  other  tHgooometrtc  ratio..  Att.r  a  wWl.,  Jack  argu«l 

S'""i™l^'^"S;glo  01  zero,  wouWnl  the  two  lines  be  In  the  same  .p«e,  ~kJ  you  <^'^  have 
that." 
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(Jack's  main  point  was  thJs:  If  an  Interior  angle  had  0  degrees,  then  two  sides  of  the  triangle  would 
share  the  same  space,  Birt  this  contradicts  a  postulate  of  the  Eudldean  geometry  that  through  any 
two  points  there  Is  exactly  one  line.] 

To  counter  Jack's  argument,  the  teacher  tried  to  show  "cos  0  =  1*  by  Introducing  a  definition  of 
trigonofDetric  functions,  which  had  not  been  studied  In  class,  and  then  appealing  to  empirical 
justification  by  caiculator.  But  Jack's  argurrvant  was  persistent  and  the  teacher  failed  to  convince  him. 
Alt-ffame  Method:  "You're  blind."  A  truth  in  one  framework  may  not  be  a  truth  In  another  framework  of 
knowledge.  For  exampio,  the  EudkJean  postulate  Through  a  point  outsWe  a  line,  there  Is  exactiy  one  line 
parallel  to  the  given  Hne"  i«  not  generally  true  In  non-EudWean  geometry.  Thus,  we  can  refute  an  argument 
by  using  an  attamative  framework  and  contradicting  an  assumption  of  the  other  framework.  In  the 
dassroom,  for  example,  when  the  stitdents  had  a  different  understanding  of  a  concept  or  problem  from  the 
teacher  or  an  unexpected  solution  of  a  problem  so  that  they  got  different  results,  this  type  of  refutation 
happened. 

[Episode  3:)  In  a  test  on  coordinate  geometry.  Pete  wrote  a  proof,  but  the  teacher  refuted  all  the  steps  of  his 
proof  and  graded  it  as  wrong.  Pete  persistently  daimed  that  his  proof  was  oonect  except  for  a  wrong 
choice  of  unit  at  thd  beginning:  The  prool  is  right,  except  one  thing."  After  ^  period  of  argument,  the 
teacher  looked  dosely  at  his  proof.  She  found  that  though  Pete  had  made  a  wrong  assumption  in  the 
initial  step,  his  proof  used  the  same  idea  that  she  had.  She  gave  addittonai  credit  to  his  proof. 
Ruto  Method:  "You're  not  aJiowed  to  do  that"  There  were  rules  In  the  dass  on  how  to  work  on  a 

problem.  When  someone  violated  some  of  those  mles  in  solving  a  problem,  one  could  refute  the  solution  by 

dting  the  violation.  Because  those  rules  were  applicable  to  the  limited  context,  so  was  this  type  of  refutation. 

Some  of  the  ailee  observed  In  the  dassroom  were  as  follows: 

•  Do  not  skip  necessary  steps  In  writing  a  proof. 

•  When  you  are  worWng  on  a  proof,  you  canrrot  assume  what  you  aro  trying  to  prove. 

•  When  you  are  working  on  a  proof,  you  cannot  assume  more  than  is  given  In  tlio  hypothesis  In  the 
probtem. 

•  In  conotrudton  you  can  use  only  compass  and  straightedge.  You  cannot  use  a  ruler  for  measuring 
purposes. 

•  In  proof  problems  In  the  chapter  on  the  coordinate  geometry,  you  have  to  use  coordinate  geometry. 
Prooftfttefi  Qf  Refutation 

RoCQQnitk)n  and  jnterpretatlon  of  refutaUon  Recognizing  a  refutation  and  determining  which  method 
the  refutation  betongs  to  were  problematic  for  both  the  participants  and  the  researcher.  As  symbolic 
Interacttontem  suggests,  every  human  action  can  be  Interpreted  differently  among  different  people.  For 
example,  when  an  utterance  takes  a  form  of  intenogatton.  It  can  be  understood  either  as  a  refutation,  or  as  a 
plain  questton,  or  as  something  else. 

Thus,  an  utterance  that  was  not  Intended  by  a  speaker  to  be  a  refutation  might  be  interpreted  as  such 
by  a  listener,  and  vice  versa.  In  addilk)n,  even  if  in  utterance  was  interpreted  by  a  listener  as  refutation,  the 
understanding  of  whteh  method  the  refutation  emptoyed  might  differ  between  the  speaker  and  the  hearer. 

ExpMdt  and  Imoltelt  relutatton.  The  degree  of  explidtness  was  another  source  of  problematic 
situations  In  recognizing  a  refutation.  For  example,  there  were  numerous  occasions  when  the  teacher  or 
students  Ignored  suggestions  made  by  others.  In  a  lesson  on  oonstmdions,  the  teacher  elldted  a  theorem 
for  justifying  a  students  construction.  The  students  proposed  various  theorems:  "Side  angle  side,"  "Skie 
skie  postulate,"  "Angle  side  side."  "Side  angle  sWe,"  "Angle  angle  similarity,"  "Side  side  side."  The  teacher 
then  picked  up  on  the  last  suggestkxi  "SWe  skto  skJe"  and  Ignored  the  others.  This  Ignoring  indicated  her 
rejection  of  those  8Ugge«tk)ns:  They  are  not  oorred." 

Communtoatton  and  neQQtlatk)n  within  a  refutation.  Refutation  was  not  necessarily  a  monologue  by 
one  refuter.  it  might  take  the  fonrj  of  a  dialogue.  The  dialogue  was  a  process  of  communication  and 
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t)egotiatlon.  For  example,  in  Episode  1 ,  th«  teachef  refirtod  Pete's  idea  by  using  a  counterexanr^lejhe 
teacher  did  not  compiete  the  ralutatlon  in  a  morwiogue.  She  segmented  the  refutation  into 
steps  and  made  Pete  and  otlwr  students  participate  in  each  step  In  the  lorn,  ot  a  dialogue,  thereby  buHdIng 
up  agreement  between  hersell  and  them,  guiding  them  to  an  obvious  contradiction,  arrf  concluding  It  by  her 
evaluative  comn-.ent.  The  refutation  itself  Is  thus  'collaboratively  constructed  by  the  teacher  and  children 
(Nowman.Gritfin,  iCole,  1989,p.  125).  ,i„i,i„ii„ 
^.^1^^^^n«^tivft  :,nrf  qyiMMi^^,  nv,«ninnr.  of  refutation.  An  action  or  a  sones  of  actions  may  not  initially 
have  the  status  of  a  refutation.  It  may  be  assigned  the  status  later  by  participants  in  considoratKK,  of  later 
events  When  the  teacher  was  initiating  a  dialogue  expecting  that  It  wouk)  lead  to  a  refutation  ol  a  students 
argument,  the  dialogue  itself  might  not  have  the  full  status  of  a  refutation  either  to  the  teacher  or  to  me 
students  The  students  especially  might  not  have  been  sure  of  how  the  dialogue  would  conclude.  When 
they  saw  a  contradiction  and  looked  back  at  the  whole  dialogue,  they  might  reinterpret  it  as  a  refutation  and 
evaluate  the  target  argument.  Also,  when  students  were  periomning  an  experiment  on  a  construction 
problem  there  were  two  possibilities:  The  expe.iment  might  or  might  not  support  the  claim  that  a  given 
constmction  procedure  worked.  When  the  experiment  concluded,  they  interpreted  the  result  in  the  context  of 
the  whole  experiment,  evaluated  the  initial  claim,  and  labeled  the  experiment  either  confimiation  or 
relutation.  Here,  a  series  of  actions  was  retrospectively  assigned  the  meaning  of  refutation  (Mehan,  1979,  p. 
64) 

^^iflrarnhicnl  struc^Mr»  within  refutation.  When  the  argument  ot  a  refutation  consisted  of  ceveral 
subarguments  and  had  a  complex  structure,  the  refutation  would  contain  another  refutation  within  it.  In  a 
lesson  on  constructions  the  teacher  compared  the  length  B'C-  with  the  length  BC  In  two  constnjctions  and 
denied  that  B^C"  =  BC.  Because  she  relied  on  the  appearance  of  the  actual  construction,  her  objection  was 
considered  to  be  an  Experimenting  Method  refutation.  However,  this  obiection  was  only  a  part  of  the 
-analyzing"  process,  a  plece-by-piece  comparison  of  a  student's  construction  procedure  with  the  correct 
procedure.  The  conclusion  B'C"  *  BC  becai.Te  the  grounds  for  the  rejection  o!  the  student's  procedure  by  the 

Authority  Method.  ^  , 

Fomisof  refutation.  Refutation  negates  an  argument  The  negation  may  target  a  speaJic  part  of  the 

argument  That  is.  the  refutation  has  ^  focus  that  the  refuter  is  questioning.  For  instance,  in  Episode  2 
Jack's  argument  focused  on  the  leoitl.nacv  of  conceiving  angle  zero  and  applying  cosine  to  the  angle  zero, 
whereas  the  teacher  was  interested  in  the  ya!iJ2  of     cosine  of  angle  zero.  That  episode  seems  to  suggest 
that  the  focus  of  a  refutation  r.eeds  to  be  understood  in  order  for  an  interaction  to  reach  an  agreed 
conclusion. 

Q^ntext  dQpendftr^cv  of  refutation  Just  as  the  way  one  talks  depends  on  the  context  of  the 
conversation,  so  the  way  one  makes  a  refutation  depends  on  the  context  of  the  Interaction.  For  example.  In 
Episode  1  when  seeing  Pete's  lack  of  acceptance,  the  teacher  changed  her  refutation  from  the  Condition 
Method  -It's  under  the  square  root,  and  It's  been  added  to  something"  to  the  Counterexample.  In  a  different 
occasion  I  observed  the  teacher  using  three  different  Contradiction  Method  refutations  in  responding  to 
students'  refutations. 

As  mentioned  above.  In  a  small  group  activity  on  constructions,  some  groups  used  Expenmenting 
Method  refutations.  Experimenting  is  an  empirical  approach.  The  empirical  approach  was  given  a  less 
important  status  than  deductive  argument  In  the  geometry  classroom.  In  fact,  the  use  of  the  Experimenting 
Method  was  very  limited  in  the  class.  However,  for  students,  the  empirical  approach  may  be  often  the 
easiest  method  to  check  and  support  their  argument.  When  the  teacher's  assistance  was  not  ava.lable.  the 
empirical  approach  was  used  as  the  last  resort  to  arrive  at  their  position. 
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Vy  dMtroom  it  contid«r»d  to  b#  «  v«fy  comptex  plaoo  wh«r«  people  am  dngag«d  in  various 
pfactk»f  tknuHanMMJtly.  Talk  In  dawioom  ditcourM  i«  a  meant  and  procest  to  achieve  various  goate: 
•Any  one  utttranot  can  bt,  and  utuaNy  it,  muftifuncUonaT  (Cazden,  1988.  p.  3).  Refutation  was  ateo  part  of 
dattfoom  ditoourte.  Rtfutatkxi  had  different  functlone  when  viewed  In  different  contexts  of  practice: 
lni<ructk>n,  parttdpantt'  tente  maWog,  communteatton.  and  negotiation. 

Th«  ttacher  had  the  authority  to  decide  what  understandings  and  procedures  wore  acceptable  In 
datt.  The  ttuderitt'  understandings  and  proceduree  had  to  fit  the  standard  and  lesson  plan  Impildtly  or 
expWdHy  tet  by  the  teacher.  RefuUtlons  were  often  used  to  Inform  students  about  unacceptable 
undtfttandlngt  and  prooeduret,  which  were  often  labeled  by  the  tead)er  with  negative  evaluations  such  as 
•mittaket,'  ■errofi,'  "wrong/  of  •Inappropriate 

The  ttudentt  dW  not  always  acctpt  what  the  teacher  toW  them  and  asked  them  to  do.  They  were  not 
sknply  content  to  fit  into  the  teacher's  standard  and  lesson  plan.  Tliey  also  wanted  to  make  sense  of  what 
they  were  doing.  When  thty  were  puzzled  by  conflicting  situattons,  they  often  expressed  their  puzzlement 
and  asked  the  teacher  or  othar  students  to  resolve  the  sHuattons.  In  Episode  2  Jack  persistently  refuted  the 
teacher.  He  found  a  conflteting  tituatton  In  her  explanattons  and  expressed  his  puzzlement.  The  teacher's 
txplanationt  dM  not  help  Wm  to  resolve  It:  He  was  not  Interested  In  whether  cosine  of  zero  degree  Is  one  or 
not.  He  was  struggling  to  make  sense  of  the  concept  of  angle  zero  in  his  own  framework. 

In  ditcuetlng  a  problem,  each  person  had  his  or  her  own  framework  for  understanding  and  solving  It. 
When  the  teacher  and  students  exchanged  tong  arguments  in  the  dassroom,  a  close  analysis  revealed 
differences  ki  the  frameworks  arrwng  them.  The  differences  were  espedally  distinct  when  the  Alt-frame 
Method  was  wed.  The  partldpants'  exchanges  then  could  be  considered  to  be  elforts  to  resolve 
disagreemenit  and  achieve  shared  understanding  by  communicating  and  negotiating  the  difforences  In  their 
frameworks. 

Even  though  the  teacher  had  the  strongest  power  to  control  communication  and  negotiation  In  the 
dassroom.  she  had  to  sometimes  concede  part  of  that  power  to  students  The  curriculum,  lesson  plan,  and 
standard  of  corredness  were  not  definitely  predGtemiined  by  the  teacher-  There  was  plenty  ol  room  for  the 
teacher  to  change  or  Improvise  them  through  communlcatkin  and  negotiation  with  the  students.  In  Episode 
2,  Mary's  question  led  the  teacher  to  discuss  an  extra  topic  in  the  leeson.  Jack's  persistent  refutation  led  the 
teacher  to  explain  the  material  beyond  the  course  and  reduce  the  time  she  wanted  to  spend  for  other  topics. 
She  also  had  to  use  an  empirical  justlllcatlon,  which  was  not  acceptable  In  the  course  She  needed  to  let  the 
students  have  a  voice  and  to  Incorporate  their  Ideas  into  her  lesson. 


The  traditional  view  of  mathematics  seems  to  have  stressed  its  logical  aspe<:.'ts  and  have  led 
mathemattes  educators  to  conceive  counterexample  and  contradiction  as  main  tools  of  refutation  In 
mathennatkis.  The  study  Indicated  that  the  method  of  refutation  In  the  classroom  is  not  limitod  to  thorn. 
Frequent  use  ol  Authority,  Rule,  All-Frame,  and  Condition  Methods  seems  to  illuminate  the  soaal  aspects  of 
classroom  learning  of  mathematics:  exerdsing  authority,  following  social  conventions  and  njles,  negotiating 
between  different  frameworks,  and  so  on 

In  his  case  studies  Lokatos  (1976)  Identified  "concept-stretching"  rolutation  as  an  important  tool  lor 
mathematical  creallvily.  It  was  a  method  of  generating  counterexamples  of  a  daim  by  expanding  the 
extension  of  a  concept  used  In  the  daim.  That  nwthod  may  be  considered  to  be  a  spedal  case  of  Alt 'Frame 
Method  refutation,  which  Is  part  of  a  negotiation  process  between  dilferent  frameworks  (d.  Bloor.  1976.  p. 
135).  This  may  suggest  a  potential  link  between  mathematical  creativity  and  socral  intoi  action. 
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For  treatment  ot  counterexample  in  mathematics.  Lakatos  (1976)  and  Baiachofi  (1991)  Identified 
severa!  types  ot  the  treatment.  The  present  study  indicates  that  identifying  the  treatment  of  counterexample 
could  t>e  problematic.  Even  when  a  students'  treatment  of  Ihs  oounterexampies  appeared  to  belong  to  the 
method  ot  "surrender"  (Lakatos.  1976.  p.  13)-a  reledlon  of  the  proposition,  the  presentatk>n  otthe 
counterexamples  involved  within  it  a  communkjatlon  and  negoliatk)n  process  between  the  teacher  and  the 
students.  When  a  refutation  is  situated  in  a  face-to-face  interaction  of  classroom.  It  seems  necessary  that 
.  attention  should  be  paid  not  only  to  how  a  person  deals  with  a  counterexample-a  mathematical  object,  but 
also  to  how  the  per^n  (refutee)  Interacted  with  a  ref uter  who  argued  that  the  object  was  a  counterexample. 

For  Lakatos  (1976).  the  dialectic  of  proof  (or  |u8tifk;atk)n)  and  refutation  was  the  moans  for  the  growth 
of  mathematics.  The  role  ol  the  dialectic  was  mainly  on  the  ijPfljovgriTqn^  or  ttdvflncyp^nt  of  mathematical 
knowledge  (p.  5).  In  the  classroom  as  well,  the  dialecttes  of  lustiftealion  and  refutation  may  be  conceived  as 
the  medium  for  the  improvement  ol  students'  mathematical  knowledge-the  construcUon  of  viable  knowledge. 
When  the  exchange  of  justification  and  refutation  was  located  in  the  classroom  Interaction.  It  seemed  to  play 
another  important  rolo  in  the  classroom  comnHJnIty:  construction  of  shared  matbemalteal  knowledge.  For  a 
claim  to  be  accepted  In  the  classroom,  il  had  to  be  justified  in  accordance  with  the  standard  set  by  the 
textbook  and  the  teacher,  and  at  the  same  time  the  claim  and  their  justification  had  to  make  sense  to  the 
participants.  The  participants  communicated  their  Weas  and  negotiated  their  frameworks  through  the 
exchanges  of  justification  and  refutation.  Those  exchanges  In  the  discussion  then  led  to  the  formation  of 
shared  claims  and  shared  justifications  of  them  in  the  classroom  community  (Volgt.  1989). 
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METACOQCmON:  THE  ROLB  OF  THE  'INKER  TBAjCHER"(5) 
Reaaarch  on  the  prooaM  of  Internalitatian  of  "Inner  Teacher" 
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ABSTRACT 

The  natxire  of  mGtacsognitlcn  and  its  implications  for  matbeniatics  education  are  thG 
main  concerns  of  our  inveetigations.  We  argued  in  the  last  four  papers  that 
"metacx^gnition  "  is  given  by  another  self  or  ego  which  is  a  substitute  for  one's  teacher 
and  we  xe^rred  to  it  as  "inner  teacher". 

In  this  paper,  we  investigate  more  deeply  the  concept  of  the  inner  teacher 
through  the  analysis  of  the  process  of  intemahzation  of  metaoognition  using  two 
OuGBtionnaire  1,  2  and  a  stimulated  recall  technique  specially  designed  for  this 
zeeearch  in  elementary  scliool  students  in  5th  grade. 

We  found  that  there  are  some  items  of  Questionnaire  1  in  which  the  students 
reeponded  quantitatively  to  be  very  helpful  in  solving  the  problem  influenced  by  the 
teacher's  utterances. 

In  the  case  study,  the  student  implied  the  existence  of  specific  steps  of  the  proc- 
ess of  internalization  of  metaoognition, 

AIM  AND  THEORETICAL  FRAMEWORK  OF  THE  RESEARCH 

X.  Dfffinltfm  of  "metacognitkn"  and  "Inner  teocdier" 

We  are  often  inclined  to  emphasize  only  pure  mathematical  knowledge  in  education. 
And  we  fall  to  enact  it  In  students.  Conaequently,  they  fail  to  solve  mathematical 
pioblema  and  forget  soon  after  paper  and  pencil  tests. 

Reoejitly,  "metaoognition'*  has  come  to  be  noticed  as  an  important  function  of 
human  cognitive  activities  among  researchers  of  mathejnatlcs  education  as  well  as 
among  profeeslonal  psychologists.  But  even  so,  the  definition  of  "mcstaoognitton"  is 
nrt  yet  firmly  settled,  and  results  from  the  research  have  been  of  little  use  to  the 
practice  of  mathematics  education. 

Tl^  ultimate  goal  of  our  research  is  to  develop  clear  conceptions  about  the  nature 
of  "metaoognition"  and  to  apply  this  knowledge  to  improve  methods  of  teaching 
mathematics.  This  paper  Is  one  of  a  series  of  studies  in  pursuit  of  this  goal. 

Roughly  speaking,  we  could  regard  metaoognition "  as  the  knowledges  and  skills 
which  make  the  objective  knowledges  active  in  one's  thinking  actlvltlGs.  There  are  a 
few  proposals  on  the  categorization  of  "metaoognition"  in  general^  but  here  we  wUl 
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follc-i  the  fluggeetion  a£  FlaveU  and  adopt  four  divisions  of  matacx>gnitive  knowledge 
o£: 

(Metaknowledge) 

1.  the  enviroranent  2.  the  self 
3.  thetaok  4.  the  strategy 

and  three  divisions  of  metaoognitive  skill: 
(MQtaskill) 

1.  the  monitor  2.  the  evaluation 

3.  the  control 

Our  unique  oonception  Is  that  tl^  "metac^gnition"  is  thought  to  be  orlgiiiatBd  from 
and  internalized  by  the  teacher  him/herself.  Teachers  cannot  teach  any  knowledge 
per  se  directly  to  students  but  teach  it  inevitably  through  his/her*  interaction  with 
students  in  class. 

We  start  from  a  very  primitive  view  that  teaching  is  a  scene  where  a  teacher 
teaches  a  student  and  a  student  learns  from  a  teacher,  in  the  process  of  ts^^ 
phejiomenon  which  is  very  remarkable  from  a  psychological  point  of  view  will  soon 
happen  Ixi  the  student's  mind;  we  caU  this  the  spUtting  of  ego  in  the  student  or  we  may 
call  it  decer.trallzation  in  a  student,  using  the  Piagetian  terminology.  Children,  as 
Piaget  said,  are  ego-centric  by  their  nature,  but  perhaps  as  early  as  in  the  lower 
grades  of  elementary  school,  their  egooentrism  wlU  graduaUy  collapse  and  split  into 
two  egos:  the  one  is  an  acting  ego  and  the  other  is  an  executive  ego  which  monitors  the 
former  and  is  regarded  as  the  metacognition.  Our  original  corioeption  is  that  this 
executive  ego  is  really  a  substitute  or  a  copy  of  the  teacher  from  whom  the  student 
loams.  The  teacher,  if  he/she  is  a  good  teacher,  should  ultimately  turn  over  some 
essential  parts  of  his/her  rede  to  the  executive  ego  of  the  student.  In  this  contort,  we 
refer  to  the  executive  ego  or  "metacognition"  as  "the  inner  teacher"  . 

The  advantage  of  this  metaphor  is  that  we  oould  hfi^e  the  practical  methodology  to 
inveetigatB  the  nature  of  metacognition;  that  is,  we  may  collect  many  varieties  of 
teachers'  behaviors  and  utterances  in  lessons  and  carefully  examine  and  classify  them 
from  some  psychological  view-pcdnts. 

2.  Positive  and  Negative  MetacDgnititai 

For  Metacognition,  we  think  that  there  are  two  types.  One  is  a  positive 
nvetaoognition  that  promotes  positively  students'  problem-aolving  activities.  The  other 
is  a  negative  one  that  obstructs  their  activities.  For  ©cample,  most  students  believe 
that  statements  UJte  questionnaire  item  111.19  "When  you  get  lost  while  solving  the 
problem,  please  think  of  other  strategic."  help  them  and  have  a  positive  effect  on 
problem-solving.  This  item  shows  metacognitive  knowledge  of  strategy  for 
problem-solving.  This  works  according  to  tl^  monitor  "I  have  lost  my  ide^  for  the 
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rmKttkms^r  A«»«*»^o«««txcd -PImim think o€ot^ 
oiMfuUy  aocordtag  to  a  logical  c»iKa 

III.19  and  tha  monitor.  (8—  Kxabayaahl  &  Shlgamatau,  1987,  for  mom  ektoiU.)  Other 
•titomantii,  lika  itam  iv.18  -Can't  you  aolva  tMa  aaay  problwn?",  ara  baU«vad  to  make 
•tudanta  do  wocaa  and  to  hava  a  na«iatlva  Influanoa  on  pniblam-aolvlng. 

MBTBOOOLOGY  OF  THE  RESEARCH 


HypoaMafaigrttaJgroaaaaoei^^ 

Atflrat  waapactfythaproaia8Q«intai7\alliatitonaf  (Innor  teacher) 

aafoUowa; 

1)  Aatudantla  vary  much  awaractf  tha  cwrrantprohlam--acivlng. 

2)  Bafota  or  white  tha  atudant  aolvaa  tha  probtom,  a  tsachar  glvaa  hiw/har  a 
auitahla  mafcaoognitlva  advioa  whM  ha/aha  wants  to  gat  It. 

3)  Tha  atudant  rainambara  tha  taachar'a  matacognitlva  advioa  tantativ«ay  at  thia 
tlma, 

4)  Tha  atudant  can  oolva  tha  problam  raCwmng  tha  taacher'a  matacognitlva  advioa 
and  haa  a  good  aHfiactiva  taaling. 

5)  Tha  atudant  wanta  to  ramambar  It  parmanantly. 

6)  Tha  atudwit  can  aolva  alitdlar  pzoblama  r«faning  the  taachar'a  motaoognitivo 
advioa. 

7)  Tha  •tudantacquliaethamataoognitlonaatheinnartBacher. 


Tha  taachar'a  uttaranoaa 

2)  advice 


Tha  ttudant'a  activitiea 
m«taoognitlve  activity 
1)  


3)     5)  7) 


oognitiva  activity  4)  g) 


Flg.l  Prooaaa  erf  Intarnallaatlon  of  r^etaoognltion 

Wa  aaauma  tha  Intamallxation  of  mataoognltion  la  mainly  originated  from 
taaching-laamlng  communication  between  a  taacher  and  atudents  in  a  claaaix»m  leaaon 
aa  thla  hypothaaia. 


Taiictitofl-l^mino  Pipoaaa  erf  Kicpagiiattital  Laaaon  In  dimm 

1.  Tha  teftchar  Introduced  a  topic  in  tha  form  of  problein-aolving  and  atudents 
understood  the  goal  of  problem  bv  working  on  aoiiw  examples  given  by  a 
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tMchwr  uidng  an  ov«r-h*ftd  projtctor: 
Material  «ne  tmzpoMi  or  this  iMKti: 

1)  Th*  taachar  poaad  a  situation  which  thm  •tudantB  found  out  tha  j>ot- 
tama  to  opan  a  squai*  ot  <Joor. 

2)  In  oriSar  to  open  the  (Soar,  tho  at-udanta  wara  ancouragad  to  find  out 
th*  way  which  divldad  Into  two  oongruant  parta  uidng  a  dividing  Una 
aa  many  aa  poaalUa. 

3)  Tha  atudanta  waia  given  aocna  4x4  croaa  atripad  liquaraa  drawn  on  a 
pieca  of  papar. 

rrm  rvuM 


Fig.  2  An  ootampla  U  tha  aolutlona 

2.  ThaatudantaiOlvadthaproblamlndividuaUy. 

3.  Tha  atudanta  dlacuwad  their  aolutiona  by  working  with  thair  claaa  mat»©. 

4.  Tho  taetchor  aunvmarlawd  tha  day'a  mathamatLcal  id«a  by  uaing  or  rafarring 
to  the  studenta'  aolutiona. 

MatiK)dcrfAniy.vai«c<thaPitK»aa  — atiimal^^ 

It  ia  vary  dlffloilt  tx>  laa/rd  Vha  atudanfa  x«il  tiit«  oognitlva  and  ji«tttcog«ltlva 
actlvltlaa.  Thaifrfoni,  we  uaad  tha  modiflad  atlmulatad  r«aU  tftchniqii*(Yoahl«ikl.  S. 
Gt  aL  1992)  to  record  atudenta'  mataoognltlva  activitlaa  aftwr  tha  laaaon  tiniahad; 

1)  }rtiA  uaad  Qu^tionnalra  1  to  analyzo  the  atudanta*  nwtecognitloo  befora  tha  lea- 
aon. 

2)  We  vidaotapGd  tha  leaaoo  froit^  the  back  aeat  in  the  claaa. 

j)  Altar  the  Iwaon,  we  g<ive  to  the  atudanta  Ouaationnalre  2  to  anaiy7«  student*' 
oognltlve-mctacognitJve  acttvitiBa  during  the  laaaoo: 

Tho  atudenta  watched  the  vid«>-tape  tor  about  2-3  minutaa  working  at  four 
8p«clfic  tiiTwa:  (a)  when  the  atudenta  were  given  tha  problem,  (b)wlkan  they 
began  to  work  on  tha  problem  individually,  (c)wJ»n  thay  began  to  work  on  tho 
problem  working  with  their  claaa  nwitBa,  and  (d)a£ter  they  liniahed  woirking  on 
the  problem  in  the  leaaon. 

4)  We  uaed  Oue(rtionn«irii  1  to  analyae  the  ctudenta'  mataoognitlon  after  tha  leaaon. 

(hioMtk3nnalre  1  (See  Sliigematau,  1992,  for  more  detail) 

1)  Categoriee  of  itotw 
I.  explanation  19  itenuj,  U-queetioning    16  items,  ill.  indication  25  items 
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2)  RwipanMui  to  Eftch  itma 
For  *ach  Q\j*«tioo,  iftucSttnts  indicated  which  of  thft  fbUovring  two-part  rettponoaa 
b«0t  ntfUicts  th«lr  MpArlttnon. 

My  mathomatlai  tftachara  liavo  nukte  tl-Je  coimnent  often 

Thl«  kind  of  csxniwnt:  «.  helps  me. 

b.  doeftn't  help  me. 
c«  makes  me  do  worse. 

Queettonnatoa2 

Thla  queatloonalre  la  conducbad  abo^it  100  minutee  after  «>e  liMson  finlnhed. 

1)  The  atudenta  aeked  to  anawer  the  queetlonnnire  aftic*r  oach  review  of  the 
video-tape  four  timee  in  all  aa  explained  in  the  above. 

2)  The  nvain  question  itema  are  ae  foLlowB; 

(1)  What  kind  of  activities  Old  you  do  while  you  were  watching  tl»  video-tape? 

( Cognitive  activity ) 

(2)  What  kind  of  Ideas  occurred  to  you  while  you  were  watching  the  video-tape? 

(Mettioognltive  activities) 

(3)  Did  you  remember  wlwit  your  teacher  said  while  you  were  watnhlng  the 
video-tape? 

(4)  What  did  the  teacher  eay.  If  ao?  (TcaclKsr'e  utteranoGo) 

(5)  Did  you  find  the  teacher's  advice  helpful? 

(6)  Did  you  liave  a  will  to  remember  the  teacher' 8  edvloe? 

Peto  coMcctton 

We  cjoUected  tlvo  data  from  etudenta  of  Gljementary  school  SUi  otiidentfl  in  Nara, 
Japan.  The  numbers  were  31. 

RE6UtiT8  AND  DISCUSSION 

In  order  to  examine  how  the  leseon  would  change  the  etudwnts*  reactlonB,  we 
cx>nducted  Questionnaire  1  twloe  as  we  said  above. 

We  compared  the  reeulta  between  the  teacher's  utteranoeo  and  the  students'  re- 
sponsee. 


Yee  No 

/  j  ,  ( 

a    b    c     a    b  c 
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■    1.3,8,13    n.  4,12,14,16,17,21,25  111.  2,  4,  6,  9,12,19,27,32,37,40 

2  Itmns  where  «lanlflc«nt  change  wm  ob«rved  in  the  atudenta'  te«pori««« 
■■    1.3  il.  4,12,21  Dl.  6, 9,19,27,32,40 

V,«       lnt«t^t«d  in  the  ltom»  in  which  th*  etudent*  r««pcn<Jed  that 
utJ^  pc^ltlvly  in  the  .«eon       in  which  the  ^C^t.  -^^-'J^'Zl  'l 
l^^ZTL  which  th«  BtudentB  tho^>«ht  tl^lr  math<..«tl<a  teachoro  had  made  tW« 
..^p«l  lax^v  that  1.,  It  P«>ve.     be  very  hrtpful  In  aCvln.  the 

^'"Te  If  you  can  Bdvo  the  pn>bta«  by  one  strategy,  try  to  fldvo  It  hi- 

"19  W>ryou  get  loot  while  the  probU.^.  Plea«e  IWnK  of  other  «trategl«,. 

27  write  yo>>v  solutlonB  aj.  if  you  were  to  explain  your  Idw*  to  others. 
Thl^Ui^  oertMnly  the  pc«lUve  n.^nition( metaknowledge  of  the  Btr«e- 

.y^  ^c^  Z.  U^portant  for  Htud.nt«  to  eclvo  n«>tl^tlc^  problen«  and  to 

ccMt\municato  wlt\\  oach  otiwir. 

TorS  "t.  e-n^.e  the'  ^ro^  of  lnt«mali.,atlon,  wo  concentr«t«  on  -P-- 
J^oZ.^i^.  He«>  helow,  wo  coded  tl«  ree|X.n«o  to  six  cvK«tlon.  In  Question- 
nrilro  2. 

Caeo  1:  Tho  stagw  o£  problem-solving  by  Individual  Btudoiit 

,1)  What  Khxl  of  «^vltU«  did  you  do  while  you  wore  watching  the  vld«>-t.>pe7 
She  was  ftTlvlngtte  problem  through  trial  and  error.  .  ,  „ 

(2)  What  Kind  of  ide«i  occurred  to  you  while  you  were  watclUng  the  video-tape? 

It  was  good  to  check  oeveral  pattei-ns  of  dividing  the  square. 

(3)  Did  you  r*.nen,bei  what  your  teacher  said  while  you  wore  watching  the 
video-tape? 

Yes. 

(41  What  did  tlH?  teadwr  say,  if  B07 

,  .  8  Thl»  Problen.  nMght  be  aUghlly  tnor*  difficult  than  tl«  prevlom,  one. 

(5)  Did  you  find  the  teacher's  advice  helpful? 

Yes-  ^  ^  o 

(6)  md  you  have  a  will  to  remeinbcr  the  teacher's  advice? 

Yee. 
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CaM  2:  Tho  stago  d  pxoblam-aolving  by  daw 
A  fttcnalA  who  fbund  out  nlna  pottoms 

(1)  What  kind  ol  activities  dW  you  do  while  you  were  watching  the  video-tape? 
She  wa«  ecAvlng  the  problem  through  triad  and  erxor. 

(2)  What  kind  ot  Idea*  occurred  to  you  while  you  were  watching  the  video-tape? 

There  were  acme  other  etrabagioe  wWch  she  oould  not  use. 

(3)  Did  you  remember  what  your  teacher  said  whlLa  you  were  watching  the 
video-tape? 

Yes. 

(4)  What  did  the  teacher  say.  If  ao? 

n .  12  Did  you  have  other  strategies  to  eblve  the  problem? 

(5)  Did  you  find  tha  taacher's  advice  helpful? 

Yas. 

(6)  Did  you  have  a  will  to  remember  the  teacher's  advice? 

Yes. 

Her  answer  impliefi  the  eidstenoe  of  the  specific  steps  of  internalization  of 
metacognitlon. 

But  we  know  that  this  is  net  enough  to  analyze  the  prooeaa  of  internalization  of 
metaoognition.  In  order  to  Identify  theee  steps,  we  need  more  experimentation  on  this 
Issue. 


In  this  paper,  we  Inveetigate  more  deeply  the  oonoept  of  the  inner  teacher 
through  the  analysis  of  the  process  of  internalization  cf  metaoognition  using  two 
Questionnaire  1,  2  and  a  stimulated  recall  technique  spedaUy  designed  for  this 
reeearch  in  elementary  school  students  in  5th  grade. 

At  first  we  propooed  the  hypotl>e«i8  of  the  process  of  internalization  of 
n)etaoognition  as  seven  steps.  According  to  this  hypothesis,  we  implemented  the 
cxperiiT«intal  lesson  that  students  solved  the  prooGcs-problem.  After  the  Laeaoa 
students  answered  the  questionnaire  2  which  analyzed  the  prooees  cf  intemaUzation 
using  video  tape  recorder  as  a  stimulated  recall  technique. 
We  obtained  aeveral  findings  as  fdUows: 
1.  Comparing  the  results  between  the  teacher's  utterances  and  two  Questionnaire  1, 
tliere  are  some  items  of  Questionnaire  1  in  which  the  students  responded 
quantitatively  to  be  very  lielpful  in  solving  the  problan  influenced  by  the 
teacher's  utterances.  For  examples, 
ffl.  6  If  you  can  solve  the  problem  by  one  strategy,  try  to  solve  it  by  another  one. 
These  items  are  certainly  the  positive  metaoognition  which  are  important  for 
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stutents  to  adve  mathamBtlcal  pxoblenM  and  tx>  oominunicate  with  ttach  ether. 
2.  In  the  caae  study,  a  atudent  who  Ib  over-achiever  answered  Oue«tionnalxe  2  to 
Imply  the  exlstenoe  of  the  specific  steps  o£  internalization  of  metaoognition. 

But  we  know  that  thla  is  not  enough  to  analyze  the  prooees  of  internalization  of 
metacognition.  In  order  to  identify  theee  steps,  we  need  more  experimentation  on  thla 
issue* 
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CHILDREN'S  PERCEPTIONS  OF  THE  USEFULNESS  OF  PEER  EXPLANATIONS 

Vicki  Zack 

St.  George's  School,  Montreal,  Canada 

When  26  students  in  the  author's  own  Grade  classroom  were  asked  to  respond 
regarding  the  usefttlness  of  the  explanatiotts  in  both  small  group  interactions  (4-5 
cHildren)  during  mathematics  problem  solving  sessions,  and  large  group  presentations 
(large  group  size  12-14),  the  overall  consensus  tons  thai  the  ^peer  talk  and  the 
explanations  were  helpful.  Qualifications:  (V  in  order  to  be  helpful,  the  explanations 
had  to  be  "clear";  (2)  a  number  stipulated  that  explanations  were  helpful  if  you  had 
gotten  the  wrong  answe, ,  or  if  you  did  not  understand  the  problem,  but  felt  it  \vas  not 
useful  to  hear  alternate  apffroaches  if  the  individual  or  group  had  arrived  at  what 
turned  out  to  be  the  correct  answer;  indeed  some  stressed  thai  it  was  confttsing;  (3)  the 
(social)  climate  must  be  seen  to  be  conducive,  i.  e.  accqfting,  before  many  xoill  venture  to 
ask  for  or  to  give  explanations. 

As  a  leachcr-researcher  in  my  own  elementary  school  classroom  (10-11  year 
olds),  I  have  been  engaged  in  pursuing  a  long-standing  interest  begun  in  my 
doctoral  work  (Zack,  1988)  in  the  ways  in  which  peers  interacting  together  can 
contribute  to  the  construction  of  their  knowledge.  The  thesis  work  dealt  with  the 
talk  aspect  of  the  peer  interaction  (supported  talk,  including  justifications,  and 
explanations).  The  focus  in  the  NCTM  St.indards  (1989)  on  the  aspect  of  problem- 
solving  as  central  to  the  mathematics  curriculum,  and  on  the  aspect  of 
communication  (both  spoken  and  written)  as  a  vital  compnnenl  meant  that  my 
return  to  the  classroom  in  1989  after  10  years  of  leaching  at  the  university  level  was 
auspiciously  timed. 

Problem-solving  is  at  the  core  of  the  mathematics  curriculum  in  the 
classroom;  no n- routine  problems  are  drawn  from  various  sources  (Charles  &  Lester, 
1982;  Meyer  ^  Sallee,  1983,  and  others).  My  goals  are  that  the  children  see  that  (1) 
they  have  the  ability  to  arrive  at  a  solution,  (2)  there  are  many  ways  to  arrive  at  a 
solution,  and  (3)  that  I  am  very  interested  in  how  they  arrive  at  a  solution,  as 
interested  in  it  if  the  procedure  is  wrong  as  if  it  is  correct.  I  feel  that  tlteir  talking 
together  and  thinking  through,  play  a  vital  role  in  the  construction  of  their 
knowledge  (sec  summary  of  construclivisl  view  of  mathematics  learning  in  Wood, 
Cobb,  &  Yackel,  1991,  citing  Clements  &  Battista,  p,  591). 

In  regard  to  the  specific  domain  of  talk  and  explanations,  I  would  point  out 
briefly  that  as  a  teacher  I  look  for  instances  of  (1)  clear  explanations,  (2)  diverse 
appr.)aLhes  to  solutions  from  amongst  the  children,  and  (3)  encountering  an  elegant 
(explanation  (it  is  o  rare  occasion  but  constitutes  a  delicious  surprise  (see  Duffin  & 
Simpson,  1991)).  I  feel  that  the  children  might  learn  more  about  the  structure  of 
mathematics  if  they  can  see  a  solution  from  diverse  perspectives. 

As  you  will  see  below,  based  on  the  children's  reponses  to  the  questions  I 
posed,  1  would  say  that  the  children  (1)  value  clear  explanations  (their  criteria  for 
what  makes  a  clear  explanation  will  follow),  and  (2)  they  find  explanations  helpful 
primarily  if  they  got  the  wrong  answer  or  didn't  understand  the  problem. 


G-287 

Classroom  set-up 

St.  George's  is  a  private,  non-denominational  school,  with  a  middle  class 
population  of  mixed  ethnic,  religious,  and  linguistic  backgrounds;  the  population  is 
pre-dominanfcly  EngUsh-speaking.  Total  class  size  is  26;  however  I  always  work  with 
half-groups  (12,  14  children  in  each  group)  of  heterogeneous  ability.  Mathematics 
class  periods  are  45  minutes  each  day.  Problem-solving  is  the  focus  of  the  entire 
lesson  three  times  a  week.  In  class  the  children  often  work  in  Groups  of  Four  teams: 
each  teacher-selected  heterogeneous  team  has  4-5  members,  a  problem  is  given,  is 
either  worked  through  by  the  team  members  together  at  their  table,  or  begun  by  each 
child  and  then  discussed  at  their  table  (the  group  selects  the  approach  it  favours). 
When  the  three  teams  are  ready,  they  gather  together.  (They  consider  themselves 
ready  when  all  team  members  have  'understood"  the  solution.  Any  member  can  be 
called  upon  to  present,  although  they  usually  present  on  a  rotation  basis.  I  change 
the  composition  of  the  groups  every  three  weeks.)  Presentations  of  the  solutions  to 
the  whole  group  of  12  or  14  take  place  at  the  chalkboard.  The  children  also  work 
individually  on  one  challenging  problem  at  home  (Problem  of  the  Week),  and  are 
expected  to  write  in  their  log  about  all  that  they  did  as  they  worked  the  problem 
(Zack  1991).  The  children  present  their  Problem  of  the  Week  solutions  to  the  class.  I 
videotape  each  of  the  teams  (Groups  of  Four)  on  a  rotating  basis,  and  videotape  all 
the  presentations  done  at  the  board  (Croups  of  Four  team  discussions,  and  Problem 
of  the  Week  discussions),  and  observe  And  take  notes  during  the  sessions.  Much  of 
the  class  session  is  conducted  by  the  children.  Data  sources  are:  anecdotal 
observations,  videotape  records,  student  artifacts  (copybooks),  teacher-composed 
questions  eliciting  opinions  (written  responses),  and  class  discussions  regarding 
research  topics. 

The  Role  of  Talk  and  Explanations  in  Problem-Solving 

The  focus  of  the  study  was  on  the  aspect  of  helpfulness  of  working  with  peers. 
I  asked  two  questions  at  the  end  of  last  year  (Questions  **1,  #3  below,  May  26, 1992): 
Question  #1:    Does  talking  with  a  partner  or  with  your  group  help  you  in  your 
problem-solving? 

Question  #3:    Does  listening  to  a  classmate  explain  at  the  front  of  the  class  help  you 
in  understanding  the  Problem  of  the  VVeek?^  the  Croups  of  Four 
Problem? 

which  evoked  some  interesting  responses.  Thus  I  addressed  the  same  questions  to 
my  current  Grade  5  class  during;  the  first  term  this  year  (November  2,  1992),  with  a 
view  to  analysing  the  responses  and  documenting  my  reflections  upon  them  for  the 
PME  meeting  in  Japan.  The  findings  were  as  follows: 


1 1  will  deal  in  this  p.miT  only  wUh  ihi'  Croups  of  Vimr  probU'm  stilvinj;  sUuali.ui.  Tlu'  ProblcTn  of  the 
Wtvk  bilu.itii>n  is  difforenl,  smie  in  ihc  iMWr  can'  llu-  children  Uvv  ni>t  worked  ihroufih  the  problerr 
together. 
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Question  #1;  Docs  ulking  with  a  partner  or  vvith  your  group  help  you  in  your  problem-solving  ? 

Yes  No  Y  and  N 

(It  depends)  


199M992 

(May  26,4992)  u  8* 

1992-1993 

(Nov.  ^  1992)  16  4 


23 
26 


Of  those  who  said  "No",  5  mcnrioncd  ihcy  felt  time  was  wasted  in  arguing  and 
disagreeing,  and  2  others  said  that  the  talk  interfered  with  their  thinking. 


(Question  #3:  Does  listening  to  a  classmate  explain  at  the  front  . . .  help  you  in  understanding. . .  ? 

Y«  No  Y  and  N  Total 

(It  depend»)^^^ 

1991-  1992 

(May  26, 1992)  12  l-  jo  23 

1992-  1993 

(Nov.  ^  1992)       .  2  3  21—  26 


*•  The  one  written  comment  reflecting  "traditionalist"  (Gooya,  1992)  leanings,  i.  e. 
the  desire  to  know  only  whether  the  answer  was  right  or  wrong,  wa.<5:  "No, 
because  if  1  had  an  answer  book  I  would  see  my  mistake  and  relieze  it." 

*•*  Provisos:  The  explanations  were  helpful  if  they  were  clear  [6  children),  if  one's 
solution  was  wrong  or  one  was  stuck  [21,  if  one  was  wrong,  yes  the  explanation 
helped,  however  if  one's  answer  was  correct,  an  explanation  that  was  different 
confused  the  listener  141,  the  explanation  helped  if  the  listener  was  sure  ahead 
of  time  that  the  explainer's  answer  was  correct  (21,  and  other  [71. 


In  pursuing  further  their  proviso  of  clarity,  I  4sked  the  children:  "What 
makes  for  a  clear  explanation?"  (Question  #4,  Novei..^>er  3,  1992).  The  children's 
definitions  addressed  the  mechanics  of  presenting  to  a  group  (i.e.,  loud  voice,  use 
the  board,  face  the  audience  not  the  board,  kneel  so  that  everyone  can  see  the  work 
on  the  chalkboard),  as  well  as  the  aspect  of  meaning,,  the  notion  of  making 
something  intelligible  and  making  known  in  detail  (Random  House  College 
Dictionary,  1975,  p.  466):  'The  person  explains  everything  in  detail  without  skipping 
steps,  but  not  complicated'.  Two  children  insightfuJly  tied  the  notion  of  good 
explainer  to  the  person's  having  a  good  grasp  of  the  problem:  "If  the  person  really 
understands  the  problem,  they  should  have  a  good  explanation"  (Michelle  B., 
Question  #4). 


ERIC 


621 


n-288 

There  were  a  number  of  aspects  of  interest  to  me  which  emerged  in  the 
November  responses  (a)  regarding  differences  between  "at  table  smaU  group  talk" 
and  "front  of  the  room  large  group  presentation",  and  (b)  regardmg  alternate 
approaches,  and  so  I  posed  Questions  #7  (a,  b,  c)  and  Question  #8  (discussed  later)  to 
bodi  to  my  current  Grade  5  class,  and  to  my  last  year's  Grade  5  class  (referred  to  at 
times  as  Grade  6,  their  present  status).  Question  #7  (shortened  here,  posed  December 
15, 1992)  was  as  follows: 

QuesHon  #7:  Think  of  explanations  (1)  during  discussions  at  the  table  and  think  of 
explanations  (2)  during  presentations  to  the  whole  group. 
(7a)  Are  the  explanations  different?  (7b)  Which  do  you  prefer?  (7c) 
Are  the  explanations  helpful?  Which? 
When  I  posed  questions  #7b  and  #7c  I  thought  that  the  majority  of  the  children 
would  prefer  explanations  at  the  table  and  would  find  explanations  at  the  table  more 
helpful  because  more  interaction  was  possible.  Those  who  chose  taolc  Ulk/ 
explanations  did  indeed  point  out  tiiat  there  was  more  interaction  at  the  table,  tiiere 
was  a  personal  touch,  the  possibility  to  work  through  to  the  answer  together, 
accommodation  to  the  individual,  option  to  keep  at  it  until  all  the  team  members 
understood  (patience,  persistence),  and  it  was  more  conducive  to  asking  questions 
(although  as  I  will  show  below,  the  children  stressed  that  much  was  contingent 
upon  who  the  group  members  were).  Hence  tlie  talk  was  exploratory:  more  halting, 
more  open  to  interruption,  and  more  informal. 

However,  I  was  also  given  to  understand  what  the  children  perceived  to  be 
the  advantages  of  the  explanations  given  in  the  presentations  to  the  whole  group. 
All  the  children  were  intent  upon  finding  out  what  the  correct  answer  was.  Some 
noted  that  after  the  possibilities  had  been  ^sifted  down'  at  the  table  durmg  small 
eroup  session,  you  were  more  Ukely  to  be  closer  to  the  correct  answer,  even  though 
Siere  was  also  an  ^opening  up'  of  possibilities  when  the  three  teams  met  togetiier,  in 
that  ti\ere  might  well  be  options  and  answers  not  thought  of  by  one's  own  group.  In 
the  large  group,  there  was  a  tighter  focus;  it  was  more  teacher?y,  more  formal.  There 
was  more  product,  less  process-working  together  to  find  the  answer  had  happened 
in  the  small  group.  Two  of  the  children  even  pointed  out  the  differences  (Q  #7a. 
Grade  5 ): 

Rebecca:         Usually  when  the  presenter  presents  for  the  whole  14  of  us,  they 
make  the  problem  seem  so  easy,  but  back  at  tiie  table,  we're 
presenting  for  the  first  time,  and  it's  much  more  harder. 

Margaret-       The  explanations  are  different  "because  at  the  table  people  are  testing 
their  answers  and  on  the  board  they're  pretty  sure  of  their  answer.' 

The  Affective  Aspect  of  Peer  Interaction 

Wood,  Cobb  U  Yackel  have  aptiy  stressed  how  necessary  it  is  that  the  teacher 
promote  an  environment  in  which  the  children  feel  safe,  so  that  each  child  can 


^22 


n-290 


know  that  all  answers  will  be  considered  and  respected,  and  that  no  effort  or  answer 
will  be  denigrated  as  silly  or  incompetent  (1991,  599).  What  I  would  add  is  that  a  safe 
environment  is  what  the  children  must  cultivate  for  each  other  as  well.  Their 
responses  to  my  questions  indicated  that  they  were  much  more  comfortable  asking 
questions  at  their  table  in  their  small  group,  than  while  in  the  large  group  at  the 
chalkboau-d.  In  addition,  the  children  were  cautious  at  the  table  about  asking  for 
explanations  and  were  selective  about  whom  they  approached.  In  answer  to 
Question  #7b,  Lindy  (Gr.  6)  said:  "Sometimes  I  feel  more  comfortable  at  the  table 
saying  I  don't  understand  it.  It  depends  on  who  it  is.  If  it's  people  who  get  the 
answer  right,  if  they're  sure  of  themselves  ...  I  feel  stupid.  Let's  say  it's  a  person 
who  will  accept,  and  say  I'll  explain  to  you,  I'll  feel  comfortable."  Some  people  were 
deemed  "good  explainers"  not  only  because  they  could  make  themselves 
understood,  and  'knew  their  stuff,  but  also  because  they  were  patient  and  did  not 
make  the  lislener/tutee  feel  stupid.  One  would  think  that  in  a  group  of  4-5,  the 
setting  would  be  conducive  to  having  one  child  explain  to  the  others  in  the  group. 
However,  most  of  the  comments  referred  to  dyadic  interaction  between  two  peers  at 
the  Jable  rather  than  to  one  person  explaining  to  the  team.  (I  would  have  to  return 
to  the  tapes  and  analyze  to  see  the  comparable  number  of  dyadic,  triadic,  or  one-to-4 
or  5  interactions;  it  appears  to  me  that  much  of  the  interaction  at  the  table  is  indeed 
dyadic.) 

The  children  need  to  feel  a  valued  part  of  the  working  group.  Feelings  of 
inclusion/exclusion  play  an  important  role  in  the  lives  of  children.  As  Christopher 
said  in  his  self-evaluation  of  his  work  in  his  Groups  of  Four  group  for  Iiis 
November  report:  "I  usually  have  trouble  here  because,  sometimes  most  of  the 
people  don't  listen  to  you,  and  then  somebody  says  the  same  thing,  and  everybody 
listens  to  them,  and  that  makes  you  feel  left  out!"  (November  9,  1992). 

The  children's  own  comments  have  provided  the  foundation  for  further 
classroom  discussion  for  us  on  how  the  children  can  make  the  climate  as 
comfortable  as  possible  for  all  in  the  group. 

Alternate  Approaches 

I  was  spurred  to  look  at  children's  reaction  to  alternate  approaches  due  a 
lively  interchange  I  had  with  Lo  (1992)  in  preparation  for  the  Working  sub-Group 
dealing  with  The  Role  of  Language  in  the  Formation  of  Elementary  Concepts  by 
Young  Children  for  the  ICME  conference  (August  17-23,  1992).  In  response  to  a 
comment  in  Lo  &  Wheatley's  paper  (1992)  that  "when  asked  *o  state  a  goal  for 
mathematics  class  discussion,  some  students  indicated  (1)  to  learn  a  more  effective 
way  from  other  students,  and  (2)  to  find  out  what  the  correct  answer  was",  I 
responded  to  Lo  in  a  letter  that  I  was  not  sure  that  the  same  was  true  of  the  children 
in  my  1991-92  class.  In  looking  back  at  their  responses  to  Questions  #1  and  #3  done 
May  26,  1992, 1  found  that  there  were  two  children  who  had  indeed  stated  that  it  was 
of  interest  to  see  other  approaches.  I  subsequently  asked  all  the  children  (Grades  5  & 
6)  a  direct  question  concerning  alternate  approaches  (December  15,  1992): 


1I-2S1 


do  you  find  it  interesting,  ov  helpful,  to  see  another  solution? 
I  w,.;  struck  bv  the  difficulty  the  children  felt  was  entailed  in  following 

wT:tTS  i!  rrdt  iir^^U  understandings.- 
Four  children  stated  that  they  could  not  see  the  point  of  h^^ring  a"othe^^ 
approarsin^  they  already  had  the  answer  and  were  not  go.ng  to  do  the  same 
problem  again. 

I  had  thought  that  perhaps  the  ^^ijdren  would  val^e^^^^^^^^^^ 
approaches,  but  rather  the  better  «PF°=^„^*!: J^f of  t^e  b  ne  U  of  seeing  "an 

w  "^Vlsed  that  none^of  the 

most  adept  qualified  it  in  this  way. 

children  saying  that  they  ^""''^^'^'S''"' jhe^  saying  that  they  are 

problems,  whereas  .esthetic  reasons  would  ™  '  IJi^  hearing  the 

its  relationship  to  mathematics  =<^'XCte' anp^o^c^e^  Z  there  is  the  question, 
better  able  to  follow  and  appreaate  ^If Vi^P^°f5^  approaches  seen, 

hard  to  invesasate,  of  'whether  the  ^^^<i^°^^^^^  i^tl^a  7-year-old  child  is 
(See  one  intriguing  report  cy  ^    frfive  months  after  he  first 

seen  to  adapt  an  approach  used  by  a  P=^^^^  t^ke  it  into  account.) 


o 
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PREFACE 


ITic  firtt  mccdDg  of  PME  took  place  in  Kiilsiuhe,  Gc^^ 
countries  (Netherlands,  Gcnnany,  U.IC,  VSJl,  Belgium,  Israel,  AustnOia,  Canada,  Hungary, 
Mexk»,  Italy)  hotted  the  conference.  In       the  confc^^ 
time.  The  coofcrcnce  wm  take  place  M  the  UnWezsity  of  Twbibtt,  in  Ts^ 
now  twenty  years  old.  It  is  organized  into  three  Ousters  and  two  Institutes.  There  are  about  1 1,000 
students  and  1,500  faulty  membcn.nie  Institute  of  Education  at  the  University  of  Tsukuba  has  a 
strong  commitment  to  mathcmMics  education. 

The  acadenuc  program  of  PME  17  includes: 

•  88  research  reports  (1  &om  an  honorary  member) 

•  4  plenary  addressee 

•  1  plenary  panel 

•  11  working  groups 

•  4  disaission  groups 

•  25  short  oral  presentations 

•  19  poster  presentations 

The  review  process 

The  Program  Qjimnittec  received  a  total  of  102  research  proposals  that  encompassed  a 
variety  of  themes  and  approaches.  After  the  proposers'  research  category  sheets  had  been  matched 
with  those  provided  by  potential  reviewers,  each  research  report  was  submitted  to  three  outside 
reviewers  who  were  knowledgeable  in  the  specific  research  artiL  Papers  which  received  acceptances 
from  at  least  two  ext  cmal  reviewers  were  automadcally  accepted .  Tbosc  which  fai  led  to  do  so  were 
then  reviewed  by  two  members  of  the  International  Program  Committee.  In  the  event  of  a  tie  (whkh 
sometimes  occurred,  for  example,  when  only  two  external  reviewers  returned  their  evaluations),  a 
third  member  of  the  Program  Committee  read  the  paper.  Papers  which  received  at  least  two  decisions 
"against"  acceptance,  that  is  a  greater  number  of  decisions  "agthist"  acccpt^ancc  than  "for",  were 
rejected.  If  a  reviewer  submitted  written  comments  they  were  foiwardcd  to  the  author(s)  along  with 
the  Program  Committee's  decision.  All  oral  communications  and  poster  proposals  were  reviewed  by 
the  IrUematiocial  Progruu  Committee. 
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PSYCHOLOGY  OF  MATHEMATICS  EDUCATION  (PME) 
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Nobuhiko  Nohda.  Secretary 
KelichI  Shigematsu 

CONFERENCE  SECRETARY 

Nobuhiko  Nohda 

PROGRAM  COMMimiE 

Ichlel  Hlrabayashl  (Japan),  President 
Carolyn  Kieran.  (Canada) 
Bemadette  Denys  (France) 
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HISTORY  AND  AIMS  OF  THE  P.M.E,  GROUP 

At  the  Thini  Intcmaticnia  Congress  on  Mjuhcmadcal  Education  (ICME  3,  Karlsnihc,  1976) 
Professor  E  Hschbein  of  the  Td  Aviv  Univ«nnty»  Israel,  instituted  a  study  group  bcinging 
togetberpooplewarkinf  intbeaie«oftliei»ychok)gyofo^^  PME  is  affiliated 

with  the  Inimntional  Cfflnmigriofi  ffTT  M«tf*^^rirml  Inttnicrion  flCMI).  la  past  pccsidcnts  have 
been  Prof.  Efraim  Fischbcin,  Prof.  Ricbaid  R.  Skeinp  of  the  University  of  Waswick.  Dr.  Gerard 
Vcrgnaud  of  the  Centre  Nitiooal  de  U  Recherche  Sdentlfique  (C.N.R.S.)  in  Paris.  Prof.  Kevin  F. 
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THE  CONCEPT  OF  FAIRNESS  IN  SIMPLE  GAMES  OF  CHANCE 
Mr  Robert  F  Peard 
Centre  for  Mathematics  and  Science  Education 
Queensland  University  of  Technology 


ABSTRACT: 


This  study  examines  the  mathematical  concepts  of  "fairness"  and  "expectation"  in  probabilistic  situations. 
The  subjects  were  40  high  school  students  in  Semester  I,  Year  11.  Maths  in  Society  classes  in  three 
Queensland  high  schools.  Twenty  "gamblers"  were  identified  by  questionnaire  and  subsequent  interview. 
A  control  group  of  similarly  achieving  "non-gamblers"  was  selected.  The  research  compares  the  ability  of 
each  group  to  construct  a  working  definition  of  the  concept  of  mathematical  expectation  and  to  use  this 
concept  in  determining  the  fairness  of  a  number  of  games  of  chance. 

This  study  examines  the  mathematical  concept  of  "fairness"  as  it  applies  to  simple  singlccvent  games  of 

chance  involving  coins,  dice  and  cards. 

In  the  determination  of  fairness,  two  aspects  are  examined: 


Misconceptions  in  probabalistic  reasoning  involving  the  use  of  "mprescntativencss"  and  "availability" 
heuristics  have  been  wcU  documented  by  researchers  including  Shaughiiesscy  (1977.  1981.  1983).  Schollz 
(1986).  Tversky  and  Kahneman  (1932).  and  Peard  (1991a.  19Qlb). 

The  use  of  "representativeness"  to  detemiinc  the  fairness  of  a  coin  or  game  is  iUustrated  when  in  situations 
the  subject  takes  a  short  term  sequence  of  events  as  being  ■'reprcscmalive"  of  the  long  tcmi  situation  and 
erroneously  concludes  bais  or  unfairness. 

"Availability"  is  used  to  come  to  the  same  conclusion  by  reasoning  that  such  shoa  temi  sequences  are 
readily  recalled.  More  "balanced"  results  are  more  readily  "available". 

Bright.  Harvey  and  Wheeler  (1981)  in  a  study  of  fair  and  unfair  games  claim  that  "fairricss"  is  best 
described  by  calling  attention  to  an  intuitive  understanding  of  "unfairness".  In  refering  to  students  in  years 
4-8  they  claim  that  "Helping  students  recognize  when  a  situation  is  fair  or  unfair  is  a  reasonable 
expectation  of  the  school  curriculum.  -  (p  50).  Rp'.earch  by  Anderson  and  Pegg  (1988)  also  reported 
difficulties  primary  school  pupils  encountered  with  the  detennination  of  fairness. 

The  mathematical  concept  of  fairness,  as  opposed  to  a  merely  intuitive  understanding,  relies  on  the  concept 
of  "expectation".  A  game  is  "fair"  if  5ill  participants  have  equal  mathematical  expectation.  This  in  turn 
requires  an  understanding  of  mathematical  expectation  which  is  defined  as  the  product  of  probability  and 


These  concepts  arc  clearly  beyond  the  elementary  level  but  require  the  application  of  only  basic 
probabilistic  reasoning.  For  simple  games  involving  only  two  players,  one  need  only  dctemiine  the 
probabilities  for  each  to  win  and  then  calculate  the  required  amounts  for  each  to  be  a  constant  product 


the  misuse  of  an  heuristic  of  "representativeness"  or  "availability" 
the  use  of  an  intuitive  understanding  of  the  concept  of  "expectation". 


return. 
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(or  inverse  proportion).  This  constitutes  an  effective  concept  of  equal  mathematical  expectation  for  both 
players. 

Bright  ei.  al.  note. 

In  complex  situations  it  may  be  difficult  to  detennine  mathematically  whether  a  situation  is 
fair,  (p  50) 

LoviU  and  Qark  (1988)  questioned  whether  pupils  about  to  leave  school  had  realistic  ideas  about  the 
outcomes  of  gambling  and  concluded  that  "there  is  a  huge  gap  between  perception  and  reality...  in  which 
pupils  demonstrated  misconceptions  of  the  concept  of  expectation."(p.77) 

The  inclusion  of  basic  probability  and  its  applications  in  the  general  school  mathematics  curriculum,  both 
elementary  and  secondary,  has  been  a  relatively  recent  development.  Pereria  and  Swift  (l98l)  writing  in 
tl)e  N.C.T.M.  Yearbook  made  a  strong  arguement  for  probability  to  be  pan  of  every  students  education. 
Since  then  considerable  progress  has  been  made  world  wide  as  is  evidenced  by  the  N.C  T.M.  statement  of 
Standatds  in  the  U.S.A.  and  the  inclusion  of  "CJhance  and  Data  "  in  the  Australian  National  Statement 
which  makes  specific  reference  to  "fairness"  and  "expectation". 

However  numerous  difficulties  with  the  implementation  of  such  programs  have  been  reported.  In 
Australia,  teacher  unfaniiiarity  with  much  of  the  content  is  recognised  by,  for  example,  Pearxl  (1987). 
Pedagogical  problems  with  the  leaching  of  probability  are  also  well  documented. 

(GarHeld  and  Ahlgren  (1986.  1988),  Kapadia  (1984),  Brown  (1988).  Pegg  (1988).  Green  (1982,  1986).  del 
Mas  and  Bart  (1989).) 

Thus  it  is  reasonable  to  assume  that  at  the  present  time  very  few  students  will  have  had  fonnal  instruction 
in  the  topics  of  fairness  and  expectation  prior  to  the  Senior  Secondary  grades  and  that  only  sonic  will  gain 
this  knowledge  in  these  years. 
Objectives. 

The  subjects  in  this  study  were  40  high  school  students  in  Semester  I,  Year  II.  Maths  in  Society  classes 
in  tliree  Queensland  high  schools.  Two  of  these  schools  were  in  a  lower  socio-economic  region,  close  to 
horse  racing.dog  racing  and  trotting  tracks.  Many  senior  students  in  these  schools  followed  the  races. 
The  study  is  part  of  a  larger  study  investigating  the  construction  of  various  probabilistic  concepts  within  a 
social  context  by  students  whose  background  includes  a  familiarity  with  the  phenonomen  of  gambling, 
particularly  in  relation  to  "track"  bcttmg  These  are  subsequently  refered  to  as  "gamblers",  interview 
questions  established  that  all  of  these  subjects  were  familiar  with  betting  in  track  situations,  the  use  of 
"odds",  and  methods  of  calculating  payouts. 
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The  objectives  of  the  siudy  were  to  dctemiinc: 

(1)  The  pupils  ability  to  recognise  fairness  in  simple  games  of  chance. 

(2)  Whether  or  not  an  heuristic  was  misused  in  incorrect  identification. 

(3)  Whether  or  not  there  was  any  difference  in  this  ability  between  "gamblers"  and  "non-gamblcre" 

(4)  The  ability  of  the  students  to  recognise  or  construct  a  concept  of  expectation  in  simple  games  of 
chance  in  which  players  have  unequal  chances. 

(5)  The  ability  to  use  the  concept  of  expectation  m  deicmiining  fairness. 

(6)  Whether  or  not  these  abilities  were  related  to:  social  background  (gambling),  school  achievement, 
and  gender. 

Methodology: 

The  "gamblers"  were  identified  by  questionnaire  admimstcrcd  with  the  help  of  cither  the  regular  classroom 
teacher  or  a  .special  needs  teacher.  .^  subscquem  interview  was  given  lo  validate  responses.  Only  those 
indicating  a  -great  deal"  of  mieresi  in  at  least  one  fomi  of  track  racing  were  consideix^d  as  "gamblers".  A 
coniiDl  group  of  "non- gam  biers"  was  selected  from  those  responding  negatively  to  all  fonns  of  gambling 
and  games  of  chance. 

AU  schools  were  coeducational  and  an  approximately  equal  number  of  male  and  females  responded 
positively  to  inizrest  in  gambling.  Tlius  a  balance  of  subjects  by  gender  was  easily  obtained  A  balance  of 
subjects  by  .ichicvemcnt  was  also  obtained 

The  research  methodology  employed  was  that  of  the  structured  clinical  interview  as  dcscnbcd  by 

Romberg  and  iJpnchard  (1977). 

The  interview  asked  open-ended  questions  relating  to. 

Category  1  -  Representativeness  and  Fairness. 

-  the  subjects'  ability  to  recognise  when  a  simple  game  of  chance  is  "fair"  and  whether  or  not  a  heuasiic 

of  representativeness  or  availability  was  used  in  the  decision  making. 

Questions". 

The  first  questions  asked  were  of  ilie  type: 

1         (a)       -YOU  and  I  play  a  game  of  chance  m  which  a  coin  is  tossed.  Heads  I  win.  Tails  you  win. 

Of  the  last  15  people  who  played  this  game  with  me  10  lost.  Is  this  a  fair  game?" 
Similar  questions  relating  to  rolling  a  single  die  and  drawing  cards  from  a  deck  followed. 
These  questions  are  similar  to  those  asked  by  Shaughnessey  (1981).  He  reported  a  high  incidence  of  the 
use  of  availability  to  conclude  that  the  coin  tossing  game  was  not  fair. 

Those  believing  the  games  to  be  unfair  do  so  by  either  using  the  short  tenn  results,  for  example,  of  15 
losses  to  be  "representative"  of  the  long  term  probabUity  of  the  coin  or  reply  that  they  expect  the  next 
person  to  lose  since  "people  lend  lo  lose  at  this  type  of  game"  (availability). 
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Thus  the  next  questions  asked  In  this  study  were: 

(b)  "Is  the  coin/die/card  game  fair?" 

(c)  "  Why?"  or  "Why  not  ?".  depending  on  response. 
Follow-up  questions  in  ihc  structured  interview  were  of  the  type: 
To  those  who  responded  affirmatively  to  (b) 

(d)  "How  many  tosses  would  you  need  to  conclude  that  the  coin  was  unfaii"?" 

Those  who  recognised  that  a  very  long  run  was  required  before  bais  could  be  suspected  were  considered  to 
be  free  of  the  misuse  of  Uie  representativeness  heuristic. 

2-  (a)       "You  and  I  play  a  game  of  chance  which  involves  throwing  a  single  die.  Wc  each  bet  $1, 

winner  takes  the  $2.  If  the  numbere  are  I.  2.or  3.  I  win.If  they  arc  4,  5, or  6  you  wijn.  Is 
this  a  fair  game?" 

(b)  "If  we  change  the  rules  so  that  if  they  are  1.2.  3.or  4  I  win;  5.  6.  you  win.  Is  this  a  fair 
game  now?" 

(c)  "Why  or  why  not?" 

(d)  "Can  we  change  the  amounts  each  player  puts  m  to  make  this  game  fait?" 
Tliis  last  question  then  leads  in  to  the  concept  of  "cxpcciaiion" 

Category  2  -  Expectation  and  Fairness. 
Questions:  (following  from  above) 

3-  "Since  I  have  the  better  chance  of  winning  can  we  make  the  game  fair  by  increasing  the 
amount  1  put  in?" 

Those  who  responded  negatively  to  this  were  considered  to  have  no  concept  of  expectation.  Typical 
responses  were: 

"You  will  still  have  a  better  chance  than  me  and  that's  not  a  fair  game." 

Those  who  responded  affimiatively  were  then  asked 

(b)  "How  much  should  1  put  in?" 

To  demonstrate  a  basic  understanding  that  expectations  caji  be  made  equal,  it  was  not  required  that  the 
subject  use  formal  mathematical  language.  A  typical  response  was: 

"Well  you  have  four  chances  to  my  two,  that's  twice  as  many.  So  if  you  put  in  twice  as  much. 

that  would  be  fair.'* 
The  exunt  of  understanding  was  investigated  further: 

(c)  "What  if  I  chose  five  numbcR  and  left  you  with  only  one?  How  much  should  I  put  in 
now?" 

For  those  who  were  able  to  answer  this  correctly  different  situations  were  then  investigated. 
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e.g. 


(d)      "If  wc  draw  cards  from  a  deck  and  I  choose  any  Ace  leaving  you  the  rest,  how  much  more 

than  me  should  you  put  in  to  make  the  game  fair?" 
(c)      "If  I  choose  jusi  one  card  such  as  the  Ace  of  Spades.hK)w  much  now?" 
(f)       "If  I  choose  the  16  "coloured  cards"  -  ace.  king  .qucenjack  of  each  suit,  leaving  you  the 
36  remaining  cards  and  I  put  in  $1.  how  much  should  you  put  in?" 
Those  who  were  able  to  demonstrate  consistently  in  nil  of  these  situations  that  "fairness"  can  be  established 
by  each  contributing  an  amount  in  inverse  relationship  to  the  probability  (i.e.  an  equal  product  of 
probability  and  return  or  equal  expectation)  were  considered  to  have  a  complete  understanding  of  the  basic 
concept. 

An  exact  answer  to  the  last  question  was  required  for  this.  It  was  not  sufficient  to  reason  along  the  lines 
(as  did  some): 

"I  have  more  than  twice  your  chances  io  I  should  put  in  more  than  twice  as  much," 
A  "complete"  understanding  required  reasoning  that  resulted  in  the  calculation  of  36/16  x  $1  =  $2,25. 
Re-siills  and  Analysis  of  Data: 

From  the  responses  to  these  questions  subjects  were  classified: 
Category  1  ♦  Representativeness  arid  Fairness 

(1)  Recognises  a  fair  simple  game 

33  of  the  40  were  able  to  recognise  that  in  all  situations  the  game/coin/die  were  fair  and  that 
deviations  were  not  unreasonable. 

(2)  Uses  an  heuristic  to  misjudge  a  fair  game 

5  of  the  40  wen:  classified  in  this  category. 

Of  Uicsc  3  responded  using  the  "representativeness"  hcurisUc  and  2  using  an  "availability" 
heuristic. 

2  reponded  that  they  were  unable  to  make  a  decision. 

None  of  the  5  used  the  heuristic  in  questions  of  the  type  of  l(e).(l>very  short  sequences. 

5  of  the  7  were  non-gamblers  but  due  to  the  small  size  of  this  category  no  lest  of  significance  was 

perfomied. 

Rather,  wc  note  that  tlie  majority  of  b(Mh  gamblers  and  non-gamblers  were  able  to  recognise  that  the 
situation  itself  was  In  fact  fair, 

(3)  Free  of  the  "representativeness"  misconception 
(correct  response  to  Q.Kd)) 

Of  the  33  who  recognised  fairness  23  were  able  to  conclude  correctly  that  a  much  longer  sequence 
than  that  given  would  be  required  to  infer  bias  or  unfaimess.Thc  others  were  unsure  or  undecided. 
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Category  2  -  Expectation  and  Fairness 

(1)  No  knowledge  of  mathematical  expectation. 

These  subjects  were  unable  to  answer  Q3(a)  correctly  and  would  tend  to  reason:  "A  game  can  only 
be  fair  If  each  player  has  the  same      chance  of  winning"  Two  "non-gamblers"  admitted  to 
having  no  basis  on  which  to  make  decisions  of  fairness. 
Total:  21        Gamblers  :  8    Non  gamblers.  13 

(2)  Some  intuitive  kirowledgc  of  the  use  of  expectation  tn  determining  fairness.  These  sul>jcsts 
answered  questions  3  (b)  and  (c)  correctly  but  were  unable  to  answer  all  of  the  more  complex 
questions  3  (d)  ■  (0 

Total:  13        Gamblers  :10   Non  gamblers:  3 

(3)  A  llwrough  knowledge  of  the  basic  concept  of  mathematical  expectation  as  demonstrated  by  their 
responses  to  all  parts  of  question  3 

Total:  6         Gamblers  :  5    Non  gamblers.  1 
The  Null  hypothesis 

Ho-  "Tlierc  is  no  difference  between  Uic  gamblers  and  Ihc  non-giuiiblcrs  in  their  knowledge  ot 
mathematical  cxiiectation."  was  tested  usmg  a  Cht-squared  test  ot  statistical  signtficancc  and  rejected  at  the 
5%  level. 

Table  1 


Observed 

Expected 

Under 

Ho 

None 

Soiiip 

Tliorough 

None 

Some 

Thorough 

Non 

Claniblcrs 

13 

3 

1 

18 

9.45 

5.85 

2.7 

18 

Gamblers 

8 

10 

5 

22 

11.55 

7  15 

3.3 

22 

Total 

21 

13 

6 

40 

21 

13 

(•> 

40 

lmplicoiio»s 
Cniegory  I 

Since  ih*  misuse  of  wi  heuristic  lo  conclude  unlairncss  was  not  common  amohijst  either  group  we  cannot  compare 
groups.  Tlicsc  misconceptions  were  not  as  frequent  as  is  reported  tn  the  litcratuj-c.  Shaughncsscy  (1981).  for 
example,  found  the  misuse  of  availability  to  imply  unfairncs*  widespread  even  amongst  college  cnlronis  Tvcrsky  and 
Kahncman  (1982)  noted  that  "misconceptions  arc  not  limited  to  naive  subjects"  (p.5)  However  Kapadai  (1984)  ha^ 
questioned  much  of  (his  rcscaixh  and  suggests  that  some  of  the  miscotKCptions  may  actually  refer  to  misinterpretation 
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of  the  question.   The  results  of  this  study  which  were  obtained  from  a  structured  clinical  interview  rather  than 
questionnaire  or  test  items  would  seem  to  support  Kapadia  in  this. 
Category  2 

The  fact  that  the  gamblers  were  significanily  better  at  using  expectation  to  determine  fairness  has  a  number  of 
important  implications. 

First,  the  concept  is  not  part  of  the  regular  school  curriculum  -  they  do  not  use  the  term  "expectation"  but  construct 
what  is  essentially  an  equivalent  procedure. 

Second,  since  all  of  the  gamblers  were  familiar  with  track  betting,  the  use  of  "odds"  in  betting  situations  and  the 
calculation  of  resulting  payouts,  it  is  hypothesised  from  the  results  of  this  study  that  this  mathematical  knowledge 
may  be  attributed  to  the  prevalence  of  gambling  within  the  social  background  of  this  group. 
The  fact  that  this  ability  did  not  relate  to  school  achievement  or  gender  would  tend  to  give  support  to  the  hypothesis. 
As  such,  the  knowledge  may  be  considered  as  a  form  of  "ethnomalhen^.^iics"  as  deHned  by  D'Ambrosio  (1985): 

..mathematics  which  is  practised  among  identifiable  cultural  groups  (whose)  identity  depends  largely  on 

focuses  of  interest  and  motivation,  (p.  45) 
This  has  implications  for  the  classroom  teacher    As  Clements  (1988)  says  "It  needs  to  be  remembered  that  often  in 
Australia  there  arc  unique  factors  influencing  how  children  leam  mathematics."  (p. 5) 

With  the  concepts  of  fairness  and  expectation  now  specifically  within  the  curriculum,  the  teacher  must  b^  aware  of 

the  knowledge  that  pupils  bring  with  them  to  the  classroom. 
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WHO  CAN  BENEFIT  FROM 
PEDAGOGICAL  DEVICES  AND  WHEN 


Sara  Hershkovitz  -  Centre  for  Educational  Technology,  Israel 
Pearla  Nesher  -  University  of  Haifa,  Israel 

Two  coiiputerlzed  •Icroworld  environments  are 
examined  regarding  their  effectiveness  in  solving 
twO-step  word  problems. 

One  of  these  environments  is  S.P.A. .  based  on 
schematic  analysis  while  the  other  microworld  is 
A. P.,  based  on  operations  and  dimensional 
calculation. 

We  are  witnessing  growth  In  using  computerized  mlcroworlds  as 
learning  environments  for  the  teaching  of  mathematics. 
This  development  was  accompanied  by  questions  related  to  the 
pedagogical  value  of  such  environments,  it  Is  characteristic  of 
computerized  mlcroworlds  as  described  by  researchers  In  this  field 
that  they  are  Instructional  representations  which: 

"(1)  represent  the  concept  or  Idea  to  be  acquired  In  a  veridical.  If 
simplified  way;  (2)  be  "transparent"  to  the  learner  (I.e.  represent 
relationships  In  an  easily  apprehended  form  or  decompose  procedures 
Into  manageable  units);  (3)  map  well  onto  expert  models  of 
understanding  skill"  (Resnick,  1976) 

Reusser  (1991)  suggests  that  such  environments  should  "foster  and 
encourage  user's  conscious  and  constructive  efforts  after  meaning. 
I.e.  their  acts  of  understanding,  problem  solving,  planning,  and 
reflection."  They  can  be  used  as  tools  for  reasoning.  "Pedagoglcaiiy 
useful  representational  formats  pennlt  students  to  organize  a  task 
around  salient  properties  and  invariants  of  Its  deep  structure... 
Among  their  roost  Important  dual  function  Is  thus  to  provide  bridges 
from  ordinary  language,  or  the  learners'  everyday  conceptions,  models 
and    Intuitions    of    objects,    to    canonical    scientific  conceptualizations 
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and  formalisms,  as  for  example,  mathematical  notations..,.  Finally, 
extemaUzed  representations  supply  teachers  and  students  with  a 
language  to  talk  about  what  Is  to  be  learned  Good  representations 
give  referential  meaning  not  only  to  students'  thinking,  but  also  to 
the  instructional  dialogues  between  learners  and  teachers.  Given  all 
the  above  considerations  there  is  still  an  empirical  question:  are 
there  more  or  less  effective  environments?" 

We  should  note  that  since  acquaintance  with  any  new  pedagogical  device 
is  time  consuming  It  should  therefore  be  weighed  according  to  Its 
effectiveness. 

We  think  that  the  effectiveness  of  the  pedagogical  device  should  be 
observed  at  the  most  difficult  tasks.  For  other  tasks  a  more  direct 
approach  might  suffice.  Moreover,  the  definition  of  a  difficult 
task  is  related  to  the  level  of  the  population. 

We  have  selected  the  domain  of  two-step  word  problems  In  arithmetic  as 
a  complex  domain,  notorious  for  student  failure.  We  have  examined  Its 
teaching  in  a  special  computerized  environment:  S.P.A,  software 
(Hershkovltz,  Nesher  and  Yerushahnl  1991)  which  provides  a  learning 
environment  that  requires  schematic  analysis  of  the  problem,  and 
supplies  feedback  related  to  the  schematic  representation. 
This  was  compared  to  other  software  -  A. P.  (Schwartz  1987)  which 
provides  a  learning  environment  for  problem  solving,  but  does  not 
promote  schematic  analysis,  and  provides  feedback  related  only  to  the 
dimensional  analysis.  The  solution  proccess  involves  detection  of  the 
given  parameters  in  the  problem  and  searching  for  the  operations 
needed  to  solve  It. 

Two  research  questions  were  derived  from  the  above  consideration: 

1.  In  which  tasks  is  S.P.A.  most  Instrumental? 

2.  Who  benefits  most  from  S.P.A.? 
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The  vaHablet  in  this  study  were  as  follows: 
Independent  Variables: 

A.  The    type    of    Instructional    program,    with    two    values  (3«P^ 

and  A.P.). 

B.  The  type  of  problems  included  In  ^  study. 

All  word  problems  included  In  this  study  were  chosen  on  th^  ba%la 
of  a  previous  study  (Nesher  and  Hershkovltz,  In  press,  l9^>.  in 
that  study  21  types  of  problems  were  given  to  about  2000  ^t\)dft^ts 
in  grades  3  to  6.  All  21  problems  were  used  In  the  Inst^^rtlotu^ 
phase  and  five  of  these  served  as  the  criteria  (test)  prot>leiDft 
indicating  the  difficulty  continuum  for  2'Step  word  pfOblen^ 
Table  I  presents  the  percentage  of  students  correctly  solvlog  each 
problem  from  the  easiest  to  the  hardest. 


Table  I:  Success  Percentage  for  the  Criteria  Problems 


Probleit 

1 

2 

3 

4 

5 

?,ucce39 

89 

81 

65 

56 

40 

percentage 

C.    student  Levels: 

Students  were  divided  into  two  levels:  high  and  low,  wt^^re  tue 
high  level  students  were  tho6e  who  obtained  a  score  abov«  701;  in 
an  independent  math  test  administered  by  the  MinUPy  ot 
Education.  All  the  rest  were  considered  low  achievers. 

Dependent  Variables: 

Level  ni  success  in  each  of  the  criteria  problems. 
The  Population: 

The  students  were  6^  graders  from  a  middle  class  school  in  sn^l 
town  in  IsraeL  Students  in  the  two  classes  were  randomly  (MHd^  ii^to 

S.P.A.     (n<26)    or    AP    (n-31)    treatment    groups.  The  math^iMtt^^s 

achievement  level  of  the  two  groups  was  measured  by  an  incVPencS^^t 
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test  administered  by  the  Ministry  of  Education  and  no  significant 
differences  (t,56  =  .49)  were  found. 

Each  treatment  group  was  divided  into  another  two  subgroups: 

high  achievers  and  low  achievers. 

Table  II  presents  the  peculation  distribution. 


Tabic  II:  Distribution  of  High  and  Low 

Achievers  in  the  Two  Programs: 


"■""—^-^.^^^  Program 
Students  ..^^ 

A. P. 

S.P.A. 

Low  Achievers 

14 

13 

High  Achievers 

17 

13 

Total 

31 

26 

Procedure 

The  experiment  consisted  of  two  parts.  The  first  Involved  tutoring  and 
In  the  second,  students  were  examined  for  criteria.  The  tutoring  phase 
took  place  in  two  different  classes,  each  learning  with  one  of  two 
computerized  programs  {S.P.A.  or  A.P.)  at  a  frequency  of  twice  a  week 
for  about  four  months.  The  tutoring  Included  acquaintance  with  the 
com4>uterIzed  program  and  learning  to  solve  word  problems  with  the  aid 
of  the  computer.  Both  groups  worked  on  the  name  set  of  problems  for 
the  same  length  of  time.  Both  were  tutored  by  the  same  two  teachers 
attending  each  lesson.  Each  student  worked  at  his  own  pace  and  was 
examined  Individually  at  the  end  of  the  tutoring  stage. 
Two  different  tests  were  administered  to  the  students.  Both  Included 
the  same  type  of  problems  chosen  according  to  their  difficulty  level. 
One  was  administered  on  the  computer  as  a  natural  continuation  of  the 
tutoring  stage,  and  the  second  was  administered  as  a  pen  and  paper 
test.  The  pen  and  paper  test  consisted  of  slightly  different  contexts 
and  smaller  numbers. 

Findings: 

Tables  III  and  IV  present  the  success  percentage  for  each  problem  In 
t!te  criteria  test  for  the  entire  population. 
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Succ««  PerceoUi^e  for  the  EQtlre  Population 
Table  III:  In  computerized  teit        Table  IV:  In  pen  and  paper  tett 


Problea 

1 

2 

3 

4 

5 

S.P.A. 

92 

85 

77 

92 

84 

A. P. 

91 

84 

62 

55 

45 

Problem 

1 

2 

3 

4 

5 

S.P.A. 

96 

88 

88 

80 

77 

A.P» 

87 

87 

87 

68 

34 

From  comparing  tables  III  ft  IV  to  table  I,  we  can  see  that  students 
treated  by  S.PJt  benefited  more  than  students  treated  by  A.P. 
Moreover  S.PJV.  students  were  more  successful,  especially  in  problems 
4  and  5  which  were  the  most  difficult.  Taking  problem  4  for  example* 
92%  of  the  S.P.A.  students  solved  it  correctly  conopared  with  only  55t 
of  the  A.P.  students.  For  each  of  the  five  criteria  problems  a  Chi 
square  test  for  Independence  between  success  with  the  problem  and  the 
type  of  treatment  was  performed.  On  the  computerized  test  for  Problems 
1  to  3  (the  easy  problems)  there  was  no  association  between  these  two 
variables.  However,  for  problems  4  and  5  (the  difficult  problems) 
there  was  a  significant  association  between  success  on  the  criteria 
test  and  the  type  of  treatment  (X*2.(l)  «  8.06.  p<.01;  and  X*2,(l)  « 
7.84»  p<.01»  for  Problems  4  and  5,  respectively).  Similar  results  were 
obtained  in  the  pen  and  paper  test. 

The  above  results  for  the  difficult  problems  for  the  entire  population 
are  even  more  dramatic  in  reference  to  the  low  achievers. 

Tables  V  and  VI  present  the  success  percentage  of  low  achievers  on 
each  of  the  five  problems  in  both  the  computerized  and  pen  and  paper 
criteria  tests. 


SucceM  Percentage  of  Low  Achievers 
Table  V:  in  computerized  test  Teble  VI:  In  pen  and  paper  test 


Problem 

1 

2 

3 

4 

5 

Problem 

1 

2 

3 

4 

5 

S.P.A. 

92 

77 

77 

92 

77 

S.P.A. 

92 

77 

85 

69 

54 

A. P. 

80 

66 

33 

36 

21 

A. P. 

80 

73 

73 

53 

13 
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As  can  be  seen  in  Tables  V  and  VI,  low  achiever  students  In  the  S.P.A. 
treatiaent  succcdded  In  solving  all  problems  better  than  low  achiever 
students  In  the  A.P.  treatn}ent. 

Again,  the  most  significant  effect  is  observed  in  the  difficult 
probleoK.  This  effect  is  stronger  than  what  was  observed  for  the 
entire  population^  For  example,  problem  5  of  the  computerized  test: 
77%  of  the  S.PA  low  achievers  solved  tliis  problem  successfully, 
while  only  21*  of  the  A.P.  low  achievers  managed  to  solve  It. 

Tables  VII  and  VIII  present  the  same  results  for  the  high  achievers. 


Success  Percentage  ,  of  High  Achievers 
Table  VII:  In  oomiHiterized  test       Table  VUI:   In  pen  and  paper  test 


Proble« 

1 

2 

3 

4 

5 

Problea 

1 

2 

3 

4 

5 

S.P.A. 

92 

92 

77 

92 

92 

S.P.A. 

100 

100 

92 

92 

lOO 

A.P. 

100 

100 

88 

70 

64 

A.P. 

94 

100 

100 

82 

53 

As  seen  in  Tables  VII  and  VIII,  the  difference  in  success  percentage 
between  the  S.P.A.  treatment  and  the  A.P.  treatment,  Is  much  smaller 
for  the  high  achievers  and  not  significant,  except  for  Problem  5  (the 
hardest)  in  the  pen  and  paper  criteria  test. 

Interactions  between  Type  of  Programs,  Problem  Difficulty  and  Student 
Levet 

We  can  now  summarize  the  overall  effect  of  the  two  programs  In  the 
special  cooditioos  we  hypothesized  as  significant.  I.e.,  hard  vs.  easy 
word  problems,  and  high  vs.  low  achievers.  Table  IX  presents  the  mean 
score  on  the  hard  and  easy  word  problems  and  their  interaction, 
according  to  programs  (S.P.A.  and  A.P.),  and  student  level.  The  range 
of  poMlble  scores  is  0  to  2,  as  we  have  pulled  together  the  two 
hardest  and  the  two  easiest  problems. 
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Table  IX:  Mean  Score  oo  E«cy  and  Hard  Probleow 
ProKrame  and  by  Student  Level 


Students 

Boay  Problevs 
(1.2) 

Hard  Problems 
(4,5) 

S.P.A. 

Low 

1.69 

1.69 

High 

1.65 

1.S5 

A. P. 

Low 

1.5 

0.57 

High 

1.0 

1.35 

A  3-way  variance  analysis  (program  X  problem  difficulty  x  student 
level),  yielded  a  significant  main  effect  for  all  ttiree  variables 
(F-10.47,  p<.01;  F-17,27,  p<.Ol;  and^  F-9.68,  p<O.U  respectively). 
There  was  also  an  Interaction  effect  for  program  X  problem  difficulty 
(F-17.27,  p<0,01);  and  program  X  student  level  (F«3.64,  PC05). 

Suamaiy  of  Fiodlngi: 

Question  i: 

It  can  be  seen  that  there  was  no  significant  difference  in  the  level 
of  success  for  the  easy  problems.  For  the  hard  probelems,  however, 
students  who  worked  with  S.P.A*  succeeded  more  In  both  criteria  tests 
(the  cocDputerized  and  the  pen  and  paper  tests). 

Question  2: 

Low  achievers  working  with  S.P.A.  succeeded  more  than  low  achievers 
working  with  A.  P.  This  was  most  apparent  and  significant  In  the  hard 
problems.  As  to  high  achievers,  all  succeeded  In  both  programs  to  the 
same  degree. 

DlacuMlon  and  Concluaiooi 

The  following  explanations  are  suggested  by  the  above  findings: 
We  regard  S.P.A.  and  A.P.  as  two  computerized  programs  that  represent 
different  pedagogical  approaches.  The  attempt  in  S.P.A.  was  to  let 
students  operate  only  within  a  3-place  relation,  representing  the 
mathematical  additive  and  multiplicative  schemes.  These  basic  adiemes 
can  subaequently  be  conpoaed  for  more  complex  problems.  It  was  assumed 
that  If  the  student  is  engaged  in  identifying  schemes  underlying  given 
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problems.  It  will  assist  her  to  construct  her  own  schematic  view,  and 
schemes  in  the  given  domain.  The  developers  of  S.P.A.  regard  the  task 
of  solving  word  problem,  tc  be  a  task  of  constructing  a  scheme. 

S.P.A. ,  therefore,  demands  that  In  working  on  a  word  problem  the 
solver  is  to  use  all  the  Information  given  In  the  text  Including  the 
question  component  that  Is  necessary  for  determining  the  roles  of  each 
component  withhi  the  given  relation  and  what  <H>eratlon  Is  to  be 
performed.  This  bears  very  Important  consequences  for  S.P.A.  which  can 
provide  complete  feedback  based  on  schematic  analysis  of  the  operation 
chosen  by  the  student. 

The  other  program,  A. P.,  cannot  provide  such  feedback.  Although  It 
monitors  the  dimensional  calculation.  It  directs  the  students  whether 
they  are  on  the  right  or  the  wrong  track. 

It  seems  that  future  research  should  concentrate  on  the  specifics  of 
building  a  computerized  microworld  environment  to  achieve  the  greatest 
effectiveness. 
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VALUE-LADEN,  CX)NTEXT~BOUNDED  AND  OPEN-ENDED  PROBLEM  SOLVING 


la  authemMtics  echCMtho,  tn?  Atfv  mjunfy  depcochd  apoa  the  sdeotxSc 
ooatextMod  eiapitMsaod  upon  tbc  tcMctirtg  of  mMtbeautfCMl  koowfcc^  mjkJ 
skill.  Reocatiy,  rc-<sxaatiaMtha  of  hMmiag  mMtf^CdOMlks  m  soasJ  context 
hMS  boea  stressed.  la  coanecthn  with  this  eeodeacy,  the  most  iasportxnt 
oompoaeBt  of probkaj  soinag  hMS  t»ea  uiMigi^  £nam  feMlworid  to  soas/ 
aaatezt  EtnpkMsiaag  soak/  ooateu  iasiegd  of  saicntiSc  ooatext  memsts 
the  shift  from  cooteat-orieated  educttiao  to  vM/ue-Jadea  educattoa.  fa 
this  ptper,  f  do  propote  thtt  the  use  of  vtJue-iaden,  ooateit-bounded  mod 
qpea-eadod  prohJem  sohiifg  is  effective  for  fysteriag  Mod  ev^iuiti^g 
hMToers'  v*hte  reception  through  their  oMthemMticM/ sctirrdes. 


In  1992,  the  first  Japanese  space  pilot,  Maaoru  Mori  boarded  the  space  shuttle 
"Endeavor"  ,  and  gave  a  lesson  to  Japanese  children.  I  think  this  episode  shows 
typically  that  teaching  content  as  well  as  teaching  method  can  be  changed  according 
to  the  environment  of  the  lesson.  Kathenatical  facts  as  well  as  scientific  facts 
are  recognized  by  learners  who  are  the  creators  of  MtheMtical  culture  In  the 
classrooBS  which  are  alcrocosHS  of  the  culture. 

Recently,  under  such  a  view  of  natheBatical  cognition,  re-exaaination  of 
learning  MtheMtics  in  social  context,  has  been  frequently  stressed.  Schoenfeld 
(1989)  has  argued  that  MthoMtical  behavior  of  learners  are  detemined  by  the 
school  «athe«atics  they  are  being  taught,  by  means  of  analyzing  students*  solutions 
of  nonsensical  but  interesting  problems.  Balacheff  (1986)  has  reported  that 
students'  conception  of  "polygon"  and  "diagonal"  have  a  crucial  effect  on  their 
solving  of  problem  requiring  the  number  of  the  diagonals  of  a  polygon.  These 
mathematical  activities  through  problem  solving  can  not  be  said  completed 
mathematics  but  quite  meaningful  processes  in  which  the  mathematical  truth  would  be 
approached,  and  the  context  of  discovery  would  be  characterized.  Moreover,  in 
these  activities,  it  is  implicitly  suggested  that  the  students  have  not  yet  reached 
the  mathematical  maturing  level  at  which  they  can  accept  completed  mathematics  In 
the  context  of  justification.  On  such  a  point  of  view,  1  think  it  is  necessary  to 
consider  the  process  in  which  the  mathematical  truth  would  be  approached  in  the 
context  of  discovery. 


IN  MATHEMATICS  EDUCATION 


Shinji  UDA 
Fukuokm  Univcrrity  of  EducttioD,  JAPAN 


1.  INTRODUCTION 
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2.  FROM  REAL  WORLD  TO  SOCIAL  CONTEXT 

Since  the  beginning  of  1980's.  problem  solving  has  been  e«phasized  in 
•athewtics  education.  Many  researchers  have  for.ulatod  problen  solving  processes 
variously.  The  following  is  one  of  the.,  quoted  frequently,  for.ulated  by  Krullk 
who  was  the  editor  of  the  Hell-known  NCTM  yearbook  "Proble.  Solving  in  School 
MatheiiaticR-CKrulik  et  al  1980)  and  characterized  by  placing  real  world  and 
mathematical  wadel  as  the  two  poles  of  the  process. 
(1) Confronting  the  real -world  problem 

(2>Translating  the  problom  into  a  suitable  workable  matheaatical  model 

(3)  Horking  out  the  solution 

(4)  Translating  the  solution  to  the  mathematical  model  back  into  terms  that  reflect 
the  original  problem  (Krulik  1977.  p.649) 

Though  this  formulation  is  brief  and  effective,  it  is  necessary  to  consider 
that  descriptive  model  such  as  word  problems  plays  an  important  role  in  problem 
solving  usually  tackled  by  all  learners  in  class.  With  such  a  point  of  view, 
-application  cycle"  proposed  by  DeVault  (1981)  is  very  noticeable,  since  it  is 
suggestive  of  the  connection  between  problem  solving  and  representational  mode. 
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By  means  of  using  this  application  cycle,  I  have  identified  throe  types  of 
problem  solving,  and  corresponded  them  to  the  three  levels  of  the  linguistical 
atudy  i.e.  syntax,  semwitica  and  pragwtics.  (lida  1985)  Unreal  problem  solving 
which  starts  from  the  abstract  aodel  can  be  characterized  by  requiring  appropriate 
computation  and  its  result,  therefore,  this  type  is  a  routine  problem  solving  and 
can  be  corresponded  to  the  activity  at  syntactical  level.  Quasi-real  problem 
solving  which  starts  from  the  descriptive  model  can  bo  characterized  by  requiring 
abstraction  from  word  problems,  pictures  or  objects  to  symbols  or  sentences, 
therefore  this  type  can  be  corresponded  to  the  activity  at  semantic  level.  Real 
problem  solving  which  starts  from  the  problem  context  can  be  characterized  by 
requiring  situational  value  judgement  or  decision-making.  Because  of  such  human 
intervention,  this  type  can  be  corresponded  to  the  activity  at  pragmatic  level. 

It  is  impossible  to  introduce  real  proble.  solving  tack.led  by  all  learners  in 
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■atheuticai  classroon.  since  the  degree  of  reality  in  real  problea  soAving  are 
different  by  individuals.  In  Japan,  mainly  at  the  first  of  the  1950 's.  i#e 
experienced  such  a  dileasa  concerned  with  reality  in  Mathematical  classrooa  under 
the  core  curriculuM  influenced  by  progressive  education.  Then.  \te  liave  a  tendency 
to  aake  light  of  real  problem  solving.  But.  I  think,  we  aust  not  ignore  learners' 
context  in  BatheMtical  problen  solving,  if  we  consider  that  school  context  is  an 
iaportant  aspect  of  learners'  reality. 

Such  a  tendency  has  been  notnble  in  A»eric«m  Bathewitics  education  for  this 
about  ten  years  since  "Agenda" (NCTM  1980).    Brown  (1992)  overviews: 

"The    thome    of    proble*    solving    thus    begins    to    acquire    social  context-- 

frequently  referred  to  as  " co««unication"    in  addition  to  a  continued  focus 

upon  "real  world"  application." (p. 1) 
The  Most  i«portant  coapouent  of  problea  solving  has  been  changing  fro«  real  world 
to  social  context.     Taken  this  recognition   into  conr.iderotion  at   the  pragmatic 
level  of  problem  solving,  solving  of  context -bounded  problem  rather  than  realized 
one  would  be  highlighted. 


In  order  to  acquire  certain  «athematical  knowledge  through  seiwmtic  problem 
solving,  it  is  necessary  for  users  to  have  cowKon  code.  But,  the  idea  of  coamon 
code  for  users  is  no  more  ttian  a  hypothetical  one  as  a  matter  of  ccoveDlence.  In 
most  of  human  problem  solving,  Ke  usually  do  solve  problems  by  depending  too  bucIi 
upon  the  context  by  which  the  tense  relation  between  user  and  code  can  be 
maintained.  This  context -bounded  property  is  the  most  important  one  at  the 
pragmatic  level  of  problem  solving.  At  the  semantic  level  of  problem  solving, 
learners  can  understand  the  problems  by  means  of  reading  or  decoding.  On  the 
contrary,  they  must  interpret  the  problem  in  order  to  understand  them  at  the 
pragmatic  level  of  problem  solving. 

The  following  statement  (Brown  1992)  is  very  noticeable: 
"Now  while  this  kind  of  activity  reflects  a  view  of  rationality  there  are 
reasonable  alternatives  which  are  left  out.  In  particular  such  a  model 
neglects  to  take  into  consideration  both  problematic  aspects  of  the  nature 
of  matheMtical  thought  and  a  realization  that  matters  of  education  per  se 
have  a  humanistic  dimension  that  are  not  captured  by  a  concept  of  problea 
solving  as  scientific.  Thus  in  viewing  problem  solving  as  a  component  of 
matAemat/cs  educatJon,  the  field  is  unfortunately  driven  by  a  limited  view 
of  the  former  (mathematics)  rather  than  a  robust  view  of  the  latter 
(education)."  (p.O) 


3.  COyrEXT-BOUNDED  PROBLEM  SOLVING 
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Eaphasizing  social  context   instoad  of  scieDtific   context   wans   the  shift  froii 
content-oriented  education  to  value -laden  education  and  .as  a  result,   aeans  the 
reaoval  of  denarcation  between  fonul  DtatheMotics  and  informal  tsathevatics.  Until 
noWi  Mainly  by  the  demarcution  under  the  absolutist  view  of  natheMatics,  we  have 
tended  to  believe  that  matheBatlcs  is  neutral  and  value-'free.     In  addition,  all 
that  satisfy  the  absolutist  value  £ire  admitted  as  bona  fide  BatheBatical  knowledge, 
and  anything  that  does  not  is  rejected  as  inadnissible.    Ernest  (1991)  has  stated. 
"Once  the  rules  of  deMrcation  of  the  discipline  are  established  in  this  way. 
then  it  can  legitimately  be  claimed  that  MatheMatics  is  neutral  and  vaJue- 
free.     For   in   place   of   values    there   are    rules   which   determine   what  is 
admissible.      Preferences.     choices.     social     implications    and    all  other 
expressions  of  values  are  all  elimioatec*  by  explicit  and  objective  rules. 
In  fact,  the  values  lie  behind  the  choice  of  the  rules    making  them  virtually 
unchallengeable.     For  by  legi timatlng  only  the  formal  level  of  discourse  as 
mathematics,     it    relegates    the    issue    of    values    of    a    realm    which  is 
def initionp.lly  outside  of  mathematics. "  4p.?60) 
Moreover,  from  the  viewpoint  of  social  constructivism,  he  has  proposed  that  school 
mathematics  should  reflect  the  following  features  of  mathematics. 
(l}^tathematics    consists    primarily    of    human    mathematical    problem    posing  and 
solving,  an  activity  which  is  accessible  to  all. 

(2)  Mathematics  is  a  part  of  human  culture,  and  the  mathematics  of  each  culture 
serves  its  own  unique  purposes  and  its  equally  valuable. 

(3)  Mathematics  is  not  neutral  but  laden  with  the  values  of  its  moicers  and  their 
cultural  contexts,  and  users  and  creators  of  mathematics  have  a  responsibility 
to  consider  its  effects  on  the  social  and  natural  worlds. (Eruest  1991. p. 265) 

Falsif  icationism  as  well  as  constructivism  has  gradually  taken  on  as 
sociol  oriented  character  especially  through  the  work  of  elaborating  by  I.Lakatos. 
Balacheff  (1991)  has  stated  as  follows  and  positively  analyzed  students'  problem 
solving  behaviors  in  mathematics  classroom  from  the  viewpoint  of  the  situational 
and  social  restrict. 

"The  historical  study  presented  by  Lakatos  shows  the  importance  of  the  social 
dimension  of  thxs  dialectic.  This  dimension  plays  also  an  essential  role 
in  the  learning  process  taking  place  in  the  mathematics  classroom.*'  (p. 89) 

In  now  mathematical  epistemology.  there  has  been  a  tendency  to  emphasize  on 
social -cultural  context  of  mathematics  in  which  value -judgement  by  thr  creators  of 
mathematics  would  bo  a  indispensable  component. 
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4.  VALUES  IN  CONTEXT-BOUNDED  PROBLEM  SOLVING 

Under  our  content -oriented  course  of  study,  ne  have  mainly  depended  upon  the 
scientific  context  and  emphasized  upon  ■athematlcal  knowledge  and  skill.  I  think. 
Me  MUst  notice  the  epistemologlcal  suggestion  shown  in  the  preceding  section.  In 
Japanese  ■atho«atics  education,  the  foUoMing  view  (Bishop  1991)  would  be 
considered  to  be  natural  and  desirable. 

•A  matheaatical  education  needs  both  pupil  and  environment  to  play  a  strong 
role.  The  pupil  is  not  to  be  thought  of  as  a  receptive  vessel  for 
■athematical  knowledge.  On  the  contrary  the  pupil  is  the  person  who  Kust 
decontextualise  and  reconstruct  the  mathematical  knowledge  from  the 
contextualised  situation  offered  in  the  classroom."  (p. 206) 
But.  the  following  criticism  would  also  be  considered  to  be  reasonable. 

"As  ope  example,  it  is  very  possible  for  a  teacher  to  choose  three  pupils' 
methods  of  solving  a  particular  problem,  to  have  the  pupils  write  these  on 
the  board,  and  to  encourage  a  discussion  on  which  method  is  better  and  why. 

 This  Is  not  a  natural  thinp  for  pupils  to  do.  nor  is  It  at  present  a 

typical  thing  for  teachers  to  do.  but.   I  firmly  believe  that  class  or  group 
refJactSon    following     an     activity     offers     an     excellent     for  dealing 
specifically  with  values."  (Bishop  1991.  p. 208) 
If  we  emphasize  upon  social  context  as  well  we  scientific  context  and  upon  value  as 
ell  as  content,  the  aim  of  mathematical  activities  must  be  considered  as  humanistic 
and  inquiring  problem  solving  consistently  to  the  last. 

In  most  of  mathematical  activities  tackled  for  acquiring  certain  knowledge  or 
skill,  we  c^n  find  that  the  aim  of  them  is  transformed  under  the  influence  of  the 
situational  and  social  restrict.  The  aim  in  the  first  half  of  them  would  be 
focused  on  contextual! zed  problem  solving  in  which  learners  are  encouraged  the 
creation  of  various  solutions.  But.  in  the  last  half  of  tho-s.  the  various 
solutions  presented  are  examined  In  the  classroom  situation,  so  called  mathematical 
solution  is  selected,  it  Is  fixed  as  a  knowledge.  It  is  na^r-al  that  such  a 
solution  is  gradually  decontextualized.  becoK33  meaningless  and  on  the  contrary  is 
related  to  a  mysterious  knowledge  which  has  general  and  arbitrary  property.  With 
regard  to  the  phenomenon  of  transforming  the  activity  of  problem  solving  into  that 
of  acquiring  knowledge.  Balacheff  (1986)  has  pointed  out  it  as  one  of  the  effects 
of  didactical  contract  as  follows: 

"One  of  the  well  known  effects  of  this  contract  is  to  transform  the  problem 
of  establishing  the  validity  of  a  proposition  (i.e.  to  "show  that")  into  the 
problem  of  establishing  that  the  pupil  knows  something  about  mathematics." 
(p. 12) 
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I  do  iforry  that  this  transfomlng  phenomenon  alght  be  on  obstacle  to  foster 
the  loerners*  critical  thinking  and  value  recognition.  If  so,  it  Is  a  crucial 
proble*.  At  least  in  Japan.  I  think  the  learners'  value  recognition  through 
Matbeaatics  education  have  not  fostered  intensively.  Nevertheless,  problem  solving 
is  a  fruitful  teaching  ■ethod  by  which  i#e  can  foster  the  learners'  value 
recognition  of  ■athematics.  I  think,  the  Important  ■eaning  of  proble*  solving  in 
»athe«atlcs  education  is  to  aake  learners  be  able  to  pose  valuable  problems  fro» 
contexts  and  also  recognize  the  values  by  solving  of  the  problems.  He  iiust  note 
that  problea  solving  is  not  only  a  teaching  •ethod  of  knowledge  and  skill  but  also 
an  inquiring  activity  fro«  contexts. 

The  following  Is  the  six  clusters  of  MatheaatlcaJ  values  especially  of  Western 
MatheMtics  enumerated  by  Bishop  (1991): 

l.rationalisB     2.  object is*     3.  control     4.  progress     5.  openness     6.  nystery 

Though  every  value  is  important,  the  values  closely  related  to  contextual ized 
problem  solving  are  openno'is  and  Mystery.  Because  solutions  and  propositions 
created  in  a  context  are  surely  open.  Moreover  this  openness  through  the  free 
thought  would  be  indispensable  for  the  creation  of  mathematics.  On  the  other  hand, 
mystery  which  is  a  conple»entary  cluster  of  values  to  openness  can  be  recognized  as 
the  solutions  and  propositions  are  decontextualized  and  become  meaningless.  We  can 
sometimes  appreciate  the  humanistic  and  mysterious  aatheaatization  through  the  free 
thought.  In  order  to  make  learners  recognize  such  values,  I  do  propose 
con  text -bounded  and  open-ended  problem  solving  as  an  example  of  humanistic 
activities. 

5.  CONTEXT-BOUNDED  AND  OPEN-ENDED  PROBLEM  SOLVING 

"Open-ended  Approach"  has  been  proposed  since  the  1970 's  in  Japan.  It  is  very 
Important  that  by  this  approach  we  pay  attention  to  the  openness  which  is  a  key 
point  of  the  context  of  discovery  in  mathematical  activities.  Moreover,  it  is 
also  important  that  we  give  thought  of  fostering  and  evaluating  the  affective 
aspects  which  tends  to  be  neglected  in  Japanese  mathematics  education.  In  Japan, 
open-ended  problems  mean  "the  problem  conditioned  by  being  able  to  have  many  kinds 
of  right  answers" . (Shiiada  1977)  And  it  have  pointed  out  that  open-ended  problems 
can  be  classified  into  the  foUowing  throe  types  i.e.  how  to  find,  how  to  classify 
and  how  to  measure.  Though  by  the  open-ended  problems  which  have  been  proposed  we 
can  expect  learners  to  think  mathematically,  such  problems  have  little  relation  to 
their  humanistic  aspects.  What  I  want  to  emphasize  is  value-laden  and  humanistic 
problem  solving. 
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Lot's  think  atKmt  the  foUotdng  proble». 
"T1.3re  Is  a  bag  of  grass  seed  covers  4  dCjuare  .eter.    Hok  Mny  bags  Mould 

be  needed  to  uniformly  cover  30  square  Beter?" 
This  is  an  open-ended  proble..  Hhlch  i-pUeS  the  need  of  judging  the  validity  of  the 
solutions  fro-  the  viewpoint  of  values.  The  critical  discourse  fro.  the  vle-polnt 
of  values  -ould  be  the  heart  of  solving  tWs  Proble..  If  the  learners  answer  that 
8  bags  are  needed  and  grass  seed  covers  2  square  «eter  (I.e.  half  of  a  bag)  renins 
and  do  not  propose  any  refutation.  I  cesflot  help  Judging  that  they  see-  to  have 
solved  problem  .echanlcally  In  dally  classroo.  and  their  teacher  has  not  succeed 
in  fostering  the  learners'  critical  thlnKlng  and  encouraaing  their  develop-ent  of 
value  recognition. 

Such  a  proble.  which  l-pHes  the  need  of  interpreting  the  context  and  Judging 
the  values  tends  to  be  regarded  as  an  inappropriate  proble.  or  noise  in  the 
content-oriented  curriculu-.  For  example,  the  teaching  the-e:  -Division  Kith 
reminder-  shoHS  the  tendency  typically.  Because  of  the  restriction  by  teaching 
content,  learners  rarely  interpret  the  context,  rarely  recognize  the  value  and 
never  suspect  nathe-atics.  But,  «st  of  the  Probje.  in  real  Horld  can  not  be 
solved  by  (oTuai  .athe.atics  and  they  aje  usually  context-bounded  and  open-ended. 
Brotm  (1984)  has  stated  : 

■The  -real  Horld"  applications  see.  to  be  narrowly  defined  in  ter-s  of  the 
scientific  rather  than  the  hu-anistic  disciplines.  In  particular  questions 
of  value  or  ethics  are  essentially  nonexistent.  — -  I  knoH  of  essenMally 
no  -real  world-  proble.s  that  one  decides  to  engage  in  for  which  there  is 
not  embedded  see  value  iapiications-"  (p-l3) 

Let's  consider  the  following  proble*'  which  is  context-bounded  and  open-ended, 
"A  party  of  thirty-one  guests  put  up  at  a  smII  hotel.  The  hotel  has  nine 
roo.s.  The  each  roo«  has  a  capacity  of  five  guests.  How  do  you  divide  the. 
in  order  to  have  the.  put  up  at  the  hotel?  Find  dividing  Kays  as  wny  as 
possible! 

this  proble.  has  relation  to  the  following  two  ways  of  "division  with  remainder". 

(a)  31  t    5    -    6    ...    1  (b)  31  r    9    -    3    ...  4 

Nevertheless,  the  purpose  of  solving  this  open-ended  proble.  is  not  acquiring  the 
cognitive  aspect  of  such  co.putation3  but  recognizing  the  affective  aspect  of  the 
relation  between  aatheMtics  and  huMn  beings. 

Pupils  in  the  fifth  and  sixth  grades  responded  very  variously.  Especially, 
each  of  the  following  three  responses  has  given  by  -ore  than  half  of  the., 
(a)'  555555100  ,(b)'44'»''33333 
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and  (ab)'  444444430 
(  Bach  number  shows  the  niuiber  of  guests  who  put  up  st  each  rooa.  ) 
The  way  of  (a) 'can  be  Identified  as  the  result  of  the  division  by  grouplrg  and  as 
the  convanlent  way  on  the  side  of  the  hotel.  On  the  contrary,  the  way  of  (b) 'can 
bo  identified  as  the  result  of  the  division  by  sharing  and  as  the  thankful  way  on 
the  aide  of  the  guests.  In  addition,  the  way  of  (ab)'can  be  identified  as  the 
result  of  substituting  4  for  the  divisor  of  (a)  or  as  the  result  of  substituting  8 
for  the  divisor  of  (b) .  After  various  responses  were  presented,  an  Interesting 
discourse  was  conducted  concerning  the  value  Judgement  of  the  existence  of  vacant 
roo»s,  a  roo«  for  one  person,  aany  roo«s  for  the  sa«e  nuaber  of  guests  and  rcoas 
for  various  nuaber  of  guests.  If  various  responses  are  not  accepted,  the  learners 
can  not  recognize  the  values  of  the  relation  between  aatheaatics  and  hiwan  beings. 


6. BY  WAY  OF  CONCLUSION 

The  important  Meaning  of  problem  solving  in  nathenatics  education  is  to  make 
learners  be  able  to  pose  valuable  probleKS  from  contexts,  and  also  recognize  the 
values  by  solving  of  the  problems.  Proa  the  llngulstlcal  point  of  view,  the 
pragaatic  level  of  problem  solving  has  close  relation  to  the  pupils'  learning 
contexts  in  classroom.  The  use  of  context-bounded  and  open-ended  problem  solving 
has  proved  to  be  effective  for  fostering  and  evaluating  learners*  value  recognition 
through  their  aatheoatical  activities. 
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FOOrrfWTE 

1.  I  am  grateful  to  Prof.  Yamashlta  A..  Prof,  llashlmoto  Y.  and  thojr  collongues  to  Quote  this 
problem. 
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EFFECTS  OP  EXPLICIT  TEACHING  OP  PROBLEM  SOLVING  STRATEGIES:  AN  EXPLORATORY  STUDY 


Junichi  Ishida 


Yokohaw  National  Univursity 


THis  study  invostitatcd  the  effects  of  explicit  teachitii  of  problei 
solving  strateties  for  iiprovinc  ttie  problei  solvini  perforiances  of  sixth 
graHcrSy  in  consideration  of  their  achicvoient  levels »  Two  treatments  wre 
corpared:  one  eiphasizcd  the  acquisition  and  application  of  stratejies 
explicitly,  and  the  other  eiphaaizcd  practice  in  solvinj  probleis.  Problei 
solvinit  teats  were  perforied  before,  during  and  after  instruction. 
The  following  was  found:  l)The  explicit  toachinn  of  strategy  was  effective  when 
students  received  application  lessons  in  addition  to  acquisition  lessons  for 
strategies.  2) All  kinds  of  strategies  need  not  necessarily  be  taught 
explicitly  to  all  achieveient  levels. 

Hany  Japanese  students  have  difficulty  with  problei  solving  in  lathciatics.  When 
problcis  arc  givcni  lany  students  tend  to  sliply  choose  nuibcrs  and  select  an  operation 
mechanically.  Many  problcas  in  school  latheiatics  can  be  solved,  even  if  not  effectively, 
by  using  strategies.  But  problei  solving  strategics  arc  usually  not  taught  explicitly  in 
school  oatheiatics.  Many  Japanese  teachers  think  that  problei  solving  strategies  develop 
incidentally  as  students  solve  lany  problcis. 
Purpose  of  the  Study 

The  purpose  of  this  exploratory  study  was  to  cxaiine  the  effects  of  the  explicit 
teaching  of  strategies  on  the  achieveient  levels,  by  coiparing  the  perforiancc  oi 
students  who  received  instruction  focusing  on  problcB  solving  strategies  with  the 
pcrforiance  of  students  who  practiced  solving  problems  with  the  explanation  of  the 
solution  not  foucusing  on  strategies. 
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Suhjtcts 

Th«  tubjdcts  irere  60  students  of  two  sixth -trade  classes.  One  class  of  30  students 
vas  treated  as  the  strategy  croup  and  another  class  of  30  students  «as  treated  as  the 
practice  croup.  On  the  basis  of  a  latheiatical  achievesent  test*  each  class  «as  divided 
into  three  subcroups!  Hich>  Average  and  Lo«.  Each  subcroup  consisted  of  nine  students. 

Table  1  elves  the  results  of  the  sathesatical  achieveient  test  for  the  strategy  croup 
and  practice  croup.  An  ANOVA  revealed  the  acbieveaent  level  only  had  a  sicnificant  effect 
(P=119.08,  p<.01). 

Table  I 

Means*  and  Standard  Deviations  for  Achievement  Test 


Achievesent  level 

Hieh(N=fl) 

AvoraceCN:^) 

Lo»i(N=9) 

Stratecy  Gr. 

Kean 

57.3 

4S.8 

40.4 

SD 

3.77 

2.39 

2.79 

Practice  Gr. 

Hean 

55.4 

48.5 

39.7 

SD 

2.27 

2.32 

3.92 

Procedures 

The  stratecy  croup  was  taucht  five  problei  sol  vine  stratccicsl  Trial  and  Error »  Oran 
a  Picuret  Hake  a  Table»  Look  for  a  Patter n»  Consider  Special  Case.  This  croL^  had  ttielvo 
teachinc  lessons  of  forty  five  sinutes  each  over  a  period  of  cicht  tieeks.  Nine  non- 
routine  probleis  were  used  in  the  first  session  to  acquaint  students  with  the  8tratecies( 
six  lessons)  and  to  teach  the  application  of  strategies  in  the  second  session (six  lessons 
).  The  first  teachinc  session  eiphasized  acquisition  of  the  five  stratecios.  During  the 
first  session  students  were  encou raced  to  naie  stratecies  they  used,  based  on  character- 
istics they  found  in  their  process.  The  second  teachinc  session  eiphasized  selection  of 
appropriate  stratecies  and  applications.  The  teacher  asked  the  students  which  stratecies 
were  better  or  best  to  solve  each  problea. 
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For  the  practice  froup,  the  focus  of  the  treattent  was  on  providing  students  «ith 
practice  in  solving  probleis  and  explanation  of  the  typical  solutions.  They  had  nine 
teaching  lessons.  During  each  lesson  Uo  problow  were  used,  one  of  thei  Has  the  saM 
problet  used  for  the  strategy  group,  and  the  teacher  explained  the  solution  after  they 
worked  individually.  The  practice  group  solved  a  total  of  eighteen  non-routine  problem 
over  a  period  of  eight  weeks. 
Problem  Solving  Teut 

Before  the  first  teaching  session,  the  first  problei  solving  test  (pretest)  of  five 
problems  was  given  to  both  groups.  After  the  first  session,  the  second  problei  solving 
test  was  given,  and  the  third  problem  solving  teflt(posttest)  was  given  after  the  second 
session • 

Following  five  problei0(45  linutea  for  probleis  1-3,  30  linutes  for  problei  4-5)were 
included  on  the  third  problei  solving  tost: 

Problem  1  When  Taro  opened  his  book,  the  product  of  the  two  page  nuibers  was  600.  Which 
pages  did  he  open  his  book  to? 

Problei  2  When  one  piece  of  a  Japanese  pancake  is  cut  onco,  the  piece  will  be  divided 

into  t«o  parts.  When  the  piece  is  cut  twice,  the  laxiiui  nuiber  of  pieces  will  be 
four.  «hen  the  piece  is  cut  three  tiics,  the  laxiiui  nunber  of  pieces  will  be 
seven.  When  the  piece  is  cut  five  tiies,  what  is  the  tdxiiui  nuiber  of  pieces 
into  which  the  pancake  can  divided? 


Problei  3  Hasao  is  eight  years  old  and  his  father  is  thirty  eight  years  old.  How  lany 

years  froii  now  the  father  « ill  be  twice  as  old  as  Hasao? 
Problei  4  Two  electric  light  poles  are  sixty  letcrs  apart.  How  lany  trees  could  be 
planted  at  five  letcrs  intervals  between  these  poles? 

Problei  5  Using  equilateral  triangles  of  1  ci  on  each  side,  you  can  conscrucL  a  trapezoid 
as  below! 
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When  you  construct  a  trapezoid  of  seven  levels,  what  is  the  poriieter  of  the 
trapezoid? 
Scoring  of  the  Test 

Each  problem  solved  in  the  problei  solving  test  was  scored  by  awarding  2,  1,  or  0 
points  in  each,  the  planning  a  solution  and  getting  an  answer  phase.  The  scoring  scheia 
is  shown  in  Figure  1  and  was  adapted  froi  Charles,  ct  al.,(1987). 


Planning  2;  Plan  could  have  led  to  a  correct  solution  if  inpleiented  properly 

a  Solution      K  Partially  correct  plan  or  inefficient  plan 
0:  No  atteipt,  or  totally  inappropriate  plan 


Getting  21  Correct  answer 

an  Answer       1!  Coiputational  ori-or,  careless  ilstake 
0*  No  answer,  or  wrong  answer 


Scoring  Schcna 
Figure  1 

RESULTS 

Total  Score  on  the  Three  probloi  Solving  Tests 

The  total  score  is  the  sun  of  the  points  for  "Planning"  and  "Getting  an  Answer". 
Table  2,  Tabic  3  and  Table  4  shows  the  nean  scores  for  the  achievement  levels  on  the 
problei  solving  tests.  An  ANOVA  of  total  scores  on  the  three  problem  solving  tests  was 
calculated  to  coipare  the  pcrforaance  of  the  two  groups. 

There  was  a  significant  effect  for  the  achievement  level  only  in  the  first  test(K= 
12.04,p<.01)and  second  test(P=5.21,p<.01) .  But  the  achievement  level (F=16.96,p<. 01)  and 
teaching  treatHent(F=20.38,p<.01)  had  a  significant  effect  on  the  third  test.  This  result 
froH  the  third  test  suggested  that  each  achieveoiont  level  in  the  strategy  groups  showed  a 
significantly  better  performance  oa  Lhe  problen  solving  test  than  the  corresponding  level 
in  the  practice  groups. 
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TabU  2 

Means,  and  Standard  Deviations  for  the  First  Test 


Achicve»ont  level       l{ith(N--.9)    Avora«e(N=9)  U«(N=9) 


Strategy  6r. 

Mean 

11.22 

8.00 

4.66 

SD 

4.02 

4.13 

2.31 

Practice  Gr. 

Mean 

10.22 

6.77 

4.44 

SD 

3.39 

3.04 

4.08 

Tablo  3 

Heans,  and  Standard  Deviations  for  the  Second  Test 


Achiovo««nt  lovol       HiKh(N=9)    AvcraKo(N-9)  Low(N=9) 


Strategy  Gr. 

Mean 

12.11 

10.11 

8.66 

SD 

1.29 

3.69 

5.18 

Practice  Gr. 

Hcan 

12.22 

9.44 

6.66 

SD 

4.61 

4.00 

3.77 

Table  4 

Heaiis,  and  Standard  Deviations  for  the  Third  Test 


Achicvoiont  level       Hijih(N=9)    Avcrag:c(N-9)  Lo«(N=9) 


Strategy  Gr. 

Mean 

17.44 

15.55 

11.33 

SD 

1.17 

1.77 

5.07 

Practice  Gr. 

Mean 

13.77 

11.11 

5.88 

SD 

2.24 

4.25 

4.35 
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Strjit«(ie«  used  on  th«  tKlrd  TMt 

Tablo  5  lists  th«  8trate«ios  usod  in  each  of  the  third  tost. 

Table  5 

Strateiios  Uaod  for  Each  Problem  on  tho  Third  Tost 

Problea  1   Probloi  2   Problei  3   Problo*  4   Probloa  S 
Stratofy  UvoJ    S    P        S    P        S    P        S    P        S  P 


Trial      H     9(9)  7(6)   5(0)  7(1)    2(1)  3(3) 

i        A     9(9)  8(7)   8(0)  8(0)  2(1) 
Error      L     6(0)  6(4)   8(0)  8(0)    1(0)  3(1) 


Draw       H  6(6)  7(7)  2(1) 

a        A  8(5)  6(5)    1(1)  5(2) 

FiRUre    L  8(8)  1(0)  3(1) 


Hako       H  4(4)  5(4) 

a        A  3(6)  3(3) 

Table      L  4M)  1(1) 


Look       H  1(0)  2(2)  9(9)  6(8) 

for  a      A  1(1)  7(7)  3(3) 

Pattern    L  8(7)  3(2) 


Coi^sidor  H  4(4)  1(0)  2(2) 

Special     A  1(0)  1(1) 

Case       L  1(0)  1(0) 


Notcl  The  nuibers  in  parenthesis  Indicate  the  nuibcr  of  students  «ho  tot 
the  correct  answer.  S  and  P  indicate  Strategy  Gr.  and  Practice  Gr. 
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«hile  th«  ranie  of  Btratejcica  »»»  siiUar  for  e?ch  iroup,  straUciw  were  used  »ore 
f  roqutntly  by  students  of  the  strateiy  Kroup.  'fhe  atratoiy  roup  ufl«d  atratecios  on  M 
of  the  problem;  the  practice  group,  on  %%  of  the  problem. 

"Trial  t  Error"  strategy  vas  utwd  frequently  to  aolvo  problei  1,  2,  3.  In  problea  1, 
all  levels  of  each  group  aelected  this  stratogy  iwre  often  and  alwst  all  succeeded.  In 
problea  2,  average  and  lo¥  levels  of  the  strategy  group  and  all  levela  of  the  practice 
uroup  selected  this  strategy  iwre  often.  In  contrast  with  problea  I,  almost  all  of  the 
studentfl  failed,  because  this  stratefy  Has  inefficient  in  solving  problei  2.  Pour 
studenU  of  the  high  level  of  the  strategy  group  selected  the  "Consider  Special  Caae" 
strategy  and  they  found  a  pattern.  It  stem  that  "Consider  Special  Case"  strategy  Is 
quite  difficult  to  use  for  average  and  low  levels  of  strategy  group* 

The  "Look  for  a  Pattern"  strategy  was  used  often  In  problem  b  by  students  in  the 
strategy  group  and  in  the  high  level  of  the  practice  group.  This  fltratogy  ia  wro 
efficient  than  "Draw  a  Figure"  strategy  on  probloa  5.  Four  students  of  the  average  level 
of  the  practice  group  selected  "Draw  a  Figuro"  Jtratogy  «hilo  thifl  level  of  the  stratgy 
group  selected  "Look  for  a  (Pattern"  strategy.  Six  of  twelve  students  who  selected  "Draw  a 
Figure"  strategy  in  this  problorf  failed. 

In  problem  4,  aoat  students  except  those  in  the  low  level  of  the  practice  group 
selected  "Dra«  a  Figure"  strategy  and  iiK>»t  succeeded.  In  problea  3,  lost  of  high  level 
students  of  both  groups  and  the  average  lovol  students  of  the  strategy  group  used  "Make  a 
Tabic"  or  "Trial  H  Error"  ntrategios.  U>h  level  students  of  both  groups  failed  More  than 
the  high  and  average  level  students  of  both  groups. 

DISCUSSION 

The  result  of  this  study  conflra  that  teaching  a  sot  of  stratosies  to  students 
explicitly  iaproves  their  problea  solving  ability,  which  is  the  finding  of  previous 
studies(  lshida,l90O;  Charls  i  Ustera984;  Ue^lBSZ).  This  result  also  suggesto  the 
importance  of  the  application  scssion(Krulik  I  Rudnick,1980).  During  the  application 
session  students  were  asked to  choose  an  appropriate  strategy.  Even  if  they  could  not 
select  a  good  strategy  for  a  given  probles,  they  had  a  chanso  to  loarn  a  better  strategy 
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usod  by  otimr  studont  and  to  lft»»rn  tlio  reason  why  it  «as  suiUble  for  the  problcii, 
throuih  discusaion.  Choosing  an  appropriate  atrateity,  thoe»«  which  ii«ro  niMod  durint  the 
firet  seastlon,  and  appreclatlnjt  fltratoiy  used  by  coiparing  several  solutiona        to  he 
inportant  points  included  in  the  application  session.  In  fact,  on  th«  Bwond  teat  »ost  of 
errors  were  due  to  the  inappropriate  choice  of  Rtiatecics, 

Tho  frequent  use  of  "Look  for  a  Pattorir  by  each  Icvts)  of  otrato«y  icroup  indlcatea 
that  explicit  teaching  of  stratciy  can  increase  the  selection  of  sophiatcated  atratety  In 
(Solving  problcts.  How  titudcnts  select  and  use  stratoKies  depends  on  their  achievement 
levels.  Por  oMnplo,  in  tho  stratciy  group,  hiih  level  atudentP  could  solve  probiei  2  by 
''Consider  Special  Case**  strategy •  but  others  not,  lllRh  level  students  of  the  practice 
group  could  solve  probloi  5  by  "Uok  for  a  Pattern",  but  tlic  averisice  level  could  not. 

By  co»parinf  tho  strategics  uaed  by  the  stratoiy  group  with  tho  strategies  uncd  by 
the  practice  group,  It  apiHJors  that  the  kind  of  stratccy  «hich  needs  to  bo  taunht 
explicitly  Is  different  according  to  tho  achiovonont  lovcK  That  Is,  howq  Btratcgles  can 
bo  learned  witNout  or»pliclt  teaching  of  probloi  solving  strategies  like  In  tho  practice 
group.  Proa  table  5»  the  following  tentative  hypotlicslw  wai;  found:  "Look  for  a  Pattern" 
strategy  and  "Consider  opeclal  Case"  strategy  need  to  be  taught  explicitly  for  nil  levels 
.  ''Hako  a  Tabic"  strategy  nnodo  to  be  taught  explicitly  for  average  and  low  levels,  "Onw 
a  Phuro*'  strategy  needs  to  be  taught  explicitly  for  low  level. 
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MATHEMATICAL  PROBLEM  POSING:    THE  tNFUUENCE  OF  TASK  FORMATS, 
MATHEMATICS  KNOWLEDGE,  AND  CREATIVE  THINKING 


Shukkwan  S.  Leung 
University  of  Pittsburgh 


The  purpose  of  this  study  was  to  examine  the  Inlluenw  ot  task  format,  mathematics 
knowledge,  and  creative  thinking  on  a  type  of  mathematical  problem  posing,  In  which  a 
sequence  of  problems  were  formulated  from  a  given  situatk>n  described  In  a  story  form. 
The  Test  of  Arithmetic  Problem  Posing  (TAPP)  was  developed  to  qtjantitallvoly  measure 
posed  problems.  Results  of  ANOVA  tests  Indicated  dilteronces  In  ttie  production  of 
mathematics  problems  and  problems  with  sufficient  data  for  subjects  using  the  task  format 
containing  numerical  Information  and  for  subjects  with  high  mathematics  knowlwlge;  the 
latter  group  also  produced  more  problems  that  had  plausible  initial  states.  Overall,  there 
was  no  obsen/ed  differerxje  between  the  high  and  low  croative  thinking  groups  nor  any 
Interaction  between  task  format  with  each  of  the  other  variables. 

Statement  of  the  ProbUm 

Recent  reports  dealing  with  reform  In  mathematics  education  have  advocated  an  Increased  role  for 
problem-posing  activities  in  the  mathematics  classroom.  For  example,  the  Cumculum  and  Evaluation 
Standards  for  School  Mathematics  (NCTM,  1989)  advocated  the  Inclusion  of  activities  emphasizing 
student-generated  problems  In  addition  to  having  students  solve  already  formulated  problems  Before 
the  implementation  there  Is  a  need  for  research  on  factors  affecting  problem  posing  and  evaluation 
methods  on  problem  posing.  In  this  study,  mathematical  problem  posing  refers  to  the  formulation  of  a 
sequence  of  mathematical  problems  from  a  given  situation. 

Although  problem  posing  has  been  viewed  by  P61ya  (1954),  Brown  and  Walter  (1983)  and  Dillon  (1988) 
as  an  inseparable  part  of  problem  solving,  It  has  received  far  less  research  attention  and  systematic  study 
(Kilpatrick,  1987).  There  have  beon  some  studies  of  mathematical  problem  posing  In  Japan  and  in  the 
United  States.  In  Japan,  Hashimoto  (1987)  had  extensively  studied  the  impact  of  including  problem 
posing  in  elementary  mathematics  Insloiclion.  In  the  U.S  ,  Silver  and  Manxina  (1989)  studied  the  problem 
posing  of  in-service  middle  school  teachers  and  categorized  the  posed  problems.  However,  the  research 
conducted  to  date  has  not  considered  the  Impact  of  inter-subject  and  lnter-t3Sk  difference  on  problem 
posing.  In  addition,  the  investigation  on  the  problem-posing  ability  of  prospective  elementary  school 
teachers  is  important  because  of  their  vital  role  Intho  implerT>entation  of  posing  activities  in  their  classroom 
This  study  Involves  a  cognitive  evaluation  of  the  problem  posing  of  prospective  school  teachers  with 
respect  to  two  task  formats  and  simultaneously  explores  the  relationship  of  problem  posing  to  subiect^' 
mathematical  knowledge  and  creative  thinking. 
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Thtor8tlctl/Conc«ptutl  Framawork 

Since  problem  posing  is  an  Insoparablo  part  of  problem  solving  the  research  background  on  problem 
solving  helps  to  bnng  suggestions  tor  systematic  study  on  problem  posing.  Thrs  study  borrowed  from  the 
design  of  problem  solving  studies  In  the  way  that  H  also  aimed  at  end  products.  While  prior  solving  studies 
looked  at  solutions  the  current  posing  study  analyzed  posed  problems.  In  addition,  the  classificdJton  on 
variables  In  prior  soMng  studies  (Kllpatrlck,  197B)  suc^sted  that  task  and  subj^  ct  are  two  promising 
avenues  tor  Investigations  of  posing. 

Task  variable  In  problem  solving  was  extensively  explored  and  representative  pieces  of  work  were 
complied  (GokJIn.  &  McClintock,  1979).  In  particular,  the  amount  of  numerical  Infonnation  content  was 
being  manipulated  as  a  task  variable  (Gokfin  &  McClintock.  1979).  Numerteal  information  content  can  also 
be  treated  as  a  task  variable  In  a  study  on  problem  posing.  The  presence  or  abser>ce  of  information 
content  may  constitute  an  effect  cn  problem  posing,  as  Guilford  (19G7)  said,  tojn  the  need  for  a  good 
supply  of  Information  for  successful  creative  production,  there  is  practically  unanimous  agroemenr  (p 
319). 

Subject  variable  In  problem  solving  was  also  heavily  researched  upon  and  mathematics  knowledge  has 
been  a  consistent  variable  among  the  many  subject  variables  for  affecting  problem-solving  performance 
The  Importance  of  mathematics  knowledge  in  problem  posing  was  discussed  by  great  scientists  '[T]he 
fomiulation  of  a  problem  Is  often  more  essential  than  Hs  solution,  which  may  be  merely  a  matter  of 
mathematical  or  experimental  skill.  To  raise  new  questions,  new  possibilities,  to  regard  okJ  questions  from 
a  new  angle,  requires  creative  Imagination  and  marks  real  advance  In  science"  (Einstein  &  InfekJ.  1936,  p 
92).  in  the  discussion  Einstein  and  Infeld  also  purports  the  importance  of  creativity,  another  subject 
variable.  It  seems  reasonable  to  explore  both  subject  variables  In  a  study  on  problem  posing. 

The  exploration  on  problem  posing  with  the  above  three  variables  cannot  be  done  without  an  instrument 
that  measures  problem  posing.  The  Test  of  Arithinelic  Problem  Posing  (TAPP)  was  devetoped  to 
quantitatively  measure  the  posed  problems  according  to  four  important  aspects  prompted  from  the 
problem  solving  literature.  The  leaslbility  as  well  as  interrater  reliability  ol  the  instrument  was  checked  in 
two  pitot  studies. 

Mtthodology 

The  li^njment:  Test  of  Arithmetic  Problem  Posing  (TAPP\.  TAPP  consisted  of  two  ;3roblem  situations 
the  House  problem  (Problem  1)  and,  the  Pdol  problem  (Problem  2).  The  problem  situations  were 
modified  tasks  from  the  instniment  on  creativity  used  by  Getzels  and  Jackson  (1962).  Each  problem 
situation  was  presented  In  two  fomiats:  With  numerical  information  content  (Format  A),  and  Without 
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numerical  information  content  (Fomwt  B).  Each  format  B 1$  kfenttoal  to  tho  corresponcJing  format  A  except 
that  the  pieces  of  numerical  Information  are  poiposely  taken  out.  The  two  problem  situations  In  the  same 
format  are  presented  In  a  paragraph  ol  equal  number  of  words.  Figure  1  shows  one  Item  of  TAPP 
{ProWem  1 ,  Fomiat  A). 

Figure  1 

f=xar.yte  Item  In  TbsI  q!  A^lhmfltic  Prphlom  PosinQ 


Mr  Smith  decided  to  purchase  a  house  wlwse  cost  was  $150,000.  He  made  a  ^^".WH^^^L  i 
$50  000  a^acKeed  to  pay  the  rest  with  monthly  payments.  Each  monthly  Pay^f"^"^,"^,^,^^, 
Dortion  of  the  Sncipal  an  Irrterest  charge  computed  at  the  rate  of  8  percent  per  year,  plus  a  c^argo  f  or 
K^su^an^  SJjte^^  to  $1295  peryear.  Mr  Smith  foutxl  by  talking  to  the  former  owrver  thai  the 
fl^/nr^^^to  hea^^^  per  rriorth.  Later  Mr.  Smith  added  Insufatlon  to  the  house 

wr^i^^M  Mm  V^^^^  Who  Installed  It  guaranteed  would  reduce  h,s  heaimg 

costs  by  15  percent. 

^IiQTbnr^x'Jo^^  Consider  oosslble  combinations  of  the  pieces  of  Information  given  and  pose 
SS^oj.!.!^^^^^^^  arKJ  operatlono^the  house.  Do  not  ask  questions  l,ke 

-Where  Is  the  house?"  because  this  Is  not  a  mathematical  problem. 

Set  up  as  many  problems  as  you  can  think  of. 
Think  of  proWemu  with  a  variety  of  difficulty  levels.  Cojicl  solve  them. 

Sot  up  a  variety  of  proWems  rather  than  many  problems  of  the  same  wna. 

Indudo  also  tintisuat  proWems  that  your  peers  might  not  be  able  to  create. 

You  can  rhanofl  the  given  Informatton  and/or  fiUfiPbt  more  information. 
When  you  do  so.  note  the  changes  In  the  box  with  the  problem  to  which  they  apply. 
•      Write  only  QUft  problem  In  each  box. 

H  you  think  of  more  problems  than  the  number  of  boxes  provided,  write  the  others  on  the  back  of  the 
sheet.   ^  


According  to  TAPP.  the  evaluation  of  posed  problems  IrKludes  four  Independent  aspects,  problem  type 
(Rescher  19B2;  KrutetskH,  1976);  toglcal/kngulstlc  structure  (Caldwell  &  Goldin.  1987;  Mayer.  1985). 
Characteristics  ol  solution  structure  (Newell  &  Simon.  1972);  and.  semantic  structure  (Marshall.  Barthuh. 
Brewer.  &  Rose.  1989).  Specific  codes  In  each  category  will  be  given  under  the  sectton  on  data-coding 

p,^oHnra  nnH  Ta.^  AHminl.lr.tlon.  A  pilot  Study  was  done  m  Summer  1991  to  examine  the 
appropriateness  of  tasks  for  prospective  elementary  teachers  and  (he  feasibility  of  using  the  proposed 
evaluation  scheme  on  problom-poslng  products.  Results  of  the  task  vaNdation  and  the  check  of  Inter-rater 
reliability  confirmed  the  feasiWHty  arxf  appropriater>ess;  some  minor  revisions  of  data  coding  arxJ  task 
format  were  made.  Another  pitot  was  done  in  Fall  1991  on  five  items  and  two  were  IrKluded  in  this  actual 
study,  which  took  place  In  Spring  1992.  The  subjects  were  49  students  who  enrolled  In  two  sessions  of 
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•Mathematics  for  Elementary  Teachers"  offered  by  an  American  university  for  prospective  elementary 
school  teachers.  Each  subject  did  three  tasks  In  a  whote  class  setting  on  three  separate  days 

Subjects  took  a  pre-test  on  mathematics  during  the  first  meeting  of  the  course.  The  pre-lest  was  the 
sample  test  of  the  mathematics  component  of  the  Pre-Professional  Skills  Test  (PPST)  developed 
especially  for  prospective  eiemerttary  teachers  and  consisting  of  40  multiple  choice  items  and  the  answer 
key  was  given  (Educattonal  Testing  Service,  1986).  The  scores  represented  the  subjects'  mathemat.cal 
knowledge. 


Subjects  then  took  TAPP  after  the  mid-term  examination  of  the  course.  The  tesi  required  them  to  pose  a 
sequence  of  problems  that  can  be  attached  to  the  two  given  problem  situations  In  story  forms.  Subjects 
were  Instruct&d  to  pose  as  many  problems  as  they  couW;  as  many  kinds  of  problems  as  they  could,  and  to 
Include  problems  that  they  thought  their  colleagues  might  ,>ot  be  able  to  create.  Subjects  were  instructed 
that  they  couW  supply  additional  Information  or  change  the  given  information.  They  were  also  told  not  lo 
solve  the  problems.  The  Investigator  read  the  Instructions  out  loud  to  the  class  and  answered  any  query 
concerning  the  task  before  distributing  the  booklets.  Written  instructions  were  attached  to  each  problem 
situation  60 :  .at  subjects  could  refer  to  them  again  as  needed.  The  lour  combinations  of  both  problem 
situations  were  randomly  assigned.  The  four  sets.  In  order,  for  random  sampling  wore:  i  A  then  2B.  IB 
then  2A,  2A  then  IB.  and  2B  then  1  A.  The  first  and  the  second  formal  in  each  set  were  color-coded  for 
the  experimenter  to  assure  that  the  subjects  worthed  In  the  assigned  order.  The  time  allowed  was  20 
minutes  for  each  format. 


Subjects  H!d  ^he  third  task,  on  creativd  thinking  one  week  after  they  did  the  second.  The  verbal 
compor/ent  of  th^  Torrance  Tost  of  Creative  Thinking  (TTCT)  was  purchased  from  Scholastic  Testing 
L^ervices.  ft  used  six  word-based  exercises  to  assess;  fluency,  flexibility,  and  originality.  The  time  for 
admii,:5»ration  ^as  45  niinutss.  The  scores  on  TTCT  represented  subjects*  level  of  creative  thinking 

Data  Coding  iind  Analysis-  Scores  of  the  pre-test  (Pre-Professional  Skills  Test)  were  obtained  from  the 
course  Instructors  and  the, scoring  on  TTCT  were  done  by  Scholastic  Testing  Services.  The  experimenter 
did  rating  on  problem-posing.  Problem -posing  resjwnses  were  coded  according  to  the  four  aspects 
specified  in  TAPP.       The  first  aspect  Is  on  problem  type  which  Includes  Content:  Math/Non-Malh. 
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FeaslblUty  o1  Initial  state:  Plauslblo/lmplauslble^  and.  Data  required  in  solving 
SuHlcienVlnwtficlenl;'Extraneous.  The  secoml  aspect  Is  on  logical/linguistic  structure  ol  question  or 
problem  statement^  which  Includes  Assignment.  Relational,  and  Conditionai.  The  third  aspect  is  on 
Characteristics  ot  solution  staKrture:  number  of  ohjects.  operators,  and  steps  InvoNed  in  their  solutions 
The  lourth  aspect  is  on  the  semantic  structures:  CHANQE/GROUP/COMPARE/RESTATE/VARV.  The 
intor-rater  reliability  was  checked  by  having  the  addrtion..-  ;ater  did  20%  ot  all  responses. 

Scores  from  '^PST-mathematics  (Mathematical  Knowledge)  and  TTCT-vertal  (Creative  Thinking)  were 
arranged  Ir.  thirds.  The  scores  that  appear  in  the  middle  one-third  v^ere  removed  .nd  the  rest  were 
entered  \r.  btocks  ot  High  or  Low  accordingly.  The  scores  on  positive  measures^  ot  problem  posing, 
together  with  scores  on  n^lhamatical  knowledge  (PPST)  and  creative  thinking  (TTCT)  were  recorded 
Ditferences  and  Interactions  o!  means  on  the  measures  were  tested  by  t-tests  and  two-way  ANOVA. 

Rotuits  and  Dtscutalons 

Regarding  task  tomiat.  the  ditference  between  task  formats  was  -Mlstically  significant  lor  two  categories 
Math  (p«0.0031)  and.  Jusf  Sufficient  (p.0.00l2).  Though  not  statistically  significant  (p>0.005).  the 
means  of  all  but  one  positive  measures  on  problem  posing  for  task  format  A  (with  numerical  informaiion 
content)  are  higher  than  the  respective  means  for  task  fonnal  B  (without  numerical  Infonnalion  conieni) 
This  resuKs  regarding  task  formal  Indtoated  that  rrwre  positive  response  category  (e.g  math  rather  than 
non-math)  were  produced  when  subjects  were  using  task  with  numerical  Informaiion  In  problem  posing 
The  higher  moans  for  task  format  A  over  task  fomiat  B  suggested  a  preference  of  task  contaming 
numerical  information  by  all  subjects. 

There  was  also  an  Investlgatton  into  the  mathematics  knowledge  variable.  The  difference  between  the 
high  and  low  mathematics  knowledge  groups  was  statistically  signifteant  for  three  categories:  Math  (p- 
0.0019);  PiauslWe  (p-0.0034).  and  Just  Sufficienf  (p-0.0011).  Though  not  statistically  significant,  the 
means  of  all  other  measures  on  problem  posing  of  the  high  mathemaftes  knowledge  group  wore  higher 
than  those  of  toy/  mathematics  knowledge  group,  results  In  relation  to  the  mathematics  knowledge 
variable  showed  that  more  positive  response  category  (e.g  multi-step  problems  rather  than  sir^gie  step) 
were  produced  by  subjects  with  high  mathematics  knowledge. 


problem  consists  ot  Invalid  pr-supposKions  (R.sch.r  1982)  that  mako  an  initial  s-ate  of  p.oblem 
Imjoastol*.  Empirical  •xample:  "What  to  th»  perctnlaga  of  girls  to  boy j  In  class''  e.cnnnn^^n^ 

•Tau  p?oblim»  w5fr»^^^^  data  rt<,ulr.d  In  solving,  problems  presented  in  condrtlonal  forms,  and  mull.  slGP 
problem  ». 
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Th«  retatiortthip  wHh  creative  thinking  was  exptored  on  the  tame  measures  In  a  similar  manaer.  Results  of 
the  statistical  tests  coixjloded  no  signlficart  cKffcrerK©  on  all  positive  measures  between  groups  of  hloh  or 
low  creative  tNnWng.  The  ANOVA  tests  were  conducted  also  to  deterrrtne,  H  any.  relationships  of  task 
format  with  each  of  the  other  two  vartobtes.  ResuKs  of  ANOVA  tests  indicate  that  there  was  no  observed 
•ignHlcant  interaction  of  task  format  with  either  mathematics  knowledge  or  creative  thinking.  However,  the 
high  mathemattes  knowledge  group  who  dd  a  format  B  produced  more  responses  In  the  math,  plausible, 
and  just  atiffidert  categories  than  tiie  low  rtathematlcs  knowledge  group  who  did  a  format  A.  even  though 
In  general  the  mean  number  of  responses  In  these  categories  for  format  B  was  lower  than  the 
corresponding  means  for  format  A. 

Subsequent  analyses  Involving  correlation  tests  suggest  Interesting  relationships  of  subscores  on 
creative  thinking  and  productivity  of  products  and  the  relationship  of  two  other  positive  measures  on 
proWem-poslng.  First,  subjects  with  a  higher  score  In  fkjenc/>  tended  to  produce  more  problem-posing 
products.  Second,  subjects  who  scored  high  in  flexibility^  did  not  necessarily  scored  high  in  the 
muHlpljcity  of  response  categories  In  problem  posing  (Loglcat/Ungulstic  Structures;  Semantic  Structures). 
Third,  subjects  who  scored  high  In  the  multiplicity  of  response  categories  concerning  Logical/Ungulstlc 
Stnjctures  also  scored  high  In  the  muRlpiicity  of  response  categories  concerning  Semanlw  Structure.  The 
resutts  of  correlation  tests  Indicated  that  the  requlremems  of  pertorming  TTCT,  the  test  that  measure 
general  creative  thinking,  were  different  from  the  requirements  o!  pertorming  TAPP,  the  test  of  problem 
posing. 

The  counter-balanced  design  on  !ask  format  yielded  two  interesting  findings  regarding  order  effect.  First, 
ditlerences  between  fonnats  or  groups  were  generally  tower  than  the  corresponding  dilferences  in  the 
second  posing  actlvHy  than  In  the  first;  the  means  of  the  tower  groups  increased  while  those  for  the  high 
mathematics  knowledge  group  stayed  about  the  same.  Second,  subjects  who  dW  a  format  A  in  the  first 
posing  actlvHy  proAjced  fewer  responses  In  math,  plausibie.  and  jusi  sufficient  categories  than  when  they 
did  a  format  B  during  the  second  posing  activity.  On  the  other  hand,  those  who  did  a  format  B  In  the  first 
posing  activity  produced  more  responses  in  math,  plausible,  and  just  sufficient  categories  than  when  they 
did  a  format  A  during  the  second  posing  activity.  These  two  findings  suggest  some  'learning-  of  problem 
posing  during  the  first  activity;  and  more  so  for  the  tow  mathematics  knowledge  group. 


^  Fluency  la  ■  sU>»oort  of  TTCT(vtibal)  which  rtfsrs  to  tht  numb«r  of  responses  (Toirance,  1966). 

*  Flexibility  It  a  nhtcon  of  nCT(vefb»l  which  refer*  to  the  number  of  response  cetegories  (Torjance.  1966) 
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A  g^nnvnafy  o!  Rflsutts.  Tho  aim  ol  the  quantitative  analyses  on  pfobtem-poslng  was  to  find  relationships 
of  positive  measures  ot  problerii-poslng  producis  with  three  variables:  task  formal,  mathematics 
knowledge,  and  creative  thinking.  Overall,  the  resuits  of  etatlstteal  tesis  on  positive  measures  suggest  a 
relationship  of  products  with  task  format  and  mathematics  knowledgo  but  not  with  creative  thinking.  In 
addition,  there  was  no  observed  Interactton  between  task  format  and  mathematics  knowledge  nor 
between  task  fonnat  and  creative  thinking.  Subsequem  analyses  Invotving  correlation  tests  suggest 
Interesting  relationships  of  tubscores  on  creative  thinking  and  productivity  of  products  and  the 
relationship  of  two  other  positive  msasures  on  pmbtem-poslng. 

Conclualont  and  Implications 

Prospective  elementary  school  teachens  were  Kkefy  to  be  Inexperienced  In  mathematical  problem  posing. 
If  teachers,  whether  high  or  k>w  In  mathematk»  knowledge,  were  more  "successful"  In  problem  posing  by 
using  a  more  stojctured  task  fomnat  that  containing  numerical  Information  this  finding  would  suggest  the 
use  ol  these  tasks  at  earty  stages  In  Instruction  on  problem  poclng.  ColnckJentally.  researchers  in  Japan 
expressed  dlffteultles  In  early  Instnjctlonal  use  of  open-ended  tasks®  for  In-class  problem  posing  and 
switched  to  "developmental  problems'  which  were  more  structured  to  open-ended  tasks  comparatively 
(Nohda,  19B4). 

Results  of  ANOVA  tests  Indicated  differences  In  the  productton  of  mathemallcs  problems  and  problems 
with  sulllclem  data  for  sublecis  using  the  task  fomnat  containing  numerical  Information  and  for  subjects 
with  high  mathematics  knowledge:  the  latter  group  also  produced  more  problems  that  had  plausible  initial 
states.  Overall,  there  was  no  observed  difference  between  the  high  and  tow  creative  thinking  groups  nor 
any  Interactton  between  task  format  with  each  of  the  other  variables.  The  findings  here  suggested  a 
higher  influence  of  task  forniat  and  mathematics  knowledge  over  creative  thinking. 

This  study  addresses  one  aspect  of  task  (task  tomfwt)  and  its  Interactton  with  two  subject  characlenstlcs 
(mathematical  knowledge,  creative  thinking)  In  relation  to  mathematical  problem  posing.  11  yields  an 
Instojment  for  the  evaluation  of  arithmetic  problem  posing  and  simultaneously  r<  nders  several 
suggestions  on  task  preparation  for  a  problem-poslng  pedagogy  In  the  mathemalics  curriculum. 


6  Opon-ondwl  tasks  ar»  open  In  that  «tud»nt*  cun  formulate  thair  probl«ms  »ocordino  to  own  por8p«c1iv« 
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ON  ANALYSING  PROBLEM  POSING 

Joanna  Manona-l>ovmB 
School  of  Educational  Sciences 
University  of  Cyprus 

ThB  ptpar  vxll  deacriho  a  nov  theoretical  framework  to  analyze  roeulta  of 
problem  posing  activity  According  to  th9  indapendenco  from  the  original  problem 
and  to  the  auitability  for  a  aatiafying  mathomatical  solution.  rieldwork  ie 
undertaken  and  the  data  aro  analyaad  under  this  frajcevork,  A  greater  dependence 
on  the  original  problem  than  deaired  waa  ahovn. 

Much  concern  hat  been  shown  in  presenting  Mathematics  as  «  creative  activity. 
This  encourages  independent  thought,  and,  it  is  hoped,  lessons  Mathematical  phobia. 
Problem  solving  may  be  coneidered  aa  a  first  step  towards  this  aim.  A  theoretic 
fr-yaework  for  problem  solving  was  developed  in  the  1950 's  by  George  Polya.  Problem 
solving  has  a  creative  el«m«nt  but  not  much  freedom.  Creativity  needs  freedom.  To 
give  more  freedom  the  only  natural  course  is  to  allow  students  some  room  to  form  their 
own  questions.  Investigations  (as  described  in  [3])  permits  this,  but  the  freedom  is 
restricted  by  having  to  keep  to  a  given  mathematical  framework.  Recently  another 
approach  has  been  developed  to  maximise  freedom;  -Open  Problems".  Open  problems  *ro 
basic  vehicles  for  the  open  approach  style  of  teaching  as  described  in  Nohda 
(1965,19  87  ).  (A  otudy  of  the  nature  of  Open  Problems  can  be  found  in  (10]).  A 
problem  might  be  open  by  inviting  the  generation  of  other  problemu;  the  resultant 
activity  ifl  termed  problem  posing.  Problem  posing  hao  the  reatrictiva  influence  of 
the  original  problem,  but  except  of  this  the  activity  is  free  of  any  bounds.  Brown 
and  Walter  have  given  an  exposition  on  strategies  for  problem  pooincj  in  their  seminal 
work  [1].  Previous  research  (e.g. (9))  haa  considered  aepocts  of  problem  posing.  In 
this  paper  w©  concentrate  on  forming  a  new  theoretical  framework  which  will  enable  ue 
to  comment  (amongst  other  things)  on  how  students  use  the  extra  freedom  offered  by 
problem  posing. 

The  usual  fora  of  Problem  Posing  taaV^J 

A  specific  mathematical  problem  (termed  the  prompt)  is  given  to  the  subjects  and 
they  aro  encouraged  to  try  to  solve  it  on  paper.  Afterwards  the  aubjects  are  invited 
to  write  down  any  questions  that  they  wish  guided  by  "f ree-asoociation"  with  the 
prompt. 

tjpte  X  Some  kinds  of  investigation  involve  problem  posing  but  the  strees  is  on 

the  fact-finding.  For  a  problem  posing  task  the  situation  is  reversed; 
the  stress  is  on  the  question,  not  on  the  answer.  (Thin  difference  might 
aaon  artificial  to  a  mature  mathewetician,  as  he  would  rocogniso  that 
problem  posing  is  dependent  very  much  on  facts  found  by  flna>W¥ylnq  other 
problems) . 

Note__Z  The  prompt  ideally  is  only  an  initial  baoo  (or  indeed  a  catalyst)  for  tha 

posing;  in  the  end  we  hope  the  posing  is  effectively  independent  of  the 
prompt.  However  in  practice  the  prompt  mty  bo  an  undue  influence  on  th« 
posing.  This  concern  will  motivate  the  first  categorisation  of  th« 
problems  posed. 
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Mof  3  Por  this  paper,  lolution  ot  tht  prompt  iti«l£  «r«  of  leoondary  int«r«pt 

(though  they  n«y  inipir*  contequtnt  problem  poaing).  No  analysii  of  th« 
solution!  will  b«  given  htre. 


The  ProMpt 

The  prompt  ehould  be  dteignsd  luch  that  there  should  be  a  recognioable  broad 
•context"  or  "environment"  or  "topic"  wher«  th«  pronpt  belongs.  Let  us  k«ep  to  the 
word  coptsxt.  The  choic*  of  ths  context  of  a  prompt  may  b«  very  subjective,  but  it 
should  act  as  a  general  background  not  involving  explicit  parametera  or  assumptions, 
rurthsr  to  the  contsxt,  ws  want  to  idencify  the  otructuce  and  tht  quyfi.tJLQn  of  th« 
prompt.  The  structure  is  a  apecialieed  framework  which  describes  parawetsrs  and 
aeeusiptlone . 

Ail  tMap^g  (Which  i»  the  task  used  for  our  fieldwork  described  later)  . 

The  taskt  The  Bank  of  Cyprus  cl»cid«d  to  mint  new  coins  of  different  values  (wo 

do  not  know  the  vsluss).  If  eoneons  has  only  cne  coin  of  sach 
denomination  then  ths  total  value  would  be  100?  also  if  someone 
picks  up  the  proper  coins  (s)he  ia  able  to  pay  the  cost  of  anything 
up  to  100  (without  needing  channe;.  Tim  Bank  wants  to  mint  se  few 
coino  ao  possible.  Try  to  find  a  solution.  Then  write  down  any 
othsr  qusstione  or  problems  that  occur  to  you. 


yhe  Context t 
The  structural 


simpls  traneactiona  with  coins. 

The  diffsrent  denominations  of  the  coins  aro  ai,,..,ar.    Wo  havo  the 
following  conditions 
r 

(a)  ¥^a^  -  100 

(b)  V    natural     numborj   k     less     than     100   3    a     subset  of 
{ai,...,ar}  such  that  the  sumnation  of  the  elements  is  k. 

(c)  ^  a  set  of  natural  integers  satisfying  (a)  and  (b)  with  fewer 
than  r  slsm«nts. 


yhe  Queetiopt 


rind  values  of  ai,...,ar  (satisfying  the  above  cond" 


rlret  categorieatlon  of  Problems  Poesd  t  "Deviation  from  the  Prompt" 

Ths  prompt  has  three  components ,  context,  structure  and  question.  For  sach 
problem  P  posed  we  can  ask  whether  the  context  (the  first  component),  the  structure 
(the  second)  and  the  question  (the  third)  are  the  same  as  (or  "parallel-  to)  the 
prompt.  Kence  we  may  aseociats  to  P  an  ordered  triple  for  which  each  component  has 
value  X  (yes)  or  N  (no).  In  this  way  we  have  a  very  natural  categorieation  into  8 
clasase*  A  ninth  class  (termed  category  o)  is  needed  for  questions  that  cannot  be 
otherwifls  placed  i  we  tern  these  ae  non  wall-etructured.     They  constitute 
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(i)  non-guiaUoni  (without  «ny  obvioui  i»plicit  problami  involvad) 

quaitioni  with  no  raaliitic  hop«  of  b«ing  modf  .Imd  in  tarma  of 
Mtha»atic«. 

(iii)  qu«itioni  for  which  th«         of  l«ngu«g«  or  thu  content  m«ki»  thi 

Msning  of  tha  quaition  obicure. 

W#  jMk«  not««  on  loM  c«t«gori«i,  «nd  th«n  r«»«rk  on  th«  Ui«  of  thi 
cit«goriMtion.  A  problaa  in  ctt.gcry  (Y,Y,Y)  ii  ■•id  to  bm  •■■•nti.lly  th«  iw 
th«  prompt;  th«  only  diff.r.nc.  ii  th«t  ioim  of  th«  v.lu.i  of  th«  par»»»t«ri  iMy  hmv 
ch«ng«d.  Th«  category  (M,N,Y)  wiXl  .Iw.yi  b«  •iM?ty  it  ii  not  MDiibl.  to  h«v«  thi 
■AM  qu^ition  if  both  th«  context  and  th«  itructura  diffar.  However  v  do  •How,  for 
•xuipU,  c«t«gory  (NrY,V)  UciUii  w«  can  imagina  •  pir.llal  itruotur.  and  •  p*r«ll«l 
quaation  in  «  diffarant  cotitaxt. 

Having  N  in  tha  f  irat  conponant  Mani  that  tha  contoxt  has  baan  brokan,  N  in  th» 
■acond  that  tha  atructuri  i»  changad.  and  M  in  tha  third  that  tha  qusation  ia  obangsd. 
wa  ragard  «ach  H  as  a  daviation  froM  tha  prompt,  whara  an  M  in  tha  firat  coaponant  ia 
of  tha  graataat  dagraa  of  daviation  and  ao  on,  Hanca  wa  hava  a  hiararchy  <Y,Y,y), 
<Y,V,M),  (V,N,V),  (V,M,H>,  (H,V,y),  (H.Y^M),  {N,N,M)  whara  wa  ragard  (N,M,M)  aa  tha 
catagory  i»o.t  daviant  fro*  tha  proiipt.  Any  analyaia  uaing  thia  oatagoriaation  givaa 
•  good  faal  how  dapandant  tha  work  of  tha  aubjacta  waa  of  tha  aapaxrata  thraa 
coMponanta  of  tha  prompt,  and  tha  hiararchy  givaa  a  Xaaa  raliabla  but  atill  uaaful 
ovarall  picture. 

rirat  catsgoriaation  (Cat.  l)t    How  doaa  it  fit  with  tha 
oata^riaatioa  in  [9]? 

in  [9],  •  catagoriiation  waa  daaignad  to  analyaa  raaponaaa  to  a  particulAr 
problam  poaing  taak.    Thii  catagoriaation  waa  davalopad  on  tha  aama  linaa  aa  Cat.  1 

-daviation  from  tha  prompt-.    In  (9)  thara  ara  Civa  cl  11  of  which  oorraapond 

wall  with  claaaaa  in  Cat.  1. 

Spacial  Goala  and  initial  Conditiona  (Y,Y,Y) 
Gsnaral  Goals  <Y,Y,M) 
Implicit  Aaaumptioni  (Y,H,V) 
Othars  ^ 

Tha  catagoriaation  in  (9)  did  not  allow  for  problama  posad  to  braak  tha  contsxt 
(callad  in  that  papar  -tha  task  anvironmant) ,  and  it  did  not  allow  for  <Y,»J,M),  A 
longar  papar  (2)  by  tha  isma  authora  anticipatad  tha  naad  of  an  axtrs  claaa  which 
would  corraapond  to  {Y,H.N),  it  juat  happanad  that  no  problama  poaad  for  that 
particular  axparim-int  fall  into  that  catagory,  •o  it  was  ignorad. 

Ka  aaa  that  two  cl   in   (9]   corraapond  to   (Y,Y,Y).      In  fact  tha  claas 

-spacial  Goal-  ia  parhaps  bait  rsgardad  «■  not  baing  ralavant  to  thia  framaworkj  in 
(9j  tha  particular  prompt  ia  ittaU  an  invaatigation  of  an  ampirical  typa»    tha  claos 
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•*6p«cial  GokI"  conprittti  conjacturos  (not  problamo  potad)  alrout  the  overoll  Rolutlon 
of  th«  proMpt.  Ws  contand  thut  cat.l  is  oaaier  to  uao  and  it  la  more  9«i)«rAl  in 
Applioition  th«t.  th«  on«  found  in  (9]. 

A  M*«k1  for  nor*  iuforwition? 

C«rt«lnly.    Wa  should  liko  to  know 
(1)    the  originality 
(ii)    tl(«  aultabillty  for  a  sntisfylng  mathematical  solution  (SKS) 

and  (ill)  th»  stylo  of  prosantatlon 
of  aach  qusstlon  poB«d.  Th«  originality  has  b«on  at  Ifloat  partly  covarod  by  thtt 
catogorisatlon  of  "deviation  fro»  tha  prompt";  a  question  deviating  from  tha  prompt 
nay  not  ba  original  because  tha  aubj«ct  has  prior  <icqviaintanca  with  that  quaation^  but 
poaaibly  it  could  b«  said  to  bo  original  in  liiiklng  It  (by  "f rae-asaociatlon" )  with 
tha  prompt.  Ha  will  not  aay  anything  wore  about  this.  Mao  wa  will  not  attampt  to 
form  a  thaoretical  franework  to  analyza  (ill))  wa  taai  an  overall  itnpraasion  la  moat 
appropriate.  Uowaver  (11)  is  anenabla  to  analyoio;  this  loada  us  to  a  second 
categoriaatloni 

Oecoad  Categorieation  of  Problaaui  Poaed:  -Ouitabllity  for  OKs" 
Category  A    -         the  same  an  category  (Y^Y^V)^ 

category  B    -         tho  eaw*  as  category  o,    Totmod  "non.vgll  i?1:irgctur«d" 

category  c    -         questlona  which   need  modelling  requiring  extra   data  or  further 

as«umptiona  to  inako  the  question  amenable  to  mathematical  argumant. 

Tarm  such  quaatlona  as  "incomplete" 
category  D    -         questione  whoeo  answers  require  only  «  subfltantially  lower  lovel  of 

mathematical  attainment  than  that  axpocted  of  the  aubjecte.  Term 

such  quoationf*  aa  "e lament arv" 
category  C    -         questions  whoaa  answera  require  a  substantially  higher  level  of 

mathematical  attainment  than  that  oxpoctod  of  tho  oubjocta- 

Tarn  auch  queetiona  ae  "tntrangigont" 
Category  P    -         questions  which  are 

(1)    not  in  category  A 
(j.i)     not  elementary 

(111)  may  ba  answered  uaing  mathematical  skills  which  lie 
within  the  attainment  expected  of  the  subjects.  Term 
auch  queationa  as  "worKablfi" 

Comentery  on  tbe  Second  CategoriaAtion 

Thia  In  a  new  categorieation  of  those  questions  which  are  well-structured  and 
not  essentially  tha  same  as  the  prompt.    (Thla  commentary  then  ia  directed  only  to 


We  wish  to  "isolate"  problems  of  type  (y,y,Y)  because 
their  "suitability  for  SMS"  io  automatically  bound  with  the  one 
oi  the  prompt.  (We  assume  that  the  prompt  is  workable!  ).  We 
feel  that  only  quoations  with  some  independence  of  the  prompt 
should  analysed. 
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clftsasi  C,  D,  t,  and  F).  Th«  claHi«i  in  thia  naw  catvgoriaatlon  d«p«nd  on  th« 
fsaaiblllty  and  tha  aophlaticatlon  of  the  ftodalling  and  tha  nathaiiatlca  naadad  In 
obtalnln9  a  aatlafaatory  anavar  ot  aach  queation  ix>a«d.  Alao  thm  claaalf ication  ia 
dap«nd«nt  on  tha  HathaMtlcal  Mturity  of  th«  population  taatad.  For  inatanca  a 
quaation  poaad  by  a  priMwry  child  nay  ba  conaidarad  workabla,  whiXat  if  tha  a«jM 
quaation  ia  poaad  by  a  aacondary  achool  atud«nt  it  might  b«  conaidarad  alaiMntary. 
JudgaMnta  auoh  «a  "f  aaaibility" ,  "th«  laval  of  aophiatication" ,  "aatiafactory 
anaw*!*"/  "Mathavatical  Maturity"  ara  mada  on  a  aubjactiva  baaia,  but  tha  claaaaa  ara 
ao  broad  that  it  ia  axp«ctad  to  hava  a  good  coxrralation  with  any  indap«nda»t  chaok  on 
analyaaa  baa«d  on  tha  catagoriaation. 

T.f  probla*  poaing  ia  ragardad  aiwply  an  an  cxarciaa  of  producing  quaationa  than 
a  cl^aaif ication  according  to  tha  faaaibility  and  difficulty  of  lUithaJiAtical  aolvtiona 
would  a#aii  inappropriat*.  (lowavar  w«  contand  that  if  tha  procaaa  of  waking  quaationa 
ia  to  b«  uaaful  thar«  ahouXd  ba  aoM  iMtivation  in  Making  thaM)  hanca  thara  ahould  ba 
intaraat  in  tha  anawar  and  in  turn  tha  way  tha  anavar  ia  raachad.  Givan  thia  intaroat 
wa  ara  bianad  towArda  aathamatlcal  solution  (and  ao  quaationa  which  ara  unlikaly  to 
ba  laodallad  in  tama  of  Bathanatica  ara  ragardad  aa  non-w«U-atructurad  (cata^ory  B)). 
If  a  quaation  aaana  to  ba  ananabla  to  Mathaiiatical  arguMint,  it  in  than  natural  to 
want  to  know  whathar  a  quaation  ia  incoBplata,  alanantary,  intriinaigant  ol'  vorkabla. 
To  dacida  whathar  a  quaation  ia  inconplata,  intranaigant  or  workabla  Might  taka  a  long 
tina  thinking  about  thi*  anawar  (rathar  than  tha  quaation  itaalf).  Aa  a  ro\iqh  guida, 
if  tha  raaaarohar  thinka  tha  aubjact  kiiowa  hSJH  to  aolva  tha  quaation  whilat  writing 
it,  than  that  quaation  ia  alaMvantary. 

Coaybi nation  of  tj^  two  oatatjoriaa 

In  tha  obvioua  way  wa  nay  naka  an  iJLCMXl  wa  plftca  any  quaation  poaad  in  tha 
appropriata  apaca  in  tha  array  according  to  it  a  catagory  In  catagoriaation  1  (tha 
colunna)  and  aach  catagory  in  catagoriaation  2  (th«  rowa).  Ha  can  than  gauga  whathar 
auitability  ig  Aff^ntad  by  deviation.    Thia  ia  only  uaaful  with  a  larga  aAMpla. 


Ha  taatad  our  thaoratical  fra.tMwork  by  fialdwork.  Both  catagoriaationa  provad 
workabla. 

Tba  riaildwork 

Two  aaparata  groupa  both  of  15  aubjacta  wara  givan  tha  problan  posing  taak 
aXraady  atatad.  Tha  aaaaion  waa  of  45  ninutaa.  Tha  taak  waa  dona  individually  and 
on  papar.  ona  group  conaiatad  of  atudant  taachara  at  pra-prinary  laval,  tha  othar  of 
atudant  taachara  at  prinary  laval.    All  aubjacta  wara  in  tha  firat  yaar  of  tartiary 

aducatio:<,  but  tha  "ptiipary  laval"  group  had  on  avarage  &  mora  "fonnal*  Mathanatical 
backgrotknd. 
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kHfilyPif  tpcprdina  to  caf  Qorv  1  i    Tht  MYiitiPD^CJamJ^ia^^gJRP^L 

Th«  entrJlei  on  twji  I  and  3  corroiipond  to  th«  nu»b«r  of  problem*  poi«d  in  tha 
•ppropri«t«  oAt«gory  and  population. 
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M,V,V 

N,V,N 

Total  1 
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0 

0 

1 

10 
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31 

0 
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12 

25 

5 

4 

1 

0 

0 

1 

4^  1 

j  Pacoantaga 

25 

52 

10 

8 

2 

0 

0 

2 

A 

B 

C 

D 

R 

r 

TOtAl  9 

Pr«priA«ry 

13 

6 

6 

19 

14 

0 

58  j 

Purcvntiiga 

22 

10 

10 

33 

24 

0 

48  1 

PiriJMiry 

25 

12 

6 

4 

1 

0 

p«rc«ntA9i 

1   ■  ■  

52 

25 

12.5 

0 

2 

0 

lnotMt»  on  tlM  jmnlyiiiM 

1)  Aft  th«  nwipla  vaa  amAlli  wa  did  not  Att«iiipt  to  prao.nt  an  array  to  r«lftt« 
thf  two  cat.gorlHationa.  It  Wan  noticed  though  that  th«  Bvor-  davitnt  qua».tion 
(catagori.a  (Y,N,N),  (N,H,N)J  tand.d  to  ba  incowpl.U  or  •lanantary.  Th^m  w«r«  ion« 
•xo.ptionii  but  thaa»  quaation.  w«r«  probably  pravioualy  Xoarn-d.  Tho  laaHt  duvlant 
qua.tionn  (cat.gori.a  (Y,Y,Y)  and  (Y,Y,N)]  t.nd.d  to  ba  workabl.,  raflaoting  that  th« 
projtpt  itaalf  it  WorkabU. 

2)  Only  2  out  of  106  problama  po»ad  broka  tht  context. 

3)  Th«  praprlinary  group  '^mtm  depf»nd«l\t  on  tha  ptottpt  than  tha  primary » 
alao  th«  praprinary  gava  fnwar  non  wall-itructurad  quattlona. 

4)  It    waa    noticed    that    tha    ityle    of    praaftntation    tandad   to    b«  mont 
imaginativa,  tatisfactory  and  cl«»r  for  el«»«ntat:y  quattiont. 

DlNOUIIBlon 

our  r-iulta  augg#at  that  tha  aubj.cts'  background  can  affoct  vary  much  tha 
bahaviour  in  poting  problaaa  and  that  a  mora  fornal  training  may  ba  a  hindranca  rathar 
that  a  h.lp  in  iwaginativa  poaing.  Alao,  ramamburing  that  tha  aublacta  war.  atudant 
taach»ra,  it  waa  ra»arkabl«  how  »ora  livaly  vaa  tha  praiantation  whan  a  quaatior.  waa 
on  tha  laval  of  thair  futura  atudanta .    Pai'hapa  it  ii  alwaya  halpful  to  inagina  that 
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you  «•  •ddr«««lng  qu««tloni  to  •  •■cond  p«rion  in  thli  kind  of  •ctlvlty.  Who»  this 
■•cond  p«r«on  !•  will  influence  the  type  of  queetione  po»edj  for  inet*nce  queetione 
B.«y  be  xuide  eleaentary  delib*retely  to  be  euiteble  for  e  young  child. 

our  MMin  concern  ie  thet  the  queetioni  written  down  very  rarely  broke  the 
context.  Let  ue  propore  likely  weye  for  the  context  to  be  broken,  end  deduce  theee 
-weye-  are  largely  abeent  in  the  eubjecte'  work.  Firetly,  probably  in  co»»oa  with 
■Get  problem  poaing  taeke,  the  context  of  the  prompt  ie  phyeical;  m«the»«tical 
abetraction  then  would  break  the  context,  cacondly,  by  iaagination  or  by  analogy  with 
a  previouely  mmt  problem,  a  queetion  with  a  parallel  etructura  to  that  of  the  prompt 
but  with  a  different  context  could  well  be  formed.  Bowever  the  categoriee  (H,Y,H)  and 
(M,Y,¥}  wer«  empty  in  our  analyeie,  eo  we  had  no  evidence  of  thie  happening.  Thirdly, 
a  queetion  may  come  from  an  aep«ct  of  an  attempted  eolution  of  another  queetion;  it 
ie  very  likely  that  the  new  queetion  will  not  fit  in  with  the  original  context.  Thie 
third  way  of  breaking  the  context  ie  perhape  the  »o§t  eignificent.  We  eee  from  it 
that  few  generative  proceeeee  w«re  inepired  by  the  taek,  and  we  think  thie  will  be  the 
eame  for  any  taek  of  the  earn*  etyle.  In  the  end,  then,  we  feel  that  eubjecte  do  not 
uee  the  extra  freedon  offered  by  problem  poeing. 
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PROSPECTIVE  STRUCTURES 
IN  MATHEMATICAL  PROBLEM  SOLVING 


Kazuhiko  Nunokawa 
Department  of  Mathematics,  Joetsu  University  of  Education 


Summary 


The  aim  of  this  study  is  to  explore  problem- solving  processes  and  find  some 
characteristic  activities  by  expert  problem  solvers.  The  video-taped  and  audio- 
taped  )€Cords  are  analyzed  and  interpreted  from  the  viewpoint  of  the  solver's 
structures  of  the  problem  situation.  From  this  analysis,  the  following  charac- 
teristic acitivities  are  found;  (l)During  the  problem  solving  process  a  solver  con- 
structs prospective  structures  of  the  problem  situation;  (2)even  if  the  prospective 
structure  proves  to  be  inappropriate,  trying  to  elaborate  the  prospective  struc- 
ture can  produce  the  useful  information  to  the  solver.  Existence  of  prospective 
structures  is  also  justitied  by  the  recent  views  in  philosophy  of  mathematics. 

SoiiiO  researches  on  problem-solving  processes  have  characterized  experts'  solving  pro- 
cessces  in  terms  of  schemata  (e.g.,  Kintsch  k  Greeno,1985;  Owen  &  Swcller,1989).  Even 
from  the  schema-theory  side,  however,  the  opinion  that  such  a  characterization  may  not 
be  adequate  especially  for  the  genuine  problem-sohang  is  presented  (Greeno,1991). 

While  the  episodes-analysis  (Schoenfdd,1983)  gives  us  another  characterization  of  ex- 
perts' solving  processes,  the  problem  used  in  the  experimer.ts  was  rather  easy  for  the  expert 
(even  though  the  problem  has  two  parts,  it  takes  only  20  minutes  to  complete  the  solu- 
tion) and  the  solving  process  is  organized  very  neatly  (see  the  figures  in  Schoenfeld,1985  or 
1992).  Furthermore,  he  characterizes  experts'  solving  processes  in  term  of  metacognition, 
not  cognition. 

So,  it  would  be  worthy  to  explore  the  congnitive  aspects  of  the  solving  processes  in  more 
genuine  problem-solving  settings. 

1.  The  Solvep*8  Structures  of  the  Problem  Situation 

If  Polya's  four  phases  are  no  longer  the  stages  which  the  solver  takes  in  a  certain  order  (e.g., 
Wilson,  1991),  a  now  viewpoint  is  needed  to  describe  the  progress  in  the  problem  solving 
profess.  The  notion  of  the  solver's  structures  of  the  problem  situation  is  introduced  for 
that  purpose. 


in-so 

In  the  problem  solving  process,  the  solver  gives  a  certain  structure  to  the  problem  situa- 
tion on  which  the  qeustion  of  the  problem  is  asked.  This  structure  consists  of  elements  the 
solver  recognizes  in  the  situation,  relationships  (s)he  establishes  among  elements,  and  the 
senses  (s)he  gives  to  the  elements  or  the  relationships,  It  is  called  the  solver's  strucrure  of 
the  problem  situation  (Nunokawa,1990).  The  solver's  structure  does  not  necessarily  remain 
the  same  throughout  the  problem  solving  process,  Rather  it  is  usually  expected  to  change 
as  the  solving  process  proceeds.  If  the  solver  can  make  sense  of  the  problem  situation  by 
means  of  mathematical  knowledge  to  the  extent  that  (s)hecan  make  the  decision  about  the 
question,  his/her  solving  attempt  succeeds.  This  activity  is  directed  not  to  making  yense 
of  mathematics  with  respect  to  the  situation  (e.g..  Silver  &  Shapiro,  1992),  but  to  making 
sense  of  the  problem  situation  with  respect  to  the  knowledge  the  solver  has. 

2.  Method 

The  series  of  experiments  I  report  here  is  the  part  of  the  attempt  to  explore  characteristics 
of  the  experts'  problem-solving  activities.  In  the  sessions  mentioned  here,  the  subject  was  a 
graduate  student  who  studies  mathematics  education.  When  a  undergraduate  student,  he 
studied  college-level  mathematics,  especially  modern  algebra.  So  it  is  possible  to  consider 
him  a  expert  problem  solver,  at  least,  as  far  as  school  mathematics  is  concerned.  To 
make  the  problems  used  in  the  experiments  challenging  enough,  they  were  selected  from 
Klamkin(1988).^  In  every  session,  problem  solving  activites  continued  for  45  to  100  minutes. 
This  implies  that  these  problems  were  chsdlenging  enough  and  could  be  genuine  problems 
for  him.^  This  subject  participated  in  nine  sessions,  in  each  of  which  he  solved  one  problem. 

In  each  session,  the  subject  is  asked  to  solve  the  problem  in  the  think-aloud  fashion.  Even 
if  he  remains  silent  rather  long,  however,  the  researcher  does  not  intervene.  The  researcher 
does  not  respond  the  qeustion  concerning  the  problem.  When  the  subject  reports  the  finish 
of  his  :Jolution,  the  solving  part  of  that  session  becomes  ended.  If  the  subject  has  spent  too 
long  lime(ca,  90  to  100  min.)  and  he  seems  to  be  stuck,  the  researcher  find  the  appropriate 
moment  and  intervene  to  stop  his  solving  activity. 

It  takes  60  to  140  minutes  to  implement  the  experiments,  including  the  interviews.  The 
whole  session  are  audio-taped  and  video-taped.  The  description  of  the  audio-taped  records, 
i.e:  protocols,  are  made,  which  then  are  complemented  by  the  video-taped  records. 

In  the  following,  because  of  the  Hmitation  on  the  length  of  the  paper,  only  the  unique 
phenomena  of  this  subject's  problem-solving  activities  will  be  presented,  focusing  on  the 
activities  observed  in  a  certain  session. 


'In  the  experiments,  Jupunese-tmnsUtcd  versions  ^rc  used. 

'The  time  spent  by  other  subjects,  all  of  whom  arc  graduate  atudcnts,  were  almost  the  same. 
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3.  The  Outline  cf  the  Subject's  Activities 

In  the  seventh  session,  the  subject  tackled  the  following  problenn; 

Problem:  K  A  and  B  are  fixed  points  on  a  given  circle  and  is  a  variable 
diameter  of  the  same  circle,  determine  the  locus  of  the  point  of  intersection  of  lines 
AX  and  BY.  You  may  asaume  that  AB  is  not  a  diameter.  (Klamkin,1988,p.5) 

This  problem  was  presented  without  any  diagrams. 

In  the  beginning,  the  subject  drew  a  circle  and  two  diameters.  And  he  found  that  '\{  AB 
is  a  diameter  there  is  a  case  in  which  AX  and  BY  do  not  intersect.  Then  he  decided  to 
draw  a  diagram  more  precisely; 

(3:00)  Introducing  the  coordinate  axes  may  make  it  easier... 
(3:04)  If  I  introduce  the  coordinate  axes... 

(3:11)  Hmm,  introducing  the  coordinate  sxes  may  make  it  easier,  OK,  VU 
try  it,  ril  try  using  the  coordinate  axes.  ^ 

He  introduced  the  coordinate  axes,  assigned  coordinates  to  each  points  (e.g.,  >4(1,0), 
X{cos6,sin6)  ).  Then  he  represented  two  lines  AX  and  BY  by  expressions  and  tried  to 
solve  the  equation  system  representing  the  poin  of  intersection.  But  this  calculation  got 
rather  complicated.  At  this  moment,  he  decided  to  change  the  approach; 

(29:5$)  /fmm,  caJculating  it,  /  don't  want     do  it. 

(30:12)  J  should  think  about  it  better  before  jumping  into  calculation. 

(30:20)  That  calculation  seems  complicated... 

(30:25)  Firsty  I  try  to  get  a  plan  or  something... 

The  subject  drew  new  diagrams  without  the  coordinate  system.  First,  he  drew  a  diagram 
with  the  diameters  placed  at  ordinal  positions.  Next,  he  drew  a  diagram  of  the  special  case. 
I.e.  the  case  in  which  the  point  X  is  at  the  point  A.  In  this  case,  the  subject  considered, 
as  the  line  AX,  the  tangent  line  of  the  circle  at  A.  Then  he  added  another  diameter,  which 
is  at  normal  position,  and  drew  two  lines  using  this  diameter. 

(32:44)  So,  perhaps  I  can  take  the  tangent  line... 

(32:51)  If  I  move  it  to  this  point...,  here,  yes,  here. 

(32:58)  It  moves  in  a  rather  wide  range. 

(33:10)  Maybe,  this  is  a  circle,  like  this... 

(33:40)  Ah,  1  see... 

(33:48)  A  circle... 

(33:57)  OK,  I  see,  J  see,  well... 

MItc,  (3:11)  denotes  that  this  is  the  utte^^nce  talked  after  3  min.  U  sec. 
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The  subject  drew  a  diagram  once  again,  which  has  two  diameters  at  ordinal  positions. 
On  this  diagram,  he  pointed  out  that  he  should  show  that  two  angles  appearing  at  the 
points  of  intersection  are  congruent.  He  drew  a  diagram  with  point  X  placed  at  point  A. 
He  continued  investigation  of  the  problem  situation  for  about  eight  minutes.  Then  he  said 
the  following; 

(41:31)  Mmmm? 

(42:00)  Ah,  OK,  OK,  Maybe  JVe  compkted... 
(42:05)  So,  try  to  write  down,  well... 
[42:11)  M^yoe  I  can  show  it  in  this  way. 

He  continued  to  write  his  solution  for  a  while,  and  reported  spontaneously  that  he  had 
completed  the  solution  of  the  problem.  The  solution  given  by  the  subject,  even  though 
different  one  from  that  given  by  Klamkin(1988),  can  be  considered  correct. 

In  these  activities,  some  characteristics  indicated  by  other  researchers  can  be  found; 
appropriate  monitoring  or  controling  (see  (29;v56)-(30:25)  above);  using  problem-solving 
strategies  (e.g.  drawing  diagrams,  thinking  about  the  special  case);  trying  to  relate  the 
situation  with  the  domain-specific  knowledge  he  has  (e.g.  introducing  the  coordinate  axes 
to  use  the  knowledge  concerning  the  locus  of  two  curves);  some  hypothetical  reasoning 
(Ferrari,  1992). 

Here  we  should  notice  that  it  took  about  43  minutes  to  complete  the  solution  after  say- 
ing "Maybe,  I've  completed,"  which  is  more  than  the  half  of  the  whole  time.  During  these 
minutes,  the  subject  was  engaged  in  "implementation"  phase  (Schonfcld,1985).  Further- 
more, the  basic  idea  of  his  solution  —showing  that  every  angle  appering  at  the  point  of 
intersection  is  congruent,  which  can  be  considered  a  inscribed  angle  of  a  certain  circle—  did 
not  change  during  this  phase.  None  of  the  above-mentioned  characteristics  can  explain  this 
long  period  to  complete  the  solution.  To  analyze  the  activities  in  detail,  another  approach 
might  be  needed. 

4.  Prospective  Structures  and  Elaborating 

Analyzing  the  protocol  closely  reveals  that  one  of  the  reasons  why  it  took  so  long  lime  is 
the  fact  that  in  the  midst  of  this  period  the*subject  had  recognized  the  following;  There 
are  some  distinct  cases  concerning  the  positions  of  the  points  of  intersection,  and  the  ba.sir 
idea  must  be  modified  slightly  according  to  each  case. 

First,  he  thought  that  the  basic  idea  always  applied  to  every  point  of  intersection  without 
modification  (fig.l).  In  applying  it,  he  found  some  cases  to  be  distinguished.  But  ho  did 
not  know  how  to  formulate  those  cases  (fig.2); 

(53:19)  What  is  the  matter  is  how  to  take  the  point  X...His  OK  if  X  is  on 
the  arc  AY. 
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(53:49)  ...Well,  How  should  J  express  it? 
(51:16)  The  opposite  of  P,  express  it  as  the  opposite  of  R 
(54:42)  It  is  OK  in  the  case  of  the  opposite  side.  Maybe  I  can  show  it  in  the 
same  way. 

(57:48)  Really?  Can  I  sho^v  it  in  the  same  way  in  that  case? 
(58:42)  If  X  is  on  the  longer  arc  AB,  it  is  OK. 
(59:10)  No,  that's  not,  in  what  case  should  I  consider? 
(59:26)  What  case,  wha^  case  sould  I  distinguish? 
(59:39)  How  sould  I  express  it? 

Conscquenlly,  he  differencialcd  the  cases  ac- 
cording as  the  point  of  intersection  existed  in- 
side or  outside  of  the  given  circle  (fig.3).  It 
took  eight  minutes  to  formulate  the  cases. 

Even  aftor  he  found  other  cases,  he  believed 
for  a  while  that  he  could  apply  the  basic  idea 
to  other  cases  without  any  modification.  As 
the  solving  process  proceeded,  he  realized  that 
some  kind  of  modification  was  needed.  Then 
the  subject  started  to  modify  the  basic  idea 
in  order  to  apply  it  to  the  case  in  which  the 
point  of  intersection  existed  inside  of  the  cir- 
cle. It  took  aJmost  25  minutes  to  complete  this 
modification. 

In  other  words,  just  when  he  started  to 
write  down  his  solution  after  saying  "I've  com- 
pleted," he  wrote  down  it  according  to  his 
structure  of  the  problem  situation  which  v/as 
homogeneous  and  allowed  him  to  use  the  basic 
idea  everywhere. 

Tliis  fact  can  be  supported  by  the  result  of 
the  interview.  When  asked  whether  some  dis- 
tinct cases  were  recognized  from  the  outset, 
the  subject  said  "No"  and  "During  the  solu- 
tion I  have  realized  that  I  had  to  distinguish 
some  cases,  but  1  didn't  know  how  to  formulate 
the  causes." 

The  similar  tendency  of  the  activities  ran  be  found  during  the  application  or  modification 
(»f  (ho  \y,Mik  idea.  For  example,  it  took  more  than  10  minutes  for  him  to  write  down  the 
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solution  to  the  first  case  (fig.l).  And  it  took  also  10  minutes  to  write  down  the  solution  to 
second  case  (fig.3),  after  saying  "Aha,  I  get  it." 

Analyzing  the  protocol  of  those  parts  reveals  that  in  writing  down  his  polution  the  subject 
checked  the  conditions  or  elaborated  the  relationships  between  angles  he  would  use.  And 
to  check  the  conditions  or  elaborate  the  relationships,  he  drew  new  diagrams  besides  the 
ones  used  in  expluning  the  solution. 

Here  it  can  be  said  that  when  the  subject  said  "I've  completed"  his  structure  of  the  prob- 
lem situation  did  not  have  the  enough  information  to  support  his  solution.  Furthermore, 
the  structure  included  the  information  the  subject  expected  or  took  for  granted.  And  his 
structure  was  enough  for  him  to  think  that  he  had  completed. 

Let  us  call  this  vague  structure  tke  prospective  structure.  While  it  includes  information 
the  .solver  expectes  or  takes  for  granted,  it  has  enough  information  to  support  the  solver^s 
feeling  of  achivement.  It  took  rather  long  for  the  subject  to  complete  the  solution  because 
he  had  to  elaborate  the  prospective  structure  in  order  that  he  could  explain  the  solution 
logically. 

The  prospective  structures  does  not  always  get  elaborated  enough  to  support  his  solution, 
Indeed,  in  other  sessions  this  subject  failed  to  elaborate  it,  and  the  information  which  had 
been  taken  for  granted  before  became  suspicious  to  him.  He  investigated  the  information 
in  detail.  As  a  result,  he  recognized  new  elements  or  relationships  in  the  problem  situation, 
or  slightly  changed  the  conditions  he  had  used.  These  elements,  relationships,  and  changed 
conditions  played  important  roles  in  the  rest  of  the  solving  process. 

For  example,  in  the  second  session  he  faild  to  elaborate  the  prospective  structure,  In 
that  elaboration,  however,  he  found  that  the  height  of  a  certain  triangle  changed  as  a 
certain  point  moved.  He  introduced  a  parameter  expressing  the  height,  and  the  parameter 
appeared  in  the  solution  he  acliived  at  hist. 

In  short,  even  if  the  elaboration  of  the  prospective  structure  fails,  it  can  have  the  positive 
influence  on  the  solving  process. 

5.  Justification  of  the  Prospective  Structure 

Lakatos^(  1978a)  Methodology  of  Scientific  Research  Programme  is  the  notion  to  explain 
the  progress  of  the  science.  There  arc,  however,  some  attemps  to  modify  and  apply  it  to 
mathematics  (Hallett,1979;  Koetsier,1991),  In  these  attempts,  the  program  takes  smaller 
scale  than  that  of  Lakatos(  1978a),  and  a  series  of  studies  done  by  one  mathematician  can 
bi'  considered  his  program. 

How  the  solver  sees  the  problem  situation,  t,e.  what  kind  of  the  structure  of  the  prohlem 
<i I  nation  (s)he  constructs,  guides  the  solution.  It  also  determines  questions  the  solvnr 
can  ask  about  the  problem  situation  and  new  problems  the  solver  ciin  make  based  on  the 
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original  one.  In  short,  the  solver's  structure  of  the  problem  situation  influences  the  solver 
in  the  similar  way  as  the  Research  Programme  influences  scientists  (Nunokawa,1992). 

The  Research  Programme  is  allowed  to  include  facts  which  cannot  be  explained  by  itself. 
It  can  suspend  those  facts  and  proceed  further.  Similar  tendency  can  be  found  in  the 
progress  of  mathematics  (Lakatos, 1978b;  Koet8icr,1991;  see  also  Lakat06,1976,  especially 
Appendix  1).  Sometimes  theories  include  explicit  or  implicit  assumptions  which  cannot  be 
explained  fuUy. 

Noticing  the  similarity  between  the  Research  Programme  and  the  solver^s  structure  of 
the  problem  situation,  the  solver's  structure  may  be  allowed  to  include  explicit  or  implicit 
assumptions  and  expected  information.  Those  assumption  or  information  will  be  inves- 
tigated when  needed  (e.g.,  in  writing  down  the  solution  to  show  it  to  someones  else;  in 
discussing  the  solution  with  other  students).  Because  of  keeping  the  solver  from  explor- 
ing the  details  of  the  problem  situation,  the  prospective  structure  can  facilitate  achiving 
tentative  results  extending  the  problem  or  the  solution.  While  the  prospective  structure 
may,  indeed,  have  the  risk  of  solving  unlogically,  it  can  play  a  positive  role  in  the  problem 
solving  process. 

According  to  some  philosophers,  making  these  assumptions  or  expected  information  ex- 
plicit facilitates  the  progress  of  mathematics  (Lakatos,1976;  I<oet8ier,1991).  It  is  similar  to 
the  fact  that  in  elaborating  processes  the  subject  established  new  elements  or  relationships 
in  the  problem  situation.  This  similarity  also  suggests  that  the  prospective  structure  can 
play  the  positive  role  in  the  similar  way  as  the  Research  Programme  plays. 

6.  Conclusions 

Analyzing  the  protocols  from  the  viewpoint  of  the  solver's  structures  of  the  problem  sit- 
uation, it  is  found  that  the  solver  constructs  the  prospective  structure,  which  includes 
expected  information  or  assumptions.  Though  it  is  not  enough  objectively  to  complete 
"correct"  solutions,  it  can  support  the  solver's  feeling  of  achievement,  and  can  facilitate 
getting  tentative  results.  Even  if  the  elaboration  fails,  useful  information  can  be  found 
durint  tho  elaborating  activity.  The  prospective  structure  plays  the  positive  role  in  the 
solving  process. 

According  to  some  results  of  philosophy  of  mathematics,  using  the  information  or  as- 
sumptions which  cfinnot  be  explained  at  that  time,  has  occured  in  the  dicipline  of  math- 
ematics and  played  some  heuristic  roles.  This  supports  the  idea  that  constructing  the 
prospective  structure  should  be  accepted  as  the  acitivity  of  the  expert  problem  solver. 
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MATHEMATICS  -   'A  BUNCH  OF  FORMULAS'? 
INTERPLAY  OF  BELIEFS  AND  PROBLEM  SOLVING  STYLES. 


Norma  C.  Presmeg 
The  Florida  State  University 


Affective  and  cognitive  a,^pects  were  evident  in  the  .  ^ 

i^olving  styles  and  in  the  beliefs  about  the  nature  of  mathematics 
of  six  students  enrolled  in  two  high  school  ^^.^-^^r  /ducat io/i 
courses  in  Florida,  In  this  paper,  it  is  suggested  that  ^/lere  i5 
an  interplay  of  styles  and  beliefs  which  arisen  not  only  in  the 
contt'Xt  of  individual  differences  such  as  preferences  for  visual 
proces:^ing,  but  also  under  the  influence  <>^^J^^J'^J^''{iff,\^^ 
<*yperiences  in  courses  the  students  have  attended.  Evidence  is 
presented  that  content  knowledge  cannot  be  separated  from  the 
experiences  in  which  it  was  constructed. 


A  VIGNETTE 


"Gee,  Ifs  kind  of  frostrallng  because,  even  like  a  couple  years  ago, 
th.:.rH's  formulas  for  this  stuff,  /know,  where  I'd  be  able  to  go  back 
:  u  and  now!  rve  forgotten  the  formulas.  It's  klnda  like  Spanish  you 
K  .oJNomethlng  like  that.  My  trlend  used  to  be  '^^^llV  ^^^^l  ^^^aS 
ish  '^nd   now   that   she   doesn't   use   It   very  much   any   more    she  s  starting 


to  lose  It. 


lake  (Dseudoriym),  a  prospective  high  school  mathematics  teacher  enrolled  In 
f^'nlversUy  'educat'lon  program/  these    words    "^^^^^  J*^^,^^^^^ 

solve  a  mathematics  problem  relating  to  a  ^f^^J^"^^,  "    tlrm  and  the 

the  problem  Jake  was  working  on  involved  finding  the  flttleth  term  and  the 
3um  of  thirty  terms  of  the  sequence       6,  8,  11,  ... 

VPS  Jake  l^  correct  that  there  are  formulae  for  the  general  term  and  the 
Turn  of  n  terms  of  such  an  arithmetical  progression.  But  It  was  no  neces- 
sary to  remember  these  to  solve  the  problem  In  question,  ^f^^^  remark 
illustrates  a  belief  that  appears  to  be  widespread  among  students  at 
schoorand  as  they  begin  their  teacher  education 

consists  of  bunch  of  formulas"  (as  another  student  put  It),  that 
on  e  these  have  been  forgotten,  like  the  vocabulary  and  grammar  of  Span- 
ish, they  can  no  longer  communicate  their  Ideas  or  solve  the  problem. 

The  ^.tudy  described  In  this  paper  was  part  of  a  wider  ongoing  »;^search 
nroject  which  ".eyan  in  Fall,  19<il  and  which  Investigates,  i/rfrer  ^ji^^J^f 
interplay  b-tween  content  and  professional  knowledge  as  students  pro^re^s 
through  certain  ti^acher  education  courses  at  The  Florida  State  University. 
This  papei-  highlights  the  influence  o£  experiences  while  constructing  rn^the- 
.uatUMl  content  knowledge  on  Ihe  beliefs  and  proHem  solving  styles  adopted 
hy  six  students  as  they  "solved  aloud'*  two  mathematical  problems  In  audio- 
taped  interviews.  As  Brown  (1991)  suggested,  content  knowledge  cannot  be 
separated  from  the  experiences  In  which  It  was  constructed.  In  these  inter- 
v'.^ws  rh^-re  was  evidence  that  the  experiences  these  students  had,  t)oth  at 
.-^hocl  and  in  their  mathematic  s,  teacher  education  courses  ^"V^'n  "hh^nlM.^ 
ion    mcl   .^fff••ct  as    th^y   i^-.lved   these   high    school  level  mathematics 
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THE  STUDY 

Jake  was  one  of  the  nix  students  who  were  Interviewed  while  they  were 
enrolled  In  either  or  both  o£  two  courses  for  prospective  high  school 
mathematics  teachers  taught  by  the  writer  In  the  Fall  of  1991  at  The  Flori- 
da Statt;  University,  The  courses  were  as  foUowsj 

HA£  4332:  Teaching  Secondary  School  Mathematics.  (A  general  Introduction  to 
teaching  mathematics  In  grades  7  -  12;  usually  «  first  course  taken  by 
mathematics  education  majors  in  the  program.) 

MAE  4816:  Elements  of  Geometry,  (A  course  which  Introduces  atudents  to 
geometry  oth«r  than  Euclidean,  and  which  is  suitable  £oi  middle  and  high 
school;  this  Informal  geometry  course  has  practical  components  Involving 
extensive  use  of  manlpulatlves.) 

In  both  these  courses  the  pedagogical  and  eplstemologlcal  assumptions  were 
constructlvlst  (Davis,  Maher  and  Noddings,  1990).  The  methods  of  Instruction 
Involved  mathematical  problem  solving  in  small  groups  as  well  as  whole  class 
sharing.  Certainly  In  neither  o£  these  courses  was  there  an  emphasis  on 
mathematical  formulae:  the  r,trcss  was  on  construction  of  conceptual  rather 
than  procedural  content  knowledge  (Hlebert,  1906),  However,  the  traditional 
teacher  centered  mode  of  Instruction  v/hlch  theae  students  had  experienced 
at  school  -  still  widespread  In  the  U.S.  (National  Research  Council,  1909)  - 
liad  in  many  cases  left  the  legacy  of  a  beHef  that  mathematics.  Is  "a  bunch 
of  formulas'*.  Changing  beliefs  and  metaphors  of  prospective  teachers  in 
thlfi  complex  context  is  a  research  focus  of  the  ongoing  study.  The  present 
paper  concentrate»s  on  beliefs  and  styles  In  just  one  problem  solving  Inter- 
view with  ctAch  of  six  students.  The  methodology  Is  of  necessity  interpre- 
tive (Heshusius,  1992);  the  study  la  qualitative  (Eisner  and  Peshkln,  1990). 
The  six  students  were  audiorec:orded  as  they  "thought  aloud'*  (Krutetskll, 
1976),  In  an  Interview  in  which  they  solved  two  mathematical  problems,  viz., 
the  number  sequence  problem  Jake  commented  upon  In  the  vignette,  and  a 
problem  which  assumed  some  content  knowledt3e  of  Euclidean  geometry  as 
taught  in  hlyh  iichool. 

Mathematical  problem  solving,  then,  is  the  focus  of  this  paper.  One  Impor- 
tant determinant  of  an  individual's  problem  solving  style  In  any  Instance  Is 
the  Individual's  personal  preference  for  visual  methods  of  solution  (Kru- 
tetskll^ 1975).  The  six  students  were  chosen  un  the  basis  of  their  scores 
on  the  writer's  test  and  questionnaire  for  mathematical  vlsuallty  (Presmeg, 
1985),  which  had  been  validated  for  use  with  Florida  students  in  December, 
19  90.  A  student*s  mathematical  vlauality  Is  the  extent  to  which  that  student 
uses  visual  methods  (such  as  diagrams,  charts  or  visual  images)  when  at- 
temptlncj  nonroiitliie  mathematical  problems  which  may  be  solved  with  or 
without  such  visual  methods.  According  to  their  mathematical  visuallty 
scores,  two  of  the  chosen  students  were  vlsuallzets.  I.e.,  they  preferred 
to  use  visual  methods,  two  were  nonvlsuallzers  (seldom  needing  an  image  or 
diagram)  and  two  had  scores  which  were  "in  the  middle",  i.e.,  close  to  the 
median  score  for  these  two  classes.  The  students  were  given  pseudonyms  as 
follows: 

visual  group:  Jem  and  Mart 

middle  group:  Jake  and  Ellen 

nonvisual  group:    Pam  and  Del. 
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It  just  hcippenpd  th.it  the  three  male  Dtuaenta,  Mart  and  Jake,  fell  on 

tho  visual  r.liip  o£  this  continuum  of  scores^  while  female  students  Ellen, 
Pam  and  Del  foil  on  tho  nonvlrsudl  aide.  Thla  phenomenon  v/n'^  not  typical:  In 
proviouci  ren^  ofch,  the  writer  found  no  significant  dlffei'finces  In  mathemati- 
cal vliiuaUty  between  the  oexosi  (Preameg,  1995). 

INFLUENCES  IN  PROBLEM  SOLVING 

The  two  nonvlDual  atuUenta,  Del  and  Pam,  both  experienced  their  lack  oi 
tende-ncy  to  vltjuiillze  an  a  hindrance  In  mathematical  problem  solvlncj.  ha  Del 
expressed  It,  "If  you  can't  stse  It,  you  can't  draw  Itl"  And  in  many  College 
matheinatkT.  cuuibgd  (e.g..  Calculus  III,  which  Includes  threc-dlmrnGional 
work)  she  felt  distinctly  hamperotl  because  she  could  not  "see"  the  mathe- 
matics or  do  the  drawing?.  She  spoke  as  follows; 

"And         li);o  towards  the  end  of  the  course,  what  It  went  out  to  bo,  I 
would  understand  or  1  would  by  able  to  do  all  tho  alcjebra  part  and  I 
coolcJ  do  all  the  mathematical  part  of  It,  but  I  didn't  understand  how 
it  fit  In.  I  didn't  understand  why.  And  so,  just  If  you  come  to 
having  to  explain  why  I  got  It,  then  I  was,  you  know.  In  trouble." 

\\'\  had  succ'^f^ded  )n  her  mathematU-o  courceo  largely  by  remembering  formu- 
He.  Thlr.  In  tier  Implicit  definition  of  "mathematics"  when  she  speaks  of  'the 
mathematical  part  of  It". 

Del  and  Pam,  and  also  Jake,  wore  of  the  opinion  that  not  just  elementary 
teaci.ers  but  <.i\'^o  toachero  of  higher  mathematics  courses  should  draw 
inou-  picture  J",  even  in  abulract  mathematics  whore  at  all  possible,  bccau:;e 
they  bellevtd  ^nch  dlagramr^  w.iuld  be  an  aid  to  tholr  undcrotandlng  or 
making  sotmc  of  the  more  abstra^rt  concepts.  Dy  way  of  contrast,  vlyualiz- 
.*rs  Mart  and  Jem  did  not  express  a  need  for  their  mathematics  teachers  to 
.iraw  any  dlaijramat  as  vlsualUers,  they  cnuld,  and  did,  create  their  own 
In.agtj;  and  diagrams  In  t)ie  process  of  making  scnm?  even  of  abstract 
mathematical  concepts.  Their  mathematical  processing  suggested  that  they 
experienced  ..t)H^r  difficulties  (iwm*  later).  Ellon  used  nothing  that  she  could 
doi:.lgnato  "Iniagitry"  in  the  proct>si»  of  solvltig  these  mathematical  problems, 
and  .T.he  did  not  expret-5  a  need  for  Imagery  or  diagrams  at  all. 

The  cunacnsoi:  (of  all  thi»  studi-nts  except  Ellen)  was  that  the  presence  of 
an  Ipuigo  oi  diagram  In  mathematical  processing  aids  conceptual  knowledge 
and  obviates  the  need  for  total  reliance  on  formulas  or  procedural  knowl- 
edge. 

(1)  Thie  se«jn«MiCf;  problem. 

Logic  Is  ■»  rR'ci^nsary  ingredient  In  all  mathematical  processing  (Krutetskll, 
n7G).  t.u.jir  w.k;  »-'vldent  in  J 11  luccessful  soluUons  of  the  sequence  problem 
In  these  inti^rvlt-Wi.,  whether  im.^gf•ry  was  reported  as  having  bei'n  uised  or 
nnl.  it  V/ t.i  li.gl' ,  wltliuut  thf  tLxJbook  formula  (wlilch  none  of  the  students 
rejaembeccd)^  that  eventually  li'd  .ill  riludcnt.i  except  Ellon  to  a  pattern 
which  gave  tl.cm  the  fiCtli-th  te-rm  of  th^>  sequence  5,  8,  11,  ...  Ellon 
wri'tc  down  .Ul  the  t»nm..  op  it.  the  fUtlelh  one  to  find  a  solution;  after 
that,  .^:<tenL>lve  qu»-:-«tiuning  und  prompting  by  the  Interviewer  led  her  to  a 
.  IhTli-r  V,  \y  i>f  .Jtrlvlng  »it  the  L..ime  answer. 
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The  InCluenco  ot  content  know2ed<jo  o£  mrfthomd Ileal  mcthoda  uaed  in  L)»e 
rourpf  MAE  (Te<ichincj  Secondary  School  Mathematics)  was  apparent  to  a 

•Uie/^f'Or  ur  U'-.'kf^ef  r?xtent  fot  DiM,  Pam,  Jak&.  an«1  Jem,  but  eapeciaUy  in 
Mart'£-  pioCf;^..lny.  MJkr  L  I'ommi'iiLecl,  "This  Iji  very  typical  of  something  we've 
workrd  on  (In  MAE  ^322).  Aiic3  thin,  I'm  just  applying  flomp  of:  the  principles 
th.il  TvM  l«..irii»Ml  in  tluTt:,  I  think.*'  Theae  princlpK'ii  influenceO  Mart  to 
pr(ic(M:il  .1.4  loDuw:.: 

*  Flrbt,  tu.  Ill'  "T  woul<3  t.akt>  5  R\jb  1  equal  t o  5,  G  aub  7  oqual  to  fl, 
r>  suh      .-jiMl  lu  11." 

*  Then  h(j  rl.ulfic'd,  in  the  term,  right.  First  term/  J^econd  term,  third 
term.  Now  wf'n-  looklnsi  for  .*5  oub  f«0.  That  would  he  equal  to  It  we  can 
flntl  ci.'l»»ti'Mi,lilp  bfLwi.'L-n  lfit:;»(-',  then  romc  up  with  u  general  equation  and 
teiit  \\f  It  will  probably  junt  plug  In,  hopefully  the  aub  number  50,  and 
tomo  U(«  with  the  an:>WL'E." 

*  Iinvige-cy  Involving  Jumpo  of  3,  together  with  logic,  gave  him  a  formula, 
i,v,f  Sii  «  ''i  +  3(n-l),  whlcii  led  to  the  correct  answer  when  he  substituted 
n  SO, 

In  Mart'ti  caae,  a  formula  woo  uocd;  but  it  was  his  own  formula,  not  one 
Um'  he  l<»aiufd  hy  rcpte  iind  c»ttenipted  to  r.tore  away  Cor  future  upo. 
ronU'nt  kncjub^lge  of  a  inothiod  i)r  princlpU;  had  given  him  something  far 
M(or<'  lu^wiTfiil  ih.m  nuTe  iiuMimr  l.'.at  Ion  of  a  formula  for  the  general  term  of 
an  arlthmn'tic  progrei;:>lon  (aUhcnnjh  if  it  ia  not  -almply  memorized  for  testa 
iU\\  :-iibMiM|uiMit ly  forgotten,  it  m.iy  be  ueicful  to  have  ouch  a  formula  avaii- 
ible  for  »ir>e)«  Tho  formulae  c:(jnr\tr ucted  by  these  students  were  dlveriie 
\{tt\  Mlnt./iici  .it  U-:  for  loL  lunce,  Di-l  ue.ed  the  pattornr^  Of  numbers  to  obtain 
.1.1  i'«pilv<^»lofjt  formula  2(nil)+ii. 

Thiii  principle,  viz.,  taking  Dimple' r  cases  or  the  liryt  lew  terms  of  a  se- 
quence, finding  a  pat  turn,  geneializing,  testing  and  proving,  then  substitut- 
ing to  find  a  required  case,  was  less  successfully  used  in  the  second  part 
In  whilch  the  sum  of  30  terms  of  the  sequence  way  required.  None  of  these 
students  v-onstructed  a  L^olution  unaided.  So  the  interviewer  told  all  but 
Jem  (who  stopped  at  that  point)  the  "story"  of  Gauss  who  added  the  first 
and  last  teriotj  of  such  a  jjeqnence,  then  the  second  and  last  but  one,  and 
r.d  on.  All  flvt^  students  rapidly  solved  the  problem  using  this  hint.  It  is 
noteworthy  that  the  girls  reported  no  iiriagery  in  their  solution  processes, 
while  Jake  and  Mart  reported  a  "kind  of  dome"  image  with  lines  Unking  the 
outer  terms,  then  successiv<>  pair:;  of  terms  within.  (Kaput/  1991/  has  done 
exttMislve  n-rscarch  on  various  kinds  of  mathematical  representations  using 
a  similar  problem.)  Jake  Indicated  that  the  linking  linos  of  his  Image  were 
pr omitted  by  the  FOIL  method  (F-'irst  terms.  Outer  terms,  Inner  terms.  Last 
termn)  often  ujed  In  hilgh  sclnfl  algebia  classrooms  as  a  procedure  fi)r 
iiiulti plying  two  trinomials. 

(?)  The  g»>omrtry  problem. 

The  klndr.  of  content  knowledge  which  influenced  processing  in  the  geomotry 
proMcm  wet',  undurL.t.3iidabiy,  Liigtly  a£,i>oc'lated  with  high  school  Euclidean 
geometry  and  the  Flements  of  Geometry  course  (MAE  4B16)  in  which  four  of 
thf  :itcd»>nt.-.  wf-re  enrolled.  Mowover,  in  the  third  section  of  the  problem 
v^hlch  involved  area,  the  theme  ot  feeling  paralyzed  if  one  cannot  remember 
a  fnrmuLi  was  agriln  painfully  cvldpnt,  iti  three  of  the  six  cases, 

The  pt.iblem  wa;>  as  follows. 
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Figure  1. 

ABCD  is  a  square  and  E  and  F  are  the  midpoints  of  AB  and  DC  respectively. 
CE  and  AF  are  joined. 

(a)  Prove  that  triangles  ADF  and  CBE  are  congruent. 

(b)  Prove  that  AECF  is  a  parallelogram. 

(c)  If  thp  area  of  the  square  is  4  square  units,  calculate  the  area  of  the 
parallelo«jrani. 

In  the  first  and  second  parts,  memories  of  theorems  about  congruent  trian- 
gles and  parallelograms  (or  the  absence  of  such  memories)  appeared  to  be 
^he  overriding  Influence.  Only  Del  and  Mart  remembered  these  theorems 
sufficiently  to  facilitate  their  attempts  at  proof.  Solutions  to  thest:  two 
pa£t3  will  not  be  examinod  in  detail  here;  just  two  points  of  interest  will 
he  mentioned. 

Firstly,  there  was  a  tendency  for  students  to  go  by  the  visual  appearance 
nf  the  diagram  in  constructing  proofs.  For  example,  Del,  Pam,  Ellen  and  Jem 
all  wanted  to  tdko  lines  FA  and  CE  to  be  yivon  ajj  parallel  because  they 
looked  parallel  in  the  given  diagram.  This  intrusion  of  visual  appearance  in 
proofs  is  widespread  amongst  vinualizt^rs  such  as  Jem  (Presmeg,  1985).  A 
second,  related,  phenomenon  is  the  constructing  of  geometrical  prototypes 
(Hershkowitz,  1989;  Presmeg,  in  press).  Several  of  the  students  redrew  the 
square  so  that  it  was  "straight",  because  their  prototypical  image  of  a 
square  involved  horizontal  and  vertical  line  segments.  The  visual  prototype 
Is  compelling  for  many  students. 

The  tendency  for  students  to  take  FA  and  CE  to  be  given  as  parallel  lines 
introduces  a  further  point.  Del  explained  another  influence  at  work  in  her 
thinking.  In  reply  to  the  interviewer's  question,  "Now,  you  say,  by  looking 
at  it.  Is  that  because  it  looks  parallel?"  she  exclaimed,  "Oh,  that's  right!  I 
can't  assume  that  it's  parallel,  I  forget,  because  of  whenever,  urn,  IVe 
worked  with  proof  checker,  and  whenever  you  work  with  proofchecker  all  you 
have  to  do  is  draw  a  parallel  line  and  of  course,  if  it  goes  with  it  then 
you  can  say  it's  parallel.  So  that's  why  I  just  wanted  to  look  at  it  and 
oay,  um  ....  Okay!"  Here  Del's  case  points  to  a  possible  disadvantage  of 
f'Xtensivf  use  of  computer  software  such  as  she  described,  in  Euclidean 
geometry. 

The  third  part  uf  the  geometry  tacik,  i.e.,  finding  the  area  of  the  parallelo- 
gram, turned  out  to  be  a  very  rich  activity  which  was  handled  in  diverse 
wayi  by  the^e  students. 

In  three  ca.ies  (Pam,  Jake  nnd  Mart),  the  influence  could  be  seen  of  tcssel- 
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lation  (tiling)  activities  In  which  the  students  had  been  involved  in  their 
Elements  of  Geometry  class  (MAE  4816)  with  the  writer.  Two  other  students, 
Del  and  Jem,  were  not  enrolled  In  this  course.  In  class,  the  students  had 
been  constructing  "Escher-llke"  tiling  patterns  based  on  works  of  the  Dutch 
artist  Escher.  They  had  learned  that  by  taking  a  simple  shape  which  will 
tessellate,  such  as  a  square  or  equilateral  triangle,  they  could  create 
intricate  tiling  patterns  by  removing  a  piece  of  their  template  shape  and 
taping  It  on  to  a  different  side  appropriately.  Pam's  reaction  to  the  area 
task  was  to  remove  triangle  CBE  from  the  bottom  of  the  square  and  in  her 
mind  "tape  It  on"  to  the  top  of  the  square  so  that  CB  coincided  with  DA,  as 
foll.»w;5.  ,  E 


Figure  2. 

She  si\u  Imn.fedlately  that  the  area  of  parallelogram  AECF  is  half  the  given 
area. 

J,ikc  .iiul  Mart  used  dynamic  (moving)  imagery  in  their  solutions,  both  of 
which  showe.i  the  influence  of  rotations  which  they  had  used  In  the  tessel- 
Uitiiii.  la::.'..-,  in  ,U^ii.  Thu  sludcnts  in  MAE  4816  had  roii:itt\icted  a  princi- 
ple that  any  quadr ilatL'cal  will  tessellate  by  rotating  the  shape  through 
180  doijreej  around  the  midpoint  of  any  side.  The  following  figure  Illus- 
trates thfir  niethod  of  solvln'3  the  area  problem. 


Figure  3. 

Rotciting  ty.rough  180  degrees  the  small  triangles  at  the  centre  of  the 
parciUeU-gram,  as  shown  by  the  arrows,  they  concluded  that  the  area  of  the 
parallelogram  is  two  square  units.  They  used  logic  to  validate  this  move- 
ment, e.'j..  Mart  commented,  "I  bisected  this  (by  drawing  the  cross  in  the 
center   of   square  ABCDl  so  I  Lpllt  the  hypotenuse  (I.e.,  AFl   in  half."  It  Is 
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noteworthy  that  not  one  of  the  54  visuallzers  ^"^ervlewed  using  this  ta^k 
in  a  previous  study  (Presmeg,  1985}  solved  the  problem  by  these  methods. 

Those  students  (Del  and  Pam)  who  tried  to  recall  a  known  formula  for  the 
area  of  parallelogram  AECF  <.nd  then  attempted  to  work  with  CE  as  the 
base,  struggled  with  the  problem  and  were  unsuccessful  using  this  method 
Jem/ on  the  other  hand,  successfully  used  a  formula  in  conjunction  with  a 
visual  analysis.  He  saw  that  the  required  area  is  the  area  of  the  whole 
square  less  th?t  of  triangles  ADF  and  CBE;  each  of  these  trl.^ngles  has  an 
a?ea  of  one  square  unit,  as  he  calculated  using  the  half-remembered  formu- 
la Cor  the  area  of  a  triangle  (which  he  at  first  thought  was  base  times 
height). 

What  was  striking  in  the  protocols  for  the  area  problem,  was  how  effective- 
ly visualization  and  logic  can  be  combined  to  construct  novel,  accurate,  and 
in  some  cases,  elegant  solutions. 

SOME  RECOMMENDATIONS 

In  summary,  the  interviews  described  above  suggest  to  the  writer  the 
following  recommendations  for  mathematics  educators  at  high  school  and 
L-ollege  level. 

^  The  belief  that  mathematics  is  -a  bunch  of  formulas-  to  be  memorized  is 
detrimental  to  effective  proble.  solving  and  educational  P"-^-^"^^;^^^^^ 
foster  construction  of  this  belief  should  be  avoided  (Del,  Ellen,  Jake  and 
Jem). 

*  To  facilitate  understanding  of  concepts  rather  than  rote,  procedural 
knowU'dge,  teachers  should  draw  and  encourage  diagrams  whenever  possible 
(Del,  Pam  and  Jake). 

*  Teachers  should  avoid  always  drawing  diagrams  in  a  standard  orientation 
in  geometry,  since  inflexible  prototype  images  may  hinder  student  cognition 
(Jake). 

*  Creacive,  dynamic  imagery  should  be  encouraged  in  the  solution  of  prob- 
leJTis  It.  geometry,  including  Euclidean  geometry.  The  rigorous  proofs,  based 
on  students'  processes,  can  be  worked  out  later,  after  they  have  experi- 
L-nceO  the  excitement  of  a  "visual  solution'*  (Pam,  Jake  and  Mart). 

The  overriding  impression  which  remained  with  the  writer  after  the  inter- 
views described  in  this  paper,  was  the  helplessness  engendered  by  the 
belief  that  mathematics  is  "a  bunch  of  formulas*'.  With  this  belief,  when  no 
formula  could  be  remembered,  the  paralyzing  negative  affect  which  followed 
went  hand  in  hand  with  a  state  of  mind  in  which  little  mathematical  problem 
solving  cognition  was  possible. 
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III-6S 

MATHEMATICAL  PROBLEM  SOLVING  IN  COOPERATIVE  SMALL  GROUPS: 
HOW  TO  ENSURE  THAT  TWO  HEADS  WILL  BE  BETTER  THAN  ONE? 

Thnmfl<i  Srhrncdcr.  Zahra  Gooya,  &  George  Lin 
University  of  British  Columbia 

Instructioml  methods  where  students  work  in  cooperative  small  groups  are  popular,  in 
particular  for  teaching  and  learning  about  mathematical  problem  solving.  However,  some 
recent  studies  of  problem  solving  have  shown  that  results  obtained  by  students  working  in 
small  groups  are  not  necessarily  better  than  individual  results.  In  this  paper  we  review 
some  theoretical  reasons  for  expecting  that  work  in  small  groups  should  be  beneficial  for 
students  learning  to  solve  non-routine  mathematics  problems,  and  we  analyze  three  recent 
studies  of  mathematical  problem  solving  in  groups.  Finally,  we  suggest  possible  directions 
for  future  research  and  development  designed  to  help  teachers  increase  the  chances  t}\at  two 
heads  will  be  better  than  one  when  their  students  solve  mathematical  problems  in  groups. 

Instructional  methods  that  involve  students  working  in  cooperative  small  groups  have  become 
increasingly  popular,  and  such  groups  are  seen  by  many  teachers  as  particularly  appropriate  for  teaching 
iind  learning  about  mathematical  problem  solving  with  non-routine  problems  (Good,  Grouws,  &  Mason, 
1990).  However,  the  research  on  the  learning  of  students  working  in  groups  as  opposed  to  working 
indepcndenUy  has  been  equivocal,  and  some  studies  of  non-routine  mathematical  problem  solving  in 
groups  (Stacey,  1992;  Treilibs,  1979)  have  shown  that  students  working  in  groups  do  not  always  perform 
better  than  students  working  individuaUy.  Before  analyzing  three  recent  swdies  of  mathematical  problem 
solving  in  groups,  we  briefly  present  some  theoretical  reasons  for  expeaing  that  working  in  small  groups 
should  be  beneficial  for  students  learning  to  solve  non-routine  mathematics  problems. 
Theoretical  Foundations 

Webb  (1982)  has  provided  a  wide-ranging  review  of  research  on  learning  in  cooperative  small 
groups.  Her  review,  includes  consideration  of  theoretical  mechanisms  bridging  the  interactions  within 
groups  and  the  achievement  outcomes.  According  to  Webb,  researchers  who  have  considered  how 
participating  in  a  group  might  help  students  learn  have  hypothesized  two  main  kinds  of  mechanisms  that 
could  relate  interaction  in  groups  to  student  achievement:  (1 )  mechanisms  direcUy  affecting  cognitive 
processes,  and  (2)  mediating  variables  thought  to  create  an  emotional  or  intellecnial  climate  conducive  to 
learning.  The  cognitive  processes  discussed  by  Webb  include  mere  verbalizing  (vocalizing),  cognitive 
restructuring,  and  conflict  resolution,  the  socio-emotional  ones  motivation,  anxiety,  and  satisfaction. 

Noddings  (1985)  considered  a  number  of  social  theories  of  cognition  in  synthesizing  a  framework 
for  her  research  on  mathematical  problem  solving  in  small  groups.  She  concluded  that  the  most  useful 
theoretical  position  is  that  of  Vygotsky,  who  claims  that  children's  individual  mental  functions  are 
internalized  from  relations  among  chUdren  in  groups,  and  that  reflection  is  induced  by  tiw  need  for  each 
child  to  defend  his  views  against  challenges  brought  by  other  children.  The  following  arc  some  specific 
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hypotheses  about  group  processes  being  inlcrnalizcd  by  students  learning  to  solve  non-routine 
mathematics  problems  in  cooperative  small  groups; 

•  Useful  heuristics  should  begin  to  spread  through  the  group;  less  useful  ones  should  fall  away. 

•  Challenge  at  the  group  Icvd  should  appear  as  reflcction  at  the  individual  level. 

•  Requests  for  explanation  in  tlie  group  should  be  rejected  in  an  internalized  heuristic,  *'Why  is 
this?'* 

•  The  procedures  of  the  group  should  reappear  as  an  orderly  attack  on  problems  by  the  iixiividual. 

•  The  exchange  of  peripheral  information  in  the  group  should  result  in  vocabulary  development  in 
individuals. 

•  References  to  other  contexts  in  the  ^oup  should  produce  contextual  sophistication  (less 
contextual  dependence)  in  tiie  thinking  of  individuals. 

•  Conversation  in  the  group  should  be  reflected  in  a  greater  volume  of  problem-oriented  inner  talk 
in  individuals.  (Noddings,  1985,  pp.  351-352) 

In  the  light  of  these  promising  and  seemingly  reasonable  prediatons,  we  now  turn  our  attention  to 
two  studies  of  mathematical  problem  solving  in  c  xipcrativc  small  groups  which  seem  to  suggest  that  "two 
heads  may  not  be  better  than  one." 

Previous  Research  on  Mathematical  Problem  Solving  in  Groups 

Staccy  (1992)  has  reported  a  two-part  study  in  which  a  written  test  of  non-routine  problem  solving 
was  given  to  Year  9  students  under  two  conditions:  individual  work  and  small  group  format  Since  the 
result  of  this  initial  testing  was  that  students  working  in  groups  scored  slightly  worse  than  students 
working  individually,  a  follow-up  study  was  carried  out  focusing  on  observations  of  groups  as  they 
worked  on  three  of  the  tasks  contained  in  the  written  test  AU  three  tasks  have  similar  mathematical 
structure  and  involve  the  detection  and  extension  of  pattems.  One  task,  referred  to  as  the  Sequence  Task, 
is  shown  in  Figure  1.  Its  underlying  mathematical  structure  is  S(jc)  =  6jf  -  2.  A  second  task  involved 
ladders  made  from  match  sticks;  in  this  task  two  specific  ladders  were  shown,  one  made  from  8  matches 
having  2  mngs»  and  one  made  from  1 1  matches  having  3  mngs.  The  relationship  between  the  number  of 
rungs  X  and  the  number  of  matches  MU)  in  this  situation  is  MU)  =  3ac  +  2.  In  this  task  students  were 
asked  to  find  (he  number  of  matches  needed  to  make  a  ladder  with  20  mngs,  and  the  number  of  matches 
needed  to  make  a  ladder  with  1000  mngs.  In  the  third  usk,  diagrams  of  Christmas  Uecs  of  sizes  1,  2,  and 
3,  having  3,  7,  and  1 1  lights  respectively,  were  shown.  The  mathematical  structure  of  this  problem  is  L(jc) 
~4x  '  K  where  j:  is  the  size  of  tlie  tree  and  L{x)  the  number  of  lights.  Students  were  asked  to  find  the 
number  of  lights  on  a  size  20  Chrismias  tree,  and  tlie  number  of  lights  on  a  size  100  Christmas  tree.  In 
earlier  research,  Stacey  had  established  that  students  lend  to  make  a  small  number  of  prevalent  errors  in 
problems  like  these.  One  such  error  incorrectly  using  direct  proportion,  the  student  arguing,  for  example, 
thatL(100)  =  5xM20). 
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FUl  in  the  blanks  in  this  number  sequence  which  continues  on  and  on  in  the  same  pattern. 
4,  10,  16,  22,  28,  _,  _,  _.  _.  — ■  — ■ 
Wliat  is  the  10th  term  of  the  sequence? 
What  Ls  the  l  nnth  term  of  the  sequence? 


Figure  1:  Sequence  Task  (Stecey,  1992,  p.  265) 
In  the  follow-up  study,  seven  single-sex  groups  of  three  students  each,  ranging  from  Year  7  (age 
12)  to  Year  9  (age  14),  were  observed  and  videouped  as  they  solved  two  or  three  of  these  tasks.  The 
groups  of  students  were  fom^l  by  their  teachers,  who  selected  above-average-ability  studenU  who  would 
work  weU  together.  The  observer  provided  the  problems  and  encouraged  the  students  to  discuss  them  but 
took  no  other  part  in  the  discussion.  In  order  to  promote  cooperative  working,  only  one  pencil  was 
provided  to  each  group.  .    ,  u 

Analysis  of  the  observations  showed  that  the  decision  to  use  or  not  to  use  the  simple  but  wrong 
method  identified  in  previous  research  was  critical  to  the  success  of  the  group.  AU  but  one  of  the  seven 
groups  proposed  using  the  common  erroneous  approach  at  some  point,  and  aU  but  one  of  the  seven  groups 
proposed  other  ideas  that  could  have  been  used  to  solve  the  problem  cotrecUy.  Most  of  the  groups, 
however,  exhibited  litUe  checking  or  relaUvely  ineffective  checking  of  their  work.  Often,  queries  went 
ummsweied  or  were  answered  by  mere  lepetition  of  a  proposed  calculation.  Instead  of  discussing  each 
others'  proposed  methods,  new  ideas  wen;  put  forward,  and  even  when  correct  methods  were  given  with 
convincing  explanations,  they  wer*  sometimes  dismissed  or  abandoned.  Sucey  concluded  tiiat  it  was  not 
the  getting  of  ideas  that  was  difficult  for  these  studenU,  but  choosing  which  ideas  to  implement 
Recent  Research  Using  a  Task-Based  Interview 

Lin  (1992)  invented  a  card  game  for  four  players  and  used  it  in  an  interview  with  a  group  of 
StudenU  in  CSrade  1 1  (age  16)  to  investigate  whetiier  and  how  tiie  students  would  apply  probabihty 
concepu  in  analyzing  practical  situations.  Relevant  probability  concepts  such  as  equaUy  Ukely  outcomes 
probabiUtiesofjoint  events,  etc.  we,e  included  in  tiie  curriculum  of  U^maUiematics  course  these  sm^^ 

had  taken  in  Grade9.Toplaytiie  game,  oneoftheplayers  shuffles  six  cardsnumbered  1  to6anddeals 

one  card  face  down  to  each  of  Uie  four  players,  leaving  Uie  remaining  two  cards  face  down.  Then  tiie 
players  each  pick  lip  their  card  and  place  it  on  thcirfoiehead,  so  tiiat  each  of  Uie  players  can  s«:M^ 

of  all  tiie  otiier  players,  but  not  their  own  card.  TTie  player  holding  tiie  highest  card  wms.  Betting  begins 
with  the  dealer  and  ends  after  two  rounds;  players  may  raise  the  bet,  call,  or  fold. 

Lin  interviewed  four  students  (referred  to  as  StudenU  X,  Y,  Z,  ai,d  T)  as  tiiey  played  this  game, 
nie  interview  was  audio-uped  and  transcribed,  and  students"  written  work  was  coUected.  Students  were 
Kid  tiiat  after  ti«  betting  ended  they  would  be  stopped  before  revealing  their  catds  and  asked  to  wnte 
do^nti.  ideas  tluit  led  ti^mtocaU  or  drop  out  of  tiiebetting.  Then  aUti.  cards  would  berev.^^ 

students'  ideas  would  be  discussed  in  the  group.  TTie  first  time  the  game  was  played,  Stixient  X  wa.  d«Jt 
the  1  Student  Y  the  4,  Z  the  2.  and  T  tiie  5.  TTk  following  comments  show  tiiat  each  student  imtially  had  a 
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different  approach  to  establishing  ilic  probability  of  winning.  Only  Student  Z  gave  a  correct  analysis  of  this 
situation. 

Y:  Well,  it's  pretty  obvious  that  the  highest  card  om  there  way  5.  That  means  the  6  was  still  arotmd.  I  saw 
a  1  and  2  as  well.  That  gave  me  a  3/6  or  50%  chance  of  having  a  6  as  my  card.  That's  almost  like  flipping 
a  coin  or  answering  a  yes  or  no  question. 

X:  /  saw  2, 4,  and  5.  This  meatit  thai  6  was  still  around.  There  are  six  cards  in  the  pile  so  I  should  have 
1/6  a  chance  of  having  the  6  card.  That's  around  a  17%  chance  of  winning.  That's  not  too  bad.  At  least  it's 
not  like  0%  or  something. 

T:  There  are  six  cards  in  the  deck.  If  only  four  are  in  use,  then  1  had  a  114  chance  of  getting  a  specific  card. 
I  saw  that  1,2,  and  4  were  used  up,  so  1  blew  that  5  and  6  were  still  around.  Using  the  "or"  rule  of 
probability,  the  chance  of  having  a5  or  6  was  1/4  +  1/4  =  1/2. 

Z:  /  saw  that  there  were  3  cards  being  used.  These  were  1,4,  and  5.  This  meant  that  1  could  fiave  2,3,  or 
6.  This  really  only  gave  me  1/3  chance  of  winning.  Tfiat  wasn't  bad. 

The  students  played  many  more  rounds  and  connmcntcd  on  their  thinking  each  time.  The  following 
exchanges  (we  hesitate  to  characterize  them  as  interactions)  are  taken  from  one  of  the  last  games  played, 
when  Student  X  had  the  4,  Y  had  the  3,  Z  the  I,  and  T  the  2. 

X:  /  saw  that  there  was  no  yiHiy  of  losing  since  the  1,2,  and  3  were  revealed.  This  meant  1  had  a  4, 5,  or 
6.  The  rest  of  my  explanation  doesn't  make  sense. 
Int.:  What  do  you  mean? 

X:  /  know  there  are  6  cards  in  the  deck.  Iflamtoget4,5,or6,  then  1  should  have  o  3/6  chance  of  getting 
any  of  these.  That  means  I  have  a  50%  chance  of  winning.  But,  1  know  1  .should  win  100%  of  the  time 
this  game. 

Y:  The  highest  card  I  sav^  was  4.  This  meant  1  needed  to  have  5  or  6  to  win.  1  still  had  a  3/6  chance  to  get 
5  and  a  3/6  chance  to  get  6.  Huh? 
Int.:  You  look  puzzled.  What's  wrong? 

Y:  ///  have  3/6  chances  to  get  5  and  3/6  chances  to  get  6,  then  don'tl  liave  6/6  chances  to  get  either  one? 
Lin  decided  not  to  help  Student  X  or  Y  with  their  apparent  confusion.  Rather,  he  encouraged  them  to  work 
on  coming  up  with  explanations  for  their  results,  stressing  that  he  was  interested  in  their  thinking. 
Z:  /  saw  the  2, 3,  and  4. 1  must  have  a  1,5,  or  6.1  had  a  2/3  chance  of  winning. 
Int.:  2/3  chance?  Im  curious. . . .  How  did  you  get  that? 

Z:  Well,  if!  could  have  1,5,  or  6,  this  meant  that  only  2  of  the  3  possible  cards  allows  mc  to  completely 
win. 

T:  /  thinK  1  had  a  good  chance  because  I  only  saw  1,3,  and  4.  That  means  1  have  a  2, 5,  or  6.  Using 
probability:  Pw(2  or  5  or  6)  =  0/6  +  1/6  +  1/6  =  1/3  or  333  %  [Pw  is  the  "probabiHl)'  of  winning"]. 

By  this  time  in  the  interview,  the  betting  had  become  somewhat  unimportant,  but  all  of  the  students 
were  very  involved  in  analyzing  various  aspects  of  the  game  and  trying  to  synthesize  a  strategy,  if  ai^y,  to 
win  further  rounds.  Students  were  then  asked  if  the  game  was  fair;  the  following  are  their  conclusions. 
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X:  The  game  must  be  unfair,  at  least  at  some  points.  If  there  is  a  6  at  any  time,  then  you  have  016  to  win. 
Aiso.  if  I  see  1.2  and  3,  then  I  know  I  have  won  "for-sure."  The  rest  of  the  time  you  have  116, 2/6, 316 
chances  of  winning,  I  think. 

Y:  /  think  the  game  is  confusing.  When  I  see  1 .  2.  and  3. 1  must  have  4. 5,  or  6. 1  hMve  316  diances  of 
getting  each.  I'm  not  sure  that  makes  sense.  Math  makes  things  so  difficult  sometimes. 
Neither  Student  X  nor  Y  seemed  to  have  any  more  to  contribute;  they  seemed  rather  frustrated.  Lin  decided 
to  not  press  the  issue. 

T:  /  decided  to  try  out  some  possibilities  [shows  the  written  work  presented  in  Figure  2]. 


I  sec  1. 2.  3  ->  1  must  hdve  4.  5,  or  6  -->  Pw  (4  or  5  or  6)  =  1/6  +  1/6  +  1/6  =  50% 
Isec2!4'.6->Imusthavel.3.or5->Pw(lor3or5)  =  0/6  +  0/6+0/6=  0% 
1  sec  4,  5, 6  1  must  have  1 .  2.  or  3  -->  Pw  ( 1  or  2  or  3)  =  0/6  +  0/6  +  0/6  =  0% 
1  see  U  2. 4  I  must  have  3,  5,  or  6  ->  Pw  (3  or  5  or  6)  =  0/6  +  1/6  +  1/6  =  33% 
1  sec  2.  3.  4      1  must  have  1.  5.  or  6  ->  Pw  (1  or  5  or  6)  =^0/6  -f  1/6  +  1/6  =  33%  . 


Figure  2:  Student  T's  Calculations  (Lin,  1992,  p.  4) 
Int.:  Your  first  possibility  ...you  say  you  have  50%  chance  of  winning? 
T:  /  know.  ...it  should  be  100%,  but  I'm  not  quite  sure  how  to  explain  it. 

Student  Z's  analysis  was  similar  to  Student  T's,  but  different  in  two  respects.  First,  he  carried  out  his 
listing  systematically,  accounting  for  aU  20  possibilities  that  a  player  may  face,  and  second,  he  used  3 
rather  than  6  as  the  denominator,  recognizing  that  the  relevant  sample  space  consists  only  of  the  three 
unseen  cards.  Figure  3  gives  an  abbreviated  version  of  Student  T's  work;  the  actual  work  was  systematic, 
complete,  and  correct. 


Option 

If  I  see  tliesc 

1  could  have  any  of  these 

My  probability  of 
a  guaranteed  win  is 

1 

1.  2.  3 

4.5.6 

3/3 

2 

1.2.4 

3,5.6 

2/3 

3 

1.2,5 

3,4,6 

1/3 

20 

4,  5,6 

1.2.  3 

0/3 

Kigure  J:  laoic  consult. Lc<j      vjiuu^-m    i-ww  j  ^  

Referring  to  the  table  above.  Student  Z  went  on  to  produce  an  argument  proving  that  the  game  is  fair. 
Z  This  game  catmot  really  be  called  fair  or  unfair.  Option  1  shows  that  I  have  no  way  of  losing.  However. 
Options  4  7  9  10.13. 15. 16. 18.19.  and  20  show  that  it  is  impossible  for  me  to  win  "for^sure.  These 
results  do  agree  with  the  game  statistics.  But,  overall  the  game  unfair  because  the  probability  of  getting  a 


I  x|  + 


10  X  + 


6  X  + 


3  X 


20 


winning  card  is 
players  has  a  25%  chance  of  getting  a  winning  card. 


or  -.This  means  that  any  of  the  four 
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The  students  in  Lin's  study  showed  relatively  little  change  from  the  beginning  of  the  interview  to 
the  end.  Student  Z,  who  was  correct  ftt>m  the  first  round  of  the  game,  was  a  bit  tentative  at  first»  but 
seemed  to  become  quite  certain  of  his  corrccti>css.  He  appears  to  have  convinced  himself,  but  not  the 
others  in  the  group,  of  the  validity  of  his  arguments.  Student  X  recognized  situations  where  the  probabilitj' 
of  winning  is  either  0  or  100%»  but  his  analyses  of  all  other  possibilities  were  wrongs  as  were  Student 
T*5,  because  they  were  based  on  a  sample  space  of  size  6.  None  of  the  other  students  seemed  to  learn 
much  from  Student  Z,  whose  work  at  the  end  of  the  interview  is  excniplary  in  its  clarity  ind  orderliness. 
Therefore,  we  conclude  that  in  this  case,  too»  two  heads  were  not  better  than  one. 

Altliough  Lin  was  a  student-teacher  undertaking  a  practicum  at  the  time  he  carried  out  this  project, 
he  took  it  as  his  assignment  to  learn  from  students,  rather  than  teach  them.  In  order  not  to  Was  his  results, 
Lin  chose  not  to  intervene,  e.g.,  by  providing  information  to  Students  X  and  Y,  or  by  asking  the  group  to 
resolve  the  obvious  difference  between  the  first  line  in  Student  T's  work  in  Figure  2,  and  Student  Z*s 
analysis  of  the  same  situation  in  the  first  first  line  of  Figure  3.  However,  he  did  identify  a  number  of 
opportunities  to  "orchestrate  discourse"  (NCTM.  1991,  p.  35)  which  arose  during  the  interview,  but 
which  he  did  not  take  advantage  of,  due  to  his  understanding  of  his  role. 
Recent  Research  on  Metacognttion-Based  Instruction 

Gooya  (1992)  investigated  the  effects  of  metacognition-based  teaching  in  a  mathematics  course  for 
undergraduate  students,  many  of  whom  were  intending  to  become  elcnwntary  school  teachers.  The 
instructional  strategies  she  used  included  journal  writing,  cooperative  work  in  small  groups,  and  whole- 
class  discussions.  Gooya  worked  hard  to  establish  a  social  norm  in  the  small  groups  and  whole*class 
discussions  where  meaning-making,  alternative  problem  solving  strategies,  and  explanations  based  on 
mathematical  evidence  were  valued.  Her  report  includes  a  great  deal  of  evidence  documenting  the  progress 
students  made  in  clarifying  their  thinking,  becoming  more  reflective,  and  monitoring  tlieir  progress. 

For  example,  Gooya  describes  an  incident  early  in  the  course  in  which  a  student,  Nina,  presented 
her  group's  correct  solution  to  a  problem  but  immediately  erased  it  when  another  student  asked  her  why 
she  did  what  she  did  (Gooya,  1992,  p.  78).  This  situation  contrasts  sharply  with  another  incident  late  in 
tlic  course  where  niiie  students,  including  Nina,  took  part  in  an  extended  discussion  of  two  different 
interpretations  of  the  meaning  of  a  problem,  of  different  approaches  to  the  problem,  and  of  different 
solutions  to  the  problem  based  on  the  different  interpretations.  The  problem  being  discussed  was  // 
someone  offers  you  a  Job  that  pays  one  penny  on  the  first  day  and  doubles  the  money  every  day  c^er  that 
for  30  days,  wotdd  you  accept  the  offer?  The  following  are  some  excerpts  from  the  interactions. 
Clara:  /  will  Just  tell  you  what  we've  done  in  our  group.  But  we  haven't  got  the  answer. 
Zahra:  That's  fine.  We  don't  want  a  finished  product.  We  Just  want  to  hear  from  each  other. 
Clara:  People  worked  it  out  on  a  calculator  as2  x2  x2  x....The  second  way  that  we  did  was . . .  and 
then  we  took  like  for  the  first  day  it  was  only  one  penny  and  then  the  second  day  it  doubled.  It  was  30 
days.  The  second  day  was  2,  and  that  was  for  29  days.  So  we  put  2'^,  and  it  worked  out  on  calculator, 
and  both  answers  were  the  same.  [What  Clara's  group  did  first  was  to  multiply  by  two  29  times  and  then 
add  one.  The  second  way  was  to  use  the  xv  function  on  the  calculator  and  add  one  at  the  end.] 
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Zahra:  So  did  you  get  the  sum  of  the  money  the  person  got  at  the  end  of  the  30th  day^  Oara:  Yes, 
Melissa:  [Raising  her  hand]  What  we  [another  group]  did  was  make  a  table  having  three  columns.  The  first 
column  was  a  penny  and  the  second  column  was  doubling  that  money  atul  the  third  column  was 
accumulated  pay.  What  we  noticed  wasjor  example,  on  the  1 1th  day,  you  earned  $1024  a  day  and  the 
sum  of  tlte  first  10  days  which  was  for  previous  days,  so,,,  like  the  30th  day,  you'll  be  actually  earning 
2^^  but  minus  one  cent.  That  would  be  the  sum  of  what  you've  earned  from  the  first  day  to  the  30th  day. 
Zahra:  Thanks  ..-so  what  about  you  [pointing  to  another  group]? 
Shirley:  /  didn't  quite  understat\d  what  the  10th  day  has  anything  to  do  with  it, 
Melissa:  Oh,  just  to  give  an  example, 

Patrick  [from  McUssa's  group]:  Well  on  the  10th  day  you  earn  $5.12  and  tfie  accumulative  pay  on  the  10th 
day  was  $10,23  andon  the  11th  day  you  make  $10,24,  You  make  onepenny  more  than  you've  already 
made, 

McUssa:  That  was  accumulative  pay  from  the  1st  day  to  the  10th  day  which  is  equal  to  the  pay  on  next  day. 
But  you  actually  make  one  more  penny, 

Patrick:  So,  on  the  10th  day,  you  make  2^,  That's  how  you  earn  $5.12.  The  total  pay  was  $1023  which 
was  V^-1,  So,  on  the  16th  day,  I  usedV^,  The  accumulated  pay  was  $65535  which  is  V<^-1.  So  the 
formula  is  2*  - 1  penny. 

Jack  [from  another  group]:  We  did  it  as:  on  day  1  you  make  1  penny,  on  day  2  you  make  2  pennies,  day  3 
you  make  4,  so  we  noticed  the  pattern  on  the  right  hand  column.  The  1st  day  is  2^  2nd  day  is  2^,  3rd  day 
is  22,.,.,  so  after  30  days,  that's  equal  to  so  many  cents  ...is  equal  to  2^^.  When  you  punch  that  Into 
calculator,  that  was  /ww  many  cents  you  would  earn. 

Nina  [same  group  as  Patrick]:  So  more  like  what  you  guys  did  [pointing  to  Clara's  group], 
Patrick:  That's  how  much  money  you  made  on  the  30th  day. 

Jack:  The  problem  we  had  and  I've  still  seen  is  that  the  power  is  one  less  than  the  day,  and  originally  we 
had  229.  sut  because  you  start  at  0,  you  don' t  start  at  one,  that's  where  the  difference  comes  in. 
(Oooya,  1992,  pp.  80-85). 

As  in  many  verbatim  transcripts  of  classroom  interactions,  uhe  c^act  meaning  of  these  utterances  is 
not  always  completely  clear,  but  what  wc  think  is  clear  is  Uie  great  extent  to  which  the  students  are 
listening  to  and  responding  to  otK  another,  explaining  their  mcUiods,  comparing  various  methods,  and 
seeking  and  giving  clarifications;  they  are  not  Ignoring  or  dismissing  one  another  as  the  students  in  the 
Staccy  and  Lin  studies  sccincd  to  do,  In  these  studies,  the  role  of  the  rcscan:her  was  as  an  observer  who, 
for  objectivity's  sake,  did  not  not  intervene  in  ways  intended  to  influence  the  group  activities;  in  fact,  the 
observer  in  one  study  "took  no  part  in  the  discussion,  feigning  lack  of  interest"  (Stacey,  1992,  p,  264), 
Oooya,  on  the  contrary,  adopted  the  role  of  a  participantK)b6crvcr  who  deliberately  attempted  to 
communicate  to  students  her  expectations  for  the  roles  they  should  take  in  the  discourse  during  die  course. 
A  key  feature  of  Oooya' s  work  is  the  social  norms  that  she  attempted  to  estabUsh.  The  means  she  used  to 
establish  these  norms  cannot  be  discussed  adequately  in  this  paper,  but  those  nomis  and  means  and  their 
implications  aie  much  more  significant  and  much  more  complex  than  the  "norms"  in  some  research  on 
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small  groups.  For  example,  a  study  by  Egcrbladh  and  Sjodin  (1986)  used  "group  norm"  as  one  factor  in  a 
four-factor  ANOVA,  meaning  that  students  were  given  brief  institictions  that  they  were  to  cooperate  with 
one  another,  or  compete  witJi  one  another,  or  they  were  given  no  such  instructions,  Webb  iws  described 
such  research  as  work  which  lias  "sought  to  predict  achievement  from  a  few  characteristics  of  the 
individual,  group,  or  setting.  Without  data  on  students*  experience  in  groups  [and  we  would  add  what 
teaching,  if  any,  they  receive  about  how  to  work  in  groups],  these  stwlies  present  incomplete  pictures  of 
the  influences  of  group  work  on  individual  learning"  (Webb,  1982,  p.  422). 
Directions  for  Future  Research  and  Development 

The  evidence  presented  in  Gooya's  study  shows  some  results  of  a  planned  and  documented 
intervention,  rather  than  characteristics  of  students*  "natural**  interactions  In  groups  as  presented  in  Lin's 
and  Stacey's  reports.  We  see  value  in  both  types  of  rcseaich,  as  they  characterize  what  Ls  In  some  (perhaps 
many  or  even  nwst)  classrooms  luxl  also  what  couJd  be.  The  Professional  Standards  for  Teaching 
Mathematics  (NCTM,  1991,  pp.  35-51)  contain  standards  for  teachers'  and  students'  roles  in  classroom 
discourse  that  put  tl>e  responsibility  on  teachers  to  establish  classroom  discourse  that  is  much  more  like 
what  Gooya  has  reported  tban  what  Stacey  and  Lin  dciicribc.  The  coinnvcnt  in  the  Standards  tJmt"the  WikJ 
of  discourse  dr.scribctl ...  docs  not  occur  spontaneously  in  most  classrooms"  (NCTM,  1991,  p.  35)  is 
borne  out  by  Stacey's  and  Lin's  research.  We  believe  that  further  research  and  development  is  needed  to 
show  what  kinds  of  progress  teachers  can  make  towards  the  Standards'  vision,  and  what  sorts  of  teaching 
would  lead  to  students  interacting  productively  with  one  anotJicr  and  learning  from  one  another  in 
cooperative  snull  groups.  Results  like  Stacey's  and  Lin's  may  be  common,  but  tJicy  arc  not  inevitable. 
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THE  DEVELOPMENT  OF  COLLABORATIVE  DIALOGUE  IN  PAIRED 
MATHEMATICAL  INVESTIGATION 


Yoshlnorl  Shlmlzu 
Tokyo  Gakugel  University.  Japan 


This  paper  oxplores  the  aspects  of  coflaboratlve  dialogue  in  pairod 
mathematical  investigation.  A  transcribed  protocoi  olprobtem  solving 
sessions,  In  which  two  sixth  grade  children  ivere  videotaped  when  they 
were  working  on  an  investigational  task  in  pairs,  was  analyzed.  The 
protocol  was  selected  for  it  had  txwn  ot)tain9d  as  the  data  of  the  most 
suocessful  pair  out  of  six  worked  on  the  same  task.  By  the  analysis  of 
the  protocol,  a  t]ypothesized  model  of  successful  collat)orativQ  dialogue 
in  paired  mathematical  Investigation  was  proposed.  Based  on  this 
hypothesized  model,  some  possible  teachers'  role  to  urge  children  to 
engage  in  coilatx)rative  dialogue  were  discussed. 

Sovoral  studies  on  dialogue  in  paired  problem  solving  suggest  that,  strange  to  say,  we 
cannot  always  observe  what  Is  called  "collaborativo''  processes,  which  is  usually  Implied  by 
the  term  "dialogue*.  Yackel  el  al.(1991),  for  example,  reported  such  an  example  of  second 
grado  children  working  In  pairs  as  follows. 

The  mv  tx)ys  ilevflop  different  solution  methods  ami  do  twt  mtempt  to  tidiievv  conscrmts  in  the 
sense  ofhaUrifi  a  mutmlly  accepiahle  solutioti  Nomheltss,  their  activity  is  aMoboraiive  in  tfuis 
each  child's  construction  is  influenced  by  comments  made  by  the  otiwr  child.  (p.402) 
Similar  behaviors  were  observed  by  the  author  when  he  analyzed  the  protocols  of 
three  pairs  of  junior  high  school  students  working  on  a  construction  problem  in  plane 
geometry  (Shlmizu,  1992). 

Altimnh  ihi>y  worked  on  tlie  problem  together,  they  prxH-ecded  into  the  different  directions. 
Vtcy  often  asked  tfte  partner  to  explain  thi*  approach,  listened  to  partner's  comments  urtd 
excitanged  some  ideas.(p.333) 

Forman  &  Ca2den(1985)  Identified  the  following  three  types  of  the  interaction  pattern 
In  paired  problem  solving  of  fourth  to  fifth  grade  children  ;  "parallel",  "associative",  and 
"cooperative".  According  to  their  study,  the  interaction  pattern  that  one  of  the  pairs  ''scerm'd  to 
prejer  was  either  prtdominamly  or  efUirely  parallel  in  nature' (p.335).  Kroll{1988)  reported  the 
similar  pattern  of  behaviors  when  she  observed  three  pairs  of  college  women. 

Each  woman  proceeded  with  the  task  with  which  shefe.lt  comfortable,  and  by  diversifying  their 
attack  the  pair  rtuiy  Itave  doubled  their  chances  of  finding  a  solution  to  the  problem  {p.  13  J ) 
These  studies  seem  to  suggest  two  matters.  First,  when  they  work  together  with  peer, 
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the  individuals  in  pairs  do  not  always  sharo  the  ideas  and  they  may  obtain  different  solutions 
ahhough  they  may  oxchanQo  their  ideas  and  comments  with  each  other.  Second,  more 
importantly,  wo  can  see  the  value  of  having  students  work  together  in  pairs  to  solve 
problems  although  they  may  obtain  different  solutions.  From  a  pedagogical  perspective, 
therefore,  it  seems  to  be  of  significant  that  we  explore  how  dialogue  may  aid  the  problem 
solving  in  such  situations,  and  further,  when  the  dialectical  processes  will  take  place. 

This  paper  explores  the  aspects  of  collaborative  dialogue  in  paired  problem  solving 
focusing  on  the  "structure"  of  dialogue.  For  this  purpose,  one  of  the  transcribed  protocols  of 
problem  solving  sessions,  in  which  six  pairs  of  sixth  grade  children  were  videotaped  when 
they  were  working  on  problems  In  pairs,  was  selected  and  analyzed.  The  protocol  was 
selected  for  it  had  been  obtained  as  the  data  of  the  most  successful  pair  out  of  six  worked  on 
the  same  investigational  task. 


Subjects:  Twelve  sixth  grade  students  were  selected  for  this  study.  Six  of  them  were  males 
and  other  six  were  females.  The  pairing  was  done  by  their  teacher  in  the  same  sex.  By 
consWering  their  achievements  in  regular  school  tests  and  their  personal  characteristics,  It 
was  intended  that  the  Individuals  in  each  pair  were  on  an  equa!  footing. 
Procedure:  Following  Instruction^^  were  given  to  each  pair ;  "solve  the  problem  together 
talking  froely.  Call  me  when  both  of  you  think  your  solution  to  the  problem  Is  completed." 
After  these  instructtons,  there  was  no  Interventton  by  the  experimenter,  until  they  declared 
their  completion  of  problem  soh/ing.  This  entire  process  was  vkJeotaped.  Foltow  up 
interviewing  was  conducted  and  audk)taped  for  clarifying  some  details.  These  records  were 
transcribed  as  verbal  protocols  to  submit  for  the  analysis. 
Task  used:  Three  tasks  were  used  in  this  study.  One  of  those  wa?.  the  following 
ir?V9Stigatk)na!  task  in  arithmetic  (Figure  1).  This  task  was  adapted  from  Whitln{1989),  who 
taught  a  fifth  grade  class  using  this  task.  This  task  was  selected  by  the  folk)wing  reasons. 
First,  we  could  expect  the  elapsed  times  of  the  students'  pairs  would  be  pretty  long  and  we 
wouki  be  able  to  observe  some  mathematical  processes  (making  conjectures,  showing 
counter-examples,  and  so  on)  In  the  students*  activities.  These  woukj  give  us  the 
opportunities  to  expk)re  the  aspects  of  collaborative  diabgue.  Second,  to  those  children 
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who  work  on  this  problem,  t^fe  correct  answers  seem  to  appear  gradually  as  their 
investigation  proceed.  Thus,  children  would  have  to  determine  by  themselves  when  they 
should,  or  had  better,  stop  their  solution  process. 

(P8gcl) 

YOSHIKO  took  a  four-digit  number  8532  and  reversed  its  digits.       8532  9643 
Tlien  she  subtracted  this  new  number  from  the  original.                >-2358  -3469 
Next,  she  tried  the  same  operation  on  9643.                             6174  6174 
Using  the  four^git  number  7861,  try  the  same  operation  like  YOSHIKO.  What  happens 
by  your  operations?  (go  to  page  2)  

(page  2) 

Can  you  find  any  other  number  that  works  ?  Find  these  numbers  as  possible  as  you  can. 
<Figure  i>Oiie  of  the  tasks  used  in  this  study 

Results 

The  results  of  each  session  are  given  in  the  Table  1  and  Table  2.  Table  1  shows  the 
elapsed  time  (min.)  of  each  pair.  Table  2  shows  the  number  of  correct  answers  found  by 
the  students  in  each  pair. 


Pair 

A 

B 

C 

D 

E 

F 

Urae 

45m.50s. 

33m,50s. 

42  m.  10s. 

32m.50$. 

47m.20s. 

66m.40s. 

<TBh\t  l>Th€  elapsed  timesdnin.) 
Table  1  Indicates  that  the  elapsed  time  of  pair  F  is  as  twice  as  many  than  pair  B  and 

pair  D.  The  mean  of  six  pairs  is  44  minutes  and  50  seconds. 


A 

B 

C 

D 

E 

F 

Student 

Ai 

A2 

Di 

B2 

Ci 

C2 

Di 

D2 

El 

E2 

Fi 

F2 

#  of  answers 

2 

0 

0 

1 

2 

2 

13 

10 

2 

0 

2 

7 

Ibtal 

2 

1 

3(1) 

21(2) 

2 

9 

<'nible  2>The  number  of  correct  answers 
♦  ( )  shows  the  numbers  of  the  same  correct  answers  found  by  tm  students  individually. 


As  table  2  indicates,  the  numbers  of  correct  answers  of  pair  D  (21)  and  pair  F(9) 
were  larger  than  the  other  four  pairs.  These  four  pairs  could  find  only  1-3  answers  as 
follows  ;  Using  1111.  which  are  obtained  by  subtractions  between  two  numbers  in  the 
problem  statement(e.g.9863-"8532).  they  got  7421  (8532-1111).  6750  (7861  -1111  )<palr 
A,  C>.;  Exploring  the  odd  and  even  numbers^  they  got  two  answers<palr  E>.;  Using  trial  and 
error  approach,  repeat  the  calculation  on  some  numbers<pair  B,  C>. 
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An  analysis  of  dialoaue  In  pairad  mathematical  investiflation 

The  protocol  of  each  pair  was  submitted  for  the  analysis  focusing  on  -problem 
transformation-  (Shlmlzu,1992).  By  the  term  "problem  transformation-,  we  mean  the 
phenomena  that  solvers,  successfulty  or  not.  transform  (reformulate)  the  problem  at  hand  to 
easier  one  or  to  -relatecT  one  in  solution  processes.  In  other  words,  we  say  that  a  problem 
transformation  occur,  when  we  obsen^e  a  change  of  the  -problem-  to  the  solvers  in  the  sense 
that  they  restate  one  Qoal  they  are  trylr>g  to  attain  to  other  goal.  By  examining  the  verbal 
items  of  solvers  at  these  points,  we  can  identify  the  turning  points,  where  diatogue  played 
an  important  role  In  solution  process  of  Individuals  In  each  pair. 

Figure  2  shows  the  graph  of  problem  transfomiations  of  pair  D.  In  this  figure,  each 
dashed  line  indicates  the  point  where  problem  transformation  was  observed.  Student  T  at 
about  18  minutes  past,  for  example,  began  to  work  on  a  new  "problem-,  "finding  the  four- 
digits  of  type  r*r,  which  was  a  subgoal  for  solving  the  original  problem. 


Student  T 


(S«o«nd  tMP*r> 

•172 
MI22 


Student  S 


SB32 

O 


iiifT 


'  ->  1^7311  O 


8202 


1.   M42  < 

;^';X*X>:i*>^ — i  


ft2oa  o 


M02  O 
•422  O 


30 


UapMd  time  (mbu) 

<Ki|;ure  2>  The  soJutlon  process  of  pair  D 
The  protocols  of  the  other  five  pairs  were  analyzed  In  the  same  manner.  The  results  of 
analysis  showed  that,  showir^g  -parallel- Interaclton  pattern  basically,  each  student  In 
these  pairs  tried  to  find  the  numbers  individually  although  they  exchanged  many  comments. 
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As  Table  1  and  Table  2  show,  the  pair  D  (student  T  &  S)  solved  the  problem  most 
successfully.  Thei-  success  is  outstanding  for  their  many  correct  answers  but  their  shortest 
elapsed  time.  And,  as  shown  In  Figure  2,  while  each  student  had  worked  alone  In  several 
times,  they  shared  In  the  work.  In  the  folk)wings,  to  explain  their  success,  we  \will  see  briefly 
the  solution  process  of  them  and  discuss  a  striking  characteristte  of  their  dlak>gue. 

After  each  of  them  tried  the  four-digit  number  7861  given  in  the  problem  statement, 
they  confirmed  the  result  of  each  cateulatton  together,  whteh  showed  the  number  7861 
worked.  Then  they  began  to  try  other  numbers  IndivkJually. 

At  the  point  about  ten  minutes  past  from  the  start,  student  T.  who  was  In  an  impasse, 
asked  to  student  S;  'What  are  you  doing  now  ?"(ltem  051 ;  this  number  shows  the  placement 
of  the  utterance  In  the  complete  protocol.)  At  this  point,  student  S  had  already  fourtd  that 
9863  worked  and  that  all  the  numbers  that  worked  had  such  a  characteiistte  as  foltows;  the 
difference  between  two  ends  of  the  four-digit  was  six,  and  the  difference  between  inner  two 
numbers  was  two.  She  had  not  understand,  however,  the  reason  why  this  characteristte 
made  the  numbers  work.  Indeed,  because  of  the  'moving  down*  on  the  way  of  cateulattons, 
she  "cou/rf  not  understand  the  setup  of  the  inner  num/)6fs"(ltem  056).  Then,  she  began  to 
examine  by  herself  whether  each  digit  of  9863  couW  be  divWed  by  3  or  not. 

Student  T,  on  the  other  hand,  after  she  listened  to  student  S*s  explanatton.  tried 
some  numbers  using  the  characteristic  descrlbfKl  above.  Then  she  proposed  an  kJea  to 
student  S  as  foltows  (Note  :  Each  slash  ■  / '  corresponds  to  a  pause.). 

088.  T:ah,this  fin  turn/by  (hcnasing  cffby  incrmsinst/ can  w»  find  an  cf  th9  answon  ? 

089.S:uhm?f^tdoywiman  7 

090.  rsc/  tt)9  fxobim  says  'as  possit)le  as  you  can'/  thus/ by  increasing  one  by  one 
091.S:ona  by  one?/  and  all  answer? 

092  T:  causa/ nine-thrm  (she  is  saying  ^XHJt  foor-digit  9**3)/ this  is  tMymo,  iani  it  (saying  aboat 
the  inner  ^w  digity  threeone/ and  Uxir-two/ by  doing  Hke  this  /  and  tite  using  eight'two(8**2)/ and 
then  using  seven'Ona(r*1) 

093  S:w^  ? 

094.  S:uhm  ?  /  i  don't  understand  what  you  mean   

ATthls  point,  student  T  had  already  notteod  that  they  could  find  the  answers  by  fixing  two 
ends  of  four-digits  like  9"3, 8"2,  and  7"1 .  and  by  increasing  the  Inner  two  digits  one  by 

one  as  foltows;  *20*,  *3r.  *42*        And  then,  student  S  also  noticed  the  method  by 

"Increasing  one  by  one".  She  explained  her  Wea  to  student  T  using  8752  as  an  example. 

In  this  situation,  however,  although  their  dlalog  jy  seems  to  hokJ  seemingly,  they  are 
misunderstanding  the  partner's  Idea  with  each  other. 
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098.S:itwetakBthis(87B2)/ar}da<ki1  to  each  dfgits  wev^get  QBSSf  this  works  m  this 

099.  Vyeah/Hko  that /first,  MVflrt-orta(r*t),wven-oo€b^  $nd  thert  twO'Zero(*20*),  here,  and  three- 

one('3r),  and  four-t^oC42*) 
lOO.S:ye3,  like  that/ fust  iik9  that/  thus  we  can  got  answer  by  moving  one  by  one  

Indeed,  the  method  to  find  the  answers  by  "increasing  one  by  one"  was  interpreted 
differently  by  each  of  them  as  follows.  Student  T  thought  of  that  method  as  adding  1  to  the 
inner  two  digits.  !ll<e  *3r,  •42*,  and  so  on.  Student  3.  on  the  other  hand,  thought  of  this 
method  as  adding  1  to  all  the  digits.  The  differerwe  between  these  Interpretations  appeared 
In  the  following  conversation.  Student  T  said,  "/V/  fry  the  'seven-oneV  which  do  you  likB  to  try, 
'eight-two'  or  'nine-threB*  ?"  (Item108).  But,  student  S  couldn't  understand  what  T  said, 
responding  as  "what  do  you  mean  by  'eight-two'  or  Wne-fhree'rcitemlOO).  After  this 
conversation,  they  returned  to  try  some  numbers  individually. 
129.S:tNs..  .one  by  ons/  you  increase  this  skfe  too? 

130.  T:no/  this  and  this  (two  ends)  are  not  changed/  this  is  only  for  nine-three  and  eight-two 
l3l.S:dki  you  say  we  coukint  use  ? 

132.  T:in  this  case/ firstly  two-iefo/  and  then  we  add  to  each  digit  1/  so,  two-zero/  then  three-one,  just 
Hkethis 

l33.S:aN/ls  that  what  you  have  been  sakJ  ? 
1 34.  Tiwj  can  find  answers  graduaify 
l35.S:ycs 

l36.S:but,  we  can  get  the  ans^s  by  adOng  1  to  all  four-digit  cant  we  ? 

137.  T:uhm?  /  dont  know/ but/ you  cant  use  k)  the  case  of  nine-three/t)ecause  the  sum  wHI  yiekl  0 

l38,S:thars  right  

Student  S  noticed  at  this  point  that  she  had  been  misunderstanding  the  idea 
proposed  by  student  T  (item  1 33) .  It  appeared  in  her  utterance  ;  "eh/  /  is  that  what  you  have 
been  said  7 However,  after  this  utterance,  student  S  also  said  like  this  ;  'but,  we  can  get 
the  answers  by  adding  1  to  ali  four-digit,  cant  we  ?"  (Item  136).  Although  she  approved  of 
student  Vs  explanation,  she  thought  that  her  own  idea  was  right  too. 

Student  T  presented  a  counter-example  to  student  S's  idea.  (If  we  add  1111  to  the 
9**3-type  number  like  9643.  the  sum  is  not  a  four-digit  number.)  By  this  counter-example, 
student  S  abandoned  her  idea.  Then  they  shared  In  the  remaining  work  and  found  all  the 
answers  by  examining  r*1-type  (student  T)  and  9**3-typo  (student  S)  respectively. 


Discussion 


The  analysis  of  diatogue  between  the  students  certainly  suggests  some  lessons  to  be 
considered  here.  However,  for  this  Is  an  exploratory  study,  we  will  focus  the  "structure"  of 
collaborative  diatogue  and  propose  a  hypothesized  model  of  it  in  the  followings  of  the  paper. 
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As  described  above,  in  the  solution  process  of  pair  D,  the  discrepancy  of  their 
Interpretations  as  to  the  "one  by  one'  had  appeared  rather  lately.  The  dialogues,  however. 
h>ad  been  continued  to  hold.  This  was  partly  because  student  S  had  been  thought  of  student 
Ts  Idea  about  "increasing  one  by  one'  as  the  same  to  her  own.  Thus,  we  can  hypothesize 
that  she  had  been  imaged  a  model  of  Ts  Interpretation  of  'my'  idea"  in  her  head.  In  this 
sense,  student  S  supposed  herself  'in  her  partner".  On  the  other  hand,  the  interpretation  by 
student  S  of  student  Ts  proposal  was  different  from  those  intended  by  student  T.  ft  can  be 
Interpreted  as  student  S  had  been  imaged  another  model  of  student  Ts  idea. 

Thus,  we  hypothesize  two  mental  models  supposed  by  student  S.  One  of  which  is 
about  "wliat  Is  the  partner(T)  thinking  of  the  problem".  The  otfier  Is  about  "what  is  the 
partner  thinking  of  'my'  Idea'.  In  dialogue  during  paired  problem  solving  process,  we  are 
both  thinking  of  the  problem  and  Imaging  the  state  of  understanding  by  the  partner  both  on 
the  problem  arxl  ourselves. 

Based  on  conslderattons  here,  we  propose  a  hypothesized  relatk)nship  between 
the  speaker  X  and  the  receiver  Y  as  in  Figure  3.  The  lines  with  an  arrow  at  end  in  Figure  3 
indicate  verbal  and  non-verbal  Inform atton  and  dashed  tine  surrounding  Y  means  that  Y  is 
regarded  as  a  "receiver"  here.  The  term  "x'  shows  "speaker  Ks  kiea  supposed  in  the 
partner",  that  Is,  mental  model  of  what  the  partner  thinks  of  'my"  kiea.  Speaker  X 
constructs  this  "x"  and  will  modify  in  the  process  of  diak)gues  if  some  conflkns  take  place. 
The  term  'y",  on  the  other  hand,  shows  'the  partner's  idea  supposed  by  speaker".  Namely, 
"y"  shows  the  merrtal  model  of  what  the  partner  thinks  of  the  problem. 


Y 

<FiKure  3>  The  hypothesized  relationship  between  X  and  Y 
This  model  suggests  the  importance  of  constructing  'internal  partner"  and  'oneself  in 

the  partner"  and  modifying  them  in  response  to  the  comments,  suggesttons.  and  critiques 

from  the  partner.  The  successful  solutton  process  by  pair  D  seems  to  confirm  this  point. 

Using  this  model  of  collaborative  dialogue,  we  can  discuss  some  possible  teachers' 

role.  If  we  want  to  make  chlkiren's  diak>gue  be  collaborative  In  their  problem  solving 
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processes.  It  will  be  effective  to  urge  children  to  constriict  both  the  •Internal  partner"  and  the 
■him/hersetf  In  the  partner"  arxl  to  modify  those  constructed  mental  models  so  as  to  fill  the 
gaps  between  their  Interpretations  and  partner's  utterances. 

Thus,  it  seems  to  be  effective  that  we  guide  children  based  on  this  hypothesized 
model.  As  to  this  point,  it  may  be  of  Interesting  to  compare  this  approach  to  that  of  by  Yackel 
et  al.(Yackel,Cobb  &  Wood.l  991  ;  Wood  &  Yackel.  1 990).  Yackel  and  her  colleagues  have 
been  shown  the  possibilities  of  making  chiklren  learn  the  social  and  classroom  norms 
during  paired  problem  solving  and  of  raising  learning  opportunities.  For  example,  for  the 
mutual  constructwn  of  classroom  norms,  chiklren  are  urged  to  explain  their  solutton 
methods  to  their  partner  and  to  try  to  make  sense  of  their  partner's  proWem-sotving  attempts. 
The  constructwn  of  social  norms  seems  to  correspond  to  the  constructfon  of  V  and 
modifteatton  of  "y".  For  example,  making  chlWren  explain  their  solutton  methods  to  their 
partner  seems  to  correspond  to  guWing  them  to  constnjct  'Internal  partner'  with  each  other. 

tt  shouW  be  noted  here  that  the  hypothesized  model  of  collaborative  dlatogue  have  to 
be  submitted  to  further  studies.  And  issues  about  some  possible  teachers'  role  described  in 
this  sectton  also  have  to  be  examined  more  closely. 
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A  HRST  PROBLEM  SOLVING  COURSE:  WHAT  STUDENTTS  SHOW  FROM 
THEIR  PREVIOUS  EXPERIENCE 
Manuel  Santo*  Trlgo 
CINVESTAV,  Mexico. 

This  study  examines  the  work  shown  by  students  who  received  a  first 
problem  solving  course  at  the  college  level.  The  learning  activities  used 
during  instruction  included  the  use  of  nonroutine  problems,  small  group 
discussions,  and  the  use  of  diverse  cognitive  and  metacognitive  strategies. 
Seven  students  were  asked  to  work  on  two  problems  (task-based  interviews). 
The  analysis  focused  on  discussing  dimensions  related  to  the  understanding 
of  the  problems  and  the  use  of  cognitive  and  metacognitive  strategies  while 
solving  the  problems.  The  results  indicated  that  although  the  students 
showed  disposition  to  work  on  nonroutine  problems,  they  often  failed  to  use 
basic  problem  solving  strategies.  This  lead  to  the  conclusion  that  it  is  difficult 
for  students  to  forget  what  they  are  used  to  do  to  solve  problems  and  that  it 
takes  time  for  students  lo  conceptualize  problem  solving  strategies  and  use 
them  on  their  own. 

Background  to  the  Study 

Problem  solving  is  an  Issue  that  has  permeated  the  mathematical 
airrlculum  for  several  years  and  during  the  last  15  years  has  been  the  dominant 
model  Influondng  the  teaching  of  mathematics  in  North  America,  Slanlc  Ac 
Kilpatrick  (1988)  pointed  out  that  "problem  solving  has  become  a  slogan 
encompassing  different  views  of  what  education  is,  of  what  scitooling  Ifi,  of  what 
mathematics  is,  and  of  why  we  should  teach  mathematics  in  general  and 
problem  solving  in  particular"  (p.  1).  Schroeder  and  Lester  (1989)  distinguished 
three  possible  interpretations  that  characterize  and  differentiate  courses  based  on 
problem  solving.  Although  there  may  be  common  characteristics  among  these 
approaches,  the  main  focus  of  the  course  and  the  organization  of  the  material  are 
components  that  differentiate  one  approach  from  another.  For  example, 
Schroeder  and  Lester  (1989)  identified  one  approach  as  "teaching  about  problem 
solving".  This  approach  emphasizes  Polya's  four  stages  (understanding  the 
problem,  designing  a  plan,  carrying  out  the  plan,  and  looking  back)  identified 
during  the  process  of  solving  mathematical  problems.  There  is  explicit 
discussion  about  these  stages  when  solving  the  problem  and  discussion  about 
basic  heuristics  for  solving  the  problems.  The  second  approach,  identified  as 
"teaching  for  problem  solving",  focuses  on  the  use  or  application  of 
mathematical  content.  Therefore,  the  initial  understanding  of  mathematical 
content  is  prerequisite  to  applying  It  in  various  contexts.  As  a  consequence, 
problem  solving  emphasizes  the  applications  rather  than  the  understanding  of 
the  mathematical  content.  The  third  approach  to  problem  solving  is  that  in 
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which  mathematical  content  emerges  from  a  problem  solviiig  situation  and  ii\ 
which  this  situation  actively  engages  the  students  in  the  process  of  making  sense 
of  content.  This  approach  is  identifted  as  "teaching  via  problem  solving".  It  is 
suggested  that  this  approach  has  similarities  with  the  process  of  developing 
mathematics.  Schoenfeld  (1989)  suggested  that  it  is  |>ossible  to  provide  a  class 
environment  In  which  the  students  not  orUy  understand  mathematics  via 
problem  solving  but  also  develop  mathematical  content.  Schoenfeld  (1985) 
provides  a  model  to  analyze  the  process  used  for  the  students  while  solving 
problems.  This  model  Identifies  four  dimensions  Uuit  influence  the  ways  that 
students  solve  problems;  domain  knowledge,  cognitive  strategies,  metacognitive 
strategies,  and  belief  systems. 

Domain  knowledge  includes  definitions,  facts,  and  procedures  used  in  the 
mathematical  domain.  Cognitive  strategies  include  heuristic  strategies,  such  as 
decomposing  the  problem  into  simpler  problems,  working  backwards, 
establishing  subgoals,  and  drawing  diagrams.  Metacognitive  strategies  Involve 
monitoring  the  selection  and  use  of  fhe  strategies  while  solving  the  problem,  that 
is,  deciding  on  the  types  of  changes  that  need  to  be  made  when  a  particular 
situation  is  deemed  problematic.  Belief  systems  include  the  ways  in  which 
students  think  of  mathematics  and  problem  solving. 

Aim  of  the  Study  and  Methods 

The  aim  of  the  study  was  to  arulyze  the  students'  approaches  to  two 
mathematical  problems.  The  subjects  were  students  who  took  a  calculus  course 
at  the  college  level  with  emphasis  on  problem  solving.  Thinking  aloud  was  the 
method  used  to  gather  information  about  the  shidents*  processes  involved  in 
solving  the  problems.  Seven  students  (volunteers)  were  asked  to  work  on  the 
problems  at  the  end  of  course.  The  problems  were: 

1.  Find  values  of  a  and  b  so  that  the  line  2x  +  3y  =  a  is  tangent  to  the 

graph  of  f(x)  «  bx^  at  the  point  where  x  =  3  (line  problem).  From  Selden  et  al 
(1989). 

2.  Find  all  rectangles  with  integer  sides  whose  area  and  perimeter  are 
numerically  equal  (rectangle  problem). 

Results  from  the  Interviews 

The  students  initially  read  each  problem  once  and  immediately  started  to 
recall  similar  problems  that  could  help  them  solve  the  problems.  For  the  first 
problem  which  involved  finding  two  constants  a  and  b  that  would  determine  a 
tangent  line  to  a  parabola,  the  direction  that  the  students  took  was  to  make  some 
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calculations,  such  as  working  on  the  derivative  and  trying  to  relate  it  to  the 
statement  of  the  problem.  For  the  second  problem  which  did  not  involve 
current  terms,  the  students  spent  more  time  trying  to  understand  the  statement 
before  getting  involved  in  getting  the  solution. 

It  seemed  that  the  context  in  which  the  problem  was  set  often  provided 
them  with  the  elements  to  design  a  plan.  For  example,  Lydia  expressed:  "...It  Is 
easy  if  you  have  done  a  hundred  in  a  book  that  are  exactly  the  same  kind;  but 
when  you  get  any  of  these  without  any  reference  it's  harder  to  start,**  It  was 
observed  that  self -monitoring  processes  which  were  sometimes  initiated  by  the 
students  themselves  helped  them  to  analyze  the  Information  provided  in  the 
problem  more  carefully.  For  example,  reflecting  on  IrVhat  do  I  want  to  do?"  led 
some  students  to  transform  the  representation  of  the  line  into  tl-^e  "slope-point 
representation"  and  to  analyze  the  relationship  between  the  slope  of  the  line  and 
the  derivative  of  the  parabola. 

The  students'  analysis  of  the  information  was  focused  on  data  that  they 
could  easily  transform.  For  example,  in  the  rectangle  problem,  the  students 
rushed  to  write  down  the  formulae  for  the  area  and  perimeter  of  the  rectangle. 
For  the  line  problem,  the  students  calculated  the  derivative  of  the  parabola.  It 
seemed  that  the  familiar  terms  involved  in  the  statement  were  used  by  the 
students  as  the  initial  point  to  calculate  or  add  more  Information  about  the 
problem,  even  though  the  students  often  struggled  using  that  information.  For 
example,  Alex  after  having  calculated  the  derivative  of  the  parabola  asked 
whether  "^b"  was  a  constant.  This  suggested  that  he  got  Involved  with  several 
calculations  but  without  being  clear  about  the  role  of  key  information  given  in 
the  statement  of  the  problem. 

The  students'  exploration  of  ways  tor  solving  the  problems  relied  on  first 
using  the  familiar  information  either  to  represent  the  problem  or  to  process  the 
information  through  the  use  of  specific  concepts  familiar  to  them.  For  example, 
for  the  rectangle  problem,  the  students  wrote  down  the  expression  of  the  area  and 
perimeter  and  equated  them.  Up  to  this  point,  the  students  transformed  the 
statement  of  the  problem  into  the  corresponding  symbolic  representation,  that  is, 
ab  II  =  2(a  +  b).  Although  they  isolated  one  of  the  variables  included  in  the 
equations,  they  did  not  know  how  to  interpret  this  result  cr  findii\g.  At  this  stage 
of  the  problem,  they  tried  to  reflect  on  or  look  for  more  information  that  could 
help  them  use  this  information.  Some  of  the  students  even  went  back  to  the 
original  equation  and  substituted  the  obtained  value  again.  This  may  suggest 
that  for  the  first  exploration  the  students  tried  to  fit  the  it\formation  given  in  the 
problem  in  some  sort  of  frame  that  they  were  already  familiar  with  instead  of 


focusing  on  «  possible  new  frame  that  could  emerge  from  the  information  given 
in  the  problem.  For  example,  they  kept  working  on  findir\g  a  solution  for  a  and  b 
in  the  rectangle  problem  from  the  equation,  even  though  the  trai\sformations 
that  they  made  to  the  equation  did  not  show  any  progress  towards  the  solution. 

It  is  suggested  that  the  students  did  not  use  a  systematic  exploration  to 
cof\sider  plausible  ways  for  solving  the  problems.  They  did  not  consider  various 
altemativefl  before  deciding  which  direction  to  take.  It  seemed  that  the  students' 
only  alternative  in  pursuing  the  solution  was  to  relate  the  familiar  given 
information  to  another  familiar  problem.  Mike  for  example,  found  the 
derivative  of  f(x)  and  experienced  difficulty  in  using  it.  He  expressed:  1  am  rvot 
sure  how  to  relate  this  to  the  equation  of  the  lirie.  I  guess  I  r^d  to  substitute  this 
value  somewhere  but  I  do  not  see  where...." 

New  considerations  for  approaching  the  problems  often  came  after  having 
worked  on  the  calculations  that  were  related  to  some  terms  involved  in  the 
statement  of  the  problem  and  not  being  able  to  use  them  to  solve  the  problem. 
For  example,  "tangent  to  tlae  graph"  suggested  to  them  to  get  tive  derivative  of  the 
function;  "at  the  point  3"  suggested  to  the  students  to  evaluate  at  3;  "the  straight 
line  tangent  to"  suggested  the  same  slope.  However,  they  failed  to  recognize  the 
role  of  the  parameters  a  and  b  and  the  relationship  with  the  information  tht.1 
they  obtained  from  the  statement.  It  was  evident  that  they  knew  the  content 
involved  in  the  problem  but  were  unable  to  make  the  necessary  cormections  for 
using  it. 

It  is  suggested  that  the  students  made  sense  of  the  statement  of  the 
problem  in  parts  without  considering  the  problem  as  a  whole.  For  the  rectangle 
problem,  the  students  also  explored  the  familiar  terms  until  they  got  an 
expression  that  related  one  side  of  the  rectangle  as  a  function  of  the  other  side. 
The  students  at  this  stage  did  not  know  how  to  deal  with  this  expression  and 
struggled  to  relate  it  to  the  statement  of  the  problem.  Maria  after  having 
represented  the  rectangle  problem  symbolically  expressed,  "I  am  not  sure  what  it 
wants  me  to  say,  does  it  want  me  to  say  how  long  the  length  and  the  x's  have  to 
be?  What  would  I  do?" 

While  working  on  the  line  problem,  the  interviewer  asked  them  to 
change  the  values  of  the  constants  a  and  b  and  to  explain  what  happens  to  the 
line  and  the  parabola;  tlie  students  then  realized  that  they  were  dealing  with  a 
family  of  lines  and  parabolas.  For  the  rectangle  problem,  the  students  initially 
hesitated  to  try  specific  examples  in  the  expression  in  which  one  of  the  sides  of 
the  rectangle  was  isolated.  It  may  be  suggested  that  the  students  did  not  consider 
that  the  use  of  guess  and  test  could  help  them  solve  the  problem.  They  focused 
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on  searching  for  an  algebraic  approach  that  finally  could  provide  the  lengths  of 
the  sides  of  the  rectangle.  The  lack  of  success  in  finding  that  algebraic  approach 
led  the  students  to  explore  u>me  cases  for  one  of  the  sides  a  -  2b  /b-2  )  and  they 
were  able  to  identify  some  numbers  for  the  sides.  It  was  Mten  that  they  itarted  to 
use  this  strategy  to  analyze  the  relationship.  Finally,  the  students  were  able  to 
limit  tlve  domain  of  the  expression  and  consequently  solve  the  problem. 

Student**  Beliefs  about  Mathematics  and  Problem  Solving 

To  examine  to  what  extent  the  students'  views  about  mathematics 
changed  after  instruction,  the  students  were  asked  at  the  end  of  the  Usk- 
interview  to  reflect  on  the  activities  in  which  they  had  been  engaged  during 
instruction.  The  results  showed  that  the  students  considered  mathematics  to  be 
an  important  subject  that  could  be  applied  in  various  areas.  They  found  calculus 
a  more  interesting  course  compared  to  their  previous  courses  in  mathematics. 
They  found  the  assignments  chaUenging  and  interesting  because  there  was  much 
disciassion  about  each  of  the  problems.  Lydia,  at  the  end  of  the  interview,  stated: 
There  is  a  lot  of  people  in  our  class  who  are  enthusiastic,  people  who  argue  their 
points;  we  argue  the  points  when  we  think  it's  the  right  point.  ...  I  think  we  are 
learning  more  because  we  understand  what  is  going  on,  because  we  are  thinking 
instead  of  just  doing  exercises  from  the  textt)ooks. 

It  is  suggested  that  the  class  interaction  was  of  benefit  for  the  students.  For 
example,  Don  stated  that  there  were  many  concepts  that  came  out  from  the  class 
discussions  without  his  even  reaUzing  that  they  were  there.  For  example,  he 
stated: 

...  once  in  class,  just  before  we  were  doing  derivatives,  where  actually  we  were 
doing  derivatives  and  nobody  knew  it  .  That  was  interesting  because  after  when 
we  started  doing  the  actual...like  we  got  the  name  for  it,  we  already  understood 
what  was  going  on  and  then  it  was  very  fast  after  that... 

Another  student  Linda,  in  the  same  vein,  when  referring  to  the 
development  of  the  class  expressed: 

I  would  Uke  to  say  that  tWs  class  is  different  from  the  ones  that  I  had  before,  and  I 
like  this  one  the  most.  This  is  the  best  class  so  far,  and  I  guess  it  is  because  [there 
are]  more  assignments  and  more  thinking  about  math  than  just  doing  it. 

In  general,  the  students  commented  at  the  end  of  the  task-interviews  that 
as  a  result  of  the  calculus  course,  they  were  motivated  in  discussing 
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mathematical  ideas  with  their  classmates.  They  also  indicated  that  it  is  important 
to  understand  the  xinderlying  concepts  associated  with  the  problems  and  not  only 
to  master  the  content.  Although  the  students  experienced  some  difficulties  while 
working  with  the  problems/  it  seems  that  their  willingness  and  motivation 
showed  during  the  course  could  be  the  initial  poiiit  to  construct  a  more  integral 
way  for  problem  solving. 

Ditcuitlon  of  the  Retulb 

Although  during  class  iastruction  the  students  spent  time  discussing  the 
importance  of  representing  a  problem,  the  students  showed  no  intention  of 
representing  the  first  problem  graphically.  For  the  problem  that  involved 
finding  a  and  b  ,  the  students  did  not  recognize  that  they  were  dealing  with  a 
family  of  lines  and  parabolas.  It  may  be  suggested  that  although  the  students  may 
identify  the  general  equatiorw  of  the  line  and  parabola  they  experience  difficulty 
interpreting  the  meaning  of  the  parameters  involved  in  the  equations.  For  the 
rectangle  problem,  the  students  drew  a  rectangle;  however,  it  did  not  provide 
useful  information  to  approach  the  problem.  That  is,  the  students  did  not  use 
the  representation  to  work  on  the  solution. 

Polya  (1945)  recommended  the  use  of  guess  and  test  to  interpret  the 
problem,  to  represent  the  problem,  and  to  monitor  the  process  while  solving  the 
problem.  The  students  did  not  seem  confident  in  using  tliese  strategies.  They 
might  use  guess  and  test  as  the  last  attempt.  For  example,  in  the  rectangle 
problem,  they  stuck  to  the  algebraic  approach  for  a  long  time  trying  to  solve  the 
equation.  Although  the  students  noticed  that  no  progress  was  made  when 
dealing  with  the  algebraic  expression,  it  was  only  when  the  interviewer  asked 
them  to  try  some  particular  cases  that  they  realized  that  the  testing  method  was 
useful  in  this  problem. 

The  students  also  had  some  expectations  about  the  types  of  results  that 
they  could  get  at  different  stages  when  solving  the  problem,  If  the  results  did  not 
match  their  expectations,  they  often  changed  the  approach  or  spent  quite  a  long 
time  looking  for  an  error  that  often  did  not  exist.  For  example,  Lydia,  after  she 
obtained  the  derivative  ai(d  evaluated  it,  stated,  "First  thing,  I  think  this  looks 
like  a  wrong  number;  I  must  have  done  something  wrong,.. ..It  does  not  look 
right.  You  know  immediately.  You  think  that  is  not  like  five,  or  four.  Let  rne 
check  if  I  have  done  something  wrong...."  Schoenfeld  (1985)  pointed  out  that  the 
type  of  examples  presented  during  mathematical  instruction  and  the  type  of 
assignments  that  the  students  work  on  determine  the  students'  ideas  about 
problem  solving. 


HI-IT 

There  Is  indication  that  the  students  normally  monitored  tl«lr  processes 
as  a  response  to  a  certain  type  of  anomaly  that  they  detected  while  working  on  th« 
problem.  For  example,  if  they  experienced  some  difBculty  In  accepting  wlut  they 
were  getting  or  if  the  approach  used  did  not  show  progress,  then  they  asked 
themselves  some  kinds  of  metacognitive  questions.  However,  monitoring  their 
processes  not  did  always  lead  to  a  better  approach  to  the  problem.  For  example, 
realizing  that  they  could  not  solve  the  relationship  representing  the  equality  of 
the  area  and  perimeter  of  the  rectangle,  some  of  the  students  iulwtltuted  the 
isolated  value  In  the  original  equation  which  was  exactly  the  same  equation  that 
they  used  to  isolate  one  of  the  parameters. 

Although  the  shidents  did  not  follow  a  systemaUc  plan  In  order  to  solve 
the  problems,  they  showed  several  transition  points  at  different  stages  of  the 
process  while  solving  the  problems.  For  example,  the  inittal  interaction  with  the 
problems  was  to  read  the  problem  and  explore  or  transform  the  familiar  terms 
involved  in  the  statement.  The  next  stage  was  to  become  involved  m 
calculations  or  representations  of  the  problem  in  accordance  with  the  terms  that 
were  familiar  to  the  students.    At  this  stage,  the  students  often  used 
metacognitive  strategies  as  a  response  to  some  type  of  difficulty  found  when 
working  on  the  calculation.  As  a  result,  they  often  went  back  to  the  original 
statement  of  the  problem  and  checked  for  additional  information  or  other 
alternatives  that  could  help  them  to  overcome  the  difficulties.  It  seemed  Uui  at 
this  stage  the  shidents  identified  the  important  information  of  the  problem  and 
Its  reUHcnships.  The  shidents  achiaUy  understood  the  problem.  The  final  stage 
involved  getting  the  solution  and  checking  the  process  involved  in  solving  the 
problem. 

The  students  were  asked  to  reflect  on  some  of  the  difficulties  that  they 
experienced  while  solving  the  problems.  They  indicated  that  their  first  attempts 
at  solving  the  problems  were  based  on  using  their  understanding  of  the  problems 
that  were  discussed  during  the  class.  For  the  lii^  problem,  they  mentioned  that 
the  term  "tangent"  triggered  the  use  of  derlvattve,  whereas  for  the  rectangle 
problem,  the  conditions  of  equating  the  area  and  perimeter  suggested  the  use  of 
an  equation.  Perkins  (1987)  identified  hvo  mechanisms  for  transfer:  "low-road 
transfer"  which  may  occur  when  the  shidents  solve  a  problem  in  one  context  and 
this  triggers  the  students  to  solve  another  problem  which  resembles  the  previous 
one  and  "high-road  transfer"  which  occurs  when  the  students  are  able  to  apply 
the  content  in  other  contexts  which  may  not  be  similar  to  the  context  studied  in 
class.  It  is  suggested  that  the  students  spent  time  exploring  for  "low  road 
transfer**  when  they  were  asked  to  solve  problems. 


739 


Conclusions 

Santos  Tiigo  (1990)  indicated  that  people  initi  lly  resist  tht»  use  cf 
activities  tltnt  are  different  from  the  ones  that  they  no^:riaily  carry  oul.  Tlv* 
procc&^  of  assimilating  and  implementing  problem  :  :>lv'ing  strategies  ii. 
mathematics  instruction  should  be  seen  as  an  ongoing  p-  :e5.»  in  v/hich  there  is 
always  room  for  improvement  and  adjustment.  Th  e  \'is  evidence  that 
^  students  need  to  discuss  their  ideas  with  other  studer  .  an  j  the  instructor  in 
order  to  clarify,  defend,  or  use  what  may  help  thorn  solv?  the  problem.  It  waf> 
observed  that  the  students  often  had  ideas  tl^t  wen*  useful  to  explore  the  possible 
solution  but  i:h<*y  did  not  know  how  to  us<?  thorn,  it  is  wcctnmended  th;it 
problem  solvirtg  instruction  should  encourage  students  to  discuss  Urnr  ideas  and 
work  on  problems  with  their  classmates.  The  instruct*  r  shcuM  also  challen/je 
and  discuss  the  students'  ideas  while  solving  problems.  This  type  of  activity 
could  help  students  develop  a  frame  for  using  and  judgii^g  malhetAatical  ideas. 
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A  STUDY  OF  METACXXSNinON  IN  MATHEMATICAL  PROBLEM  SOLVING: 
THE  ROLES  OF  METACOGNITON  ON  SOLVING  A  CONSTRUCnON  PROBLEM 
TakeBhi  YAMAGUCHI 
HiroBhima  University,  Japan 


ABSTRACT 

This  paper  reports  the  roles  of  roetacognition  on  solving  the  cjonstructioi  prohlem  of  a  quadrangle. 
The  subjects  of  this  reeeardi  are  elementary  school  pupils  of  third  graders  and  fourth  gradeca 

Results  suggest  that  metacognitive  knowledge  and  metacognitive  skill  play  a  vital  roles  on 
problem  solving.  Especially  in  this  reaeerch,  we  can  confirm  through  protocol  analysis  that 
metacognitive  knowledge  about  the  strategy  dominated  the  orientation  of  pupils'  solution  method 

Mcreover  the  effects  of  paired  problem  solving  are  disscuased.  As  a  result,  we  can  observe  that 
some  pairs  work  on  a  problem  cooperatively,  but  the  other  work  on  cooperatively  at  first  and  work  cxi 
individually  on  the  way.  Furthermcre,  althou^  paired  problem  solving  Inclines  to  evoke 
metacognitive  activities  in  general,  results  suggest  that  it  doesn't  always  produce  the  positive 
effects. 


INTRODUCTION 


For  the  past  decade,  much  attention  has  been  paid  to  the  roles  of  metacognition  on  mathematics 
education  as  well  as  on  pure  p^chology  (ex.  Garofalo  and  Lester,  1985:  Sdioenfeld,  1985.1987).  Among 
children  who  possffi  the  same  knowledges  to  be  needed  for  solving  a  problem,  we  often  observe  that 
some  children  can  solve  ,  but  the  other  cannot  Why  does  these  differences  reveal?  In  other  words,  it 
seems  that  having  knowledges  to  be  needed  for  solving  a  prchlem  is  one  thing,  and  it's  quite  another 
thing  to  be  aole  to  use  that  knowledges  actually.  The  latter,  that  is,  being  able  to  use  knowledges 
actually,  is  related  to  aspects  whidi  involve  monitoring  a  state  of  <me'a  own  knowledge  base  and 
perfcnrance  of  problem  sol\»ing.  controlling  one's  own  solving  behavior  and  evaluating  the  process  of 
problem  solving  and  so  on.  These  aspects  are  related  to  the  issues  of  -  metacogniti<Hi  -  .  In^te  of 
many  preceding  researches  about  metaoognition,  the  features  and  roles  of  metacognition  have  not  been 
elucidated  enou^  and  the  concept  of  "  metacognition  -  is  still  a  ambiguous  and  fuzzy  concept 

In  this  papa*,  we  report  the  roles  of  metacognition  on  mathematical  problem  solving  by  analyzing 
the  third  graders'  and  fourth  graders'  performances  as  to  the  construction  problem  of  a  quadrangle. 
Moreover  the  effects  of  paired  problem  solving  are  discumed. 


THEORETICAL  FRAMEWORK 


1.  Classification  of  Metacognition 

Roughly  speaking,  metacognition  refo^  to  something  lilte  "  thinlcing  about  thinkiJig  "  . 
reflection  on  cognition"  or  -cognition  about  cognition "  .  As  to  a  classification  of  metacognition.  a 
few  views  have  been  propceed  For  example  .  according  to  Flavell  who  is  pioneer  of  this  area,  he 
distinguishes  between  -  metacognitive  knowledge"  and   -  metacognitive  experience "  (Flavell.  1979. 
1981).  And  he  points  out  that  -metacognitive  knowledge"  has  three  kinds  of  variables,  that  is. 
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person  variable,  task  variable  anA  strategy  variable. 

Brown  who  is  one  ctf  vigorous  reseGrchers  of  metacognition  has  emphffldzed  the  dfeniafflic  aspects  of 
m€tacx)gnition  such  as  monitcring,  self-regulation,  executive  control,  planning  and  checking  (Brown. 
1983.  1967).  FurttiecTOore.  in  the  develojpmental  psychology,  Sternberg  refers  to  metaoognitive  Mpects 
ae  his  word  "  raetacocuxmentB"  which  are  higher-order  control  processes  used  for  executive  planning 
and  dadaion  making  in  problem  solving  from  the  view  point  of  infcnnation  proooadng  approach 
(Sternberg,  1990.  1962).  In  Sternberg's  componential  approach,  two  types  of  circulating  mechanlam 
are  distinguiahed  One  of  two  is  the  circulating  medianlan  of  knowledge  gystem  or  cxooept  and  " 
raetaccni»nent8  *  .  The  other  one  is  the  drculatang  medianian  of  "  performance  oon^wnents  " 
related  to  execution  axyJ  "metacoraponentB"  .  In  Sternberg's  model,  metaoomponets  play  a  vital  roles 
on  the  intellectual  performance  and  metaooraponents  control  the  other  components  such  as  acxjuisition 
components,  retention  components,  transfer  components,  and  performance  components. 

On  the  other  hand,  as  Schoenf  eld  described,  reseerch  on  roetaoogniticii  has  f  octoed  on  three  related 
but  dlrtinct  categories  of  intellectual  behavior  (1)  your  knowledge  about  your  own  thought 
prooeesea,  (2)  caitrol,  or  self-regulation,  (3)  belirf  and  intuitions  (Sdioenfeld,  1987).  In  Schomfeld's 
framework,  belief  aystems  are  rr\tw^7fd  m  a  Impcrtant  aspect  related  to  metacogniton  so  well  as 
raetacognitive  knowledge  and  raetacognitive  sWlL  Indeed,  it  seems  to  roe  that  belief  system  have  a 
great  Influencw  on  mathematical  problem  solving  perfcrmance.  Per  example,  the  belief  audi  ae  "I 
feel  that  it's  difficult  to  aolve.  a  toord  problan.  "  will  have  a  negative  effect  for  solving  a  wokJ 
problem,  and  the  belief  such  ae  "I  like  Tnathematics"  will  have  a  poaaitive  effect  and  would 
promote  learning  of  mathematics. 

Althou#i  there  are  many  proposals  about  metacognition  considered  above,  the  conception  of 
metacognition  is  not  aHl  integrated  enough-  By  ^thesizing  views  described  above,  we  represent  a 
basic  claeaiflcation  of  metacognition  according  to  FlaveU  and  Brcwn  and  represent  the  relation  of 
metacognition  and  belief  aystem  shown  as  Flg.1  in  this  research. 


a  1.  Metacognitive  knowledge 
(knowledge  about  cognition) 

(1)  person 

(2)  teek 

(3)  strategy 
a  2.  Metacognitive  skiU 

(Regulation  of  cognition) 

(1)  monitor 

(2)  control 
(5)  evaltiation 


Belief  system 


Fig.l 

Classification  of  metacognition  and  the  relation  of  roetaoogniton  and  belief  system 


Some  explanations  will  be  needed  about  this  framework,  a  1  and  a  2  repreoent  two  aepects  of 
metacognition,  that  is.  metacognitive  knowledge  and  metaxgnitive  skilL  And  ^  represents  belief 
gystem.  As  to  the  relationship  of  raetaocgnition  and  beUef  system,  if  a  strong  impresBlon  were  given  to 
seme  metacognitive  Imowledge  or  metacognitive  skiU  and  that  metacognition  was  strengthened,  it 
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seems  that  such  metacognition  will  be  stored  as  a  kind  of  belief. 

In  this  paper,  the  rdos  cf  metacognition  based  on  Fig.l  will  be  discussed  through  the  enipirical 
reesarch  as  below. 

2.  Framework  for  Analysis 

As  one  criterion  of  a  clarification  of  student's  performance,  we  adopt  the  types  of  control  which  is 
one  of  the  impcrtant  factors  of  metai-ognition.  For  the  analysis  by  using  the  types  of  control  is  easier 
for  us  to  graep  the  change  of  studait'a  perfcrmanoe  than  the  analysis  by  using  the  othac  factora  In 
otho"  words,  the  effects  of  cmtrol  incline  to  reveal  an  the  student's  constructians  on  papers  directly 
because  it  seenB  that  students  solve  the  given  problau  under  some  controls  ultimately  after 
monitoring,  checking,  and  self-evaluating.  That  is,  the  transition  on  the  paper  represents  the  effects 
of  some  contrcil&  Thua  in  this  research  we  wia  claasify  the  student's  performance  based  on  the  types 
of  control,  and  wiU  discuss  the  relation  of  other  metacognitive  factors  and  student's  beUefs. 

As  SdioenfekJ  (1985)  points  out.  there  are  four  types  of  control:  <  (Type  A)  Bad  decisions 
guarantee  failure:  Wild  goose  chases  waste  resources,  and  potentially  useful  direction  are  igncred. 
(Type  B)  Executive  behavior  is  neutral:  Wild  goose  diases  are  curtailed  before  they  cause  disaeteiB, 
but  rfflources  ai'e  not  exploited  as  they  might  be.  (Type  C)  Control  decisions  are  a  positive  fcrce  in  a 
solution:  Resources  are  chosen  carefully  and  exploited  or  abandoned  appropriately  as  a  result  of 
careful  monitoring.  (Type  D)  There  is  (virtually)  no  need  for  control  behavior:  The  appropriate  facts 
and  procedures  for  problem  solution  are  aoDeeoed  in  long-term  menwry.  ) 

In  this  paper,  we  classify  the  student's  problem  solving  performances  by  using  these  four  types  of 
control  because  of  the  reasons  dearibal  above,  and  consider  the  differences  of  problem  solving 
performance. 


We  asked  third  graders  and  fourth  graders  to  sol\'e  the  construction  problem  of  a  quadrangle  as 
shown  below.  AU  they  had  learned  the  concepts  of  a  quadrangle  and  have  known  how  to  use  a  compass. 


Four  third  graders  and  four  fourth  graders  are  asked  to  solve  a  problem  in  pairs.  For  reasons  of 
convenience,  we  repr^ent  pupils  by  Moignning  numbers  to  them  as  f  dLowing.  Fourthemore,  pupils 
were  divided  into  two  groups,  that  is.  Group  A  and  Group  B.  In  Group  A.  eachj^  was  given  one 
problem  sheet  written  a  problem.  On  the  other  hand,  in  Group  a  each  pupil  was  given  one  problem 
sheet  Discuffiion  and  working  on  a  problem  in  pairs  were  permitted  in  both  Group  A  and  Group  B. 


The  entire  proctes  of  problem  solving  were  videotaped,  and  which  were  used  for  analysis.  After 
pupils  solved  a  problon,  the  reaearcher  asked  some  questions  about  their  solution  process  for 
fallowing.  Pupils'  rosponses  to  quostaons  were  useful  to  pursue  the  effects  of  metacognition  and  peired 


METHODOLOGY  OF  HIE  RESEARCH 


Subjects 


<  Grouping  > 
(Group  A)  Eacii  pair  has  one  problem  sheet 

Third  Graders  Pupil  Q).  © 

Fourth  Graders  PupU  (3),® 


(Group  B)  Eac±i  pupil  has  a  problem  sheet 

Third  Graders  Pupa  (D,  ® 

Fourth  Graders  PupO.  ^  (g) 


Mgthod 
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problem  solving. 

As  tx>  the  adequacy  of  their  construction,  they  could  ascertain  the  adequacy  of  one's  own 
consfcruction  by  overlaying  the  transparent  sheet  whicii  was  written  the  given  quadrangle  on  a 
problem  sheet 


The  outline  of  pupils'  constiiictions  and  their  solution  processes  are  shown  as  table  1  and  table  2 
at  the  end  of  this  paper  (Although  some  detailed  comments  about  pupils'  performances  are  needed,  they 
are  ommitted  here  on  aocount  of  space  consideration).  As  we  desrribed  above,  we  adopt  the 
SchoenfekJ's  framework  of  **  the  types  of  control "  for  the  classification  of  pupils'  performances. 
According  to  table  1  and  table  2.  we  can  not  say  in  general  that  fourth  graders  are  superior  to  third 
graders  on  the  performances  in  this  research,  which  means  that  the  difference  of  tlie  grade  are  not 
influenced  to  their  performance  of  problem  solving.  Here  we  will  suggest  some  implications  from  the 
results  of  this  research. 

The  Roles  of  metacosnition  on  ooli^ing  the  oonetrction  problem 
(1)  The  effects  of  metacognitive  knowledge  about  the  strategy 

As  tables  show,  we  can  find  that  metaoognitive  knowledges  about  the  strategy  play  a  vital  roles 
on  problem  solving. 

First  of  all,  metacognitive  knowledge  about  the  strategy  ,that  is,  "  We  will  be  able  to  aolue  this 
problem  if  we  translate  a  giyea  quadrangle.  "  influenced  the  performance  of  pair  (D  and  d).  Moreo\'er 
they  adoptted  the  strategy  raised  by  this  metacognitive  knowledge  from  beginning  to  end  and  failed 
ultimately. 

Fourth  graders  @.  0  poeeessed  such  metacognitve  knowledge  that  "  We  uill  be  able  to  solve  if 
we  focus  on  the  diagonal  of  this  quadrangle.  "  at  the  begginig  of  their  solving  and  could  make  a 
correct  construction  using  the  method  raised  by  this  kind  of  metacognitive  knowledge. 

In  fourth  graders  (2).  ®  especially,  metacognitve  knowledge  about  the  strategy  dominated  their 
performances  strongly.  In  this  pair,  they  tried  to  work  on  the  problem  cooperatively  at  first  However 
they  began  to  solve  individually  on  the  way  because  their  metacognitve  knowledge  about  the  strategy 
were  different.  Pupil  ®  had  such  metacognitive  knowledge  about  the  strategy  that  "  Ve  will  be  able 
to  aolue  this  problem  if  we  focus  on  the  diagonal  of  a  quadrangle.  "   On  the  other  hand,  pupil  (2) 


Problem 


Task  used  in  this  research  was  the  following  construction  problem  of  a  quadrangle. 


Draw  the  same  quxirangle  in  both  in  size  and  in  shape  aa 
a  qiMdrangle  ehoun  belor*?.  In  oonstruction,  you  are  permitted 
to  use  only  a  auiposs  and  a  straightedge. 


RESULTS  AND  DISSCUSSION 
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reoected  pupil  (|)'9  proposal  and  began  to  draw  a  rectangle  which  surround  a  given  quadrangle.  After 
that,  he  tried  to  make  a  construction  by  measuring  the  length  of  each  vertex  of  the  rectangle  and  each 
vertex  of  a  given  quadrangle.  Pupil  ®  had  proposed  his  idea  to  pupil  but  they  didn't  reach  at 
agreement  finally.  We  can  catch  this  piienomenon  fixw  pupil  (2) 's  utterance  which  is  "  Ve  won't  solve 
even  though  we.ctxiu  a  diagonal  of  thija  quaOrangle,  "  (Pupil  (2)  told  ®.). 

In  third  graders  (D,  (2).  we  can  point  out  that  rnetacognitlve  knowledges  about  the  strateg>'  play 
negative  roles.  For  exanqde,  as  pupil  0  said  Although  it  aeems  to  me.  that  we.haue.to  take.the 
angle,  how  oon  we  know  how  to  take  the.  angle.  ?  "  ,  they  thought  that  taking  the  angle  would  becxine 
the  first  step  to  the  suocees  on  problem  solving.  After  all,  this  led  to  the  failure. 

Consequently,  the  differences  of  metacognitive  knowledge  about  strategy  dominated  the  pupils' 
perfonnance.  Furthermore,  we  can  find  that  many  metacognitive  knowledges  about  the  strategy  incline 
to  reveal  at  the  planning  stage  of  problem  solving  in  general. 

(2)  The  effects  of  monitoring  on  matehmatical  problem  solving 

In  this  paper,  we  can  confirm  that  monitoring  which  is  one  of  the  important  factors  on  the 
performance  of  problem  solving  and  also  plays  a  vital  roles  on  pupils'  performances. 

In  third  graders®.  @,  we  can  identify  the  monitoring  behaviors  of  their  solution  method  tvan 
protocol  For  example,  pupil  0's  utterrances  sixii  as  "It  aeems  that  this  ia  oynething  wrong,  "or- 
is this  oonstmction  adxiuate  ?  "  reflects  on  the  results  of  metacognitive  skill  about  monitoring. 

But  this  pair  (p,  (2)  could  not  make  a  adequate  construction  finally,  which  means  that  it  is  not 
always  a  sufficient  condition  although  it  is  a  necessary  condition  for  suoceos  on  ploblem  solving  to  be 
evoked  mttacognitive  skill  about  monitoring.  Thus,  it  seems  that  it's  important  how  pupils  should  act 
after  monitoring,  which  would  be  issues  of  "self-evaluating"  and  "control"  . 

The  c/feeta  of  potred  problan  aolinng 

In  general,  it  seems  that  working  on  the  problem  in  pairs  promotes  problem  solving.  We  can 
obtain  some  implications  about  the  effects  of  paired  problem  solving. 

(1)  We  can  identify  from  protocol  that  the  peer  in  some  pair  plays  the  roles  of  the  metacogntive 
behaviors  to  the  other.  For  example,  in  fourth  graders  ®,  ®,  althou^  pupil  (J)  tried  to  adopt  the 
method  which  won't  lead  to  the  success  at  the  beginning,  pupil  ®  proposed  him  the  strategy  of 
focusing  on  a  diagonal  After  this  proposal  they  seized  an  opportunity  to  promote  their  solution  and 
modified  their  strategy.  On  the  other  hand,  in  pair  (2),  d),  pupil  ©  offered  opposition  to  pupil  (D 
although  pupil  @  tried  to  propose  the  moth  A  of  focusing  on  a  diagonal  some  times.  These  reveal  at 
the  following  pupil  (2)'s  utterances,  that  is.  "We  ujon't  be. able,  to  aolue  this  problem  beoauae  we 
oan't  take  Uxe  angle  of  a  given  qurfcxinglc.  "  After  all  pupil  (J) 's  idea  led  to  restrain  pupil  @'s 
performance.  In  this  sense  the  utterance  of  pupil  (?)  work  on  as  the  negative  role  of  metaoognition  for 
pupil  (g). 

(2)  In  this  researdv  we  try  to  extract  metacognition  as  a  form  of  verbal  data  as  well  as  promoting 
pupil's  performances  by  paired  problem  solving.  Although  we  think  that  we  can  reach  at  the  aim  of 
this  research  described  above  as  a  whole,  the  following  isues  has  come  clear  at  the  same  time 

As  keiichi  Shlgematsu  (1992)  points  out,  metacognition  has  two  aspects  which  are  possitive  one 
and  negative  one.  In  this  reeeardv  paired  problem  solving  evoke  the  poesitive  metacognition  at  one 
time  (ex.  pair  (g),  ® ),  bur  that  evoke  the  negative  one  at  the  other  time  (ex.  pair  (2),®). 
Consequently  it  seems  that  paired  problem  solving  don' t  always  evoke  the  pofflitive  metacognition. 

Moreover  we  can  confirm  cases  in  which  it  seems  as  if  they  had  worked  on  the  problem 
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cooperatively.  However,  as  a  matter  of  fact,  there  were  some  cases  in  whidi  eadi  pupil  solve  the 
pi'OfcaCTi  individxially.  In  this  paper,  eash  pair  was  provided  one  problem  sheet  in  group  A.  On  the  other 
hand  eadi  pupil  was  provided  one  problem  sheet  in  group  B.  As  aresult,  piapil  in  group  A  incUned  to 
work  on  the  problem  cooperatively  by  using  the  same  method  But  because  each  pupU  in  group  B 
provided  one  problan  sheet,  pupil  in  group  B  inclined  to  solve  individually  when  the  idea  of  each 
pupa  in  pair  was  diffa^t  each  other.  It  seems  to  be  one  of  issues  that  we  need  to  develop  more 
adequate  methodology  for  promoting  puptUs'  pcaitive  interaction. 


In  this  paper,  we  have  considerd  the  roles  of  metacognitioa  eepedally.  metacognitive  knowledge 
about  the  strategy  and  metacognitive  sWU  about  monitoring  on  mathematical  problem  solving. 
Furthermore,  we  have  discussed  the  effects  of  poirtri  problem  salving. 

As  to  the  methodology,  we  adopt  the  method  of  paired  problem  solving  to  extract  metacognitive 
behaviors.  And  we  videotaped  pupils'  solution  proceeses  and  try  to  identify  the  roles  of  metacognition 
through  the  protocol  analysis.  In  this  sense,  we  have  assume  that  the  change  of  pupils*  utterance  and 
behaviore  reflects  on  the  effects  of  internal  metacognitive  activitioB.  Althou^  it  seems  to  me  that  this 
protocol  analysis  is  adequate  to  some  extent,  it  will  be  open  to  question,  Tlius,  one  of  issues  to  be 
considered  will  be  about  the  adequacy  of  verbal  reports  as  data 
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laacher  Students*  Us«  of  Analogy  Patterns 

Qtrhard  Bccktr 
Unlvenlty  of  Br«men 


An9lo9y  plmyw  "n  fmporfnt  rot*  in  our  inUtl^ctuml  Uf;  mnd  •ip#c/#///  t9»eher 
»tud9nt%  whouid  g»t  fmprosafon  ofltM  import*ne9  by  thmir  own  %xp9rCnc» 
during  ilwir  wtudimw.  An  in¥93tig9tion  fc#«n  cmrriudout,  p»rt  of  which  woa 
on  onolynio  of  tho  potfrns  tooefior  %tudont9  usod  in  ordor  to  obtMin  mtotomontM 
obout  "olomontory  "  goomo triemf  figuro m  by  modifying  givonw to tommn to.Thotmttor 
rofor  to  compmriMono  of  iongtho  (uning  tho  rolmtionx  =:  ond  <  )  in  ftguroo  com- 
poood  of  Iin9  oogmonto.  Tho  uood  phtfrnm  boionging  to  o  opocimi  ototomonto 
oro  Ulustrmtmd  by  mxomplon. 


Analogy  Is  r^cognizsd  as  an  outstandlnQ  princtpl.  In  the  historical  «l«vtlopfin«nt 
of  scl»nc»,  In  Uarning  and  undarstanding  (obviously  not  being  rastrict«d  to 
mathamatlcs  or  sclenca  laarning).  In  problam  solving.  In  teaching  procass««. 
and  many  othar  Intallactual  activities  'f.l.  language,  tales).  So.  mathematics 
education  aleo  hes  to  contribute  to  future  teachwre'  understanding  of  th»  role 
analogies  play  in  human  thinking. 

in  several  publications.  Q.  Polya  shows,  by  convincing  examples,  the  role  of 
enalogles  in  discovering  new  properties  of  methematlcal  objects  or  In  trying  to 
solve  problems,  especially  to  find  proofe.  The  importence  of  enaloglcel  reeson- 
Ing.  particularly  In  mathematical  thinking,  could  be  confirmed  by  psychologists, 
who  f  .1.  found  that  especially  student*  highly  gifted  in  methemetlce  use  anelogles 
In  extreordlnarily  skilful  forms,  when  storing  Informetlon  in  memory  and  proces- 
sing Information  (cf.  Kllx,  van  der  Meer). 

According  to  Q.  Polya.  going  back  to  Thomas  of  Aquino,  analogy  Is  a  kind  of 
correspondence  between  relations;  If  we  consider  two  different  domains  of 
objects,  one  of  them  being  more  familiar  than  the  second  to  a  problem  solver, 
a  transfer  of  knowledge  may  consist  In  finding  corresponding  relations  (or 
transformations)  between  these  two  object  domelns  end  specific  relations  in 
eech  of  them  (cf.  Polya.  1954.  p.  35;  a  more  formal  analyse  of  the  analogy 
concept  f.l.  In  Kllx  1979.  p.  163)  Of  course,  an  analogy  transfer  usually  will 
not  be  of  cogent  character;  we  always  heve  to  check  whether  or  not  e  result 
obtained  by  analogy  transfer  Is  valid. 


So.  applying  Mn  analooy  consltti  In  two  itept  ^\i\t^  difftrtnt  from  ono 
anothor: 

-  Idontlfylng- corratpondoncot  bttwtan  two  dlfforont  topic  araat,  ono  of  thom 
•iroody  known  or  moro  famlllor  to  •  lo«rn«r  than  tho  othor,  and  formuJfttlng 
a  now  proporty  ottumod  to  bo  volld  within  tho  lattor.  obtalnod  by  aomo  kind 
of  trontf«r  of  rolatlont  holding  In  Iho  bottor  known  topic  oroo 

-  chocking  whothor  or  not  tho  now  rotuit  obtalnod  by  onaiogy  tronsfor 
octuoliy  dooo  holil. 

StudontB  ha¥o  to  undorttond  both  tttpn  ao  componontt  of  itt  own,  which, 
thuo,  con  bo  corriod  out  ooporotoly. 

Analogy  trantfor  may  conoiit  In  ono  or  moro  of  tho  following  pattorno  for 
modifying  an  Initial  proporty  or  ototemont: 

-  roduclng  or  oxtonAng  comploxlty  of  a  topic  undor  conoldorotlon  (concoist, 
thoorom,  argument)  or  a  totk  (with  roopoct  to  tho  formulation  or  to  tho 
moans  to  bo  utiliiod) 

-  roductlon  or  Incroooomont  of  tho  numbor  of  porto  dotormlning  tho  topic 
(numbor  of  varlabloo,  of  vorticto,  odgot.  facot,  or  othor  parti  of  o 
goomotrlcol  flguro) 

-  Incroaolng  or  roduclng  dimonolonB  of  parts  or  of  tho  wholo  flguro  or 
oxpononts  in  •quotions,  function  torms,  inoquolltlos 

-  chonglng  numbor  or  kinds  of  tho  poromttoro  datormlnlng  tho  topic,  of 
construction  or  proof  stops 

-  oxchongo  of  promtoo  and  conclusion  of  s  thoorom,  forming  new  com- 
binations of  partial  promlsos  or  portial  conclusions. 

Tsachar  studonts  (olomontory  and  socondary  lovol)  in  a  boginnoro*  coursa 
(comprising  olomsntory  goomotry  snd  olomonts  of  Itnoar  aigobra)  in  fall  1992 
wars  askod  to  find  furthor  statomonts  by  modifying  Initial  stotomcnts,  using 
analogy  prlnclpios.  Thoso  concornod  quito  "olomontary"  flguros,  nomoly  lino 
sogmont  and  combinations  of  lino  sogmonts,  doflnod  f.i.  by  any  innrr  point  of 
a  trlanglo,  tho  proportlas  bolng  rsstrlctod  to  tho  rolatlons  =  and  <  botwoon 
longths  of  lino  sogmonts;  tho  Initial  list  of  proportloo  thus  containod  tho 
triangio  Inoquallty  and  •ddltlvlty  property  of  longth  function  for  lino  sagmonto, 
OS  wall  as  concluolons  drawn  from  thoso.  Tho  contoxt  wa?  on  ottompt  to 
ostobllsh  a  loglcol  ordor  within  tht  systam  of  tho  statomonts  which  loods  to 
soporating  soma  of  thom  as  a  bssis  for  argumantation  and  tha  othors  as 
daducad  thaorams  (according  to  H.  Fraundanthals  program  of  "ordorlng  a 
flald"  of  topics  (Fraudonthal,  1973,  p.  128). 
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During  th.  proc...  of  loaictlly  ordtring  .rtat  of  proporti..  of  ol.m.nt.ry 
flour..  (.1.0  with  .x.mplo.  dlff.r.nl  from  Ih.  t.pic  "In.qu.lltl..-)  .ro.. 
.•>.r«i  opportunltl.o  to  .how  tho  Import.nc.  of  on.logy  tr.n.f.r  .nd  to 
Hlu.tr«t.  It.  rol.  by  .i.mpl...  Etp.cUtiy  th.».  .««mpl..  m.nlfo.t.d  th. 
tmmi  to  eh.ck  otBt.m.nt.  obt.ln.d  by  on.logy  tr.n.for. 


Th.  montlonod  b.glnn.r."  cour.o  comprl.o.  y.o.kly  o.orcl.o  .ctlvltlo.,  0 
.p.cl.l  .x.rcl..         giv.n  to  th.  .tud.nt.  ..king  but  g.n.r.ting  now  .t.t. 
ont.  by  .pplying  .n.logy  princlpla.  to  «  Il.t  of  Inltl.l  prop»rtl«». 


n. 


m 


Th.  topic  "Inoqualltio."  eontoln.  th.  following  .t»<.m.nt.: 

ForCiAB:  L(AC)i  L(A5)  (D 
ForCiOT:    LOT)  =  LOTC)*  L(K)  (2) 

ForC^WSi    LlXB)<L(5:e)*  LlBCi  13)   

Fcr  .ny  Inn.r  point  P  to  A  ABC:  L(XP)*UPB)  <  UAC)*L(CB)  (♦) 
For  .ny  point  R.  TC  IH<  B.C):     UW»)+Ll1[i)  <  L(W)+L(CB)  15) 
For  .ny  Inn.r  point  P  to  A  ABO  L(XP)*L(§P^*L(^P)  <  lOT)*L(BC)*L(TO)  <e) 
For  .n,  Innor  point  P  f  i  ABC  ilU(Xg)*L(8C)*LlAC))<  UAP)*L(1lP)*LlcP)  17) 

c 


Th.  pr...nt  .num.r.tlon  follow,  th.  ..qu.nc.  In  which  th...  .t.t.m.nt.  w.r. 
originally  "dl.cov.r.d"  .nd  Il.t.d  .ccording  to  th.  octurt  .t.rtlng  .Itu.tlon: 
-ord.rlng"  .  fl.ld  of  prop.rtl..  of  .l.m.nt.ry  flgur... 

Th.  flr.t  p.rt  of  th.  .».rcl..  d.m.nd.  .  tr.n.ltlon  from  lln.  ..gm.nt.  to 
.ngl...  th.  ..cond  from  pl.n.  ob|.ct.  to  .p.cl.l  on...  A  d.t.ll.d  .Kpl.n.tlon 
In  th.  took  .h..t  r.p..t.  .om.  topic,  .bout  ....logy  tr.n.fvr.  m.ntlon.  .ar«. 
Illu.tr.tlna  ."-"Pl"  «P"«n.tlon  .dding  •  hint  to  th.  .n.Iogy  b.tw..n 

clrcum.crlk.d  .nd  In.clb.d  «lrel.  of  .  tri.n  jl.).  .U8,..t.  to  writ..  w.rd-booV 

for  th.  tr.n.ltlon  from  on.  topic  dom.ln  to  th.  oth.r.  .nd  .tr  Pon  th. 

"omblgou."  rol.  of  .n.Iogy  tr.n.f.r,  ..p.ol.lly  dlr.ctlng  t.  th.  f.ct  th.t  . 
corroctly  .ppH.d  .n.Iogy  not  n.c....rlly  provido.  .  *.lld  .t.t.m.nt. 
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In  order  to  ■■pint*  con»litancy  In  •pplying  •nilogiai  from  (obvious  or  guiioid) 
volliiity  of  a  •titomont»  tho  itudvnto  w«r«  aokad  to  ai80««  whothor  or  not  tha 
atatamanta  thay  had  faund  wara  aiao  valid. 

SO  atudantt  (imong  ■pproximatily  70  pirticlpama)  gava  writtan  aniwira.  Thay 
naad  ■  cartaln  amount  of  cirractly  lolvad  axarciaaa  to  obtain  a  cartlflcata 
■bout  tha  auctaia  of  thi  couraa,  but  uaually  hava  anouQh  corract  tolutloni 
aitogathar.  Of  courta.  K  li  difficult  to  daclda  whathar  an  aniwar  In  thli  contaxt 
''diiarvaa"  thi  aiaaaimant  "aolvad  corractiy",  but  tho  apaclal  altuatlcn  of 
nacaaiarily  vagui  anawara  Kuggaita  a  high  dagraa  of  *'ganaroaity'*. 

Tha  writtan  anawari  wira  anilyzad  according  to  tha  pattarns  of  analogy  tranof ar, 
»nd  to  tha  kind  of  objacta  wtilch  tha  obtilnad  atatamanti  rcfir  to; 

-  for  tha  traniltlon  Una  ■agmint  angia: 

anglai  with  tha  aama  vartex,  anglaa  in  a  triingia  and  In  partUi  triinglas, 
■  nglai  balonging  to  a  flgura  "almllar"  to  tha  pictura  of  a  fan  blowar  (In  the 
plana), 

-  for  thi 'transition  piani  itpaca 

Itnoat  fatal  of  aollda,  or  priimi  ("placad"  on  tha  plana  figuraa)  In  tha  ipici. 

Among  th«  aniwiri  than  wara  on  tha  ona  alda  fairly  poor  onai,  on  thi  othar 
alda  thoia  which  turnad  out  to  ba  ramarkably  original. 

A  concapt  raportad  aarl'ar,  than  connactad  with  forming  gaomitrlc  proof* 
(Backar.  1989).  ia  alao  appllcabla  to  analogy  tranifar.  If  ■  givan  itatamant  Is 
"trunafarmad  "  in  a  naw  ona,  by  drawing  logical  concluaiona,  or  by  uilng  analogy 
pattarni,  tha  procaaa  af  transformation  can  ba  daicrlbad  by  applying  an  opar- 
ator»th«  admlaalbillty  of  which  hai  to  ba  chackad  In  advinca.  Tha  diffaranca  !■ 
thit  In  tranfar  by  analogy  tha  "raiult**  la  by  far  not  datarimlnad  aa  rigidly  aa  In 
proof  taaka,  du«  to  vaguanaai  In  aalicting  oparatora  and  Incartainty  about 
whathar  or  not  objacti  daserlbad  In  tha  Initial  itatamanta  hiva  to  ba  riplacad 
In  ordar  to  anabia  a  maanlngful  analogy  tranifar. 

Mara  Is  a  lalactvd  aampla  of  obiarvabia  anawar  catogoriaa,  balonging  to 
lina  4.  (abovi): 

•)  conilltuting  ■  (ransltlon  "Una  aagmant  — >  angIa": 

(1)  a  aat  of  4  riyi  with  tha  aama  andpoint  O.  thi  rayi  running  through  tha 
corraspondlng  points  forming  tha  triangia  and  ona  of  Mi  innir  polnti; 
tha  Una  aagmant  with  andpolnta  A  and  B  corraipondi  to  tha  angli  AOB 
or  BOA,  and  ao  on 
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(2)  xhm  nmmm.M  b.fort,  only  3  rtyt  (.uch  that  th.  obtain.d  atattmtnt  hold>) 

(3)  comparison  of  tht  turn,  of  tnglt  mtaturtt  In  tht  "wholt--  tritnflit  ABC 
«nd  tht  "partial"  tritngit  ABP.  tht  angit  vtrtictt  bting  polntt  A  tnd  B 

(4)  comptritori  of  tht  «um.  of  tnglt  mttturt.  In  tha  "ptrtlaf  tritngit  ABP 
(at  in  (3))  tnd  tht  "outtr"  qutdrllattral  APBC.  tht  anglt  vtrtictt  btlnfl  A 
and  B 

(5)  pot.lbly  orlgJntlly  tht  tamt  Idtt  a.  (D.  but  "corrtcttd"  in  ordtr  to 
obtain  t  ytlld  tttttmtnt,  which  now  tttmt  to  bt  an  appllcttlon  of  tht  addition 
po.tulatt  of  inaquality  (ont  Ittttr  tctutlly  I.  canctHtd  and  rtpltctd  by  tnothtr) 

(6)  no  turn  (of  tnglt  mtaturtt)  occurring  in  tht  atattmtnt 
b)  constituting  a  trtntitlon  "plant  tptct": 

Htrt»  of  cour.t,  a  biggtr  vtrloty  of  dlfftrtnt  catagorlt.  cun  bt  found, 
btctutt  of  ttvtral  opportunitita  to  incraaat  tha  dimtntlon. 
(i)  timiltr  to  tht  corrttponding  ttattmtnt  for  tht  pitnt  trianglt.  but  ttptcially 
for  tht  ctntrold  ts  point  P 

D 


(i) 


(II)  -  (vl) 
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(it)  the  inaquality  formuUtad  for  thi  thrii  idgM  of  totrohodra,  hoving  polnti 
?  end  D  roipoctivoiy  «■  vortlcoti  (P  boing  any  Innor  point  of  th«  originai  t«tra- 
h«dron  with  vortvx  D  "  os  In  tho  following  cottgorios  -  ) 

(lU)  tho  inoqiiolity  formulotod  for  2  iotorol  focoi  of  totrohtdro,  with  polnta 
P  and  D  roipoctivoly  oo  vortlcoi 

(Iv)  tho  Inoquolity  formulot«d  for  tho  3  lotorol  focoo  of  totr«hodro,  with  polnti 
P  ond  D  roipoctivoly  oo  vorticoo  (incroonomont  of  tho  numbor  of  "l»torol 
otimints"  undor  conotdorotion) 

(v)  tho  inoquolity  formulotod  for  3  totoroi  focoi  of  pyriim{d»  With  polnti 
P  and  D  roipoctivoly  oo  vorticoo  (incroooomont  of  tho  numbor  of  vortlcoi 
of  thi  "booio",  ond  of  tho  numbor  of  "tatorol  oiomonto"  undor  conoldomtlon) 

(vl)  tho  Inoquolity  formulotod  for  tho  3  ongioi  of  totrahodra,  odjacant  to 
points  P  and  D  ratpactivaly,  aa  vartlcai. 

Tha  aniwara  to  5..  oi  woti  oo  to  othor  atataminti,  ravaal  all  typai  of 
analogy  prlnciplaa  llatad  in  advanca. 

Qinaral  raiults: 

Only  faw  anawar  ahaata  ahuwad  a  rigid  conaiitancy  uiing  tha  vary  «ama 

analogy  tronoition  for  all  tha  /  itatamanta. 

Among  thorn  :  rayo  with  uno  common  ondpolnt  (cotogory  (D) 

Tha  whola  Hat  of  initiol  otatamants  can  ba  moro  or  ioio  dividod  Into  pairs 
of  ouccooolvo  "aimilar"  onoo  (1.  ond  2.;  3.  and  4.;  4.  tnd  5.;  fl.  and  7.)  Thua, 
moat  of  tha  anawara  uia  lapcrata  analogy  tranaitiont  for  thoao  poiri. 

Somi  probanda  gava  mora  thon  only  ono  oniwor  to  linglo  otatinianti, 

aipacially  in  tha  caaa  of  ipacial  objacta  (part  b>:  tha  tranaltloni 

lino  logmont  — >  (ipotlol)  lino  oigmont  (odgo  and  lo  on)  in  a  totrahadron» 

lino  lagmont  -•*>  foco  of  a  tatrahadron  or  a  pyramid 

wera  uiad, 

In  tha  ipatiai  casa  (part  b)  cartain  probands  did  not  roitiao  that  a  mara 
rapatltlon  lo  not  an  analogy.  Of  couraa,  ainca  Una  aagminti  balonging  to 
ono  trionglo,  ara  alio  apatlai  objacts,  lying  in  a  ipaciai  plana.  1.  -  7.  alao 
hold  for  tho  ipoca  (In  a  trivial  lanaa). 
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A  special  ttatamant  corraipondlng  to  initial  atatamant  6.  waa  racognizad  at 
baing  obvfouaiy  not  valid.  Many  of  thoaa  who  gava  tha  (corrvct)  Judgamant 
"wrong  statamant"  addad  tha  corract  anawar,  intarchanQing  tha  aignt  <  and  >, 
au^aaquantly  "coplad"  tha        in  atatamant  7.  and  wrota  down  a  Una  which 
than  waa  no  longar  conaaquantly  analogoua  to  tha  original  atatamant. 

Although  probanda  appraciata  tha  diffaranca  batwaan  a  atatamcnt  obtairrad 
by  corrac)ly  carrying  out  an  analogy  tranaltlon  and  a  valid  atatamant  It  saama 
that  tha  aaaaaamant  of  validity  of  a  atatamant  could  hava  influancad  tha  chosan 
analogy  pattarn  (cf.  f.l.  tha  pracaa^'ing  anawar  citagorioa  to  4.»  (2)  ). 
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CHILDREN'S  DEVELOPMENT  OF  METHODS  OF  PROOFS 


Robert  B.  Davis  and  Carolyn  A.  Maher 
Rutgers  University 

As  a  component  of  a  longitudinal  study  of 
children's  thinking,  approximately  250  third, 
fourth  and  fifth  grade  children  from  three  project 
sites  (urban,  working  class,  and  suburban)  were 
asked  to  build  a  solution  to  a  counting  problem  and 
then  to  provide  a  convincing  argument  for  their 
proposed  solution.  Videotape  data  from  these 
problem  solving  sessions  at  each  of  the  project 
sites  indicated  certain  progressions  in  the 
children's  problem  solving  behavior.  Students 
who  invented  methods  of  proof  did  so  in  attempts 
to    build    a   Justification   for    their  solution. 


Whereas  earlier  views  of  "learning  mathematics"  found  it 
acceptable  to  ieli  the  ideas  of  mathematics  to  students,  today's 
constructivist  approach  requires  something  else.     If  students 
gradually  build  up  in  their  minds  representations  of  the  key 
ideas  of  mathematics,  it  becomes  important  for  research  to 
study  the  process  by  which  these  representations  arc 
constructed.    While  one  does  not  do  this  by  literally  looking 
inside  brains,  one  can  make  reasonable  inferences  from 
behaviors  that  can  be  observed  and  studied  by  careful  use  of 
videotape*  especially  when  one  follows  the  same  students 
closely  over  an  extended  period  of  time. 

Background    and  Setting 

The  work  that  is  reported  here  is  a  component  of  a  longitudinal 
study,  now  in  its  f'fth  year,  of  the  development  of 
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mathematical  ideas  in  children.  Analysis  of  the  videotaped  data 
and  of  the  children's  written  work  have  made  possible 
assessments  of  what  students  can  do  as  they  are  engaged  in 
problem-solving  situations  that  are  appropriate  for  their  level 
of  development  and  within  the  range  of  their  inventiveness 
(Davis,  Maher  &  Martino,  1992;  Martino,  1992;  Maher  & 
Martino,  1991;    Maher,  Davis  &  Alston,  1991).    In  each  of  the 
three  project  sites,  there  are  several  settings  for  this  study:  the 
regular  mathematics  classroom  in  which  children  may  work 
with  a  partner;    in  a  whole  class  discussion  following  the  paired 
problem  solving  session;  in  individual  task-based  interviews 
following  the  whole  class  discussion;  and  in  a  small  group 
discussion  following  the  individual  interviews. 


Our  interest  is  in  studying  how  ideas  develop  in  children.  We 
do  this  by  presenting  children  with  a  problem  that  involves 
building  a  solution.    We  then  challenge  the  children  to  create  a 
convincing  argument  for  the  correctness  of  that  solution.  Our 
attention  is  focused  on  how  the  child  represents  the  problem 
and  justifies  it;  on  what  strategies  the  child  employs  in  building 
the  argument;  and  on  what  notation  the  child  invents. 

We  are  also  interested  in  knowing  whether  the  methods 
invented  by  children  continue  to  be  used  by  them.    That  is,  are 
these  methods,  whether  right  or  wrong,  stable      or  do  they 
change  over  time?  If  the  methods  that  students  invent  are 
subsequently  refined  or  modified,  we  arc  interested  in  tracing 
how  the  students  may  have  been  influenced  to  make  these 
changes.  In  particular,  we  study  whether,  and  how,  students 
make  use  of  the  ideas  of  others. 


The    Development    of   Children's  Ideas 
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In  pursuit  of  gaining  insight  into  children's  thinking,  our 
observations  for  this  report  center  on  the  following: 

(1)  Children's  building  and  representing  their  initial  ideas; 

(2)  Children's  modifying  and  refining  their  ideas; 

(3)  Children's  developing  justifications  for  their  solutions. 

The  data  for  our  initial  understanding  of  the  development  of 
children's  thinking  come  from  analyzing  the  problem-solving 
behavior  of  approximately  250  third,  fourth,  and  fifth-grade 
children  from  three  communities  (urban,  suburban,  and 
working  class)  in  several  settings. 


Each  pair  of  children  was  given  unif?x  cubes  of  two  colors,  dark 
and  light.    Their  task  consisted  of  two  parts:  the  first  was  to 
build  all  possible  towers  (that  is.  a  vertical  array  of  adjoining 
cubes)  of  a  particular  height  when  they  could  select  from  the 
two  available  colors;  the  second  task  was  to  convince  each  other 
that  there  were  no  duplicates  and  that  none  had  been  left  out. 

In  the  initial  administration  of  the  problem  (third  or  fourth 
grade),  the  towers  were  to  be  four  cubes  tall.    For  a  second 
administration  of  the  problem,  the  towers  were  to  be  five 
cubes  tall.    In  subsequent  small  group  discussions  in  which  the 
children  were  asked  to  convince  each  other  of  their  solutions, 
towers  of  height  three  were  used.  In  this  case,  the  emphasis 
was  on  studying  children's  justifications  of  their  solution. 


The    Problem  Task 
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Procedures    and    Data  Source 

As  described  earlier,  some  variant  of  the  problem-solving  task 
was  posed  in  a  natural  classroom  setting,  using  small  group 
instruction,  to  all  of  the  250  students  in  the  study.    After  the 
small-group  problem-solving  session,  all  of  the  children  were 
invited  to  share  the  representations  of  their  solutions  during  a 
whole  class  discussion.    The  class  discussion  was  videotaped. 

Also,  children  from  each  of  the  sites  who  were  subjects  in  the 
longitudinal  study  were  videotaped  during  the  classroom 
session  as  they  worked  on  the  problem  task  with  a  partner. 
These  children  were  later  individually  interviewed  after  the 
classroom  session.  These  interviews  were  videotaped.    A  subset 
of  the  children  from  the  longitudinal  study  were  again 
videotaped  in  a  small  group  discussion  format  for  assessment 
purposes. 

Hence,  the  data  for  this  study  come  from  several  sources: 
observations  of  the  classroom  episodes;  transcripts  and 
analyses  of  videotapes  of  children  working  in  pairs  or  small 
groups  during  the  problem-solving  sessions;  the  written  work 
which  students  produced  during  these  taped  sessions; 
researcher  observations  recorded  on-site;  and  two  individual 
written  assessments  of  the  tower  task.    Preliminary  analysis  of 
these  data  are  reported  in  this  paper. 

Results 

The  children's  problem  solving  generally  moved  sequentially 
through  three  distinct  stages. 
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Stage  1.     In  the  first  stage,  they  began  by  finding  panicular 
towers  and  by  checking  to  see  if  they  were  building  duplicates. 
Initially  they  appeared  to  be  using  a  "guess  and  check"  strategy. 

Examples  from  Stage  One 

1.  Creating  individual  towers  and  checking  each  new 
arrangement  with  those  previously  made  by  connparing  it 
to  others; 

2.  Inventing  names  for  repeated    towers  such  as  "duplicates" 
and  "doubles"; 

3.  Inventing  names  for  certain  patterns  within  a  single  tower. 
For  example,    a  tower  with  alternating  colors  was 
sometimes  referred  to  as  having  a  "checkerboard"  pattern. 

4.  Discovering  a  pair  of  towers  with  opposite  colors  in  the 

corresponding  positions,  and  naming  them,  frequently,  as 
"opposites"  or  reverses." 

3tage  2.    As  the  children  generated  more  towers,  they  came  to 
recognize  certain  collections  of  towers  and  typically  began  to  use 
the  word    "pattern"  to  describe  some,  but  not  all,  of  the 
collections.    In  the  second  stage  we  see  examples  such  as  the 
ones  illustrated  in  Figures  1  and  2  where  two  local  organizational 
schemes  have  a  potential  conflict  when  used  together. 


Figure  I.  Elevator  Pattern  Figure  2.  Staircase  Pattern 
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Examples  from  Stage  TwQ 

1.  Discovering  other  ways  of  generating  groups  of  towers  such 
as  inverting  a  tower.  These,  for  example*  were  referred  to 
as  **cousins"  or  "inverses;" 

2.  Organizing  sets  of  towers  according  to  a  particular 
relationship.    For  example,  a  tower,  its  opposite,  its  cousin, 
and  the  opposite  of  the  cousin. 

3.  Organizing  sets  of  towers  according  to  particular  schemes, 
such  as  the  elevator  and  staircase  patterns  that  are 
illustrated  in  Figures  1  and  2,  respectively. 

4.  Finding  the  opposites  of  the  groups  and  discovering 
duplicates  by  examining    the  intersection  of  the  sets;  In 
this  stage  the  checking  process  becomes  more  elaborate 
and  is  conducted  with  sets  of  towers. 

During  the  second  stage,  considerable  disequilibrium  evolves  as 
children  begin  to  realize  that  some  local  organization  scheme  is 
inadequate  for  organizing  all  possible  towers  of  a  given  height. 
The  emergence  of  duplicates  from  the  intersection  of  the  local 
organizations  often  leads  to  uncertainty.      As  one  fourth  grader, 
Stephanie,  indicated: 

You  always  have  lo  think  there's  more. ..because  you  can't 
go.. .you  never  know  if  there's  gonna  be.. .you  can't  say  I 
found  two  that's  enough.. .cause  you  always  have  to  think 
there's  more...causc  you  never  know  if  it's  enough  or 
not..you  know  what  I  mean? 

And  later,  in  response  to  the  instructor's  question  as  to 
whether  she  thought  there  was  any  way  that  she  would  know 
if  she  found  all  possible  towers,  Stephanie  replied: 
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No,  because  you  could  buy  iikc  the  biggest. ..you  could  have  like 
reds  and  blues  all. .reds  and  yellows  all  over  vhis  room  and  people 
could  still  get  ideas.. .you  would  not  know  that.. .one  person  could 
have  44  [different  lowers]  and  the  other  person  could  have.. .be 
having  58  and  still  going  for  more  because  you  don't  know  until 
you're  finished,  until   you're  absolutely,  posiilvcly  sure. 

Slag?  3,    As  students  come  to  see  conflicfs  between  different 
local  organizations,  they  began  to  realize  the  need  for  a  single 
global  scheme.  Analysis  of  student  work  shows  two  kinds  of 
successful  global  organization  schemes,  one  leading  to  proof  by 
cases  and  the  other  leading  to  proof  by  mathematical 
induction.    These  ultimate  solutions  arc  not  reached 
immediately  but  only  as  a  result  of  gradual  refinements. 

Examples  from  Stagy.  Jhrff? 

1.  Attention  to  certain  patterns  such  as  exactly  no,  all,  and  one 
dark  cube  encouraged  the  reorganizing  of  former  sets  into 
"elevator"  subsets  such  as  exactly  two  dark  cubes  together,  or 
exactly  three  dark  cubes  together,  etc.  This  rearrangement 
naturally  directed  s:udent  attention  to  the  placement  of 
other  towers  in  which  the  dark  cubes  were  separated  and 
stimulated  the  necessity  tq  make  new  groupings. 

2.  Consideration  of  how  patterns  might  work  when  "refening 
to  simpler  problems,"  such  as  towers  that  could  be  built 
that  were  three  cubes  tall  and  two  cubes  tall.  Consideration 
of  these  situations  led  to  building  a  proof  by  mathematical 
induction. 

3.  Consideration  of  how  some  patterns  related  to  the  patterns 
of  isomorphic  problems  already  encountered  and 
successfully  solved,  such  as  making  outfits  with  shirts  of 
two  colors,  pants  of  two  colors,  hats  of  two  colors,  etc. 
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During  this  last  sequence  children  were  more  receptive  to 
input  from  others.    Although  an  ultimate  solution  did  not 
always  surface  at  this  time,  observations  several  months  later 
often  revealed  refinements  of  some  of  the  more  firmly  held 
earlier  methods  (Maher,  Davis,  Martin o>  in  progress). 


*This  work  was  supported  in  part  by  grant  number  MDR  9053597 

from  the  National  Science  Foundation.     The  opinions  expressed  arc  not 

necessarily  those  of  the  sponsoring  agency,  and  no  endorsement  should 
be  inferred. 
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THE  ROLE  OF  CONJECTURES  IN  GEOMETRICAL  PROOF-PROBLEM  SOLVING 
 FRANCE-JAPAN  COLLABORATIVE  RESEARCH   

Itouhei  HARApA  (Kawaaura-Gakuen  Woaan ' 8  University,  Japan) 
Nobuhiko  NOHDA  (University  of  TsuKuba,  Japan) 
Elisabeth  GALLOU-DUMIEL  (Universite  Pierre  Mendes-Franece, 

Grenoble,  France) 


Abstract:  The  purpose  of  this  research  is  to  clarify  differences 
between  French  and  Japanese  st»jxjents'  conjectural  activities  In 
geopetrical  proof-probie*  solving,   and  to  find  out  its 
instructional  i npl i cations. 

For  this  purpose,   this  research  nakes  investigations  to  clarify 
for  students'  thinking  processes  in  geosetrical  proof -probl en 
solving. 

In  conclusion,   the  instructional   imp 11 cat ions  of  geometrical 
proof -problem  solving  are  as  follows  :   ( 1) activating  students' 
thinking  processes  towards  ** actions  for  figure"  and  "dynaBic 
viewt>olnts  for  figures',    (2)  helping  the  students  in  the  use  of 
the  characteristics  of  triangles  and  of  those  expanded 
characteristics,    (3) helping  the  students  in  the  applications  of 
nuaericaX  values  and  algebraic  processes. 

1.  Introduction 

"France-Japan  collaborative  research"  (*)  of  "Mastering  st>ace  and 
learning  Geometry"  has  l>een  carried  out  since  1987.   Our  subgroup 
in  this  research  has  the  theme  "The  Role  of  Conjectures  in  Proble* 
Solving  in  Geometry".  The  common  aim  of  our  group  is  to  discover 
the  conditions  which  lead  to  conjectural  activities  for  students, 
to  study  the  relationships  between  the  types  of  conjectures  and 
mathematical  contents  and  environments  (with  or  without  computer), 
and  finally  to  analyse  the  possible  productions  of  proofs. 
(Balacheff ,  et  al.  ,  1989) 

From    this  point  of  view,   we  had  carried  out  researches  on 
students'  difficulties  in  geometrical  proof -problem  solving  In 
each  country  (Gal  lou-Dumiex,  E.  ,  1088,   Harada.  K.   &  Nohda,  N,  ,  in 
press) . 

For  our  theoretical  background  of  researches,  we  had  employed 
Balacheff 's  didactical  theory  (Balacheff , 1990)  and  Plaget's  theory 
of  cognitive  development  and  equilibration  theory  (Plaget, 197S) . 

Also  we  will  clarify  the  differences  between  French  and  Japanese 
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students*  activities  in  geoaetrical  proof-problea  solving  in  this 
research. 

The  purpose  of  this  research  is  to  clarify  differences  between 
French  and  Japanese  students'  conjectural  activities  in 
geo*etrical  proof-proble*  solving,  and  to  find  out  Its 
instructional  i»pl ications. 

For  this  purpose,   it  is  necessary  to  clarify  students'  thinking 
processes  and  undertaJce  co«Bon  methods  of  investigations  in  France 
and  Japan. 

In  geonetrical  proof -proble«  solving,   there  are  two  types  of 
conjectures  in  students*  thinking  processes  depending  on  two  types 
of  problems  (one  wherein  the  conclusion  is  given  or  one  it  is 
not).  The  first  type  of  conjectures  Involves  only  processes  of  the 
proof  while  the  second  type  not  only  involves  processes  of  the 
proof  but  also  a  conclusion  of  proposition.    In  this  research,  we 
will  CBploy  the  first  type  of  conjectures. 

To  conjecture  a  process  of  proof,    it  is  necessary  for  students 
to  discover  "procedures  for  proof".    It  will  be  discovered  through 
•actions  for  figure".  Here  the  "procedures  for  proof"  mean  "»eana 
of  proof -proble*  solving"  and  the  "actions  for  figure'  nean 
•actions  for  drawing  geometrical  characteristics  froB  the  figures 
in  the  problea'. 

In  this  i  nvestigation.   we  will  consider  students'  thinking 
processes  from  these  two  viewpoints. 

2. Method 

(1) Problems  of  Investigations 

The  problems  of  investigations  employ  two  problems  in  "France- 
Japan  collaborative  research".  These  problems  can  be  generally 
solved  using  Thales'  Theorem  and  can  not  be  solved  by  applications 
of  simple  knowledge.     We  intend  to  draw  various  students' 
activities  in  problem  solving  processes. 

Problem  1.   ABCD  Is  a  trapezoid.   M  is  the  image  of  A  In  the  point 
symmetry  with  C  as  center.  The  Intersection  of  line  BD  and  line 
parallel  to  AD  including  M  is  a  point  called  N.   Show  that  N  is  the 
image  of  D  in  the  point  aymmetry  with  B  as  center. 

Problem  2.   ABCD  is  a  trapezoid.   The  intersection  of  (AC)  and  (BD) 
Is  a  point  called  I.  The  parallel  to  (AD)   including  the  point  I  Is 
secant  to  (AB)   in  a  point  called  M  and  secant  to  (CD)  in  a  point 
called  N.     Show  that  I  is  the  middle  of   (MN) . 
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Problem  l 


Problea 


Figure  1.   The  figures  of  Problems 


(2)  Viewpoints  of  Investigations 

We  take  account  of  the  difference  between  France  and  Japanese 
curriculu»  in  secondary  school  Bathenatlcs  in  geometry  and  then 
give  soBt.  el  Client  8  of  "actions  for  figure"  and  "  procedures  for 
proof"  as  fallows. 

(a>actions  for  figure 

CO  Bodlfi cation  of  the  figure  (auxiliary  lines,  translation....) 
0  resolution  of  the  figure  (segaents,    lined. . . . . ) 
©resolution  of  the  figure  into  triangles 

0)  Barking  segnents  of  proportional  relations  (  u\X^ 


(b) procedures  for  proof 

U)  using  congruence  conditions  of  triangles 

(2)  using  slBilar  relationships  of  triangles 

Causing  theoren  about  aidpoints  of  two  sides  of  triangle 

OP  using  Thales'  Theorea 

©using  nuaerical  values  and  algebraic  processes 

©using  foraula  of  area  of  triangle 

CD  using  visual  characteristics  of  figures 
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(3)  Subjects 

(a)  Investigation  1 

France  :  six  pairs  of  the  0th  grade  students 
Japan  :  six  pairs  of  the  8th  grade  students 

(b)  Investigation  2 

France  :  six  pairs  of  the  10th  grade  students 
Japan  :  six  pairs  of  the  9th  grade  students 

The  subjects  in  the  "Investigation  1"  studied  Thales'  Theorew 
(In  Japan,    it  is  referred  to  as  "Theorea  about  parallel  lines  and 
ratio  of  line  segiients".)  Just  before  the  investigation.  The 
subjects  in  the  "  Investigation  2"  studied  Thalas'  Theo'^ea  one  year 
before  the  investigation. 

(4)  Method  of  Investigations 

Eacli  pair  was  given  two  geometrical  proof -probieMs.  At  the  sa»e 
time,  each  pair  was  given  one  pencil  and  sheets  of  papers  as  much 
as  tljey  want.  When  they  finished  the  problens,  we  interviewed  the 
students  in  each  pair  individually.   Their  problei  solving 
processes  and  our  interviewing  processes  were  recorded  by  using 
video  and  audio  tape  recorders. 

3. Results  and  Discussions 
(l)Results  of  Investigations 
(a) Investigations  in  France 

Pairs  SiC,   P«»F,   LiA,   S&B,   L&P,   and  m^F  in      Investigation  1"  are 
naaed  A,   B,  C,    D,   E,  and  F  respectively.   Pairs  A&C,  Ck\,   Ma^F,  DIWK, 
PMi,  and  SikA  in"  Investigation  2"  are  named  G,   H,    I,   J,   K,   and  L. 
respectively. 

The  results  are  shown  In  "Figure  2". 

(b> Investigations  in  Japan 

Pairs  KSiT,  TiK,  Y&N,  B&F,  M&K,  and  S&K  in  "Investigation  1"  arc 
naned  M,  N,   0,    P,  Q,  and  R  respectively.   Pairs  T&K,   SiT,  G&S, 

TAN,  and  S&W  in  "Investigation  2"  are  named  S,  T,   U,  V.   W,  and  X 
respectively. 

The  results  are  shown  in  "Figure  2",  in  addition  to  the  results 
of  investigations  in  France. 
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fiollon*  for  figure  

..odlf  iciitlon  of  ttw  flRurtJ 
.roaolullon  of  tho  figure 

r«.oiullon  of  tn«  f J«ur«  into  triangio- 
'..nrkln.  -em^nt..  of  proportional  «'«*»^*°"- 


•  proccKluree  for  proof  ■- 
I.  using  congru^nco  condition,  of  triangle 

using  .i-llT  r«l8tlon.hiP«  of  trlanglo. 
a.  using  thcor*.  -bout  .Idpolnf  of  two  side. 

of  triftngUB 

4  u.lng  Tho  lea '  TtMsore* 

5  uling  nuiK.ric.1  v.luo.  -nd  -Ignbraia  procc.«o. 
S.u.ing  for»uia  of  6r«ft  of  trianglo 

7.  u.lng  vLunl  ctwmctcrl.tic.  of  flgur*.  


Klgure  2.     Reaulta  of  Investigations 
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(2)  Discussions 

By  considering  the  results,  we  will  clarify  differences  between 
French  and  Japar.sse  students'  conjectural  activities 
<a>For  -procedures  for  proof,   the  French  pairs  used  only  one 
procedure,   whereas  Japanese  pairs  used  a  lot  of  procedures. 

We  think  that  In  France,   the  secondary  school  currlculu.  In 
geo-etry  deals  with  these  problems  within  the  narrow  context  of 

Theore-  about  -idpolnts  of  two  sides  of  triangle"  or  -ThaleB- 
Theore.-,   whereas  in  Japan,   the  secondary  school  curriculu»  In 
geo-etry  deals  with  the  wide  context  of  "congruence  of  trlangles" 
siBilar  relationships  of  triangles",  etc. 

Therefore,   French  students  could  pinpoint  only  one  strategy  of 
proble-  solving,   whereas  Japanese  students  have  .any  strategies. 

(WFrench  pairs  could  apply  "Thales"  Theorem"  for  these  problems 
Whereas  Japanese  pairs  could  not  apply  the  theo-e.  even  when  they 
know  about  it.   Especially,   for  "Problem  2",   they  .ust  Integrate 
two  propositions  of  "sl.llar  relationships  of  triangles"  and  one 
proposition  of  "Thales"  Theoren"  to  solve  .his  problea 

In  this  case,    "equilibration  of  between  differentiation  and 
Integration-  is  necessary  for  students  (Piaget,  1975) .  We  consider 
that  French  students  have  high  level  of  cognitive  develop.ent  and 
ate  used  to  these  kinds  of  operations  in  this  probie-. 

(c)  "Proble.  1"  can  be  solved  using  eitfer  "Theore-  about  -Idpoints 
of  two  Sides  of  triangle"  or  "Thales"  Theore.". 

In  France,    in  "Investigation  1"  three  pairs  used  only  "Theorem 
about  .idpolnts  of  two  sides  of  triangle"  as  "procedure  for  oroof" 
In     Investigation  2".   three  pairs  used  "Theore.  about  .Idpoints 
of  two  sides  of  triangle"  and  another  two  pairs  used  "Thales" 
Theorea ' . 

In  Japan,  in  "Investigation  1"  one  pair  used  "Theore.  about 
midpoints  of  two  sii^a  of  triangle"  and  another  one  pair  used 
"Thales-  Theorem",  m  "Investigation  2".  five  pairs  used  only 
Theore.  about  .idpoints  of  two  sides  of  triangle". 
We  consider  that  students  in  both  countries  tend' to  use  the 
theorems  of  triangles  and  have  knowledge  based  on  characteristics 
of  triangles  as  a  root  of  their  knowledge. 

(d)  ln  France,  "using  numerical  values  end  algebraic  processes"  as 
a    procedure  for  proof  was  used  by  two  pairs  in  "Investigation  1". 
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In  Japan,  this  procedure  was  used  by  two  pairs  in  "Investigation 
1"  and  one  pair  In  'Investigation  2". 

This  is  not  a  procedure  In  geo»etrical  proof -probleM  solving. 
However,  we  think  that  this  procedure  is  a  useful  means  in  general 
problea  solving. 

(e)  The  "using  visual  characteristics  of  figureb"  was  used  by 
students  in  both  countries.   We  think  that  actions  with  reference 
to  this  procedure  are  "type  a    action"  of  conpensations  (Piaget, 
1975).   Students  who  used  that  procedure  has  low  level  of  cognitive 
development.    It  Is  necessary  that  these  students  have  rich 
intension  of  figures  and  expand  their  extension  of  figures. 

Therefore,  for  exanple,  to  give  dynaMic  vIew|X)Ints  for  figures 
to  those  students  will  be  useful  in  geoiietrical  problem  solving. 

(f)  Krenoh  pairs  used  a  little  "actions  for  figure",  whereas 
Japanese  oairs  used  many  kinds  of  actions. 

We  will  note  that  In  France,  the  pairs  who  used  some  "action  for 
figure"  could  solve  these  probleas. 

In  France,   the  secondary  school  curriculum  in  geometry  deals 
with  translations,    rotations,   reflections,   dilatations,   etc.  based 
on  the  transformation  geometry. 

Whereas,    in  Japan,   the  secondary  school  curriculum  in  geometry 
deals  with  "congruence  of  triangles",    "similar  relationships  of 
triangles",   etc.    based  on  Euclidean  geometry. 

We  think  that  French  students  can  use  "modifications  of  figure" 
and  "resolutions  of  figure",   etc.  which  are  restricted  for 
geometrical  proof.   Whereas,   Japanese  students  can  use  a  lot  of 
"actions  for  figure"  such  as  "modifications  for  figure"  (drawing 
auxiliary  line,    translating  figures,   etc.)  and  "resolutions  of 
figure"   (lines,    segments,   triangles,   parallelogram,   etc.)  which 
are  taught  as  strategies  of  geometrical  proof. 

(g)  Many  "actions  for  figure"  which  were  used  by  many  pairs  depend 
on  characteristics  of  triangles  in  both  countries.   This  tendency 
is  the  same  as  in  "procedures  for  proof'. 

4.  Conclusions 

By  our  Investigations,  we  clarified  the  differences  between 
French  and  Japanese  students'  conjectural  activities  in 
geometrical  proof -problem  solving.  We  can  point  out  that  there  are 
differences  in  "actions  for  figure"  and  "procedures  for  proof" 
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between  French  and  Japanese  students*  conjectural  activities,  and 
those  differences  reflect  tne  structure  of  Knowledge  in  each 
country. 

For  both  French  and  Japanese  students,  the  Instructional 
iBpiications  in  geottetrical  proof-problea  solving  are  as  follows: 
(1 > Activating  students*  thinking  processes  towards  ■actions  for 
figure'  and  "dynaaic  viewpoints"f or  students  are  iaportant  neans 
of  helping  students*  geometrical  proof -prob lea  solving. 

(2>The  use  of  characteristics  of  triangles  and  those  developed 
characteri«tic8  are  effective  in  geoaetrical  proof -problea  solving. 

(3>The  use  of  numerical  values  and  algebraic  processes  are  useful 
in  general  problea  solving. 

However,  to  deaonstrate  the  instructional  implications  mentioned 
above  remains  a  problem. 
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The  Effects  of  Elaboration  on  Logical  Reasoning 
of  4th  Grade  Children 


PYUTjG  KQQK  JEON.  Korea  National  University  of  Education 
SUNG  SUN  PARI^,     Seou!  JecnKok  EJomentary  School 


We  investigated  the  effects  on  retrieval  and  logical  reasoning  of  students  having  involved 
in  instruction  that  requUed  them  to  engage  in  elaborative  pcoccssing.  The  4th  gride 
student3(N=40)  were  randon:Jy  assigned  to  two  treatment  groups:  Elaborative  group  and 
Non-Elaborative  group.  Students  were  taught  geometrical  knowledges  for  7  days  by  computer. 
Retrieval  of  knowledges  which  were  taught  in  instruction  was  tested,  and  the  ability  of  logical 
reasoning  which  was  combination  of  mathematical  knowledges  and  logic  itself  was  tested.  Our 
results  showed  tliat  tlie  elaborative  process  had  significantly  effects  on  the  reasoning  ability  as 
well  as  retrieval  of  knowledge. 

The  importance  of  logical  thinking  is  always  emphasized  in  learning  of  mathematics  and 
everyday  life.  Moreover,  it  is  no  doubt  that  the  importance  of  logical  thinkinfi  will  be  a 
matter  of  concern  in  the  education  at  the  later.  To  draw  out  the  suggestion  in  educating 
logical  thinking,  in  this  study,  the  natui-e  of  logical  thinking  was  reviewed,  Piaget's 
perspective  and  information-processing  theorists'  perspective  about  the  logical  thinking  were 
compared,  and  the  relation  between  logical  thinking  and  the  structure  of  knowledge  was 
reviewed. 

There  are  two  perspectives  about  the  nature  of  logical  thinking,  i.e.,  Piaget's  perspective 
and  information-processing  theorists'  perspective.  According  to  Piaget,  cWldren  in  the 
preoperational  stage  are  egocentric  and  concrete  operational  stage  are  limited  to  logical 
thinking.  On  the  other  hand,  infonmation- processing  theoriests  suggest  that  eveiy  people  at 
any  level  of  logical  ability  is  capable  of  logical  thinking,  because  he(she)  has  production 
systems. 

According  to  information-processing  tlieory,  the  sources  of  errors  in  logical  thinking  are 
due  to  the  errors  in  the  process  of  logical  thinldng  rather  than  the  lack  of  logical  abilities. 
Thus,  information-processing  theorists  assume  that  if  the  errors  in  the  process  of  logical 
thinking  can  be  prevented,  and  then  logical  thinking  ability  will  be  improved.  Specifically, 
they  believe  that  the  cepacity  of  working  memeory  should  be  extended  to  prevent  errors  from 
occurring  in  processes  of  logical  thinking.  Information-processing  theorists  suggest  elaboration 
theory  as  one  of  the  methods  which  could  extend  the  capacity  of  working  memory. 
Elaboration  is  the  process  of  adding  related  knowledge  to  the  new  knowledge.  This 
elaboration  provides  alternate  retrieval  routes  and  improve  limited-capacit>'  of  working 
memory  during  retrieval. 

Anderson(1985)  and  Gagne(1985)  stated  that  elaboration  facilitated  retrieval  in  two  ways  - 
by  means  of  alternate  retrieval  routes  through  the  prepositional  network  and  by  inference.  For 
example,  assume  that  a  problem  solver  should  recall  the  propositioti  PI  to  prove  a  geometry 
problem,  but  he  or  she  can't  remember  the  proposition.  In  such  a  case,  he  or  she  would 
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retrieve  the  proposition  P2  and  P3  as  alternate  retrieval  routes,  and  then  he  or  she  would 
construct  tlie  proposition  PI  with  inference. 

Pi:  The  measure  of  an  exterior  angle  of  a  triangle  is  equal  to  the 

sum  of  the  measures  of  the  two  remote  interior  angles. 
P2:  The  sum  of  the  measures  of  the  angles  of  a  triangle  is  180. 
P3:  If  the  exterior  sides  of  two  aciUacent  angles  are  opposite  rays, 
the  angles  are  supplementary.  (Jeon.  1988,  pp.23-24) 

Stein  et  aL(1962)  demonstrated  that  some  fifth  grade  children  spontaneously  generate 
elaborations  and  insisted  that  in  general,  learning  gains  are  associated  with  spontaneous 
generation  of  precise  elaborations.  Pressley  et  al.(1987)  concluded  that  elaborative 
interrogationCsuch  as  answering  why  questions)  was  a  potent  strategy,  in  part  because  it 
produced  as  much  learning  as  occurred  in  imagical  coding  condition.  And  more  recently, 
Wood,  Pressley,  &  Winne(1990)  supported  the  studies  which  demonstrated  that  elaborative 
processes  facilitated  acquisition  of  facts  or  knowledges. 

Stein  and  his  coUcagues(1982)  studied  the  effect  of  different  types  of  elaboration  on 
recalling  sentences.  The  results  showed  that  for  any  groupCsuccessful,  average,  less 
successful),  a  student  who  gave  a  precise  phrase  to  connect  two  given  sentences  was  more 
likely  to  correctly  recall  the  sentence  than  one  who  gave  an  imprecise  phrase.  They  also 
found  that  nvore  successful  students  were  more  likely  to  generate  precise  elaboration  than 
were  less  successful  students.  This  results  suggest  that  precise  elaboration  can  aid  better 
recall  than  imprecise  elaboration. 

Most  of  researchers  interested  in  elaboration  have  been  in  research  for  th-e  effects  of 
elaboration  in  retrieval  of  knowledges  or  facts.  But  recently,  Siver(1982)  recommanded  the 
need  for  application  of  elaboration  theory  in  nathematical  problem  solving. 

The  purpose  of  the  present  study  was  to  investigate  the  mam  factor  which  influences  on 
the  children's  logical  reasoning,  and  to  analyze  the  effects  of  elaborative  learning  in  retrieval 
of  mathematical  knowledge  and  in  logical  reasoning. 

For  this  purpose,  three  research  qu'^sUons  were  attempted; 

(1)  What  is  the  main  factor  which  influences  on  the  logical  reasoning  of  the  4th  grade 
children?  Is  it  logic  itself  or  knowledge  for  logical  reasoning? 

(2)  Is  there  any  significant  difference  between  Elaborative  group  and  Non-daborative 
group  in  the  retrieval  of  mathematical  knowledge  at  the  first  day  and  at  the  7th  day 
after  instructional  treatment? 

(3)  Is  there  any  significant  difference  between  Elaborative  group  and  Non-claborative 
group  in  the  KoReT(knowledge+reasomng  test)? 


Ninty  three  4th  grade  students  were  selected  from  an  elementary  schoc^  in  Chongwon, 
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Chungbulc  The  subjects  were  divided  into  two  subgroups;  Ro  group  (scored  high  at  the 
reasoning  test,  but  low  at  the  retention  test),  Ri  groupCscored  low  at  the  reasoning  test,  but 
high  at  the  retention  test).  Twenty  students  in  Ro  and  twenty  students  in  Ri  were  assingcd 
to  two  kinds  of  instructional  treatment  groups;  Elaborative  groupdO  in  Ro  and  10  in  Ri)  and 
Non-elaborative  groupdO  in  Ro  and  10  in  Ri),  and  the  remainders  were  not  included  in  this 
study. 

Instruments  and  measure 

Five  kinds  of  tests  were  administered  to  the  subjects:  Retention  Test(RetT),  Reasoning 
Test(ReasT),  Retrieval  Te-st  1  and  2(RevTi  and  RevTj),  Knowledge+Reasoning  Test(KoReT), 
The  prete9ts(RetT  and  ReasT)  were  administered  for  20  minutes  before  the  regular  class  at 
17th,  18th  day  of  June,  in  1992.  Three  posttests(RevTi,  RevTz,  KoReT)  were  aditiinistered  for 
20  minutes  before  the  regular  class  at  4th,  14th,  15th  day  of  July,  in  1992,  respectively. 

Retention  Test(RetT) 

Retention  Test(RetT)  was  used  to  measure  the  degree  of  understanding  of  the  basic 
concepts  of  geometry.  The  purpose  of  this  test  was  to  divide  the  subjects  into  two 
subgroups:  by  score  at  RetT.  The  test  covered  the  basic  concepts  of  triangle,  right-angled 
tirangle,  isosceles  triangle,  equilateral  triangle,  quadrangle,  rectangle,  squajie.  The  students 
were  given  fifty  items  and  required  to  answer  by  yes  or  no. 

Reasoning  Test(ReasT) 

Reasoning  Test,  designed  to  assess  the  slxident's  ability  to  understand  logic  forms  for 
logical  reasoning,  was  used  to  divide  the  subjects  into  two  subgroups  by  score  at  ReasT. 
This  instrument  used  in  the  present  study  was  Mie  translated  form  of  TCS(Test  of  Cognitive 
Skills)  wliich  was  develop*;d  by  CTBAlcGraw-Hill,  Del  Monte  Research  Park.  The  original 
version  of  tliis  instrum^t  was  divided  into  five  levels  that  are  related  to  grade  range  and 
each  level  of  TCS  included  four  subtests'-  Sequences,  Analogies,  Memory,  and  Verbal 
Reasoning.  The  original  version  of  this  instrument  was  rrxxiificd  slightly  to  make  them 
appropriate  for  4th  grade  students.  In  the  modified  version  of  the  test  used  in  the  present 
study,  only  reasoning  category  among  the  four  categories  was  tested  and  the  items  of  the 
test  were  fifteen. 

Retrieval  Test  1  and  2(RevTi  and  RevT2) 

Retrieval  Test  1  and  2  were  designed  to  measure  "tudent's  ability  to  retrieve  geometrical 
knowledges  taught  in  instruction.  RevTi  was  admimst;red  at  the  first  day  after  instructional 
treatnxjnt,  and  RevTz  was  administered  at  tJie  7th  niy  after  instructional  treatment  The 
items  of  two  tests  were  same  except  only  the  order  of  the  items.  The  test  covered  basic 
concepts  of  the  rectangle,  square,  trapezoid,  parallelogram,  and  rhombus  learned  in  instruction. 
In  the  both  RevTi  and  RevTz,  the  subjects  were  given  25  items  and  required  to  answer  the 
statements  by  yes  or  no. 
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Knowledge+Reasoning  Test(KoReT). 

Knowledge-^Reasoning  Test,  designed  to  invesUffate  factor  which  influences  on  loffical 
reasoning,  was  used  to  find  the  difference  in  logical  reasoning  ability  after  instruction 
between  Elaboratlve  group  and  Non-Elff.boraUve  group.  This  test  was  developed  by 
comWning  logic  itself  tested  in  ReaT  and  geometrical  knowledges  learned  in  instruction.  The 
KoHgT  of  20  items  contained  12  items  requiring  inductive  reasoning  and  8  iUans  reciuiring 
deductive  reasoning. 

Insturctional  treatments 

The  instructional  treatment  was  to  instruct  two  subgroup  in  different  way.  Geometrical 
knowledges  were  given  direcUy  to  Non-Elaborative  group(NELAB),  but  to  Elaborattve 
group(ELAB),  was  given  elaborative  processes.  Seven  lessons  were  provided  in  morning  class 
before  regular  classroom  during  the  30  minutes  every  day(23,  Jun  -  3,  July). 

The  contents  of  instruction  are  as  follows: 

(D  right-angled  triangle  and  isosceles  triangle  and  equilateral  triangle 

(2)  rectangle  and  square 

(S)  trapezoid  and  parallelogram 

(3)  rectangle  and  trajxjzoid  and  parallelogram 
(5)  sqmire  and  trapezoid  and  pcu-allelogram 
dp  trapezoid  and  parallelogram  and  rhombus 
(5)  rectangle  and  square  and  rhombus 

All  of  the  insbTicUons  were  proceeded  by  personal  computer.  Every  students  participated 
in  this  instructional  treatment  was  given  by  personal  computer. 

Instruction  for  Non-Elaborative  group 

Non-Elaborative  gioyp  was  instructed  the  statements  such  as  "The  lengh  of  the  four 
sides  of  rectangle  are  same"  directly.  For  example,  In  the  instntcUon  of  'RECTANGLE  AND 
SQUREj,  Non-Elaborutive  group  was  provided  basic  concepts  such  as  "Tlie  lengtlis  of  the 
four  sides  of  rectangle  are  same".  "The  four  angles  of  the  rectangle  are  all  right-angle",  "The 
squrcs  have  four  sides",  "The  four  angles  of  the  squre  are  all  right-angle",  "The  rectangles 
have  four  sides".  After  provided  these  statements,  they  were  only  given  the  relaUon  of  the 
knowledge  such  as  "We  can  say  that  squres  are  rectangles",  "We  can  not  say  that  rectangles 
are  squres". 

Ina  tract  ion  for  Elaboratlve  group 

Elaborative  group  was  instructed  the  same  knowledge  Uiat  Non-Elaborative  group  Icamed, 
but  the  way  of  instruction  was  not  same.  Instruction  for  Elaborative  group  emphasized  the 
elaborative  processes  of  the  Icnowledge.  That  is,  in  order  to  elaborate  the  knowledge, 
Elaborative  group  was  required  to  decide  whether  the  statenwnts(basic  concepts)  provided  by 
personal  computer  were  true  or  false. 

For  example,  in  the  instruction  of  'RECTANGLE  AND  SQUREj,  Elaborative  group  was 
provided  basic  concepts  such  as  "The  lengh  of  the  four  sides  of  rectangle  are  same",  "The 
four  angles  of  the  i-uctangle  are  not  all  right-angle",  "The  squres  have  four  sides",  "The  four 
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angles  of  Ihe  square  are  not  all  right-nngle",  "The  rectangles  have  three  sides",  and  was  to 
required  to  decide  whether  the  statements  are  true  or  false.  Then  if  their  responses  were 
wrong,  they  were  given  feedback.  After  provided  these  statements,  they  were  also  given  the 
relation  of  the  knowledges  such  as  "Wc  can  say  that  squrcs  are  rectangles",  *Wc  can  not 
say  that  rectangles  are  squares".  However,  they  were  expected  to  think  t)ie  validity  of  the 
statements.  Tliat  is  the  diffenrence  between  two  treatnients. 


RESULTS 

1.  Meiin  Score  of  two  pretests  and  classifying  subgroups 

The  mean  scores  attained  in  the  two  pretests  are  shown  in  Table  1.  By  the  results  of  the 
two  t£sts,  subjccts(N-93)  were  divided  into  two  subgroup:  Ro(thc  students  who  scored  7  of 
more  at  the  UcasT  and  37  or  less  at  UctT)  and  Ri(the  students  who  scored  7  or  less  at  the 
ReasT  and  37  or  more  at  RetT). 

Table  1 

Moan  scores  and  Standard  Deviations  ot  two  protests 


ToStS 

N 

Moan 

SD 

Mm 

Max 

RetT 

93 

37.914 

5.793 

20.00 

4900(50) 

ReasT 

93 

7.796 

3.198 

1-00 

14.00(15) 

'  The  scores  ot  parenthosis  reprosont  maximum  which  can  be  attained. 
Z  Factor  that  Influences  on  Ouldren's  logical  Reasoning 

Multiple  regression  analysisdn dependent  variables  were  ReasT  and  RevTi,  dependent 
variable  was  KoReT)  was  c{irriod  out  to  check  Uie  main  factor  which  effects  on  childrtn's 
logical  reasoning.  The  results  are  shown  in  Table  2.  The  RetT  was  significant  variable  which 
influenced  logical  reasoningCSig  T^.OO.  p<.()5),  but  RcasT  which  tested  logic  itself  was  not 
significant  variablc(Sig  T-^.m,  p<.05).  n^he  results  showed  t>mt  retention  of  nuithcinatical 
knowledges  was  nvore  significant  variable  in  logical  reasoning  than  logic  itself. 


Table  2 

Multiple  Rcoression  Analysis  on  LOQlcai  Reasoning 


Ind  Var 

Dep.  Var 

B 

Data 

T 

SIO  T 

ReasT 

KoReT 

.842 

.189 

1.380 

.176 

RetTt 

2.143 

.570 

4.153 

.000" 

p<.05 
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3.       f^Tecfs     Elaboration  on  Retrieval  at  first  day> 

The  T-Test  was  carried  out  to  anfilyzc  tiie  effects  of  elaboration  on  retrieval  of 
goometrical  knowledges  at  Uie  first  day  after  instruction  treiitmenL  In  the  Table  3,  there  is 
no  sifimficant  difference  in  RevTi  betwceti  Non-Klaborativc  group(NELAB)  and  Elaborntive 
Broiip(ELAB),  between  NELAB-Ro  and  ELAB-Ro.  between  NELAB-Ri  and  ELABRi(p<.05). 
So,  there  is  no  effect  of  elaboration  on  retrieval  immediately  after  instnsction  in  all  subgroups. 

Table  3 

T-T05t  for  offocts  of  elaboration  at  first  day 


Groups 

N 

Moan 

SD 

t 

df 

Pro. 

N(=LAB 

20 

18.15 

3.990 

-1.67 

38 

.104 

ELAB 

20 

19.95 

2.724 

NELAB-Ro 

10 

19.2 

3.521 

-1.16 

18 

.263 

Ei.AB-Ro 

10 

209 

3.035 

NELAB-R, 

10 

17.1 

4332 

■1.25 

18 

.220 

ELAB-Ri 

10 

19.0 

2.1U} 

4.  7>w?  Effects  of  Elabotvtion  on  retrieval  at  seoeruh  'fa;/ 

The  T-ToBt  was  cfuritKl  out  U)  analyze  effects  of  elaboration  on  relricvul  gconvjtricol 
knowledges  at  the  seventli  day  after  instruclion  tiealment.  As  shown  in  the  Tabic  4,  tliere  is 
significmit  difference  in  tlie  mean  scores  of  tiie  HevTz  between  NEI.,AB  and  ElAU  group, 
between  NELAB-Ro  mid  ELAB-l^o  .at  level  .05,  between  NELAB-Hi  and  ELAB-Ui  at  level 
.1.  That  is,  at  Uil  seventh  day  after  insixuction,  Uie  effects  of  claboraUon  were  significant 

TQblo  4 

T~Tost  for  GftectG  of  elaboration  at  soventh  day 


Groups 

N 

Mean 

SD 

t 

df 

NELAB 

20 

17.40 

3.152 

-3.47 

38 

ELAB 

20 

20.30 

2.003 

NELAB-Ro 

10 

17.9 

3.143 

"312 

18 

ElJ\B-Ro 

10 

21.4 

1.647 

NELAB-Ri 

10 

16.9 

3.247 

-1.97 

18 

ELAB-Ri 

10 

19.2 

1.751 

'  p<.1   **  p<.05 

Pro. 
.001" 

.006" 

.064' 


5.  The  Effects  of  Elaboroiion  on  Logical  Reasoning 

T-Tcst  was  used  to  check  whether  there  is  any  difference  between  Non-Elaborative  and 
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Elaborative  group  in  KoReT.  The  res:ulu  Table  5  showed  tluit  Elabomtive  group  socrcd 
sijfniiicanlly  WgJiCT  than  Non-Elabonaivc  firoup(p<.06).  And  Uicro  arc  signficimt  differences 
between  FXAB-Ro  and  F:LAB-no(p<.05).  and  between  NKLAR-Ri  nnd  ELAB-Ri(p<.l).  But, 
it  should  be  note<l  thnt  for  any  groups,  clabort^live  pit>cesscs  sigmficantly  improved  tho  logical 
reasoning  ability. 


Tablo  5 

T-Tost  for  oftocts  of  elaboration  on  KoRoT 


Groups 

N 

Moan 

SD 

( 

dt 

Pro. 

NELAQ 

20 

33,03 

n.584 

-3.19 

38 

,003" 

ELAB 

20 

44.93 

12.001 

NELAB-Ro 

10 

33.50 

14.347 

-2.41 

IB 

10 

47.13 

10.624 

NELAEJ-R, 

10 

32.55 

0.773 

-2.00 

18 

.061' 

f:lab-Ri 

10 

42  75 

13  550 

•  P'^  1.   "  p<05 


First,  toward  to  niain  factor  which  effects  on  children' ',5  logical  reasoning,  Piaget 
omphuBizcd  logic  itself  or  form  of  rcasoiiiiig.  But  rccenUy,  cognitive  psychologist  and 
information  processing  Uieorists(cf:  Ucnle,  1962;  Ucvilis,  1975:  Draine,  19781  Bryant  & 
Trabasso,  19711  Uiley  &  Trabsso.  U)74;  Jolinson-Lainl,  11)85)  insisted  that 
knowledgeB(contents)  of  rcaBoning  more  influenced  on  logical  reasoning  tlixin  logic  itself. 

According  to  the  result  of  tht:  prest^nt  study,  malhernatical  knowledge  was  more  significant 
variable  than  Ionic  itself.  That  is,  (Jio  factors  tliat  effect  on  logical  re«5?oning  might  be  logic 
and  nmtlieniatical  knowlctlge,  bul  more  miix>rtiint  factor  was  knowledge.  This  fact  is 
consistent  witli  U\e  suggestion  of  information  Dj-ocesmng  UieoristH,  and  8Upix>rtM  tlie  reuults  of 
their  study. 

Second,  Uiere  are  many  studis  Uiat  elborative  processes  en^uince  retrieval  of  knowledge. 
But  these  studies  analyzed  the  effects  of  the  elaborative  processes  at  the  day  after  seventli 
day  since  instructional  treatment,  hi  tlic  present  study,  the  effects  of  eUiborative  processing 
was  compared  by  analyising  tmowlcdge  retrieval  ability  of  Elaborative  group  and 
Non -Elaborative  group  at  the  first  and  at  ti  e  7th  day  after  instructional  treatment 

Tho  results  suggested  Uiat  at  the  first  day,  there  was  no  significant  difference  in  the 
retrieval  of  knowledge  between  Elaborative  group  and  Non- Elaborative  group,  and  between 
subgroup  Elaborative  Ro  and  Non-Elabora:ive  Ro.  The  reason  of  tliis  fact  might  be  tliat 
forgeting  or  decaying  of  Imowlcdgc  was  alnost  equal  in  two  groups. 

However,  Elabomtive  group  was  better  tian  in  the  retrieval  of  Icnowledgcs  at  Uie  7th  day 
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ofter  U\e  instruction  tlum  Non  lilabomtivo  group.  In  pmtic\iiw.  the  effect  of  elaboration  on 
relric^val  c»f  gomclrical  knowledge  wns  hi«h  in  subgroup  Ro(worccl  good  at  the  reasoning  t*:st, 
but  poor  at  the  retention  test). 

Thow  {M\\m  support  atudics(cf:  St^in  &  Bran5fofd,1979;  Slcin  et  al.,l982;Bradshflw  & 
Andergr.n.l9B2:  Pa)nwre  ct  al.lOB?;  T^csuley  ct  al.l987i  Swmg  &  I'clcr^on.lOBfl)  who  insisted 
thAt  cbborative  proccsaea  drtimaticaUy  improve  memory  nnd  rctrievul  of  knowledges. 

'Hiifd,  the  students  who  scored  good  at  the  retrievnl  test  was  s\icces5ful  in  logical 
reasoning.  In  particular,  the  effect  was  higher  in  subgroup  Ro(scored  good  at  tlw  rcasonir\g 
lc8t,  but  iX)or  at  Uir  rotenUon  test)  than  in  subgroup  Ui(  scored  good  at  tiic  reasomng  teal, 
but  poor  at  the  rotcntloTi  toj»t).  In  other  worda.  elaboration  improves  logical  rasoning  na  well 
as  relrievjil  of  knowledges.  This  result  smxn't  Bradshuw  &  Anderson (1982)  who  indstcd  Umt 
dnboration  provided  axluiidnnt  rotricvnl  mutes  ond  then  fncvlitatcd  inference,  and  denwnsti'atcd 
iho  effects  of  clalx)ralion  in  logical  reasoning. 

Tl\e  rcauUiJ  di-nwT\  fmm  the  present  study  mean  that  because  every  childi-en  Jwve  at  least 
logic  itscJf(by  Information  proccbjing  UiTOrists,  production  systcJTis).  if  Uic  students  liavc 
atructuTcd  knowiedge(by  elabomtioiOm  tlien  they  are  ctiiwblc  of  logical  reasoning. 
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TRANSLATING  A  SEQUENCE  OF  CONCRETE  ACTIONS  INTO  A  PROOF 


The  study  assumes  that  a  sequence  of  concrete  actions  shifts  to  a  proof,  and  aims  to 
find  the  effective  instruction  to  the  shift.  Using  teaching  experiment  as  methodology, 
three  7th  grader 's  responses  and  the  instructions  were  analyzed,  then  the  following 
conclusion  was  drawn,  if  the  7th  grader  satisfies  three  conditions:  1 :  she  or  he  has 
generated  a  sequence  of  concrete  actions  in  which  we  can  see  deductive  reasoning; 
2:  she  or  he  has  reproduced  the  sequence  in  other  cases;  3:  she  or  he  has  verbally 
expressed  a  critical  action  for  a  translation  Into  a  proof,  then  two  instructions  are 
effective  to  translate  the  sequence  of  concrete  actions  Into  a  proof:  one  of  the 
instructions  establishes  thematic  correspondence  between  the  theme  of  view  of  the 
concrete  object  and  the  literal  expression  through  translating  the  critical  action  for  a 
translation  Into  a  proof,  and  the  other  requires  explanation  in  the  large  number 
context  after  translating  the  sequence  of  concrete  actions  mto  numarical  expressions. 


The  formal  approach  to  proofs^  in  mathematics  education  has  been  causing  undesirable 
reaction  to  proofs  In  student's  mind:  just  a  school  game  (Schoenfeld,  1982),  they  have  no 
relation  with  the  universality  (Fischbein  &  Kedem.  1982).  Contrary  to  this  approach,  an  other 
approach  to  proofs  has  been  progressing  in  mathematics  education.  The  approach  attempts 
to  shift  students  from  an  empirical  explanation  to  a  formal  proof.  Although  some  researchers 
have  parity  examined  the  possibility  of  the  shift  (Balacheff,  1988).  we  have  not  found 
specifiable  instructions^  effective  to  make  the  shift  yet. 

I  also  take  the  latter  approach,  especially  in  shifting  an  explanation  through  concrete 
actions  to  a  proof.  There  seems  to  be  three  steps  in  the  approach.  I  found  6th  graders  can 
generate  a  sequence  of  concrete  actions  In  which  we  can  see  deductive  reasoning,  and 
reproduce  it  In  other  cases  [the  first  step]  (Miyazaki.  1991).  1  operationally  defined  the  action 
necessary  to  translate  a  sequence  of  concrete  actions  into  a  proof  (Critical  action  for  a 
translation  into  a  proof).  Then.  I  identified  the  Instructions  effective  to  make  6th  graders 
express  the  action  verbally  [the  second  step]  (Miyazaki,  in  press).  Thus.  1  would  like  to  answer 
the  research  problem  related  to  the  final  step  as  following. 

If  a  7th  grader  satisfies  three  conditions:  1 :  she  or  he  has  generated  a  sequence  of 
concrete  actions  In  which  we  can  see  deductive  reasoning;  2:  she  or  he  has 
reproduced  the  sequence  In  other  case;  3:  she  or  he  has  verbally  expressed  a  critical 
action  for  a  translation  Into  a  proof,  what  kinds  of  instructions  are  effective  to  translate 
the  sequence  of  concrete  actions  into  a  proof? 


^  The  word  'Y>fOo!"  In  the  paper  means  thai  ki  ofdor  lo  show  the  generality  of  a  property  ol  a  number  or  a  figure  a 
person  represents  deductive  reasoning  between  the  assumption  and  the  conclusion  in  formal  mathematical 
language,  end  the  pi  oducts  of  the  representatkm. 

2 The  wofd  "InslructkMi'*  In  the  paper  means  that  In  order  to  change  the  students*  thinking  and  behavior  toward  the 
achievement  cl  an  aim,  the  obierver  encourages  the  student  to  do  something. 


Miyazaki.  Mikio 
University  of  Tsukuba,  Japan 
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Method 

Procedure 

1  use  Teaching  experiment"  (St9ffe,1991)  as  my  method.  The  subjects  are  three  7th 
graders  of  a  public  junior  high  school.  In  the  prefecture,  the  achievement  level  of  the  school 
In  mathematics  Is  intermediate.  From  September  to  October,  the  three  students  learned  a 
literal  expression  which  Involves  only  one  kind  of  letter. 

Achievement 


Name    Grade  Sex 


ADV 

11^ 
LOW 


Male 
Male 
Male 


In  Mathematics 

Advanced 
Intemiedlate 
Lower 


The  date  of  experiment 

31/10/1992 
7/11/1992 
21/11/1992 


Table  1.  Thecharacterlst.lcs  of  the  subjects. 

The  task  required  the  student  to  Induce  the  property  that  the  sum  of  five  contingent 
numbers  Is  five  times  the  center  number,  and  to  explain  It.  In  explaining  it.  the  observer 
required  the  student  to  first  use  colored  magnets  on  the  whiteboard,  and  then  to  use  a 
numerical  or  literal  expression. 

The  observer  prepared  two  levels  of  Instruction  which  seemed  to  be  necessary  to 
translate  concrete  actions  Into  a  proof  by  analyzing  the  task.  The  observer  first  observed  and 
instructed  the  advanced  student.  When  the  observer  couldn't  get  the  Intended  responses 
from  the  student,  the  observer  improved  the  instruction  for  the  Intermediate  student  as  the 
need  arlsed.  In  the  same  way,  the  observer  observed  and  instructed  both  the  intermediate 
and  the  low  students  individually.  All  activity  of  the  students  and  the  observer  were 
videotaped. 

The  instruction  prepared  to  translate  a  seouence  of  concrete  actions  Into  a  proof 

The  concrete  action  refers  to  two  situations:  a  view  of  the  concrete  object  and  a  change  of 
vlew^.  H  these  situations  are  carried  out  In  turn,  the  concrete  actions  become  a  sequence.  For 
example,  when  we  explain,  by  using  marbles,  the  property  that  the  sum  of  five  contingent 
numbers  is  five  times  the  center  number,  we  can  consider  the  sequence  of  concrete  actions 
as  following. 

Cofnptred  wilh  tho  -v 

c«nijrrow  iheist   [  viow«  of  the  Concrett  Oblect) 

row  has  2  fewer       v   I  ~  /  ■ 


It  means 
(2.3.4.5.6) 


row  has  2  fewer 
mwUe,  the  2nd  row 
1  lew.  the  4m  row  i 
more,  and  the  Stti 
row  2  more 


The  1st  row 
has  Increaeed 

by  2. 


The  numt)erof  the 
\fk  row  and  the 
5th  are  equal  to 
ttiat  ol  thecenter. 


The  2nd  row 
has  Increased 
byl. 


The  number  ot 
the  2nd  row  and 
the  ^th  row  are 
equal  to  that  of 
the  center. 


There  are  5 
rows  the 
number  o( 
which  l8  equal 
to  the  oenten. 


(^Changing  View) 

Figure  1.  The  sequence  of  concrete  actions. 


3 The  word  "a  change  of  view  of  the  concrete  object"  Involves  two  kinds  of  changes:  a  change  ol  view  of  the  same 
oblect,  a  change  of  view  caused  by  the  transformation  of  the  object. 
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Moving  +2 


A  proof  roughly  consists  ot  two  elements:  a  statement  and  the  transformation  of  that 
statement.  For  example,  the  proof  of  the  previous  property  also  consists  of  them. 

(X-2)+(X-1)+X+(X+1)+<X+2) 
=  {(X-2)+2}+(X-1)+X+(X+1)+X 
=  X+(X-1)+X+(X+1)+X 
=  X+{(X-1)+1}+X+X+X 
=  X+X+X+X+X 
=  5'X 

Figure  2.  The  proof. 

Translating  a  sequence  of  concrete  actions  into  a  proof  consists  of  two  parts:  translating  a 
view  of  the  concrete  object  Into  a  statement,  and  translating  a  change  of  view  Into  a 
transformation  of  a  statement.  We  call  It  the  translation  between  the  corresponding  elements. 

Compared  with  the  center  row, 

the1strowhas2tewerrnarble.      yi.w  Stafment  (X.2HX.1)+X+(X+1WX+2) 

the  2nd  row  1  less,  the  4th  row  — nix— «      v     /  v     /     \     /  v  / 

1  more,  and  the  5th  row  2  more.  •      ,  . 

I  TranttormlncL 
Moving  I       ^         Ch«nglng    View — ►  St«t<»m»nt 

The  total  number  of  marbles  is  statement  ={(X-2)+2)4^X.1KX+(X+l)+X 

the  same,  and  the  1st  row  has      view     ^    »Tp^ffrngnx   u    /    /  \     /     v  / 

increased  by  2. 

Figure  3.  The  translation  between  the  corresponding  elements. 
Analyzing  more  minutely,  a  view  of  the  concrete  object  consists  of  three  themes  of  view. 
The  first  theme  Is  related  to  parts  of  the  object,  the  second  theme  Is  related  to  relations 
between  the  parts,  and  the  third  theme  is  related  to  relations  between  the  concrete  object  and 
the  previous  object.  Then,  translating  concrete  actions  into  a  proof  means  to  discern  three 
themes  of  view,  to  correspond  each  theme  with  the  syntax  of  statement,  and  to  represent 
views  as  statements.  We  call  it  the  thematic  translation. 

Th«  syntacs  of 
Th«m«a  of  Vl«w  ttattmtntt 

Tlie  1st  row  has  2  fewer  ttian  the  center.  .  The  lit  term:  X-2 

The  2mj  row  has  1  less  than  the  center.        rarts  oT  ►  "^^  ^"^ 

The  3fd  row  Is  central.  Ihe  obiect  The  3rd  lerm:  X 

The  4lh  row  has  1  more  ttian  the  center.  The  4th  term:  X+1 

JtwSm  row  has  2_  mof  e  ttian.the,(»nter   -     51^  iQf  rpj  X+?- .  - 

Relation         ^  ^  (X-2)+<x-i)+x 
The  object  consists  of  5  rows.  between  parts  ,  .7rT...t<?r!i^?r?L... 

The  number  of  marblos  Is  equal  to  the     Relation  between 
previous  arrangement.  the  object  and  the  Equality  Sign 

previous 

Figure  4.  The  thematic  translation. 
The  obsv^rver  prepared  two  levels  of  Instruction.  Level  1  is  a  translation  between  the 
corresponding  elements,  and  Level  2  is  a  thematic  translation.  In  Level  1  of  the  instructions, 
the  observer  usei  the  paper  on  which  the  views  translated  into  statements  were  Illustrated 
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and  the  changec^  of  view  were  represented  as  arrows.  We  call  It  a  translation  paper.  In  Level 
2  of  the  instructions  .  the  observer  used,  as  an  example,  the  concrete  action  which  changes  a 
view  of  five  contingent  numbers  Into  the  view  of  figure  4:  compared  with  the  center,  the  1st 
row  has  2  fewer  marbles,  the  2nd  row  1  less,  the  4th  row  1  more,  and  the  5th  row  2  more.  The 
action  is  a  Critical  action  for  a  translation  into  a  proofs  (Miyazaki.  In  press). 

It  seemeo  very  difficult  to  translate  a  sequence  of  concrete  actions  Into  a  set  of  literal 
expressions  directly  for  7th  graders  who  had  just  learned  a  literal  expression.  On  the  other 
hand.  It  is  numerical  expressions  that  7th  graders  are  familiar  with  and  they  had  experience 
translating  concrete  actions  into  such,  "therefore,  the  observer  decided  to  require  the  student 
to  translate  a  sequence  of  concrete  actions  into  numerical  expressions,  then  to  rewrite  those 
numerical  expressions  into  literal  expressions?. 

Results  and  Discussion 

Three  students  Individually  induced  the  property  that  the  sum  of  five  contingent  numbers 
is  five  times  the  center  number.  They  represented  (1.2.3,4.5)  as  the  arrangement  of  magnets 
on  the  whiteboard,  and  explained  the  property  through  the  transformation  as  in  figure  1.  They 
could  reproduce  the  transformation  in  cases  other  than  (1.2.3.4.5).  Receiving  the  Instructions 
Mlyazaki(ln  press)  had  Identified,  they  individually  verbalized  the  critical  action  for  a 
translation  into  a  proof:  If  we  represent  fivo  contingent  numbers  as  the  arrangement  of 
magnets,  compared  with  the  center,  the  1st  row  has  2  fewer  marbles,  the  2nd  row  1  less,  the 
4th  row  1  more,  and  the  5th  row  2  more.  Then,  the  observer  asked  them  to  explain  that  the 
property  held  good  in  any  case.  Although  they  tried  to  explain  by  means  of  literal 
expressions,  the  descriptions  are  much  removed  from  the  proof. 
The  instruction  given  to  the  student  AbV  and  his  response 

The  observer  presented  the  translation  paper  and  required  ADV  to  translate  a  sequence 
of  concrete  actions  into  numerical  expressions:  the  translation  between  the  corresponding 
.  elements  [Level  1  of  the  instructions].  Numerical  expressions  ADV  wrote  (see  figure  5)  has 
three  problems  to  be  rewritten  into  literal  ones.  The  first  problem  was  that  ADV  didn't  correctly 
translate  the  critical  action  for  a  translation  into  a  proof:  the  second  line  '2+3+4+4+4+1+2' 
instead  of  '(4-2)+(4-1)44+(4+i)+(4+2).'  The  second  problem  was  that  ADV  didn't  translate  the 
concrete  object  for  every  row  (see  the  second  line,  the  third,  and  the  fourth).  The  third 
problem  was  that  there  was  no  equality  sign  between  numerical  expressions. 

The  observer  didn't  especially  cope  with  the  first  problem.  As  to  the  second  problem,  the 
observer  encouraged  the  student  to  translate  the  concrete  object  into  numerical  expressions 
for  every  row.  ADV  changed  the  second  line,  the  third,  and  the  fourth  (see  figure  5).  As  to  the 
third  problem,  the  observer  recommended  that  ADV  inserted  an  equality  sign,  for  the  reason 
that  the  answer  for  each  numerical  expression  was  equal  to  each  other. 


<  H  W9  translate  tho  explanation  without  the  crilical  acllon  Into  nurnerical  exprft8slons'.2+3+44&+6  = 
{2+2)+(3^-1)+4+(5-1)+(6'2)  =  4+4+4+4+4  n  4-5.  it  Isn1  clear  why  the  number  "+2"  and  -+1'  must  appeared,  the 
literal  expfeaslons  which  the  numerical  ones  were  translaled  Into,  and  cani  be  a  proof. 

5  If  numerical  expressions  represent  the  same  d'.^lve  reasoning  as  literal  expressions,  we  can  rewrite  numerical 
expressions  Into  the  merai  ones. 
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The  first  version 
2+3+4+5+6 

4X5 


The  second  version 
2+3+4+5+6 


4X5 


Figure  5.  The  translation  by  ADV. 
In  order  to  rewrite  numerical  expressions  into  literal  ones,  the  observer  required  ADV  to 
explain  the  Induced  properly  by  numerical  expressions  for  the  first  time.  Then,  ADV  wrote 
numerical  expressions  in  (3,4,5.6,7)  instead  of  (2,3,4.5,6)  (see  figure  6).  Moreover,  ADV 
could  rewrite  the  numerical  ones  into  literal  expressions  with  no  help  from  the  observer. 

^+5 


Figure  6.  The  numerical  expressions  and  the  literal  expressions. 

ADV  couldn't  completely  translate  the  sequence  of  concrete  actions  into  numerical 
expressions,  it  shows  that  Level  1  of  the  instructions  isn't  enough  even  for  ADV.  However, 
translating  the  concrete  oblect  every  row  Is  a  part  of  Level  2  of  the  Instructions  .  Therefore, 
through  the  translation,  ADV  could  grasp  the  correspondence  between  tlie  concrete  object 
and  the  syntax  of  numerical  expressions  which  was  the  same  as  literal  ones.  So.  he  could 
rewrite  the  numerical  ones  Into  the  literal  ones. 
Tht  instruction  given  to  the  student  INT  and  his  response 

When  the  observer  did  Level  1  of  the  Instructions.  INT  translated  the  second  picture  of  the 
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translation  paper  into  '-2+- 1+0+1 +2. 'Then,  the  observer  did  the  second  level  of  instruction  as 
following  in  order  to  translate  the  second  picture  every  row.  As  the  result,  INT  wrote  "4+-2+4- 
1+4+4+1+4+2.  Thus,  the  first  and  the  second  problem  of  ADV  were  resolved. 
Observer:  (Pointing  to  the  center  row)  This  Is  4,  isn't  It?  (Pointing  to  \\\e  fourth  on 
the  left)  This,  the  while  circles,  how  do  you  write  them? 
INT    :  Four. 
Observer:  Four  and  ? 
INT    :  one. 

Observer:  (Pointing  to  the  (ifthon  the  left)  How  do  you  write  It? 

INT    :  Four  and  two. 
Observer:  As  Ihe  same,  (Pointli^  to  the  second  on  the  left)  How  do  you  write  1 

INT    :  Throe  and  minus  one. 
Observer:  (Laughing)  OK.  You've  got  a  good  position. 

INT    :  Four  and  minus  one. 
Observer:  I  see.  (Pointing  to  the  first  on  the  left)  How  about  this?  *  4-24-1  4  4+1  4+2 

IhJT    :  Four  and  minus  two. 

After  translating  all  pictures  on  the  translation  paper,  the  observer  required  iNT  to  explain 
the  Induced  property  by  numerical  expressions  for  the  first  time.  Then.  iNT  wrote  a  set  of 
numerical  expressions  with  equality  signs  (see  figure  7).  However,  INT  couldn't  rewrite  them 
Into  literal  expressions  by  himself.  So,  the  observer  had  to  equate  a  numerical  expression 
with  a  view  of  the  concrete  object.  In  fact.  It  took  more  than  ten  minutes  to  do  so. 


■'\\i\lV\-\  int^+u4 


■'im-h4i^liHi. 


iriiMlllMtil-f  t1  ]^ltM->^(-^y^^ 


^Ui^-li<iittiA+|-(4.U 


pjqure  7.  INT's  numerical  expressions  and  literal  ones. 

The  observer  met  the  fourth  problem,  it  being  that  it  was  very  difficult  to  rewrite  numerical 
expressions  into  literal  ones.  Actually,  the  observer  had  to  equate  a  numerical  expression 
with  a  view  of  the  concrete  object.  So,  it  is  clear  that  INT  didn't  know  what  the  numerical 
expression  refereed  to  in  the  concrete  object.  We  can  consider  one  of  the  reasons  being  that 
because  there  was  no  parenthesis "(     INT  couldn't  discern  the  operation  symbol "+"  as 
being  between  a  view  of  each  row  and  a  view  of  the  combination  of  rows,  in  fact.  Level  2  of 
the  instructions  for  INT  didn't  correspond  with  the  theme  of  a  view  of  the  relations  between 
parts,  with  the  syntax  of  numerical  expression. 

Although  INT  couldn't  move  from  the  numerical  expression  to  the  concrete  object,  if  INT 
had  recognized  the  embedded  algorithm  independent  of  each  case,  then  INT  couid  have 
rewritten  numerical  expressions  into  literal  ones.  Therefore,  after  translating  a  sequence  of 
concrete  actions  into  numerical  expressions,  the  observer  changed  the  instruction  to  one 
were  the  obsen/er  requests  the  student  to  rewrite  the  numerical  expressions  in  the  large 
number  context  (Hleberl,  1988),  that  is,  (258,259,260,261,262).  This  is  because,  by  means  of 
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the  changed  Instruction,  a  student  seemed  to  recognize  the  numerical  expression  as  variant, 

and  to  tind  the  embedded  algorithm. 

The  Instruction  given  to  the  student  LOW  and  his  response 

LOW  translated  the  second  picture  in  the  transiation  paper  Into  "-2+- 1+0+1 +2"  (Level  1  of 
Instruction).  The  observer  first  summarized  the  view  of  each  row  of  the  picture  in  order,  then 
LOW  translated  It  into  '(4-2)  (4-1)  (4-0)  (4+1 )  (4+2).'  Next,  the  observer  summarized  the 
combination  of  rows,  and  said  "what  would  you  like  to  write  between  them?"  Then,  LOW  said 
"plus,"  and  Inserted  th^  symbol "+"  between  them:  (4-2)+(4-1)+(4-0)+(4+1)+(4+2),  Finally,  the 
observer  summarized  the  whole  number  in  changing  a  view,  then  LOW  wrote  "2+3+4+5+6  = 
(4-2)+(4-1  )+(4>0)+(4+1)+(4+2).  As  the  same  In  the  other  pictures,  LOW  first  wrote  the  equality 
sign,  used  the  parenthesis  •(  )'  and  wrote  the  sign "+"  between  them.  Thus,  the  third  problem 
related  to  the  lack  of  an  equality  sign  v/as  resolved  by  doing  Level  2  of  the  Instructions 
completely. 


Figure  8.  LOWs  translation  into  numerical  expressions  (a  part). 
The  observer  required  LOW  to  explain  the  induced  property  by  means  of  numerical 
expressions  In  (258,259.260,261,262)  for  the  first  time,  then  LOW  wrote  the  following 
numerical  ones  (see  figure  9).  Next,  the  observer  required  LOW  to  rewrite  It  into  literal 
expressions,  then  LOW  said  "it  isn't  necessary."  returned  the  translation  paper,  and.  In  less 
than  four  minutes,  rewrote  it  into  literal  ones  only  by  seeing  the  numerical  ones  in 
(258,259.260.261,262).  All  the  while,  LOW  needed  no  help  from  the  observer. 


r  2.58-   +  29^      "r^^O    -i  X^^U 

)-+  ClGo-  o)+ato  t  i:)^C2.<,o-fo) 

c?)  +(2-6o  ■^^^(X(>o  to  io^ 
Figure  9,  LOWs  numerical  expressions  In  the  large  number  context,  and  literal  ones. 


= (cv  -o  )i.  (c^-^i^  I)  f    o}y  ca-t  o  H(o.i  o) 


788- 


lH-137 


INT  took  more  than  ten  minutes  to  rewrite  numerical  expressions  Into  literal  ones,  and 
INT  needed  much  help  from  the  observer  to  equate  the  expressions  with  the  concrete  object. 
On  the  contrary,  LOW  took  less  than  four  minutes  to  rewrite  them,  and  needed  no  help. 
Therefore,  we  can  consider  that  the  fourth  problem  related  to  the  difficulty  in  translating 
numerical  expressions  Into  literal  ones  was  resolved  by  corresponding  the  themes  of  view  of 
the  concrete  object  with  the  syntax  of  literal  expressions  (Level  2  of  the  Instructions ),  and  by 
rewriting  numerical  expressions  in  the  large  number  context. 


Conclusion 
We  can  draw  the  following  conclusion; 
If  a  7th  grader  satisfies  three  conditions:  1 :  she  or  he  has  generated  a  sequence  of 
concrete  actions  In  which  we  can  see  deductive  reasoning;  2:  she  or  he  has 
reproduced  the  sequence  In  other  cases  3:  she  or  he  has  verbally  expressed  a 
critical  action  for  a  translation  Into  a  proof,  then  two  Instructions  are  effective  to 
translate  the  sequence  of  concrete  actions  Into  a  proof:  one  of  the  instructions 
establishes  thematic  correspondence  between  the  theme  of  view  of  the  concrete 
object  and  the  literal  expression  through  translating  the  critical  action  for  a  translation 
Into  a  proof,  and  the  other  requires  explanation  In  the  large  number  context  after 
translating  the  sequence  of  concrete  actions  Into  numerical  expressions. 
The  conclusion  suggests  that  the  theories  on  the  representational  system  and  the 
translation  between  them  (Kaput,  1987;  Hiebert,  1988)  are  useful  to  develop  the  Instruction  in 
the  complicated  context:  the  shift  from  an  empirical  explanation  to  a  formal  proof 

The  students'  final  literal  expressions  aren't  simple.  In  order  to  write  them  more  simply, 
students  have  to  disassociate  the  expressions  from  the  concrete  object  completely.  However, 
In  order  to  create  ideas  through  the  proof,  students  have  to  come  and  go  between  the 
concrete  object  and  the  expression.  Therefore.  It  is  how  to  deal  with  this  Ironic  relation 
between  the  symbol  and  the  referent  that  presents  a  problem  worthy  of  future  research. 
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THE  MATHEMATICAL  MODELLING  PERSPECTIVE 
ON  WOR(L)D  PROBLEMS 
Brian  Greer,  vSchool  of  Psychology,  Queen's  University,  Belfast 

Word  problems  in  iexhbooks  often  make  Utile  sense.  An 
experiment  is  reported  in  which  students*  reaction  to  such 
problems  was  gauged,    "or  som9  of  the  problems  used  (but  not 
others),  teenage  students  predominantly  answered  in  an 
unthinking  way.  The  implications  and  directions  for  further 
research  are  discussed,  /    *  > 

If  17  men  build  2  houseis  in  9  days,  how  many  days  will  it  take  20  men  to 

build  5  houses?  (Treviso  arithmetic,  1478;  cited  by  Saljo,  1991) 

Laura  and  Beth  started  reading  the  same  book  on  Monday,  Laura  read  19 

pages  a  day  and  Beth  read  4  pages  a  day.  What  page  was  Beth  on  when 

Laura  was  on  page  133?  (Lester,  Garofalo  &  Kroll,  1989) 

These  two  problems,  spanning  more  than  5W  ycfu*?.  Jye  not  particularly  atypical. 

There  would  be  no  difficulty  in  listing  many  oilier  examples  for  which  the 

expectation  is  that  calculations  based  on  exact  proportionality  will  be  applied^ 

despite  the  imperfections  of  such  a  model  tlia*  a  moment's  reflection  would 

reveal, 

Saljo  (1991,  p.  262)  unfolds  some  of  the  implications  of  the  first  problem. 
This  unpacking  uncovers  implications  such  as  that  the  productivity  of  one  man, 
whether  working  in  a  group  of  17  or  a  group  of  20,  or  in  building  2  houses  or  % 
is  the  same;  even  less  realistically,  it  would  seem  to  be  implied  that  all  the  men 
arc  equally  productive.  Moreover,  tlie  exact  answer  given  in  the  original  text  (19 
days  and  3  hours)  appears  to  entail  that  each  man  works  at  a  steady  rate  24  hours 
a  day.  The  reader  is  invited  to  carry  out  a  similar  analysis  on  the  second  problem 
cited  above. 

In  contrast  to  the  examples,  it  is  not  difficult  to  conslruct  problems  for 
which  exact  proportionality  is  reasonably  appropriate.  In  general,  students  are 
given  no  training  in  making  such  discriminations,  in  exercising  judgment,  or  in 
examining  the  a.ssumptions  implicit  in  the  routine  solutions  of  routine  paper 
exercises. 

Davis  and  Hersh  (1981)  analysed  a  number  of  situations  for  which  addition 
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is  ostensibly  appropriate,  beginning  with  this  eKample: 

One  can  of  tuna  fish  costs  $1.05.  How  much  do  two  cans  of  tuna  cost? 
Their  grocer,  it  turns  out,  sells  two  cans  for  $2.00,  The  point  Is  that  having  the 
price  of  something  proportional  to  the  quantity  is  a  reasonable  convention  that  is 
useful  in  many  cases,  but  by  no  means  all.  As  Freudenthal  (1991 ,  p.  32)  said: 
Mathematics  has  always  been  applied  in  nature  and  society,  but  for  a  long 
time  it  was  tnft  tightlv  entangled  with  its  applicfttions  for  it  to  slimtilnte 
^hjjiKitig  on  ihc  w^v  it  is  applie(j|  and  the  reason  why  this  works. 
. . .  money  changers,  merchants  and  ointment  mixers  behoved  as  it 
proportionality  were  a  self-evident  feature  of  nature  and  society. 
Results  aje  reported  here  for  an  exploratory  experiment  in  which  the  degree  to 
v/hich  students  would  adjust  assumptions  of  direct  proportionality  suggested  by 
the  surface  stmcturc  of  word  problems  was  assessed. 

Another  very  striking  observation  was  reported  by  Davis  (1989).  Pairs  of 
children  were  each  given  five  balloons  to  be  shared.  One  boy  cut  the  fifth  balloon 
in  half.  Davis  (p.  144)  put  the  question:  "Was  this  boy  really  thinking  about 
solving  the  actual  problem  (i.e.  effectively  sharing  the  five  balloons)  or  was  ho 
trying  to  accommodate  himself  to  the  peculiar  tribal  culture  of  the  American 
classroom?" 


The  findings  sumnrtarized  here  are  from  an  exploratory  study  carried  out 
in  1992.  A  total  of  100  !  3-  and  14-year-olds  from  two  classes  from  each  of  two 
schools  in  Northern  Ireland  was  tested.  In  one  school  the  students  in  the  classes 
could  be  estimated  as  being  at  roughly  the  98th  and  80th  percentiles  for  the 
popultation;  corresponding  estimates  for  the  otlicr  school  were  70th  and  50th. 
For  simplicity,  data  for  the  two  classes  within  each  school  have  been  collapsed,  so 
the  two  figures  cited  in  each  case  are  percentages  for  the  two  schools  (with  tJie 
percentage  for  the  school  with  the  more  able  students  appearing  first  in  each 
case).  The  instructions  given  were  minimal  and  non-dircciive;  in  practice,  there 
was  no  perceived  difficulty  in  completing  the  tests.  Il  was  made  clear  that 
calculators  could  be  used,  and  they  were.  Results  aie  reported  here  for  6  of  the  8 
item  pairs  used.  In  each  case  a  table  is  presented  containing  the  item  pnir.<?  and 
percentages  of  responses  in  various  categories. 


Experiment 
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l/ihereue  Upiixit 
for  4  children  at « 
purty,  how  ihould 
they  be  jhired  out? 

If  thete  are  M  balloons 
for  4  children  «i  • 
purty,  how  should 
ihey  be  jhved  out? 

3  each 

wilh  comment 

71  54 

wlihoul  comment 

19  21 

3.5 

100  88 

6  21 

Rclniively  few  sUidents  gnvc  nn  niiswer  iniplyint^^  culling  Inilloons  in  half  (see 
nnvi.s,  1989),  nnd  a  vmlcly  pf  sensible  .uiggestioiis  for  eqiiiUibly  disposing  of  the 
two  exlro  bnlloons  was  offered.  One  suideni  wrote:  "Children  each  gel  3  balloons 
£tnd  1  bnlloon  beiwo.cn  2  OR  cnch  child  gels  3  bnlloons  nnd  ihe  oihcri)  are  not 
given  out  OR  the  other  2  could  be  used  in  n  gnme. 

Pnir  2j  TIcccs  of  rope 


A  min  cuiJ  i  piece 
of  rope  12  metres 
long  into  pieces  1.5 
metrw  long.  How 
miny  pieces  do« 
he  Ret? 

A  nm  wants  to  have  i  ro[>e  lonf, 
enough  to  iiretch  between  two  polcj 
12  metre*  ipart.  but  ho  only  hti 
piecei  of  rope  1 .5  metrcu  long.  How 
many  of  tbeie  would  he  need  to  tic 
together  to  stretch  between  iJie  polejV 

8  pieces 

Answer  only 
comment 

96  100 

77  88 
B 

9  pieces 

cxpldnation 

IS 

Most  students  gave  8  ns  the  answer  lo  the  second  ileni  in  ihi;  piiir,  withoiil 
comment  (for  nn  interesting  (liicnssion  of  a  more  coniple:*  biil  rclnicd  example, 
sec  Kilpntiick,  1987). 
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Pair 


4:  3«iuile  times 

A  bi/ge  tiAvelt  a  mile 
in4rrumite3ftrid7 
jcconds.  Abcvi  how 
lent  woutd  i(  uVc  lo 
iTAvel  3  niilct? 

An  lUileie's  besitirnc  to 
nin  «  nulc  U4  nunuiei 
•nd  7  Kcondi.  Aboul 
how  \on%  would  n  take 
him  lo  run  3  nr^ilelV 

Modification  to 
direct  proportionality 

ExpltDsUon 
Entlnuie  only 

4 

4  4 

Direct  proportionftliiy 

Correct 

TImc/declmal 
confusion 

95  58 

15  42 

73  67 
19  21 

Most  students  responded     if  direct  pt'oporlionnlity  were  appropriate  for  llie 
tjllilete  (errors  in  cnlciilnlion,  through  fiulure  to  inicrpret  minulei)  and  second 
correctly,  were  rnnde  by  those  who  used  Cfllculntors  e.g.  entering  4.7  nnd 
multiplying  by  3).   


Pair 


5:  Filling  flasks 

Iht  flisk  is  bttlng  titkd  from  a  up  it  •  constint  rale. 
If  the  depth  of  the  w»t«  i  j  2  4  cm  iftcr  1 0  secondi 
«l>i)ui  how  deep  will  It  be  after  30  tecondi? 

• 
• 

Modification  to 
direct  proportionality 

Bxplanition 

4 

Direct 

proportionality 

ExplimAUon 
Answer  only 

100  96 

8 

88  92 
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Pair  6:  3  niinuks 

A  (irl  li  couniing  c«/t 
goint;  ptM  htf  )m\e.  In 
OM  rrynu(c  ii)c  counu 
9ciri.  Abouihow 
mtnywlll  coumln 

A  |ir)  ii  writing  dovi/n  nimes 
of  tniimlj  ihii  begin  wlJj 
ihe  ledcf  C.  In  one  riilDute 
»h€  wriiw  down  9  ninics. 
Aboul  how  nuny  will  ihc 
wh(e  in  Die  next  3  rriinuics? 

Modification  to 
direct  proportionality 

4 

Hftdrmlion  onty 



Direct 

proportionality 

Aniwcf  only 

62  88 

92  96 

BsUrnnte  indiciied 

M  12 

4  ^ 

For  the  first  item,  miiltiplyinr,  by  3  cives  an  nppioprintc  cslinuttc  (lew  siucJcMits 
commented  thnt  it  wns  (in  estitnnte).  Only  one  student  renlizad  tliiit  direct 
proportionnlity  is  uniensonoble  for  the  second  item. 


Vnir  7:  Suk'S  of  CRrds 


ModincHtlon  \o 
direct  pro"pQt1ion»liiy 

With  ttpttAluon 


Direci 

pioportiontllty 

Cj(pl«nitiot) 

Hi  b  milt 

Aniwtr  only 

Mfxiiftcition  for 
kB|lM  of  monhf 


AU)0piellt)l2 
bInhcUy  CH^t  la 

miAy  (to  yMthlrtklt^^il) 


»  21 
46  71 
15 


Citfiitttui  cuOi  in 
Dcocmbif  Aboui  liOw 
many  4o  yoM  U\]ok  ii  will 
ttll  felio|eU»e(  In  Hmnry, 
Ftbrjury  inJ  MMch) 


30 
I) 


21 
63 
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In  this  case,  for  th&  Christmas  ^ards.  the  performannr.  by  thp.  piipih  in  the  second 
school  was  better.  For  Christini...  card  sales  in  January-March  a  variety  of 
estimates  with  supporting  explanations  were  given.  Inieiesiingly,  some  students 
hedged  by  stating  that  sales  would  be  low,  but  gave  the  answer  that  would  be 
obtained  if  the  level  ofsiiles  lomnincd  constnnt. 
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Discussion 


As  expccie<l,  hardly  any  errors  were  made  on  the  "straightforward"  Items, 
For  four  of  Ihc  more  complex  items,  namely  those  concerning  the  pieces  of  rope 
being  tied  together  (from  Pair  2),  the  time  to  nin  3  miles  (from  Pair  4),  the 
filling  of  the  flask  of  diminishing  cross-section  {from  Pair  5)t  and  the  number  of 
animal  names  beginning  with  C  generated  in  3  minutes  (from  Pair  6),  a  large 
majority  of  responses  ^bpwed  no  adjustment  for  realistic  constraints. 

On  the  other  hand,  most  students  recognized  that  sharing  balloons  by 
dividing  some  in  half  is  not  appropriate,  and  that  the  sale  of  Christmas  cards  is 
not  uniform  across  the  year.  The  results  confirm  that  students  are  liable  to 
respond  to  word  problems  according  to  stereotyped  procedures  assuming  thai  the 
modelling  of  the  situation  described  is  "clean".  To  counteract  this  tendency,  it  is 
suggested  that  the  straightforward  use  of  one  or  more  arithn)etical  operations 
should  be  viewed  as  only  one  of  a  number  of  candidate  models.  Instead  of  being 
able  to  assume  simple  and  unproblcmatical  modelling,  students  should  have  to 
consider  each  textually  represented  situation  on  its  merits,  and  the  adequacy  and 
precision  of  any  mathematical  model  they  propose.  From  an  educational  point  of 
view,  this  means  that  careful  attention  has  to  be  paid  to  the  variety  of  examples  to 
which  students  ore  exposed. 

Such  an  approach  offers  several  important  advantages: 

1.  It  attacks  the  problem  that  the  stereotyped  nature  of  word  problems 
means  that  apparent  success  can  be  achieved  through  superficial  methods  rather 
than  aciufllly  thinking  about  the  situation  described  (Reusser,  1988). 

2.  It  addresses  the  concerns  raised  by  what  Freudenthal  (1991,  p.  5)  termed 
"the  poor  permeability  of  the  membrane  separating  classroom  and  school 
experience  from  life  experience",  part  of  which  is  due  to  the  unrealistic  nature  of 
school  word  problems  -  which  led  to  the  following  cri  de  coeur  (Freudenthal, 
1991,  p.  70): 

In  the  textbook  context  each  problem  has  one  and  only  one  solution: 
There  is  no  access  for  reality,  with  Its  unsolvable  and  multiply  solvable 
problems,  The  pupil  is  supposed  to  discover  the  pseudo-isomorphisms 
envisaged  by  the  textbook  author  and  to  solve  problems,  which  look  as 
though  they  were  tied  to  reality,  by  means  of  these  pseudo-isomorphisms, 
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Wouldn't  it  be  worthwhile  invcsUgating  whether  and  how  this  didactic 
breeds  nn  anti-mathematical  atUtudc  and  why  the  children's  immunity 
against  this  mental  deformation  is  so  varied? 

3.  The  modelling  perspecUve  is  pervasive  throughout  mathematics. 
Introducing  students  to  it  at  an  early  stage  is  part  of  the  process  of  cnculturation 
into  fl  community  of  maUiemail?ians.  Frcudenthal  (199) ,  p.  123)  includes  as  one 
of  five  "big  tuategics"  for  acquirlrg  a  matlieiTiatlcal  attitude: 

Identifying  the  mathemaUcal  structure  within  a  context.  If  any  is 
allowed,  and  barring  mathematics  where  it  does  not  apply. 
Moreover,  there  are  dangers  In  applicaUons  of  mathematics  of  which  people 
should  be  aware,  which  is  only  possible  if  they  understand  the  nature  of 
modelling  (Davis  &  Hersh.  1986). 

The  minimal  suggestion  arising  from  this  paper  is  that  nonsense  should  be 
filtered  out  of  school  word  problems.  A  more  radicd  suggestion  is  to  take 
seriously  the  nature  of  mathematical  modelling;  this  implies  a  major  shift  in  the 
conceptualisaUon  of  school  ariUimctic.  One  example  of  such  a  radically  different 
approach  is  the  Realistic  MathemaUcs  Education  approach  to  arithmetic,  that 
begins  with  contextual  problems  and  develops  procedures  progressively,  always 
keeping  in  imnd  the  characteristics  of  the  situation  being  modelled  (Trcffers, 
1987,  chapter  6).  Another  is  through  "authcnUc  mathematical  activities"  (Lcsh  & 
Lamon,  1992).  involving  the  identification  and  exploitation  of  rich  model- 
eliciUng  activities,  and  the  distinction  between  "real"  and  "mathematical" 
problems. 

Various  lines  of  invesUgation  for  further  research  suggest  Oiemsclvcs: 
•  What  are  the  characteristics  that  differentiate  items  which  almost  all 
students  answer  inappropriately  from  those  for  which  they  recognize  the 

constraints  of  reality? 

.  In  interview,  how  much  awareness  would  students  show  of  the  degrees  of 
appropriateness  of  direct  models  in  relation  to  tl,c  realistic  characteristics  of  the 

situations  described? 

.  How  important  is  the  social/educational  context  in  which  the  items  are 
presented?  Are  students  aware  of  the  implicit  rules  of  the  school  word-problem 
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"game"? 


•  How  easy  would  it  be  to  change  the  beliefs  and  conceptions  underlying 
students'  responses  by  appropriate  teaching? 

♦  How  aware  are  teachers  of  the  issues  raised  in  this  paper? 
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CHILDREN'S  UNDERSTANDING  OF  FRACTIONS 
IN  HONG  KONG  AND  NORTHERN  IRELAND 
Julie  Harrison  &  Brian  Greer 
Queen's  Univereity,  Belfast 

This  investigation  assessed  the  fraction  knowledge  of  children  in 
Hong  Kong  as  compared  to  their  counterparts  in  Northern  Ireland.  A 
pencil  and  paper  measure  was  given  to  children  in  ten  Northern  Irish 
schools  and  four  Hong  Kong  schools.   The  Hong  Kong  children 
performed  considerably  better  overaU,  with  notable  success  on  items 
which  proved  difficult  for  their  peers  in  Northern  Ireland.  Possible 
factors  for  the  differences  are  discussed. 

Fractions  are  without  doubt  the  most  problematic  area  in 
Elementary  Mathematics  Education.  (Streefland,  1991,  p.  6). 

Fractions  are  among  the  most  complex  and  important  mathematical 
concepts  which  a  child  encounters  in  their  years  in  Primary  Education.   They  ar< 
the  "seedbed"  (Hunting,  1983)  of  more  complex  mathematical  ideas  including 
notions  of  equivalence,  decimals,  probability,  ratio,  and  proportion.  It  is 
acknowledged  that  many  of  the  problem  areas  in  mathematics  such  as  algebra  are 
extensions  of  fraction  based  knowledge.  There  is  a  great  deal  of  documentation 
which  shows  that  children  experience  considerable  difficulty  with  fractions 
(Bright,  Behr,  Post  &  Wachsmuth  1988;  Carpenter,  Matthews,  Lindquist, 
Montgomery,  &  Silver  1984;  Kerslake,  1986).  On  this  basis  it  is  important  that 
fesearch  attempts  to  assess  children's  difficulties  and  develop  approaches  which 
improve  performance  on  rational  number  items  so  that  the  link  can  be 
successfully  made  to  more  complex  areas. 

In  research  over  the  past  twenty  five  years  which  has  compared  the 
performance  in  mathematics  of  Asian  children  with  those  from  other  countries, 
tne  former  have  been  found  to  consistently  out-perform  their  peers. 
The  International  Association  for  the  Evaluation  of  Educational  Achievement 
(lEA)  has  carried  out  two  major  cross-national  studies  which  revealed 
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considerable  differences  in  achievement  by  children  in  different  countries.  In 
the  second  study,  Japanese  children  were  ranked  first  out  of  fourteen 
economically  advanced  nations  with  England  10th,  and  the  United  States  Uth. 
Other  extensive  cross-national  investigations  involving  Japanese,  Taiwanese,  and 
American  children  by  Dr. Harold  Stevenson  and  his  colleagues  have  produced 
similar  results  with  American  students  being  shown  to  lag  behind  both  Taiwanese 
and  Japanese  children  in  performance  on  mathematical  tests.    In  their  studies,  the 
Taiwanese  children  consistently  scored  between  the  Americans  and  the  Japanese. 

The  suggestion  that  Asian  children's  success  is  limited  to  rote  learning  of 
algorithms  for  mathematical  tasks  was  addressed  by  Stigler  &  Perry  (1988)  who 
found  that  "the  Asian  advantage  in  mathematics,  at  least  at  the  elementary  school 
level,  is  not  restricted  to  narrow  domains  of  computation  but  rather  pervades  all 
aspects  of  mathematical  reasoning"  (p.  32).  This  suggestion  is  also  emphasised  by 
Stigler,  Lee,  and  Stevenson  (1990). 

It  is  clear  from  the  research  involving  Tai;vanesc  and  Japanese  children 
that  they  outperform  their  counterparts  in  the  United  States  and  other  Western 
countries.    If  Asian  children  are  successful  over  a  wide  range  of  items  such  as 
those  included  in  these  tests,  it  seems  possible  that  an  assessment  of  their  approach 
to  the  specific  topic  of  fractions  might  help  to  clarify  an  area  which  causes  so 
many  problems  for  children  in  Britain.  In  order  to  investigate  this  possibility, 
the  cross-national  comparison  in  this  study  employed  children  in  Hong  Kong. 
This  represents  a  new  addition  to  the  existing  body  of  work,  and  similarities  in 
curricular  content  and  school  set  up  between  Northern  Ireland  and  Hong  Kong 
allow  comparison  with  minimal  cultural  bias. 
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Experiment 

The  pencil  and  paper  measure  was  designed  to  include  items  assessing 
children's  understanding  of  five  areas  involved  in  rational  number  concepts. 
These  were  as  follows: 

1.  Fractions  as  part  of  the  number  continuum. 

2.  Fractions  on  the  number  line. 

3.  Different  embodiments  of  fractions. 

4.  Equivalence  of  fractions. 

5.  Operations  involving  fractions. 

The  test  was  translated  into  Chinese  by  a  Hong  Kong  resident  fluent  in  both 
Cantonese  and  English. 

Subjects 

Fourteen  hundred  children  participated  in  the  test  and  came  from  a  total  of 
fourteen  schools.  These  children  were  either  in  their  last  year  of  Primary  school 
or  their  first  year  of  Secondary  school.  For  the  purposes  of  this  paper  1  will  be 
discussing  the  results  from  the  children  at  Secondary  level. 
In  Northern  Ireland,  subjects  were  from  two  High  schools,  and  three  Grammar 
schools.  (The  High  school  children  are  differentiated  from  the  Grammar  school 
children  by  verbal  reasoning  tests  in  their  las:  year  of  Primary  school.) 
In  Hong  Kong,  subjects  came  from  an  Anglo-Chinese  Grammar  school,  a  Chinese 
Middle  school,  and  an  International  school  run  under  the  English  schools 
Foundation  in  Hong  Kong  (the  results  from  the  International  school  are  not 
included  in  this  report  since  the  national  make-up  of  the  school  represents  a 
distinct  educational  environment).  Children  enrolled  in  the  International  school 
follow  the  National  Curriculum  as  set  in  the  United  Kingdom  and  work  towards 
GCSE  (General  Certificate  of  Secondary  Education)  and  'A'  Level  (Advanced 
Ixvel)  examinations  as  set  in  the  United  Kingdom.  The  Anglo-Chinese 
Grammar  school  and  the  Middle  school  follow  the  curriculum  as  set  by  the 
Education  Department  in  Hong  Kong  which  leads  to  the  Hong  Kong  Certificate  of 
Education  Examination  (HKCEE).  This  is  roughly  equivalent  to  the  'O'  level 
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which  was  used  in  the  United  Kingdom  prior  to  the  GCSE.  In  all  but  the  Middle 

school  the  language  of  instruction  is  English. 

Procedure 

The  test  was  given  during  the  children's  mathematics  classes  in  January 
1992  for  the  Northern  Irish  children  and  in  May  for  the  Hong  Kong  children. 
The  Hong  Kong  schools  were  given  the  choice  of  either  the  English  or  Chinese 
version.  The  tests  were  followed  up  by  semi-structured  clinical  interviews  with  a 
small  group  of  children  who  were  classed  as  average,  above  average,  and  below 
average  based  on  their  performance  on  the  test.  Eighteen  children  from 
Northern  Ireland  and  twelve  from  Hong  Kong  were  interviewed.  The  interviews 
provided  useful  insight  into  the  thought  processes  which  children  adopted  to  solve 
the  problems. 
Results 

The  children  in  Hong  Kong  performed  considerably  better  on  the  test  than 
their  Northern  Irish  counterparts;  the  mean  scores  out  of  36  were  25.8  for  Hong 
Kong  and  18.5  for  Northern  Ireland. 

While  the  Chinese  children  performed  better  overall  th&n  their  Northern 
Irish  peers,  some  items  are  of  particular  interest  because  of  the  extent  of  the 
difference  in  understanding  shown  by  the  two  groups.  Figure  I  shows  the  type  of 
item  used  and  the  total  percentage  of  children  who  answered  correctly  in  Hong 
Kong  and  Northern  Ireland. 
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EifiUial:  Examples  of  items  from  the  five  categories,  with  percentages 
correct  for  Hong  Kong  (H.K.)  and  Northern  Ireland  (N.I.) 


1.  Fractions  as  numbers : 

Put  rings  around  the  NUMBERS  in  this  set: 

A      4      X       1.7     16     i.      0.06     47.5  l-- 
5  V  5 

H.K.  63.9    NX  12.9 


Z.  Fractions  on  the  number  line : 


Show  where  "J  would  be  on  this  line: 


■  1  '  t  1  »  '  »  ' 
0  2 

H.K.  42.4  N.I.51.2 


3.  'Part  of  a  whole'  embodiments  : 

What  fraction  of  the  diagram  below  is  shaded? 


A 


H.K.96.7   N.I.  87.9 


4.  Equivalence: 


Tick  the  one  that  is  the  same  as  : 


in  in  HQ  !□ 


H.K.  94.9   N.I.  63.7 


5.  Operations : 


The  answer  to  25  +  J.  would  be  : 
4 

MORE  THAN  25  Q  LESS  THAN  25 


H.K.  78.4  N.I.  36.6 
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Discussion 


The  findings  of  this  study  have  niirrored  previous  cross-national  studies, 
with  the  Asian  children  fairing  considerably  better  than  their  counterparts  in  the 
United  Kingdom.  Apart  from  the  general  implications,  the  specific  points  of 
interest  with  regard  to  rational  number  concepts  and  their  development  are  those 
items  in  which  the  Chinese  children  experienced  minimal  difficulty,  while  many 
of  the  Northern  Irish  children  struggled.  It  seems  that  some  of  the  areas  which 
we  have  come  to  expect  as  inevitably  troublesome  need  not  necessarily  be  so. 
The  interviews  with  the  children  stressed  two  areas  in  particular  where  the 
discrepancy  between  the  two  groups  was  very  noticeable.  These  are  the 
children's  recognition  of  fractions  as  numbers  in  their  own  right,  and  their 
understanding  of  the  effect  of  operations  involving  fractions. 

Fractions'  are  not  thought  of  as  numbers  in  their  own  right.  The  results 
on  the  embodiment  items  which  incorporated  the  *part  of  a  whole'  model  (item  3) 
represented  the  greatest  success  for  the  Northern  Irish  children.  It  was  evident 
however  that  they  did  not  extend  this  notion  of  a  fraction  as  a  part  of  something 
to  recognise  that  it  is  also  a  number  with  its  own  specific  value.  This  was  also 
evident  in  the  item  asking  children  to  circle  the  "numbers"  in  the  set  (item  1). 
This  lack  of  acceptance  of  fractions  as  numbers  is  well  documented  (see  for 
example  Kerslake,  1986)  but  the  results  indicate  that  this  is  not  a  universal 
phenomenon.  When  children  were  asked  directly  in  the  interviews  whether  or 
not  they  thought  that  fractions  were  numbers,  the  overwhelming  response  by 
Northern  Irish  children  was  that  they  were  not  numbers  but  parts  of  some  thing 
else.  This  contnisted  with  the  Chinese  children  who  seemed  more  aware  of  the 
broader  connotations  of  fractions.  Typical  responses  from  the  Northern  Irish 
children  were: 

No,  fractions  aren't  proper  numbers. 

Sort  of  like  a  piece  of  a  pie  or  something. 
This  lack  of  recognition  of  fractions  as  numbers  in  their  own  right  is  a  factor 
which  limits  children's  progression  to  more  complex  ideas. 
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''Multiplication  makes  bigger,  division  makes  smaUe,  '\  Although 
relative  performance  on  the  equivalence  items  was  also  weaker  by  Northern  Irish 
children  than  by  their  Chinese  peers,  the  data  on  operations  (item  5)  is  of 
particular  interest  in  assessment  of  the  children's  underlying  concept  of  what 
fractions  are.  Both  groups  followed  similar  curricula  and  should  have  been  able 
to  recognise  that  division  by  a  fraction  does  not  result  in  an  answer  smaller  than 
the  subject  of  the  operation.  Those  items  using  multiplication  revealed  similar 
misconceptions.  The  Northern  Irish  children  seemed  to  be  influenced  to  a 
greater  extent  by  their  understanding  of  the  result  of  the  operation  in  the  whole 
number  donain,  than  by  appraisal  of  the  specific  numbers  used  in  the  item.  This 
phcnomtenon  has  also  been  well  documented  (see  for  example  Behr  &  Post  1987), 
but  again  the  responses  of  the  Chinese  children  show  that  this  need  not  always  be 
the  case. 

This  paper  highlights  a  few  of  the  findings  from  the  investigation.  Cross- 
national  studies  of  this  kind  must  be  firmly  rooted  in  the  broader  educational  and 
social  context  of  the  countries  involved.  In  recognition  of  this,  further  work 
considers  the  following: 

1.  Cultural  norms  including  educational  policy,  and  society's  attitude  to 
education. 

2.  The  school  environment  including  timetables,  teaching  and  curricula. 

3.  The  role  of  the  family. 

Preliminary  results  from  parental  questionnaires  suggest  a  replication  of 
Stevenson's  (1986)  finding  that  the  Asian  parents  believe  that  effort  is  the  main 
influence  on  academic  success  while  the  Northern  Irish  parents  choose  natural 
ability  as  the  primary  predictor  of  success.  This  may  be  one  of  the  factors  which 
contributes  to  the  Chinese  children's  achievement.  Northern  Irish  parents  seem 
more  inclined  to  believe  that  some  children  simply  are  not  good  at  Mathematics, 
and  as  a  result  of  this  they  are  less  inclined  to  stress  effort  as  a  means  of  progress 
in  Mathematics  to  the  child.  The  Chinese  parents'  belief  that  effort  enables  the 
child  to  improve  in  turn  influences  their  contribution  to  the  child's  learning 
process.  Asian  parents  also  seem  to  be  less  willing  to  rate  their  child  as  above 
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average,  and  are  less  likely  to  be  satisfied  with  what  they  consider  to  be  ar 
average  performance.  Clearly  these  factors  are  also  of  interest  and  need  to  be 
considered  as  potential  influences  on  the  child's  progress. 
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In  using  shemes  of  operations  in  fraction  and  roHonai  number  contexts,  children  can  modify  atid  build 
on  successful  whole  number  schemes.  They  can  also  devUc  new  schemes  that  are  idiosyncratic  to 
fraction  and  rational  numbers,  particularly  those  that^row  out  of  a  developing  relational 
understanding  between  parts  and  wholes.  In  this  article  we  detail  the  actions  of  two  grade  3  children 
throughout  a  5  month  teaching  experiment.  We  pay  particular  attention  to  their  unit  iterative  schemes 
and  their  development  of  relational  thought. 

By  the  lime  fraction  instruction  commences,  children  have  already  considerable  knowledge  of  whole 
numbers  and  how  tJiey  behave.  It  ha*  been  observed  that  children's  whole  number  schemes  interfere 
with  the  acquisition  of  fracUon  knowletige  (Bchr  et  al.  1984;  Strccnand,  1984, 1991;  Hunting  1986). 
Recently  attention  has  turned  to  investigating  ways  in  which  the  whole  numbere  might  assist,  and  indeed 
form  a  basis  for,  developing  concept  of  rational  numbers  (Hunting  ^  Davis,  1992;  Slcffe  &  Olive, 
1993).  We  discuss  examples  of  the  njodification  of  two  children's  operational  schemes  in  the  context  of 
a  computer-based  leaching  experiment  using  fractions  as  operators.  Earlier  work  on  fractions  as 
operatoi-s  in  leaching  experiments  was  carried  out  by  Klercn,  Nelson,  and  Southwell  (Klcrcn,  1976; 
Kiercn  and  Nelson,  1978;  Kieren  and  Southwell,  1979;  SouUiwell,  1984). 

Tliroughoul  1992  we  worked  witli  10  grade  tiiree  children  in  a  study  U\at  emphasised  fractions  as 
operators.  Some  of  Uiis  work  is  described  in  Davis,  Hunting  and  Peam  (in  press).  We  implemented  a 
computer  version  of  fractions  as  operators,  which  wc  call  the  CopyCat  (Uie  name  is  due  to  John 
Bigclow).  This  model  is  described  in  some  detail  in  Davis  (1991)  and  Hunting,  Davis  and  Bigelow 
(1991).  Initially  die  application  was  written  in  structured  Basic  for  Atari  machines;  now  it  has  been  re- 
written in  HyperCard  for  Macintosh  machines. 

The  mctliodobgy  used  was  that  of  Uicconstructivist  teaching  experiment  (Cobb  &  Stcffe,  1983; 
Steffe,  1984).  In  tiiis  method  a  prc-dctermincd  curriculum  is  not  followed.  Ratiicr,  die  activities  of  a 
session  arc  decided  on  Uh;  basis  of  observations  and  interpretation  of  children's  behavior  in  prior 
sessions.  A  brief  overview  of  the  teaching  sessions  is  given  in  Uk  table  below.  We  conducted 
teaching  sessions  twice  weekly  for  periods  of  three  weeks.  Each  session  lasted  approximately  20 
minutes.  In  a  morning  we  would  conduct  from  three  to  four  sessions;  each  session  working  witii 
groups  of  two  or  Uirce  children.  The  children  were  grouped  initially  according  to  performance  on  a 
set  of  interview  tasks  administered  prior  to  tlie  teachijig  sessions.  All  sessions  were  video-taped  for 
later  analysis. 
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OATH 

DRItif'"  SUMMARY  OF  SESSION  CONlliNT 

I.rKIMAY;i9 

session  wtw  rh  InUoduclory  owe,  using  SupaPaint.  stiiuing  deslgiiatcd 
pieces  of  chocolMc  lo  (lelcnT^Inc  Ihc  number  of  people,  wlicn  g\vcn  tins  number  of 
pieces  per  person.  E.^j.,  if  12  piece*  were  sliwcd  becwccu  3  U»cn  4  pieces  to  ench, 

2.  Tim  JUNK  2 

Children  were  Introduced  to     CopyCtt  program  with  ihc  fnictlons  hidden. 
They  were  Instnictcd  as  to  the  use  of  the  buttons  on  ihc  machine  and  allowed  to 
cjipcriment  wllh  various  Inputs.  Tboy  vt.^rc  able  to  prtxllct  2  for  1, 1  for  2,  juid 
usrd  sniall  nitmliers  to_prc<lict  I  for  3. 

3.  mJlJNKS 

CopyCat  was  used  Uilstlmc  with" the  fr?»ctk)n  rcvctlcd.  Tlw  following  fractions 
were  used: 

2  for  3  using  lnp!»ts  of  4, 39,  30,  and  27.  and  3  for  4.  Using  «  3  for  6  mfK  hlne  ibcy 
realised  that  alUwugh  3  for  6  wm  equivalent  to  1  for  2  ihcy  would  r>ecd  to  b  ^  able 
to  divide  the  Inpuuhy  6. 

4.TUI- JUNnil2 

A  worksheet  was  given  which  asked  for  ibcm  to  list  the  typc5  of  machines  that 
would  work  on  an  input  of  20  balls.  They  dWn't  have  to  use  the  machine  but 
could  If  they  wanted  to. 

5.  TUHJUNl:»6 

Revision  of  I  for  2  Uicn  onto  3  for  2.  Shannon  realised  fairly  (|Uickly  that  you 
need  10  spilt  the  number  in  half  and  add  it  to  the  original  number. 
Went  wi  to  try  2  for  1 , 4  for  3,  and  (\  for  10. 

A  t.-Dt  MINT-''  IQ 

Cblldjtrn  completed  worksheets  coniainlng  tltrec  columns  >•  Number  in,  Ntintbcr 

Oui4  and  Fraction .  Two  entries  v^-crc  given  and  on  wtc.  to  be  found.  The  CopyCni 

prograjn  could  be  used  for  ctMifUmadon  or  assistajvcc.  Wotksheels  involved 

1     . 1 
fractions    aj»d  tj. 

Shwmon  was_iivcn  a  slxict  of  mixed  problems  with  mine  difficult  fractions.  ___ 

7.Tl)U  JIJNE23 

Coi)yCat  prognuTi  was  used.  Session  conmwnctd  wllh  a  rcvltw  of  prcvlous 
session  and  chlldrcn  were  allowed  to  coinplcic  previous  shocis.  Two  groups  were 
given  sheet  asking  for  iltc  output  given  Ute  inpui  of  6  balls,  tljcn  1 5  balls,  wslng 

tJic  fractions     \.  ^-  Atioihcr  group  Investigated  problems  involving  p  2'  v 

8.  TVM  Slirr  1 

CopyCat  used  wlUi  frwiion  y  hidden,  tlicn  ^  ainl    Expcrijnents  were  conducted 
to  discover  Ihc  fractions. 

All  stndenu  were  given  ilw  sainc  worksheet  Uai  listed  tlic  fracUons  |.  |.  j.  j,  ^ 

horizotttally,  and  Inputs  of  2,  3. 4, 5, 6. 7, 8  vertically.  All  siudcnls  except 
Shannon  uwd  the  machine  to  cither jjrovc  predictions  or  solve  the  pmblcm. 

lO'nJUSUKl'8 

Different  tJroblcms  were  plsmned  for  three  groupt.  Allslia  and  Elliol  worked  on 
shceU  as  before  hut  the  fractions  were  fifths  and  InpuU  ranged  from  two  to  1 5. 
DUme,  Nadia.  and  Tmnmy  used     CopyCat  to  sec  what  Inputs  would  wotk  with 

2'  V  10'  5"  ^^^^y*                 tackled  the  following  problem:  "Put  a  circle 
around  the  fraction  ihM  makes  the  CopyCat  go  for  the  number  of  bulls  In  Ihc 
box".  The  llrst  number  chosen  was  six  and  Ihc  fractions  had  unit  numerators  wllh 
dcnonilnntors  fromoneto  10.  - 

ii.n^i  SEmi 

Dricf  exploratory  session  using  the  CopyCat  and  SupcrPalnt  Tt}e  key  problem 
was;  "Would  Uic  |  CopyCat  machine  work  If  we  put  30  chocolates  on  the  In 
travT* 

Discussed  worksheet  which  asked  children  to  compare  various  pairs  of  fractions 
and  to  Rive  written  reasons  for  choices.  CopyCat  used  to  connmi  answers. 

13.  m  SEPr  18 

Doth  SupcrPaint  and  CopyCat  progrums  were  used.  Sukey  and  Allsha  In  one 
group.  Nick  and  Sandy  in  another  group,  and  Tammy.  Nadla,  and  Diane  in 

another  used  Super  Paint  to  solve  problems  such  as  j  of  24.  of  30  wl>erc  boUi 
Input  and  output  could  be  seen  together.  Elliot  and  Shannon  work  on  problems  of 
comparinf^  fraction  pairs. 
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i4.mK(xrr  »3 

A  Inrgc  cardboard  voiing  booUi  was  mixllfictl  lo  sln^uiatc  q  Copy  Cat  machine  and 
the  children  had  lo  design  problems  for  each  oUx;r  using  fraciJons  given  by  ihc 
icochcr.  One  chlW  was  siailoned  tnsldc  Kht  booiiJ  and  operated  on  ihe  Irtpuis. 
Problems  arose  when  children  put  om  incofrcci  wttpuu. 

hipuw  ajid  outputs  from  iho  prcvlotis  session  were  rccordcil  on  a  beard  ;vnd 
dhcuj^lcn  look  place.  Wofkshcots  were  given  in  which  variwis  lnpul*outpui  pairs 
were  displayed,  and  the  appropriate  fracuoii  required.  Tlic  sheets  ciKompasscd  a 
ranRc  ofdifflcuhy.  - 

le.imocT  20 

'I'he  SupcrPaim  prognun  was  used  lo  make  l>oxcs  ^  limes  larger,  ^-  ihnes  larger. 

Alishn  and  Sukcy.  togcilier.mid  nuiot  by  himseir did  ll^ls.  Tnnui^y  and  Nadla 
ctMUiiuicd  'vof  king  pr<»blems  In  ihc  same  vein  a.s  In  Session  15.  Diane  and  April 

experimented  wiih  ^  and  \  machines  using  various  Inpiiis, 

l7.HRIOCr23 

Woik  on  CopyCal  sci  to  the  fruciion  ^  which  was  hld<V:n.  The  first  input  wju 
10.  All  thoughi  ilui  Copy  Oil  was  a  |  machlDc.  OUicr  Inputs  aiicmptcd  did  not 
prcxlncc  cxjicetcd  results. 

l8.11iUf)Cr  27 

Following  oil  from  Scssiwi  17,  the  children  in  the  various  groups  were  asked  to 
predict  il»c  numbers  dial  would  make  a    ninetilnc  work.  Tbci-c  was  some 
discussion  about  otlicr  machines  tJtai  would  work  like  a  |-  madili>c. 

19.  m  i)c\  30 

Clilldrcn  in  tlw  various  groups  were  asked  to  explain  what  they  iJiought  was 
liapixinin^  Inside  llw  CopvCal.  and  to  explain  how  a  new  machlw;  could  be  bviilt. 

As  a  computer  environment  in  whicii  chiUlfcn  can  act,  llic  CopyCal  is  quite  restricted.  Tiicre  arc  severe 
limitations  on  what  it  is  that  children  can  do  in  this  environment  Tlicy  can  pivss  an  up  or  down  button 
to  add  or  subtract  spriUis  from  the  "in-tray"  of  a  particular  fraction  machine;  llicy  cati  press  a  "go'* 
button  to  sex;  if  the  machine  will  or  will  not  work;  and  tlicy  can  change  the  numerator  or  denominator  of 
the  macliine  so  as  to  get  a  new  fraction  machine.  Eventually  we  want  to  be  able  to  string  maehitics  in 
parallel  and  series,  but  this  is  not  yet  possible.  So  in  this  sense  the  fraction  machines  provide  a  distinctly 
pictorial  implementation  of  fiticlions  as  operators  which  corresponds  to  the  construction  used  in  the 
complete  ring  of  quotients  (Davis.  19^)1)  but  that  is  all  ihey  do.  'Iliey  arc  a  pictorial  tool  which  quickly 
and  aceurAtely  allows  a  teacher  to  implement  a  particular  fraction  as  operator.  Used  in  conjunction  with 
other  graphic  tools  we  have  found  them  to  provide  a  strong  reladonal  model  for  childit2n*s  thinking 
about  fractions, 

An  important  additional  graphic  tool  we  use  is  Aldus  SupcrPaint.  The  combined  draw  and  paint,  copy, 
paste,  cut,  fill,  and  rotate  capacities  of  SupcrPaint  make  it  an  excellent  action  environment  for  chilOrr^^. 
If  the  CopyCat  provides  us  with  a  pictorial  and  animated  implementation  of  fractions  as  operators,  then 
SupcrPaint  provides  us  with  an  environment  in  which  to  prepare  objects  so  that  fractions  as  op<;rators 
can  operate  on  them. 

*rhe  two  students  we  report  on  from  liiis  study  are  Elliot,  8  years  4  months  at  the  start  of  the  teaching 
e;?pcrimcnt  at  the  end  of  May,  1992,  and  Shannon,  8  years  1 1  months  at  that  time. 
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All  children  in  the  study  were  interviewed  individually  using  a  comprehensive  set  of  tasks.  The  tasks 
included  partitioning  of  non-continuous  items,  basic  fraction  knowledge,  verbal  counting,  counting 
composite  units,  quantification  of  arrays.,  and  ratios.  Shannon  and  Elliot  were  remarkably  similar  in 
their  performance  on  these  tasks. 

The  partitioning  tasks  involved  distribution  of  items  equally  between  dolls:  12, 28  and  56  items 
between  four  dolls,  19  between  three,  and  a  task  in  which  20  items  were  to  be  shared  equally  in  as  many 
different  ways  as  possible.  For  the  task  of  distributing  28  items  between  four  dolls.  Shannon  showed  his 
facility  with  whole  numbers  by  allocat'ng  seven  items  to  the  first  doll,  seven  to  the  second  doll,  and  so 
on.  indicating  that  he  used  numerical  operations  to  anticipate  the  result.  For  56  dolls  he  placed  14  items 
in  front  of  the  first  doll  saying  he  was  "doing  it  by  fours".  Further  questioning  indicated  Shannon  first 
considered  the  results  of  placing  10  items  for  each  doll.  This  would  have  left  16  items,  which  when 
divided  by  four,  meant  four  more  items  would  be  needed  for  each  doll.  Shannon  was  able,  fairly  easily 
using  20  items  to  manipulate,  to  determine  the  numbers  of  dolls  which  could  share  the  items  equally  to 
be  five,  four,  two,  one,  10,  and  20. 

Elliot  like  Shannon,  also  placed  10  items  out  for  each  doll  in  the  56  item  task.  However  this  result  was 
likely  an  estimate.  He  placed  out  one,  two,  two,  and  two  in  the  next  round.  He  was  observed  to  count 
each  share  and  make  adjustments  in  a  non-systematic  trial  and  error  fashion.  For  the  task  of  determining 
the  different  number  of  possible  shares  that  could  be  made  with  20  items  Elliot  made  five  groups  of 
four,  split  these  groups  into  10,  and  then  split  the  groups  into  20.  His  fmal  successful  result  was  four 
groups  of  five.  He  unsuccessfully  attempted  to  make  seven  equal  groups. 

Counting  tasks.  Shannon  and  Elliot  were  fiuent  in  counting  composite  units  where  cumulative  totals 

were  to  be  determined  as  rows  of  objects  were  progressively  imcovercd.  Units  of  two,  three  ten  were 

displayed.  Verbal  counting  skills  were  also  assessed.  Both  Shannon  and  Elliot  were  able  to  count 
forwards  and  backwards  by  twos,  threes,  fours,  five,  sixes,  and  tens,  beginning  at  any  number.  Elliot 
displayed  verbal  behavior  reminiscent  of  a  tables  sing-song.  He  was  slower  with  nines,  where  he 
segmented  each  unit  into  four  and  five. 

Array  tasks.  For  the  first  task  rectangular  arrays  of  small  square  regions  were  displayed  with 
instructions  to  evaluate  to  number  of  visible  squares.  Shannon  used  the  strategy  of  relating 
multiplication  facts  with  the  relevant  number  of  items  in  each  row  and  column,  or  added  or  subtracted  a 
row  or  column  from  a  previously  computed  display.  Elliot  was  observed  to  do  likewise.  For  the  second 
task  a  large  hasc  array  (10x12)  was  displayed.  The  interviewer  placed  different  sized  rectangular  pieces 
of  card  over  the  base  array  to  cover  certain  sub-arrays.  The  problem  was  to  calculate  how  many  items 
were  covered.  Both  children  were  quite  lluenl  with  this  task  type.  They  seemed  able  to  visualize  and 
count  each  non-visible  tow  in  the  covered  array. 
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Ratio  task.  A  question  typical  of  the  sequence  asked  was  'There  are  six  dolts  and  I  want  to  give  five 
counters  for  each  doll.  How  many  counters  will  there  be?"  Counters  were  available,  and  six  dolls  were 
placed  in  a  line  across  the  table.  Shannon  gave  the  answer  to  these  questions  without  reference  to 
counters  or  physical  contact.  Elliot  used  multiplication  facts  for  simple  tasks  but  he  also  used  serial 
group  counting  as  evidenced  by  his  head  movements. 

Fraction  tasks.  Three  types  of  fraction  tasks  were  given.  A  square  arrangement  of  cuisenairc  rods 
adapted  from  a  task  used  by  Saenz-Ludlow  (1992)  showed  rods  arranged  thus: 


The  children  were  asked  to  show  one-half,  one  quarter  and  one  eighth  of  the  unit  pattern.  Shannon 
responded  appropriately  for  the  fractions  one-half  and  one-fourth.  He  divided  the  unit  into  two  equal 
parts  for  one-eighth..  Elliot's  first  attempt  to  show  ^  was  unsuccessful,  but  on  a  second  attempt  he 

reorganised  the  rods  appropriately.  The  second  task  involved  coins  with  denominations  of  5,  10, 20,  and 
50  cents.  Fractions  of  one  dollar  were  required,  including  ~  .j,  j  a^id  -j^  Shannon  did  not  know  the 
fractions  J  and    in  this  context.  Elliot  was  successful  with  these  fractions.  Small  chocolate  Easter  eggs 
were  used  to  pose  problems  about  an  Easter  egg  hunt  for  the  third  task  type.  Fractions  involved  were  |,  j 
and  I  Shannon  did  not  succeed  with  j  or  j.  Elliot  succeeded  with  ^  only.  Overall  Shannon  was  able  to 
respond  appropriately  to  tasks  involving  the  fractions  ^  and  j.  Elliot  was  successful  with  ^  tasks. 

UNTT  ITERATIVE  SCHEMES 

Iterative  schemes  in  children's  numerical  mathematics  are  fundamental  (Sleffe,  Cobb  and  von 
Glasersfeld,  1988).  It  is  no  exaggeration  to  say  that  the  physical  and  mental  iteration  of  units  and 
comparison  with  other  units  is  an  essential  part  of  the  psychological  basis  for  the  development  of 
number.  Steffe  and  Olive  (1993)  describe  iterative  fraction  schemes  in  which: 

**childrcn  easily  csubllshcd  ihcir  own  fraction  language  by  iterating  fractions  so  many  times.  The  term  Hwo-tiiirds'  was 
an  abbreviation  for  'two-one  thirds',  etc.  In  Qiis  way,  the  children  established  any  fraction  as  a  multiple  of  Its  unit 
fraction,  and  thus  as  a  modification  of  their  'llmeS'aS'many  multiplying  schemes  for  whole  numbers." 

Although  Steffe  and  Olive  refer  to  the  unit  that  is  being  iici  ated  as  a  "fraction",  it  is  not  clear  to  us  what 
lite  evidence  is  that  the  children  conceive  of  those  units  in  relation  to  the  wholes  of  which  they  were  a 
part.  Nevertheless,  the  iteration  of  a  continuous  unit  in  this  way  is  a  clear  use  of  a  whole  number  scheme 
in  the  context  of  fraction  tasks,  and  docs  appear  to  lead  children  to  an  understanding  of  ^  as  twice  j,  for 

example.  A  similar  example  of  this  sort  of  iteration  of  a  unit  fraction  is  described  in  Davis,  Hunting  and 
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Peam  (in  press).  So  it  appears  ihai  the  ability  to  iieraie  unit  fractions  is  an  important  step  in  children's 
construction  of  fractions  as  numbers,  and  that  their  whole  number  unit  schemes  may  play  a  major  role  in 
these  constructions.  Basically  it  seems  that  if  students  have  constructed  the  explicitly  nested  number 
sequence  (Steffe.  Cobb  and  von  Glasersfeld,  1988)  then  they  may  be  able  to  successfully  modify  those 
schemes  in  the  context  of  fraction  tasks. 

An  example  of  the  power  of  whole  number  iterative  schemes  occurred  in  our  last  teaching  session  in 
1992.  We  asked  the  children  to  tell  us  what  they  lliought  might  be  happening  inside  theCopyCat.  The 
teacher  had  drawn  a  rectangle  in  SuperPaint  to  represent  the  CopyCat  and  asked  Elliot  and  Shannon 
what  son  of  machine  it  should  be: 

Teacher:  "What  son  of  machine  should  we  make  it?  What  sort  of  machine?  What  sort  of  traction?  A 
1  for  3,  I  for  2? 
Shannon:  1  for  16. 

The  teacher  then  copied  16  small  squares  in  a  scrambled  bunch  and  copied  that  5  times  to  put  80  items 
on  the  fraction  machine  model  in  SuperPaint. 

Teacher:  "So  what  might  this  1  for  16  machine  ...  what  might  be  happening  inside  it?  What  do  we 
draw?" 

Shannon:  "The  man  might  be  stealing  1  and  throwing  away  ...  throwing  back  16.'* 

Elliot  then  took  1  one  small  square  from  the  fraction  machine  and  placed  it  on  the  right  of  the  screen. 
Shannon  said  to  get  16  more,  and  Elliot  did,  placing  them  on  the  left  of  the  screen. 

Teacher:  "Yeah,  what  do  you  do  now?  You  just  do  it  again  do  you?" 
Elliot:  "Yeah,  we  move  this."  (He  indicates  more  counters  from  the  machine). 
Shannon:  "You  better  put  the  1  back  now." 
Teacher:  "Oh!  you  put  the  1  back  now?  Oh.  really?" 

Shannon:  "Yeah,  cause  then  you  have  to  have  another  -  then  you  have  to  have  16." 

Elliot  proceeded  to  repeat  his  actions  and  Shannon  pointed  out  that  there  wouldn't  be  enough  small 
squares  left  on  the  last  turn  to  make  16.  He  estimated  there  would  be  about  12.  Elliot  did  not  seem  to 
understand  Shannon's  remarks:  he  continued  until,  to  his  apparent  surprise  there  were  only  1 1  squares 
left.  Both  children  decided  to  copy  the  5  squares  sittiated  at  the  right  of  the  machine. 

It  t«;ems  to  us  that  Shannon  was  able  to  imagine  the  repetition  of  the  act  of  placing  one  square  to  the 
right  of  the  screen  and  16  to  the  left.  If  he  was  simply  imagining  the  repetition  of  placing  the  16  lo  the 
left  then  he  would  presumably  not  have  realised  there  would  not  be  enough  counters  left  at  the  final  step 
in  his  mind  he  had  to  carry  the  placing  of  the  1  square  to  the  right  as  part  of  the  action  lo  be  repeated. 
We  believe  Shannon  conceived  of  a  liill^  of  1  for  every  16  -  where  the  "I"  was  a  mental  tag  not  tied  to 
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the  physical  quanlities  upon  which  he  was  operating.  This  modification  of  a  whole  number  iterative 
scheme  was  particularly  powerful  for  Shannon  because  it  enabled  him  to  realise  that  his  proposed  model 
for  the  working  of  the  machine  could  not  be  correct.  Elliot,  on  the  other  hand,  was  absorbed  in  the 
physical  actions  of  carrying  out  Shannon's  model  and  it  was  not  until  the  last  step  that  he  realised  there 
was  a  problem. 

RFT.AT10NA1.  THOUGHT 

Elliot  had  many  ways  of  guessing  or  figuring  an  answer  to  our  fraction  problems.  Often  his  strategies 
wcrc  additive  in  that  he  would  count  on  by  a  multiple  of  a  given  number,  by  2's  for  example.  What  was 
striking  about  Elliot  was  his  active,  agile  mind  and  his  exuberant  attitude.  This  mental  activity  seemed  to 
us  to  manifest  itself  in  wonderful  rules:  patterns  of  number  behavior  inferred  by  Elliot.  As  the  teaching 
episodes  progrc-ssed  Elliot  exhibited  more  and  more  examples  of  subtle  rclaUonal  thought.  For  example, 
on  June  19,  in  a  teaching  episode  with  two  other  children,  Alls  ha  and  Shannon,  Elliot  was  able  to  guess 
that  Alisha  would  get  an  output  of  16  from  an  input  of  24.  He  had  previously  input  9  and  stated 
correctly  that  6  would  come  out  of  the  j  -  machine.  Then  he  predicted  that  14  would  come  out  when  21 
was  put  in.  and  he  confirmed  this  prediction.  His  reason  for  this  was  as  follows: 

Teacher:  "What's  your  reason?" 

Elliot:  "Cause ...  umm  ..  1  thought  like  this  way."  (He  holds  ihe  teachcr*s  hand  and  shakes  it  up  and 
down).  "If  it's  over  ...  umm  ...  20  it's  7.  If  it's  over  15  but  under  20  it's  6,  and  if  it's  over  10  and 
under  15  it's  5." 

Elliot's  agitated  expression  during  his  explanation  indicated  to  us  that  he  had  a  sudden  insight.  We 
believe  his  insight  was  connected  with  the  common  factor  that  one  mulUplies  3  and  2  by,  respectively, 
to  get  the  input  and  output  for  a  j  -  machine.  In  other  words  he  seemed  to  believe  he  had  figured  out 
when  a  whole  number  changed  from  the  form  3n+k  to  3(n-l)+k,  with  k  small.  Then,  wc  infer,  in  order  to 
find  the  output  all  he  had  to  do  was  to  multiply  n  by  2. 

Rl^PUCPn  FRAPTU^NS  AND  OUANTITIBS 

If  a  young  child  habitually  represented  fractions  in  reduced  fomi,  one  might  suspect  that  they  had  a 
quantities  model  for  fractions.  That  is  to  say  they  might  interpret  fractions  as  operators  on  quanUties  lo 
produce  other  quantities,  rather  than  operators  on  whole  numbers.  There  were  many  episodes  in  our 
1992  study  in  which  children  interpreted  fractions  in  reduced  form:  indeed,  few  in  which  they  did  not. 
The  simplest  example  is  the  interpretation  of  |  as  ^.  This  phenomenon  seemed  to  be  very  persistent  and 
rcsisunt  to  suggestions  from  us.  All  the  children  did  it,  from  the  slowest  to  the  quickest.  This  seemed 
rather  unusual  for  Elliot  and  Shannon,  because  they  both  had  considerable  adroimess  with  counting 
numbers,  and  episodes  with  them  indicated  that  they  were  thinking  rclationally,  in  terms  of  inputs  and 
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outputs,  about  quite  complicated  fraction  machines.  Yet  they  regularly  put  fractions  in  reduced  foini  and 
seemed  reluctant  to  give  what  was,  in  our  terms,  an  "obvious**  answer  in  terms  of  the  input  and  output  of 
the  fraction  machines.  For  example,  Elliot  and  Shannon  were  asked  what  sort  of  machine  might  produce 
an  output  of  4  for  an  input  of  25.  Elliot  guessed  6,  and  then  realised  that  was  not  correct.  Shannon  gave 
no  answer  that  session,  but  the  next  session  told  us  that  he  had  thought  about  the  problem  in  class,  and 
the  answer  was  -7  .  Allowing  for  his  calculalional  error,  what  internal  scheme  prompted  Shannon  to 

express  the  answer  this  way,  rather  than  the  (to  us)  obvious  way  as  ^  ?  Episodes  like  this  raise  the 
possibility  that  many  children,  perhaps  most,  do  indeed  have  a  model  of  fractions  based  on  quantities. 
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CONCEPTUAL  BASES  OF  YOUNG  CHILDREN'S  SOLUTION  STRATEGIES 
OF  NCSSING  VALUE  PROPORTIONAL  TASKS 

JaneJane  Lo.  Arizona  State  University  West 
Tad  Watanabc»  Towson  State  University 

Abstract 

Analyses  of  young  children's  problem  solving  activities  on  proportional  tasks  revealed  tliat  the 
build-up  strategy  is  much  mare  complicaud  than  some  have  suggested.  One  specific  version  of 
their  s^ategy.  i^ing  the  relationship     quarters  for  Y  candies,"  was  Jurther  analyzed.  It  appears 
that  construction  of  this  strategy  requires  children  to  understand  the  umt-pnce  as  rate-relanonship. 
Furthermore,  the  ability  to  coordinate  two  counting  sequences  contributes  to  the  degree  of 
sophistication  of  such  strategy. 

Introduction 

Proportional  nsasoning  plays  a  crucial  role  in  formal  mathematics  cuiriculum  (Lcsh»  Post  & 
Behr,  1988).  The  ability  to  recognize  structural  similarity,  and  the  sense  of  co-variation  and  of 
multiple  comparisons  artJ  at  the  core  of  algebra  and  mon;  advanced  mathematics.  Examples 
involving  proportional  situations  are  amply  present  in  a  wide  variety  of  daily  problem-solving 
situations,  for  example,  shopping,  cooldng,  scale  drawing.  As  the  mathematics  curriculum  shifts 
attention  &om  computation  to  problem  solving,  proportion-related  tasks  provide  a  good  source  of 
meaningful  situations  for  students  to  construct  their  mathematics. 

Because  of  the  importance  of  this  topic  in  school  mathematics,  chUdrcn's  concepts  of 
proportionality  have  long  been  a  focus  of  mathematics  education  research.  Studies  have  shown 
that  proportion  is  a  difficult  concept  for  students  of  middle  and  upper  grades  (Hart,  1984). 
Rcseaicheis  suspected  that  the  difficulty  of  conceptualizing  proportions  might  result  from  an 
algorithraetic  appix>ach  to  this  topic  in  schools.  >Vith  tricks  like  "keeping  the  like  units  on  the  same 
sides  and  maintaining  the  small-to-large  comparison"  it  is  possible  for  students  to  create  the 
"correct  equation"  for  a  missing  value  task  without  understanding  the  invariant  relationship  across 
relative  pairs  of  quantities  (Kaput  &  West,  in  press). 

Furthermore,  researchers  have  also  pointed  out  that  many  factors  such  as  "the  physical 
principles  underlying  the  problem  situations"  and  "multipUcative  relationships  between  problem 
quantities"  affect  student  reasoning  patterns  in  solving  missing  value  tasks  (Harel,  Behr.  Post.  & 
Ush;  1991).  Based  on  the  constnictivist  epistcraoiogy,  we  take  such  findings  as  evidence  that 
proportion  is  not  something  a  student  either  has  or  not.  It  seems  imperative  that  researchers 
understand  children's  proportional  reasoning  instead  of  measuring  children's  thinking  against  their 
own  proportional  reasoning  schemes. 

The  exiting  studies  on  students'  informal  methods  provide  strong  evidence  that  children  can 
and  do  develop  their  own  understanding  of  proportion  through  making  sense  of  their  daily 
experiences,  without  being  expliciUy  instructed.  Two  types  of  successful  strategics  were  reported 
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for  tasks  comparable  to  the  foUowing  (Un  &  Booth,  1990):  To  mike  soup,  wc  need  6  potatoes 
for  8  people.  How  many  potatoes  do  we  need  for  6  people?"  The  first  approach,  "buiU-up  using 
halving,"  was  reported  by  Hart  (1984).  With  this  approach  chikiren  wouW  find  out  the  amount  of 
potatoes  needed  for  4  pcf^le  by  noticing  4  is  half  of  8,  thus  halving  6  to  get  3  potatoes.  Then  they 
halved  the  amount  of  potatoes  for  4  people  again  to  obtain  the  amount  of  potatoes  needed  for  2 
people,  FinaUy  they  either  added  these  two  amounts  (for  four  and  for  two)  or  multipUed  the 
amount  of  potatoes  for  two  people  by  three  to  obtain  the  required  amount  for  six  people.  Even 
though  researchers  were  encouraged  by  the  sophisticated  thinking  behind  this  approach,  there  were 
concerns  about  the  apparent  lack  of  generality  when  the  numerical  relationship  could  not  be  derived 
by  combinations  of  a  series  of  'halving'  or  'doubling'  approaches, 

A  second,  "unit-factor  approach,"  was  reported  by  Lin  and  Booth  (1990).  CMdren  would 
first  attempt  to  find  the  anxMint  of  potatoes  for  one  person  by  a  variety  of  sharing/partitioning 
strategies,  then  find  the  amount  of  potato  for  six  people  either  by  multiplying  or  repeatedly  adding. 
This  approach  has  been  recommended  as  the  basis  of  initial  instruction  on  proportion  because 
smdies  have  shown  that  even  young  children  can  understand  the  notion  of 'unit-factor'  and 
because  this  approach  can  be  easily  generalized  to  diflcrcnt  tasks  (Schom,  1989). 

In  summary,  much  is  known  about  factors  which  influence  students'  performance  and  the 
"informal  methods"  wluch  deal  with  certain  types  of  proportional  tasks  successfully,  yet  we  know 
very  littie  about  how  those  difficulties  or  successes  were  developed  as  a  part  of  the  individual's 
mathematics  knowledge.  Lesh,  Post  and  Behr  (1988)  pointed  out  that  concepts  like  tiie  part-whole 
relationship,  composite  units  and  unit  coordination,  representation-related  abilities,  and 
measurement-related  abilities  are  aU  critical  to  the  development  of  proportion  concepts.  We  concur 
that  it  is  important  for  studies  on  children's  understanding  of  proportion  to  include  these  constructs 
in  their  analyses  whenever  appropriate.  Because  an  individual's  concept  of  proportion  is  a  result 
of  an  individual's  accommodation  and  re-construction  of  existing  knowledge.  One  purpose  of  this 
paper  is  to  present  such  an  analysis  on  young  children's  solution  strategies  of  missing  value 
proportional  tasks. 

The  Study 

As  an  initial  step  to  understand  the  constructions  young  children  make  when  they  attempt  to 
make  sense  of  a  variety  of  proportional  tasks  and  the  conceptual  basis  for  those  constructions,  we 
interviewed  7  second  graders  and  8  fourth  graders  on  a  variety  of  pn)portional  tasks,  including 
sharijig,  pricing,  cooking,  Uncar  measuring  and  identifying  similar  shapes.  AU  the  tasks  were 
comparable  to  those  tasks  used  in  previous  smdies  with  older  snident%  with  the  exception  of  two 
features,  1)  aU  the  tasks  were  presented  verbally  bi  story-type  setings  ai:d  witli  physical  objects  to 
represent  the  initial  conditions  of  each  task,  2)  all  the  numbers  in  tl'e  taskii  were  natural  numbers 
and  were  kept  small.  Students  were  encouraged  to  manipulate  thof.c  materials,  draw  pictures  or 
write  on  the  papers  if  tliey  wished  to  do  so.  They  were  also  encouraged  to  verbalize  and  reflect 
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their  solution  strategics  during  and  after  their  problem  solving  process.  The  purpose  of  this  study 
is  to  establish  some  baseline  dau  on  young  children's  strategies  of  different  proportional  tasks, 
since  almost  none  of  this  type  of  information  exists. 

Because  of  the  exploratory  nature  of  this  study,  we  did  not  feci  the  need  to  conduct  these 
interviews  witli  prc-set  tasks  following  a  pre-set  sequence.  Rather,  wc  made  changes  and 
modification  as  we  actively  constructed  our  initial  models  of  individual  children's  concepts  of 
proportions  during  each  interview.  In  many  ways,  our  interview  sessions  resembled  the  individual 
sessions  of  a  teaching  experiment.  Our  goal  was  to  construct  viable  accounts  of  the  meaning  these 
children  gave  to  each  proportional  task.  We  fully  realize  that  all  conclusions  we  made  should  be 
treated  as  tentative  and  subjected  to  further  investigation. 

In  this  paper,  wc  will  present  our  initial  analysis  of  smdents'  solution  strategies  of  one 
particular  type  of  missing  value  task.  For  example,  "Yesterday,  I  bought  Ci  candies  (pointing  to 
the  Ci  cubes)  with  Ql  quarters  (pointing  to  the  Qi  coins).  Today,  I  go  to  the  same  store  with  Q2 
quarters,  how  many  candies  can  I  buy?"  Because  of  the  nature  of  this  task,  our  analysis  was 
influenced  by  the  work  on  composite  units  and  unit  coordinations  in  the  setting  of  counting  (Steffe, 
von  Glasersfeld,  Richards  &  Cobb,  1983:  Steffe  &  Cobb,  1988).  multiplication  and  division  of  the 
natural  numbers  (Steffe,  1990),  and  fractions  (Saenz-Ludlow,  in  press;  Watanabe,  1991).  This 
analysis,  although  not  yet  complete,  has  cliallenged  our  own  notions  of  proportion,  provided  us 
with  paradigm  cases  to  reflect  on,  and  raised  questions  to  guide  subsequent  investigation.  We 
would  like  to  oflfcr  our  tentative  analysis  as  a  basis  for  discussion. 

Data  Analysis 

Because  of  space  limitation,  we  will  present  our  analysis  on  two  students'  solution  strategies 
in  detail,  referencing  the  analysis  of  other  students'  solution  strategies  wlicn  appropriate. 
Bmce's  Solution  Strategies: 

The  first  task  Bruce  was  given  had  the  condition  of  (Ql=4,  Cl=10;  Q2=6).  The  first  thing 
Bruce  did  was  to  rc-arrange  the  10  cubes  to  form  groups  of  two.  Then  he  counted  the  number  of 
two-group,  with  finger  pointing  to  each  one  of  them  and  found  out  he  had  five  groups.  He  did  not 
seem  to  like  the  resuh.  He  thought  for  a  while,  then  started  putting  the  10  cubes  into  groups  of 
three.  After  making  two  groups  of  three,  he  realized  that  he  could  not  arrange  10  cubes  into 
groups  of  three  evenly.  He  abandoned  that  action  and  attempted  to  search  for  other  grouping.  His 
attcmnt  resulted  in  two  groups  of  five,  then  five  groups  of  two  again.  Neither  of  these  results 
seemed  lo  meet  his  expectation.  He  looked  puzzled.  The  interviewer  then  asked  Bruce ,  "Can  you 
find  out  how  many  candies  tv;'0  quarters  can  buy?"  Bruce  answered  this  question  quickly,  "five" 
because  "that's  a  half  of  a  dollar  (2  quarters)  so  you  split  these  (cubes)  up  and  you  can  get  5." 
With  this  new  information.  Bruce  solved  the  original  ta.sk  by  adding  5  to  10  because  6  is  2  more 
the"  4. 
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Wc  Intapreted  Brucc's  initUl  ictions  of  making  equal  groups  of  ccmin  numbers  as  an  action 
to  find  tbc  number  of  candies  he  could  buy  with  ooc  quarter.  Thai  was  why  he  felt  puzzled  about 
not  being  able  to  fonn  a  one-to-cnc  match  between  candy  groups  and  quarters.  Nevertheless, 
Bnicc  did  constnict  the  the  reUiionship  between  4  quarters  and  10  candies  needed  to  be  preserved 
for  a  given  number  of  quarters  or  candies.  This  notion  enabled  him  to  answer  the  question,  "How 
many  candies  could  you  buy  with  2  quarters?"  Because  he  needed  to  maintain  the  rate  relationship, 
one-half  of  the  money  could  buy  one-half  of  tlic  candy. 

Bruce's  success  in  solving  the  above  task  reUed  on  identifying  a  useful  'X  quarters  for  Y 
candies'  relationship.  In  the  subsequent  questions,  Bruce  consistcnUy  demonstrated  that  he  had 
the  intention  to  find  ways  to  group  candies  and  quarters  so  that  a  onc-ttM>ne  conespondence  could 
be  formed  between  each  group  of  candies  and  each  group  of  quarters.  For  example,  given  the 
condition  of  (Qi«12,  Ci=^28;  Q2=15),  he  was  able  to  identify  tlic  equivalent  relationship  '3 
quarters  for  7  candies'  which  he  then  used  to  solve  the  question  for  15  quarters.  He  re- 
conceptualized  15  as  12  and  3  more,  tiius  adding  8  to  28  to  get  35  candies. 

Bruce's  strategy  of  finding  a  useful  'X  quarters  for  Y  candies'  relationsliip  was  trial-and- 
error  based.  For  tius  particular  task,  Bnice  first  divided  28  candies  into  7  groups  of  4.  When 
asked  why  he  answered  that  because  4  could  be  divided  into  28.  Then  he  started  to  divide  the 
quarters  into  groups  of  2,  counted  the  number  of  groups,  found  that  there  were  6  groups  rather 
than  7  groups.  Then  he  proceeded  to  find  other  ways  to  group  the  quarters.  When  none  of  those 
groupings  were  satisfactory  he  then  re-grouped  the  candies. 

After  several  tries,  he  made  4  groups  of  7  candies.  TTien  he  started  to  divkle  12  quarters  into 
groups  of  4,  rather  than  trying  to  fonn  4  groups.  We  were  not  clear  why  Bruce  did  not  use  his 
multipUcation  facts  to  help  him  decide  whether  it  is  possible  to  divide  12  quarters  into  4  equal 
groups.  It  appeared  that  Bruce  had  a  rather  rigid  view  of  the  divisor  as  the  number  of  elements  in 
each  gi^up.  He  did  not  seem  to  recognize  tiiat  the  number  of  groups  and  the  number  in  each  group 
were  interchangeable  when  tlic  total  number  is  pre-determined. 

Bruce's  strategics  of  finding  the  useful  'X  quarters  for  Y  candies'  relationship,  although  not 
widely  documented  in  Uic  existing  Utcraturc,  was  also  used  by  four  other  fourth  graders  and  one 
second  grader  we  interviewed  Two  of  tiwse  fourth  graders  used  then  multipUcation  facts  to  help 
them  identify  tiie  possible  ways  of  grouping,  and  seemed  to  be  able  to  interpret  the  divisor  both  as 
the  number  in  each  group  and  tiie  number  of  groups.  Additionally,  two  fourth  graders  and  two 
second  graders  could  identify  the  useful  'X  quarters  for  Y  candies'  and  carry  out  tiie  nccessaiy 
coordination  of  two  counting  sequences  when  die  situations  required  only  halving  and/or  doubling. 
Martha's  Solution  vStratepies: 

Martha's  solution  method  was  unique  in  our  study.  We  will  iUustratc  it  witii  a  task  of 
(Qi=15,  Ci=40;  02=21).  Martiia  started  by  re-arranging  tiie  15  quarters  into  tiu*ee  rows  of  five. 
Then  she  proceeded  to  distribute  cubes  (candies)  one  by  one  beside  each  quarter  until  tiicre  was  no 
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more  cube  left  (Figure  It).  After  exannning  the  physical  irrangetnent  of  the  quartm  and  cubes, 
Manha  removed  those  cubes  which  seemed  to  be  extra.  She  thr  counted  what  she  took  away  and 
found  out  that  there  were  10  cubes. 


After  figuring  out  the  number  of  cubes  stiU  needed  to  be  distributed,  Martha  wrote  15  divided  by 
10  in  Uic  traditional  written  format  and  figured  out  the  ans'^ver  was  1  r  5.  It  appeared  that  Martha 
did  not  find  this  infomiation  to  be  useful.  She  put  down  the  pencU,  and  started  to  point  in  the  air 
with  two  fingers  of  her  right  hand.  After  pointing  8  times,  Martha  stopped  the  pointing  and  did  not 
seem  to  like  the  result  She  started  over.  This  time  she  pointed  five  times  and  appeared  to  like  the 
result  Tlien  she  started  to  place  5  cubes  one  at  a  time.  She  counted  what  she  had  left,  thought  a 
while,  then  placed  the  remaining  5  cubes  one  at  a  time  by  the  previously  placed  5  cubes 
(Figui-clb). 

To  solve  the  question,  "How  many  candies  can  I  buy  with  21  quarters?"  Martha  drew  6 
circles  on  the  papcr»  examined  her  arrangement  of  cubes  and  quarters,  pointed  8  times,  then  wrote 
•8'  by  each  of  the  three  circles  on  the  paper.  She  Uicn  figured  out  15x8,  added  16,  and  announced 
"136."  Yet  imiTwdiatcly  Martha  changed  her  mind,  she  added  40  and  16,  then  indicated  the  answer 
should  be  "56." 

Martha's  actions  reminded  us  of  the  dealing  scheme  (Hunting,  Pepper  &  Gibson.  1992). 
She  had  a  clear  idea  of  what  dealing  could  accompUsh,  formation  of  equal  groupings.  With  the 
help  of  visual  rc-prescntations,  she  was  able  to  keep  track  of  the  cycles  of  her  dealing  without 
paying  much  attention  to  cither  the  number  of  the  cubes  thst  needed  to  be  distributed,  or  the 
number  of  cubes  in  each  group. 

Unlike  some  students,  Martha  did  not  abandon  what  she  had  accompUshed  with  dealing  after 
realizing  that  dealing  alone  was  not  enough  to  help  her  achieve  her  goal,  distributing  all  the  cubes 
equally  among  all  the  quarters.  Her  gestures,  pointing  with  two  fingers  in  the  air  systematically 
(.from  right  to  left  and  top  to  the  bottom),  indicated  she  was  trying  to  figure  out  if  one  candy  for 


Note:  Tnesc  cubes  were  virtuaUy  non-differcntiable.  The  patterns  were  used  to  aid 
conoprchension. 

Fig\u«.  1 
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two  quarters  would  woik.  Thc3C  gwtures  saved  the  function  of  "segmenting"  (StcCfc,  1990). 
The  eight-pointing  indicated  that  she  was  attempting  to  segment  15  quarters  into  groups  of  two's. 

After  successfully  distributing  10  candies  among  15  quarters,  Manlia  was  able  to  give 
meaning  to  the  result  of  her  actions.  She  constructed  the  '3  quarters  for  8  candies'  relationship  as 
she  reflecting  on  the  whole  dealing  process.  In  order  to  figure  out  the  number  of  candies  21 
quarters  could  buy,  Martha  rc-conccptualized  21  as  15  and  6  noore,  then  as  15  +3+3.  TVien  she 
calculated  the  number  of  candies  by  uttering  '40  candies,  8  more,  and  8  more."  She  then  cocopatcd 
40+16  witli  paper  and  pencil  to  get  the  answer  '56.'  In  a  sense,  the  '3  quarters  for  8  candies' 
became  a  countable  imit  for  her,  and  the  counting  of  this  particular  unit  required  the  coordinations 
of  two  counting  sequences. 

Discussion 

There  were  similarities  and  differences  between  the  conceptual  bases  of  Bruce's  and  Martha's 
solutions.  First  of  all,  both  their  actions  seemed  to  be  based  on  their  prcUminaiy  notions  of  miih 
price  as  a  rate  relationship.  Wten  asked  to  solve  the  task  of  (Qi«4,  Ci=:lO;  Q2=6),  some  students 
we  interviewed  who  had  not  constructed  'candies  per  quarter'  as  a  rate  rclationsliip  were  not 
perturbed  by  their  solutions  in  which  some  quarters  could  buy  more  candies  than  the  otlicr 
quarters.  Even  though  Bmce  did  not  set  out  to  fmd  tlic  unit-price  when  solving  these  tasks,  \\c 
recognized  the  existence  of  a  relationship  between  the  number  of  quarters  and  the  number  of 
candies  in  a  given  condition  and  the  need  to  preserve  this  relationship  within  a  task.  This 
observation  was  based  on  Bhkc's  iiiferrcd  intention  to  search  for  a  one-to-one  match  between 
candy  groups  and  quarter  groups.  At  tiiat  time,  we  did  not  know  enough  about  Bruce's 
construction  of  fraction  concepts  to  further  analyze  his  constmction  of  unit-price  as  a  rate 
relationship. 

Compai^  to  Bruce,  Martha's  notion  of  unit-price  was  more  sophisticated.  Her  action  was 
clearly  guided  by  the  intention  to  give  every  quarter  an  equal  number  of  candies.  Martiia  was  the 
only  student  we  interviewed  who  was  comfortable  about  the  idea  of  brcaJdng  a  whole  candy  into 
parts.  When  asked  how  she  solved  the  task  of  (Qi=9,  Ci=21 ;  Q2=6),  Martha  said,  "Per  quarter 
you  had  2  and  1/3,  so  you  just,  you  took  away  3  quarters  and  all  their  candies,  and  you  counted  up 
die  rest  of  them  and  came  up  witii  14."  This  statement  indicated  the  emerging  sense  of  the 
equivalent  relationship  among  '9  quarters  for  21  candits,"one  quarter  for  2  1/3  candies,'  and  '3 
quarters  for  7  candies.'  Still,  additional  tasks  are  needed  to  further  investigate  Martha's 
constmction  of  unit-price  as  a  rate  relationship. 

Second,  botii  Bmcc's  and  Martha's  strategies  seemed  to  rely  heavily  on  the  manipulation  of 
cubes  and  coins.  It  was  not  clear  what  they  would  do  if  there  were  no  cubes  or  coins  available  to 
manipulate  nor  how  they  would  deal  wiUi  simations  Involvmg  larger  numbers.  The  way  tasks 
were  constructed  did  not  provide  us  witii  opportunities  to  answer  eitiicr  of  these  questions. 
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Martht  relied  xmch  Icf  s  on  the  physical  minlpuUtlonf  of  cubes  and  quartcn  tlj*n  Bruce  did. 
For  the  task  of  (Qi«l5,  Ci»40;  Q2=21),  she  fonncd  a  mental  picture  of  15  quarters  airangcd  in  a 
linear  faction,  even  though  they  were  physically  trranged  as  three  rows  of  five.  This  observation 
was  based  on  the  sexjucncc  and  position  in  which  Martha  placed  the  five  cubes  (Figure  lb).  She 
was  able  to  mentally  segment  this  array  of  15  quancrs  into  groups  of  3's  without  making  a 
physical  arrangctnent  of  thcoi.  More  anmingly.  Martha  wm  able  to  construct  the  '3  quarters  for  8 
candies*  relationship  as  she  reflected  on  her  own  dealing  actions  in  order  to  form  her  plan  to  solve 
the  given  task.  This  rclirionshlp  appeared  lo  be  her  mental  construction,  even  tliough  the  presence 
of  ilie  physical  objects  might  have  aided  in  tnis  construction. 

Third,  both  Bruce  and  Martha  constructed  useful  'X  quarters  for  Y  candies'  relationship  as 
the  basis  of  their  solution  strategies,  so  did  other  students  who  couW  solve  this  type  of  tasks 
successfully.  This  approach  seemed  to  share  a  simUar  root  with  the  halving  ordoubUng  scliemcs 
In  tlie  sense  that  they  both  made  the  use  of  buUd-up  process  possible  for  a  particular  task.  One 
thing  we  concluded  from  this  study  is  that  tlie  build-up  process  is  not  as  primitive  as  some 
researchers  may  suggest  For  example,  when  asked  Iww  many  candies  could  6  quancn  buy  given 
that  2  quarten  could  buy  6  quarters.  Simon  (a  second  grader)  answered  74.'  He  explained  tliat  he 
added  6  tnore  candies  for  2  niore  quarters,  and  he  got  12  candies.  Then  he  added  two  more 
quarters,  and  12  more  candies  to  the  12  he  already  had.  In  this  instance,  Simon  successfuUy 
formed  6  quarters  by  xt-presenting  two  more  groups  of  two  quarters,  yet  he  was  unable  to 
maintain  the  '2  quartets  for  6  candies'  relationship.  We  bcUeve  that  the  scheme  to  coordinate  two 
counting  sequences  is  a  necessary  construction  for  understanding  proportionality. 

However,  the  effectiveness  of  both  Brtice's  and  Martlia's  approaches  could  be  grcaUy 
facilitated  by  using  Uie  concepts  of  divisors  as  tiie  possible  number  of  equal  groups  formed  witii  a 
given  number.  Even  Uiough  Martha's  approach  appeared  to  be  more  systematic,  it  was  stiil  trial- 
and^r  based  Consider  Uie  case  of  (Ql«l 8,  C  1=46).  For  this  particular  task,  Martha  would 
have  10  cubes  left  after  she  distributed  2  cubes  to  each  of  the  18  quurtcrs.  Using  her  approach,  she 
might  have  to  go  through  distributing  candies  among  9  groups  (as  a  result  of  segmenting  by  2's),  6 
groups  (as  a  result  of  segmenting  by  3's),3  groups  (as  a  result  of  segmenting  by  6's)  as  likely 
candidates  until  she  reached  9,  which  would  segment  18  into  two  groups.  During  tiie  intei-views. 
neither  Bruce  nor  Martha  indicated  any  use  of  of  multiplication  cr  division  in  tiielr  search  for 
equivalent  relationships.  We  are  cun^ntly  developing  additional  tasks  to  learn  more  about 
Martiia's  and  Bruce's  concepts  of  multiplication  and  division. 

We  are  surprised  by  tiw  lack  of  documentation  of  this  "X  quarters  for  Y  candies"  approach  in 
Uic  literature.  It  is  yet  to  be  determined  what  mental  operations  can  be  constructed  through  this 
strategy.  Neveitlieless,  botii  die  process  of  identifying  ft  'X  quarters  for  Y  candies'  relationship 
and  its  equivalent  relationships  from  a  given  condition,  as  well  as  tiie  namrc  of  coordinating  two 
counting  sequences  in  a  build-up  process  are  everything  we  image  when  considering  proportional 
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reasoning  as  \  sense  of  co-vftrixtion  iu)d  of  multiple  compMrisons,  and  the  ability  to  mentally  store 
and  process  several  pieces  of  information"  (p.93,  Lcsh,  Post  Sc  Bchr,  1988).  We  expect  our  on- 
going work  Willi  Bruce  and  Martha  will  help  to  answer  some  of  these  questions. 
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EARLY  CONCEPl  IONS  OF  FRACTIONS 

A  PHENOMENOGRAPHIC  APPROACH 

Dagmr  Newnan 

The  University  of  GOlcborg,  Dcpwtnwnt  of  Education  and  Educational  tiscwth 

In  this  study,  pupils  from  grade  2,  3,  4  and  6  (Nrz4l )  were  given  problems  intended  to  reveal  their 
conceptions  of  1/2,  1/4  and  1/3.  The  answers  expressed  six  conceptions  of  these  fractions  -  fair 
shares',  'ports',  form',  'size\  'one  of  a  number  of  parts' and 'ratio' and  three  concepttons  of  how^ 
fractions  c^**     rr*nt0A>  thmuoh  'm^/uurinp'.  'hnlvint'  or  'estimating  and  odjustinfs .  Ine  ratio 


younger  and  the  older  children  indicated  that  in  the  attempt  to  change  the  'size '  conception,  teachmg 
stresses  the  idea  that  the  denomimiwr  denotes  the  number  of  parts.  This  seemed  to  have  formed  the 
older  pupils'  conviction  that  1/3  cannot  be  2/6,  impeding  their  understanding  of  fractions  as  ratio . 

Vygotikij  and  his  followers  Leonfcv  tuid  Uiria  have  stressed  the  social  and  cultural  intliKncc  of  the 
ways  in  which  wc  understand  the  world  around  us.  illustrating  that  the  words  we  use  have  different 
meanings  for  people  belonging  to  different  socieUcs  and  cultural  groups.  Further,  within  one  and  the 
same  society  the  meanings  of  Uie  words  as  experienced  by  one  single  individual  arc  changed  from 
time  to  time,  depending  on  new  situations  in  which  Uicy  arc  used. 

For  icaclwrs  It  is  important  to  luiow  about  pupil's  experiences  of  {\w  subject  matter  dealt  with  in 
teaching.  Oi\\y  then  can  Uicy  set  out  from  this  Informal  knowledge,  u>ing  to  extend  it  through 
communicaUon  and  tlirough  confrontation  tliat  can  britig  existing  misunderstandings  to  light. 

Research  related  to  the  phcnomenographic  approach,  within  which  the  study  presented  here  is 
carried  out,  hus  as  its  aim  to  case  communication  -  not  least,  communioaUon  between  teacher  and 
learner  -  Uirough  tx^vcaling  c^pericnccs  or  conceptions  of  different  phenomena. 

The  phenomenographic  approach 

Pheiiomcnography  considers  knowledge  to  be  relations  between  man  and  world  created  Utrough 
exi>cricncc.  World  licrc  means  physical  and  social  world.  Learning  is  seen  as  'change  of  conception' 
towards  a  more  functional  knowledge.  Development  concerns  development  of  conceptions,  not 
dcvelopmenUl  Icvek  of  children  in  W\c  Piagedan  sense. 

Wienomenographic  investigations  are  often  -•  like  the  study  presented  here  -  cross-secUonal  .studies 
canicd  out  Uirough  'clinical'  deep  interviews,  which  ai-c  taixj-ttxorded  and  transcribed.  'Hie  analysis 
of  die  U-anscriptions  is  made  with  the  inlcnUon  to  reveal  different  cxi)eriences  of  Uie  plienomcna  con- 
cenwd,  and  th«  description  of  Uiose  experiences,  or  conceptions,  are  die  result  of  the  investigation. 

Design  of  the  study 

In  die  study  presented  here  nine  pupils  in  grade  2.  ten  in  grade  3.  eleven  in  grade  4  and  eleven  in 
grade  6  fwm  six  classes  in  a  lower  and  middki  sch(X)l  in  die  souUi  of  Sweden,  were  interviewed.  One 
pupil  in  each  grade  was  a  'high  achiever',  one  a  'low  achiever'  and  the  others  were  'average' 
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according  to  their  teachers,  TIm;  pupils  were  given  confronting  problems  oxmcd  at  revealing  their 
conceptions  and  possible  laisconceptions  of  1/2, 1/3  and  1/4.  The  2nd  and  3rd  graders  had  got  some 
insuuction  of  how  to  read  and  write  1/2. 1/4  and  1/3,  but  had  not  been  introduced  to  fractions  in  other 
ways,  while  the  4th  and  6th  graders  had  been  taught  fractions. 
The  following  problems  were  given  (orally): 

1.  If  you  were  to  give  me  one  half  (ooe  fourth,  ooe  thkti)  of  something,  what  would  you  then  give  me?  Draw 
(the  ibint/s/  you  would  give  me)  and  eocirck  the  half  (the  fourth,  the  Uiird)  of  it. 

2.  Give  me  1  half  (a  fourth,  a  third)  of  this  siriug. 

3.  Give  mc  a  half  (a  fourth,  a  third)  of  these  btockx  (12  cubes:  3  rows  with  4  cubes  in  each). 

4.  I^iU  a  baif  (a  fouttfa.  a  third)  of  this  glass  with  water. 

5.  Here  is  a  picture  of  a  Jogging-track  (fig  1).  You  arc  supposed  to  start 
at  'Stan'  and  nm  all  the  way  round,  fioally  oomiog  bftck  to  'start'  again. 
When  you  Iiave  nin  half  way  you  will  oteel  me.  Put  a 
mark  on  the  jogging-track  at  the  point  where  we  will  mccL 
(The  s«ne  task  but  with  the  request  to  put  a  mark  at  1/3  aitd  1/4  of  the  track).  I^ij  ^ 

6.  Mr  Johnson  lud  bought  six  busbei.  He  bad  three  garden  pkxs  aod  be  wanted  to  have  1/3  of  the  bushes  oo  each 
pkH.  Here  arc  the  thite  pkxs  (three  Tcctangk^s  on  the  pupil's  protocol  sheet).  How  dkl  be  plant  his  bushes? 

7.  Maik  all  figures  wbcre  1/3  is  shaded  (fig  2) 

kg  2 
Results 

Six  experiences  or  conceptions  of  1/2,  1/4  and  1/3  were  expressed: 
'fair  shares'       'parts'       'form'        'size'       'one  of  a  number  of  parts'  'ratio' 
Tlirce  conceptions  were  expressed  of  ho'v  these  fractions  can  be  concretely  formed. 
th  rough  'measuring '  th  rough  h  alving '  through  'estimating  and  adjusting ' 

The  younger  children  often  used  a  'fmger  span'  or  just  their  eyes  for  measuring,  while  the  older 
ones  also  could  use  part  of  their  pencil  or  rubber  as  a  measure.  Some  pupils  also  measured  in  this 
way  to  get  1/2.  1/4  or  1/3  of  the  siring  when  'Jiey  solved  problem  2.  Yet  most  children  measured  the 
string  -  or  tlic  1  cm  broad  band  by  which  this  was  sometimes  replaced  -  by  folding  it  Mostly  they 
then  used  'halving',  but  some  older  pupils  'estimated  and  adjusted'  when  they  cut  'thirds*. 

Examples  of  the  conceptions 

The  numbers  of  answers  of  different  kinds  are  reported  for  1/4  in  table  1  and  for  1/3  in  table  2  at  the 
end  of  this  presentation.  Only  a  few  children  expressed  'fair  shares',  'parts',  and  'form'.  Only  one  of 
these  three  conceptions.  Uie  conception  'form',  has  been  reported  under  a  heading  of  its  own  in  the 
tables.  Otherwise  these  conceptions  are  reported  under  the  heading:  'Single  categories'. 
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Examples  of  how  fractions  were  concretely  formed  will  be  given  in  the  contexts  where  the  six 
conceptions  of  fractions  arc  described  below. 

Fair  shares 

A  few  younger  children,  and  even  one  6th  grader,  did  not  use  up  the  whole  when  dividing  the 
string.  They  compared  the  parts  after  having  cut  the  string,  found  that  they  were  not  of  the  same  size, 
cut  off  the  surplus  and  threw  it  away.  For  them  parts  meant  'fair  shares',  and  the  whole  was  of  no 
interest. 


Parts 

In  the  drawings  it  was  difficult  to  get  exact  halves,  fourths  and  thirds.  Yet,  when  asked,  most 
pupils  said  that  the  halves  had  to  be  equal.  The  equality  of  fourths  was  less  important  and  the  equality 
of  thirds  even  less.  As  many  as  six  of  the  eleven  6th  graders  expressed  the  idea  that  the  three  parts  in 
figures  2a  and/or  2e  were  thirds  (the  answers  to  j  roblem  7  arc  not  accounted  for  in  tables  2  and  3, 
which  explains  the  absence  of  a  specific  column  for  'parts').  One  2nd,  one  3rd,  one  4th  and  one  6th 
grader  also  illustrated  in  their  pictures  for  problem  i  tliat  they  disregarded  the  equality  of  thirds  (fig  3 
a,  b,  c).  Yet,  the  6lh  grader  made  ihi^ec  drawings  because  she  warned  her  thirds  to  be  more  equal. 

si  S)  ®  A' 

Fig  3a  (grade  3)  (S^r      Fig  3b  (grade  4)  Fig  3c  (grade  6) 

Form 

Pia  and  three  further  children  in  grade  2  thought  of  'one  third'  as  'form'.  Their  'third'  was  a 
triangle.  This  is  often  called  'trekant'  by  Swedish  children.  The  part  'tre'  -  the  Swedish  word  for 
'three'  -  is  also  the  first  part  of  'tredjedcl'  (a  third),  and  the  small  children  seem  to  mix  these  two 
words.  Thus,  when  asked  to  give  1/3  of  something  to  the  interviewer,  Pia  said: 

P:  Then  J 'd give  you  a  xandwich  ...  which  is  like  this  ...  three  sides  ^) 

lltere're  sandwiches  with  three  sides  Dttd  likes  them  (writes  1/3  and  explmris  what  3  is) 

It  mans  this ...  If  there's  a  little  triangle  (circles  a  '  ^  C^^Tt*^ 

little  triangle! ...  there ...  /  can  break  it  up  ...  There ... 

(draws  the  'little  triangle'}  you've  got  a  little  ...  If  it  isn't  enough  ...    ^''<^  ^  ^/  Fig  4 

What  i.'i  in  Pia's  mind  is  not  the  'thirds'  the  interviewer  thinks  of.  It  is  'irekantiga'  (three  sided) 
sandwiches  and  'sharing'.  The  last  part  'del'  in  the  word  'trcdjedel'  is  close  to  the  Swedish  word 
'dcla'  (share).  When  asked  to  give  the  interviewer  'one  third'  of  the  band  Pia  cuts  it  like  fig  5,  saying; 

P:  Now,  I've  got  a  little  third  (tredjedel) ' 

/;  A  little  piece  with  three  stdes  (tre  kanter)  ?   

P:  It's  called  a  third  (tredfedel) 
Asa,  another  second  grader,  drew  this  'tliird'  of  a  piece  of  sugar  as  a  gift  to  the  interviewer  (fig  6): 

Fig  6 
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Size 

The  'size'  conception  could  be  expressed  in  two  diffcnint  ways: 
/.  There  must  be  four  in  'one  fourth' and  three  in  'one  third' 
2.  Onefourtit  is  bigger  than  one  third 
These  ideas  are  also  observed  in  earlier  research  (see  for  instance  Hunting,  1989).  They  could 
appear  simultaneously  and  both  seemed  to  be  related  to  the  children's  experiences  of  whole  numbers. 
Further,  the  denominators  in  1/2. 1/3  and  1/4,  which  were  known  by  many  of  the  children  might  also 
have  contributed  to  these  conceptions,  even  if  the  problems  were  not  given  in  written  form. 

There  ftmst  be  four  in  'one  fourth'  and  'three  bi  'ortf  third' 

Even  if  the  first  way  in  which  pupils  expressed  the  'size'  conception  was  related  to  all  answers  it 
was  most  often  observed  in  problem  3  with  the  12  cubes.  Wlien  the  children  should  lake  1/4  of  these, 
many  of  them  took  four  cubes  instead  of  three,  explaining  that  this  was  1/4  'cause  it's  four'.  The 
same  sort  of  explanation  was  given  when  three  cubes  were  taken  for  1/3. 

In  problem  2,  this  conception  could  be  expressed  by  giving  all  the  four  pieces  in  which  the  string 
was  divided  to  the  interviewer,  in  order  to  give  'one  fourth',  and  all  three  for  'one  third'.  Some 
children  gave  only  1/4  of  the  string  to  her,  but  did  divide  up  this  'fourth'  first  into  four  small  pieces. 

Matilda,  grade  4,  expressed  the  idea  of  'four  in  a  fourth*  when  she  solved  problem  5,  the  'jogging- 
track*  problem,  putting  a  mark  at  liie  first  'comer'  of  the  track: 
M:  It  has  to  be  up  at  the  top ..  Then  you  can  start  going  round  again 
I:  How  do  you  know  there's  a  fourth  there,  then  ? 

First,  the  third,  that's  a  two,  three  (points  to  the  first,  the  second  and  the  third  side  of  the  triangle)  ft  was 
there  (the  staning  point  of  the  'track',  where  she  had  put  a  mark  to  show 
where  she  has  run  'one  third"  of  the  track).  If  you  add  thai  bit  on  you  get  pur 
I:  So  then  you  can  start  again  ? 
Yes 

(The  tliird  mark  is  for  half  the  track)  Fig  7 

The  same  idea  was  also  expressed  by  other  pupils  when  the  *track- problem'  concerned  1/2.  Two 
children.  Thomas  and  Pia  grade  2,  illustrate  that  'halves'  partly  mean  just  'pieces',  partly  also 
'somctliing  with  two  pieces  in  it*.  Both  children  put  the  mark  for  *one  half  at  the  second  comer  of 
the  track  when  they  solved  problem  5.  After  that,  the  following  dialogue  took  place  between  Thomas 
and  the  interviewer: 

/;  Ahah,  how  do  you  know  you've  run  halfway,  when  you  get  there,  then? 

T:  Well,  there's  one  (points  to  the  first  side  of  the  triangle),  and  two  more  there  dwints  to  the  second  and  third 

side  of  the  triangle) ...  and  if  you  want  another  half,  you  can  put  a  mark  here  (points  to  the  comer  of  the  track. 

and  marks  it.  Fig  8),  and  another  half  ( points  again  to  the  triangle 's  third  side).  \ 

I:  How  many  halves  have  you  got  now,  then  ?  /  \ 

T:  Three  halves:  one  two  three  (points  to  the  three  siiies  of  the  triangle)  /         \  Fig  8 

•*.«  y  \ 

•/I  V—  ^ 
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The  reason  why  the  mark  by  both  the  children  is  put  at  the  second  and  not  at  the  first  comer,  might 
be  that  -  even  if  'one  half  could  be  either  of  the  'three  halves'  -  there  should  be  two  pieces  rather 
than  one  in  1/2,  since  the  denominator  is  2. 

Frederick,  grade  6,  expressed  several  times  the  idea  'three  in  the  third'.  In  the  'string-problem'  he 
folded  the  string  into  four  parts,  cut  it  and  gave  three  of  the  parts  to  thej^rviewer  in  order  to  give 
her  1/3.  His  drawing  of  1/3  in  problem  1  (fig  9),  where  he 
encircled  3/4  of  the  rectangle  he  had  written  and  gave  this  part  as  1/3  to 
the  interviewer  also  expresses  the  idea  of  'three  in  a  third'  (says:  75%). 

When  the  bushes  were  planted  this  same  idea  of 'three  in  the  third'  was  expressed  by  many 
children.  Even  two  6-gradcis  planted  3  bushes  on  2  plots,  letting  the  third  plot  stay  empty. 


Fig  9 


l.Onefou 

Exactly  as  the  first  idea  related  to  the  'size'  conception,  the  second  one  was  also  expressed  in  all 
problems,  yet,  most  often  in  problem  5,  the  problem  with  the  three  glasses.  Margaret,  grade  6,  for 
instance,  measured  the  first  glass  with  help  of  her  finger-span,  to  find  its  middle,  before  she  half 
filled  it  with  water.  Afier  that  she  put  the  second  glass  beside  the  first  one  measuring  its  lower  half 
and  filling  it  to  a  fourth',  meaning  'half  of  the  half,  as  'fourths'  were  called  by  the  2nd  graders.  She 
even  poured  out  some  water  in  order  to  have  exacUy  half  as  much  in  the  second  glass  as  in  the  first 
one.  Yet.  when  she  had  later,  just  as  carefully,  measured  the  third  glass  using  her  finger-span  three 
times  and  poured  water  into  it  up  to  the  first  mark,  she  looked  at  the  glasses  in  astonishment,  saying: 

M:  No,  U  should  go  down  in  steps  -  one.  two.  three'  This  one  (the  third  glass)  is  a  fourth  (she  swaps  tfif  last 

two  glasses,  so  they  are  ranked  according  to  her  idea  of  'one',  'the  glass  with  the  rtwst  water  in  it.  'nvo'.  the 

'middle'  one.  and  'three',  the  glass  with  the  least  water  in  it )  (fig  JOa). 
Sometimes  the  ranking  was  extended  to  include  even  1/2.  The  6th  grader  Frederick,  for  instance, 
expressed  an  idea  which  was  somewhat  different  from  Maigaret's  when  he  solved  the  same  problem. 
After  he  had  filled  the  first  glass  half  full,  he  filled  the  second  one  to  the  brim,  saying: 

F:  A  fourth  is  a  whole! 

To  have  the  third  glass  filled  to  'one  third'  he  poured  a  litUe  more  water  in  it  than  there  was  in  the 
glass  filled  half  full.  When  asked  about  how  he  knew  that  this  was  1/3.  he  answered: 

F:  It's  like  steps  (moves  one  glass  a  little,  as  in  Fig  Wb).  This  one's  full,  this  one  a  bit  less  


Fig  10a 


Fig  10b 


This  idea  simultaneously  expresses  the  conception  that  there  should  be  three  in  1/3  and  four  in  1/4 
and  even  two  in  a  half:  two  fourths  in  1/2,  three  fourths  in  1/3  and  four  fourths  in  1/4  (for  Frederick 
100%  or  'the  whole').  Frederick  here  expresses  the  same  idea  as  the  one  he  expressed  when  he  gave 
the  interviewer  3/4  (talking  of  75%)  of  the  rectangle  and  3/4  of  the  band,  when  asked  to  give  her  1/3. 
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The  idea  that  1/4  is  larger  than  1/3  is  of  course  implicit  lit  the  idea  that  there  should  be  three  in  'one 
third'  and  four  in  'one  fourth'.  Both  ideas  express  the  'size'  conception. 

Mostly  1/2  and  1/4  were  created  by  'halving',  through  folding  the  string  once  or  twice  before 
cutting  it  in  problem  2,  the  'string-problem'.  Yet,  a  lot  of  pupils  expressed  the  conception  that 
dividing  a  continuous  quantity  always  has  to  be  done  through  halving.  These  pupils  strtllpgled  hard  to 
get  1/3  of  the  string  through  folding  it  in  the  middle  again  and  again,  before  they  finally  gave  up. 
Anna,  a  3rd  grader,  who  folded  the  siring  many  times  'in  the  middle',  in  vain,  finally  decided  to  fold 
it  into  four  parts.  She  then  cut  it  and  threw  away  1/4  giving  the  interviewer  one  of  the  three  remaining 
parts,  complaining: 

A:  There's  no  other  wayf  I  can't  n\ake  it  three 

The  6th  grader  Margaret,  folded  the  string  into  'lots  of  parts',  and  gave  one  of  tlic  very  small  pieces 
to  the  interviewer.  Asked  about  why  she  thought  this  piece  was  1/3  of  the  string,  she  answered: 

M:  I  folded  ii  so  many  times  thai  it  became  a  third 
Many  young  pupils  'halved'  the  string  repeatedly  to  get  thirds,  in  the  way  Margaret  did,  and  ended  up 
with  very  small  parts.  This  way  to  form  thirds  might  support  the  idea  that  1/3  is  less  than  1/4.  The 
idea  of  halving  as  the  only  way  to  divide,  even  for  getting  thirds,  appeared  also  in  drawings  (fig  1 1). 
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Grade  4  Fig  He 


Gradc3Rglla  n~  Grade3Figllb 
Yet,  most  of  the  older  pupils  divided  the  band  through  measuring,  not  through  folding.  And  if  they 
folded  ihey  did  not  think  as  Margaret  and  the  younger  children:  'If  you  fold  enough  times,  then  you 
finally  must  get  1/3!'  They  manipulated  the  string  in  different  ways,  began  for  instance  as  in  fig  12a 
and  moved  the  string  until  Uiey  had  formed  it  as  in  fig  12b.  They  estimated  and  adjusted.  Yet,  that  the 
string  was  finally  formed  as  in  fig  1 2b  often  seemed  to  happen  by  chance. 


Fig  12a  Figl2b 
One  of  m  certain  number  of  parts 

A  conception  often  expressed  by  the  older  pupils  was  that  2/6  cannot  be  1/3.  They  had  problems 
with  the  six  bushes  which  should  be  planted  on  the  iliree  plots,  1/3  on  each  plot.  Three  of  the  eleven 
6th  graders  put  one  bush  on  each  plot,  explaining  that  it  could  not  be  two,  because  then  it  would  be 
2/6  on  each  plot,  not  1/3.  AsVcd  if  2/6  could  not  be  1/5  they  gave  very  convinced  answers  of  the  type: 
'No,  lliirds  can't  be  sixths!'  In  contrast,  all  but  one  of  the  4th  graders  correctly  put  two  bushes  on 
each  plot. 

The  idea  that  2/6  cannot  be  1/3  was  also  revealed  in  problem  7,  figs  2c  and  d.  While  6  of  the  1 1 
pupils  in  grade  6  thought  that  in  these  figures  2/6,  and  thus  not  1/3,  were  shaded  -  one  of  them  later 
changing  her  mind  to  2/3  -  8  of  the  10  pupils  in  grade  3  found  it  self  evident  that  1/3  was  shaded, 
even  explaining:  Two,  two,  two  ...  three  twos  ...  one  of  them  is  shaded' 
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Thus  the  'ratio'  experience  seems  to  exist  at  a  very  early  sugc,  but  then  context-bound  and  in 
parallel  with  other  conceptions,  for  instance  the  'size'  conception.  What  seems  to  happen  is  that  when 
teachers  want  to  help  children  understand  that  the  denominator  means  neither  the  number  of  objects 
within  each  part,  nor  the  si/e  of  the  part,  they  stress  that  it  means  the  number  of  parts.  If  this  idea  is 
not  related  to  the  idea  formed  earlier  that  *l/3  can  be  one  of  three  twos',  it  impedes  further 
development  of  the  embryo  of  a  'ratio'  conception  of  fractions,  that  is  intuitively  expressed  by 
younger  children. 

Ratio 

If  problem  6  and  the  figures  c  and  d  in  problem  7  arc  not  correctly  solved,  this  illu.strates  that  the 
conception  of  fraction  as  'ratio'  is  not  developed.  Yet,  the  fact  Uiat  these  problems  are  correctly 
sclvcd  cannot  alone  illustrate  that  the  'ratio'  conception  is  developed.  The  young  children  who  solved 
these  problems  correctly  only  illustrated  a  context-bound  'ratio  conception'  existing  in  parallel  with 
the  non-functional  'size'  conception.  A  Vatio'  conception  which  is  not  context-bound  presupposes 
that  the  denominator  is  understood  neither  as  denoting  the  number  of  objects  in  each  part,  nor  as 
denoting  the  size  of  the  fraction,  nor  as  denoting  the  number  of  parts.  It  must  be  understood  in 
relation  to  the  numerator.  A  'ratio*  conception  that  is  not  bound  by  context  is  only  expressed  if  all 
seven  problems  arc  solved  corrcctly.  None  of  the  pupils  expressed  this  kind  of  conception  of  'ratio'. 

Concluding  remarks 

In  a  study  earlier  presented  (Neuman,  1991)  concerning  children's  conceptions  of  division  it  was 
illustrated  that  most  second  graders  could  solve  partitive  and  quotitivc  division  problems  in  the  same 
way  through  proportional  thinking.  They  thought  of  the  divi.sor  as  cxpre.ssing  the  objects  shared  out: 
in  partitive  problems  one  object  to  each  part  in  each  round,  and  in  quotilive  problems  all  objects  to 
one  part  in  each  round.  YeU  this  was  only  the  first  .step  in  a  longer  or  shorter  'ratio  table'  which  they 
u.sed  in  order  to  solve  the  division  problems,  for  instance  by  saying:  'Seven  marbles',  one  to  each  of 
the  seven  children,  'fourteen  marbles,  two  to  each  child',  'twenty-eight,  four  to  each  child*  

This  proportional  idea  also  has  to  he  related  to  the  understanding  of  fractions:  2/6,  3/9.  4/12  ... 
must  be  understood  as  other  ways  of  expressing  1/3.  In  order  to  be  able  to  bring  about  this 
understanding  teachers  have  to  become  aware  of  how  children  understand,  and  misunderstand, 
fractions.  Some  knowledge  of  this  kind  has  hopefully  been  revealed  through  the  study  presented 
herc.  Its  results  underline  what  Strccfland  (1991)  has  strongly  emphasized  in  his  book  on  Tractions 
in  nialistic  teaching':  fractions  should  not  be  taught  in  isolation  from  division  and  proportionality. 

The  leaching  of  fractions  would  probably  more  often  end  up  in  learning  of  fractions  if  all  childish 
misunderstandings  related  to  early  experiences  were  brought  to  light  through  confrontations,  and  if  all 
early  powerful  and  functional  understanding  was  taken  care  of  and  further  elaborated  through 
communication  in  the  cliLs,sroom. 
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Table  1:  Number  of  jnawert  (ntunber  of  puf  '1»  wllhin  bracket!)  in  each  grade,  who  »olv«d  the  5  probUmt 
concerning  1/4  in  different  ways. 


SIZE 

Larger      Larger  than  Four 
thanl/3    l/2and  inthe 
tivin  1/3  part 

Qjrrect 

Not  given 
or  not  cate- 
gorized 

Single 

cale- 

gories 

Don't 
know 

N 

Gr3 
Answers 

Answers 

::r6 

Answers 

3(1)       1(1)  9(6) 

m    m  9(7) 

10(6)      1(1)  13(5) 
7(2)      \m  flA\ 

25(9) 
22(7) 
21(8) 
44^10) 

5(5) 
10(2) 
5(3) 

2(1)* 
2(1)* 
5(2)" 
0(0) 

0(0) 
0(0) 
0(0) 
2(2)*^ 

45(9) 
50(10) 
55(11) 
'55<U) 

Total 

Ansvvos 

23^14^     3/31  37f2?^ 

ilZlSAL. 

2(xim 

2^2) 

205{iU 

Table  2:  Number  of  answers  (number  of  pupils  within  brackets)  in  each  grade,  who  solved  the  6  problems 
concerning  1/3  in  different  ways. 


SIZE 

FORM 

ONEOFA 
NUMBER 
OF  PARTS 

Less 
thian 
1/4 

Three 
inthe 
part 

Triangle 

2/6  is 
not  1/3 

Correct 

Not  given 
ornot 

categorized 

Single 
catego- 
ries 

N 

Gr:. 

Answer 
Gr3 

17(7) 

13(7) 

4(3) 

m 

13(4) 

6(3) 

1(1)* 

54<9) 

Answer 
Gr4 

14(7) 

7(5) 

2(1) 

1(1) 

24<9) 

10(2) 

1(1)- 

59(10) 

Answer 
Gr6 

1G(9) 

14(7) 

0(0) 

1(1) 

28(10 

3(3) 

4(1)*** 

66(11) 

Answer 

3/21 

lOfSI 

(vm 

3(3) 

47fini 

0/0) 

3G)**-' 

66/11) 

ToUl 

5025)  44(24) 

6(4) 

5/5) 

ii2mi 

19/fl) 

9/6) 

*)Vcry  small  part  *•)  1/3  of  3/4  ••♦)  1/3  is  a  rather  large  pan  ••*•)  •Parts' 
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CONCEPTUALIZING  RATE:  FOUR  TEACHERS'  STRUGGLE 
Randolph  A.  Philipp  onH  jtiHith  T.  Sowder.  San  Diego  State  Univenity 
Alfinio  Flores,  Arizona  State  University 

Th£  concent  of  rate  is  important  to  the  development  of  many  areas  of  mathematics.  Yet 
lacf^rXlittle  expedience  with  rate  beyond  using  the  distance-rate^tmteforrnuUi. 
IM^^d^^^  of  rate,  Thompson  has  shown  that  the  development  of  the 

concXrme  TonSmstaies  where  thi  individual  thinks  of  speed  as  distance,  then  speed 
Tar^ofLai  dStmce  w  total  time,  and  finally  as  proportional  ^F^^^^^ 
distance  aid  time,  that  is.  as  an  abstracted  ratio  In  this  ^"^/^'f  jT^^^^^ilT 
Worked  through  a  series  of  problems  dealing  with  rate  overapenod  of  several  ^f^^- Jhe 
Z\n!V^ problems  was  to  lead  the  teachers  to  understand  rate  concepmdty  rather  than 
^  ^  rntrS  ^      '^^^^^  develop  this  concept.  The  difficulties 

encountered  by  both  the  teachers  and  researchers  are  chronicled. 

Mathematics  educators  agree  that  teachers'  knowledge  is  one  of  the  most  important  influences  on 
what  transpires  in  their  classrooms  and  conscquenUy  on  what  their  students  Icam  (Ball  &  McDiannid, 
1990-  Fenncma  &  Franke.  1992).  Although  nmny  consider  content  knowledge  to  be  important,  there  is 
UtUe  known  about  how  teachers'  content  knowledge  impacts  on  teachcn'  instructioDil  decisions.  Even 
in  areas  that  have  been  richly  researched,  such  as  rational  numbers  (Behr,  Harcl.  Post,  8c  Lesh.  1992). 
there  is  still  a  need  to  "buUd  a  comprehensive  picture  of  teachers'  understanding  of  rational  number 
topics  and  then  relate  this  understanding  to  teachers*  decision  making  and  classroom  instruction  in  a 
systematic  way"  (Brown»  in  press,  p.  7). 

This  paper  will  describe  four  middle  school  teachers'  understanding  and  rcconccptuaUzaUons  of 
the  concept  of  rate  and  the  instructional  impUcations  for  tiie  teachers'  conceptualizations.  The  four 
teachers  described  here  had  been  selected  to  participate  in  a  long-term  research  effort  to  investigate  tiie 
role  of  teacher  knowledge  of  middle  school  number  and  quantity  concepts  and  reasoning  on  instructional 
practices  and  on  student  learning.  (See  Sowder,  1991.  for  a  detailed  fran«work  guiding  Uiis  research). 
These  teachers  were  all  recognized  within  tiie  local  matiiematics  education  community  as  exemplary 
teachers  and  leaders  and  were  weU-known  by  our  research  group.  The  general  conceptions  and  practices 
of  these  four  teachers  are  addressed  elsewhere  (PhUipp.  Flores,  Sowder,  &  SchappeUe,  1992). 

Ba^'kground:  The  Concept  of  Rate 

We  chose  to  investigate  teachers'  conceptions  of  rate  because  of  die  role  of  Uiis  concept  in  the 
development  of  many  areas  of  mathematics  (Ush,  Post,  &  Behr.  1988;  TTiompson,  1992).  We  agree 
witii  these  scholars:  The  concept  of  rate  is  too  important  to  leave  until  die  study  of  algebra.  espcciaUy 
because  by  Uiat  point,  students  are  usually  taught  a  procedure  by  which  to  solve  problems  of  rate  instead 
of  a  way  of  tiiinking  about  die  important  concepts. 

Our  conceptuaUzationof  die  concept  of  rate  i:.  based  on  Thompson's  tiieoretical  framework 
(1992;  in  press-a).  Thompson's  distinction  between  rate  and  ratio,  unlike  oUier  distinctions  described  in 
die  Uterature  (Ush.  Post.  &  Behr.  1988;  Vergnaud,  1983),  is  grounded  in  die  mental  operations  by 
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which  people  constitute  situations,  and  not  upon  the  situations  per  sc.  That  is,  one  cannot  know  whether 
the  relationship  is  a  ratio  or  a  rate  for  an  individual  until  one  knows  how  that  individual  conceives  the 
relationship. 

For  Thompson,  a  ratio  is  a  multiplicative  comparison  of  two  quantities,  whetlier  the  quantities 
arc  of  like  xnXMit  (10  years  old  compared  to  6  years  old)  or  unlike  nature  (10  miles  traveled  in  2  hours). 
These  quantities  may  involve  a  comparison  of  the  two  collections  as  they  arc,  or  they  may  involve  a 
comparison  of  one  ts  tttcasuicd  by  the  other.  For  example,  the  quantities  3  apples  and  2  oranges  may  be 
compared  as  tiiey  arc  (3  apples  to  2  oranges),  or  as  1  1/2  apples  to  every  I  orange  (one  measured  by  the 
other).  As  long  as  the  multiplicative  comparison  is  between  two  specific,  non-varying  quantities,  the 
comparison  is  a  ratio.  A  rate  is  a  reflectively  abstracted  constant  ratio.  That  is,  when  one  conceives  two 
independent,  static  states,  such  as  3  apples  to  4  pears,  one  has  made  a  ratio.  When  one  rcconccives  that 
situation  as  being  tiiat  the  ratio  applies  outside  of  the  originally  conceived  phenomenal  bounds,  tiien  one 
has  generalized  tiiat  ratio  to  a  rate  (3  apples  to  4  pears  might  become  3/4  apples  to  one  pear). 

Thompson  considers  speed  is  an  instance  of  rale,  and  as  such,  they  develop:  similarly. 
Children's  first  image  of  speed  is  as  a  distance,  with  the  rime  unit  being  omitted  and  only  conceived 
implicitly.  For  example,  if  asked  to  determine  how  long  it  would  take  someone  traveling  30  miles  per 
hour  to  travel  100  miles,  the  child  would  coticcive  of  lengths  of  30  miles  (in  one  hour)  covering  the  100 
mile  distance.  For  the  child,  each  iteration  of  the  distance-speed  implies  a  time-unit,  and  he  may  be  able 
to  see  that  it  would  require  3  1/3  time  units  to  cover  the  distance.  If  a  wore  difficult  problem  is  asked 
involving  finding  the  speed  one  must  travel  to  cover  the  distance  in  a  given  time,  die  child,  being  unable 
to  see  a  multiplicative  relationship  between  speed,  rime,  and  distance,  will  have  to  resort  to  a  guess-and- 
chcck  strategy  of  fmding  a  speed-length  that  will  cover  the  distance  in  die  given  number  of  units  of  time. 
This  is  exactly  what  occurred  in  Thompson's  research  during  an  interview  a  teacher  hsld  with  one  of  his 
6th-grade  students.  When  asked  to  determine  the  speed  at  which  a  turtle  might  nin  200  ft  in  8  seconds, 
the  student  was  able  to  draw  upon  her  previous  work  with  speed- lengths  to  determine  that  8  speed- 
lengths  of  25  feet  (in  one  second)  would  work.  However,  when  she  asked  to  determine  the  speed  ut 
which  a  turtle  might  run  200  feet  in  7  seconds,  she  was  unable  to  find  a  solution  because  she  could  not 
conceive  of  speed-lengths  of  a  size  such  that  exactly  7  would  fit  into  200  feet. 

In  between  the  stages  of  conceptualizing  speed  as  a  distance,  which  was  just  described,  and 
speed  as  a  rate  students  perceive  of  speed  as  a  ratio  of  total  distance  to  total  time.  It  is  only  in  the  final 
stage  that  the  students  conceptualize  total  accumulations  of  both  distance  and  time  growing 
simultaneously  witli  accruals  of  each. 

Data  Collection  and  Procedures 

A  scries  of  seminars  was  held  with  the  four  teachers  who  were  subjects  of  this  study.  During  the 
seminars,  we  provided  teachers  with  opportunities  to  discuss  their  thinking  about  carefully  selected  tasks 
designed  to  encourage  a  rcconcepinalization  of  mathematical  concepts  about  which  they  aheady 
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possessed  some  undcntanding.  This  approach  was  based  on  Piagcfs  notion  of  gencraUzcd  assimilation, 
explained  nicely  in  a  recent  paper  by  Thonapson  (in  press-a): 

We  recognize  situations  by  the  fact  wc  have  assimilated  them  to  a  scheme.  When 
features  of  that  situation  emerge  in  our  understanding  that  do  not  fit  what  we  would 
normally  predict,  we  introduce  a  distinction,  and  the  original  scheme  is  accommodated 
by  diffcrentiatiiig  between  conditions  and  subsequent  implications  of  assimilatioa  (p.  4) 
One  roadblock;  to  introducing  distinction  when  working  with  teachers  is  that  they  possess  formal, 
symbolic  skills  that  enable  them  to  successfully  solve  problems  without  relying  upon  the  underlying 
conceptual  foundations.  Yet  teachere  must  explore  and  understand  the  role  of  these  concepmal 
foundations  if  they  wish  for  tlieir  students  to  acquire  deep  understanding.  For  example,  although  most 
middle  school  mathematics  teachers  understand  how  to  combine  ratios  and  how  to  combine  firactions, 
they  may  not  have  thought  deeply  about  how  it  is  that  ratios  and  fractions  differ  in  terms  of  the  role  of 
the  unit  Therefore,  in  order  to  orient  the  teachers  towards  this  important  idea,  they  must  be  aslccd  a 
question  or  exposed  to  a  situation  which  can  not  be  solved  or  reasoned  within  their  cuircnUy  held  rules 
or  conccpmalizations.  For  example,  the  following  questions  instigated  a  long  discussion  because  of  the 
difficulties  it  presented  to  the  teachers: 

A  smdent  says  that  3/8  +  5/12  is  8/20  and  justifies  her  reasoning  as  follows:  "If  I  made 
3  out  of  8  lite -throws  in  the  morning,  and  5  out  of  12  free-tluows  in  the  afternoon,  Uicn 
altogether  I  made  8  out  of  20  free  throws."  How  would  you  respond  to  that  student? 
The  teachers  could  not  rely  upon  a  formal  solution  to  this  problem,  because  this  problem  docs  not  fit  into 
any  stereotypical  mold  It  is  only  in  the  process  of  reexamining  then*  understanding  of  the  relationship 
between  ratio  and  fractions  that  teachers  could  make  sense  of  this  problem. 

Three  of  the  seminars  included  discussions  dealing  with  rate.  The  first  session  involved  using 
the  computer  microworld  OVER  &  BACK  (Thompson,  in  press-b),  involving  a  turtle  and  a  rabbit  who 
run  over  and  then  back  along  a  number  line  of  length  100  feet  (Figure  I).  Both  animals  can  be  assigned 
speeds  at  which  to  run,  witii  the  turtie  having  the  capability  of  running  at  one  speed  over  and  a  different 
speed  back,  whereas  the  rabbit  must  run  both  directions  the  same  speed.  The  animals  may  cither  be  mn 
together,  as  in  a  race,  or  separately,  and  as  they  mn  a  timer  shows  elapsed  time.  The  race  may  be 
intermpted  by  pressing  pause,  at  which  time  tiie  distances  traveled  by  both  animals  will  be  displayed  on 
the  screen. 
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Between  the  first  and  the  second  seminars  the  teachers  completed  a  written  test  of  roatnematical 
content  knowledge.  Two  of  the  items  on  this  test  dcait  witli  rate,  The  tests  were  returned  to  the 
teachers,  umnarked  and  unscored,  and  discussed  in  detail  with  the  teachers  during  the  second  seminar. 
During  the  third  seminar  two  rate  problems  were  presented  to  the  teachers  and  discussed  in  detail. 
Finally,  the  teachers  completed  a  "homework"  assignment  several  weeks  afcer  the  discussions  on  rate. 
This  assignment  included  two  rate  problems  together  with  several  other  questions. 

Results 

This  section  will  combine  tlie  description  of  our  work  with  the  teachers  and  the  results. 
In  their  work  with  the  microworld,  the  teachers  were  instructed  to  think  about  each  of  the 
following  questions  before  running  the  animals.  The  questions  were: 

1)  Predict  the  time  over  and  back  (100  feet  for  each  direction)  for  the  rabbit  if  the  speed  is: 

a)  50fl/scc  b)  40  ft/sec  c)  30  ft/sec 

2)  What  speed  would  you  have  to  set  in  order  to  go  over  and  back  in 

a)  8  seconds  b)  2  seconds  c)  6  seconds  d)  7.5  seconds 

After  working  with  these  questions  using  the  microworld,  the  teachers  discussed  what  they 
found.  The  first  question  seemed  to  be  easy  for  all  four  teachers.  They  quickly  solved  each  of  the  three 
parts  to  question  1  and  explained  their  reasoning  as  either  seeing  speed-lengths,  or  by  dividing  200  by 
each  number.  The  discussion  of  the  second  question  was  a  little  more  interesting.  The  first  teacher 
reported  using  information  from  the  first  question  when  answering  the  second  question.  For  example, 
she  realized  tliat  since  50  fl/scc  took  4  seconds,  it  would  require  half  that  speed  to  take  twice  as  long  (8 
seconds)  and  twice  the  speed  to  take  half  as  long  (2  seconds).  Then,  she  knew  that  it  would  require  1/3 
the  speed  of  the  2  second  trip  to  make  the  6  second  trip.  She  used  a  calculator  to  divide  100  by  7.5  on 
the  last  question.  A  second  teacher  solved  2a,  b,  and  c  by  tliinking  of  speed  as  a  distance.  She  explained 
this  as  picturing  chunks.  On  part  d.  she  used  a  calculator,  but  reported  that  she  was  not  sure  whether  to 
multiply  or  divide.  A  third  teacher  solvod  question  2  by  dividing  200  by  each  number,  using  a  calculator 
for  part  d.  He  then  looked  at  the  numbers  to  see  if  they  made  sense,  but  he  too  was  not  "$20  sure."  The 
fourth  teacher  solved  the  problems  correctly  and  said  that  she  was  one  million  dollar?  sure  of  her  work. 

When  asked  what  they  might  do  to  help  students  understand  these  problems,  tlic  teachers 
responded  in  a  variety  of  ways.  The  first  teacher  suggested  relating  each  of  the  parts  in  question  2  to 
question  1.  She  explained  tliis  for  parts  a,  b,  and  c,  but  did  not  attempt  to  explain  how  the  same 
reasoning  might  be  applied  to  part  d  The  second  teacher  reported  that  she  was  confident  she  undcrs{cx>d 
until  she  solved  problem  2d,  at  which  time  she  relied  upon  a  formula.  Tlic  third  teacher  expressed 
concern  with  "instantaneous  start-up,  etc.",  versus  average  speed.  He  suggested  that  one  way  to  solve 
tliese  kind  of  problems  would  be  to  find  a  pattern.  One  of  the  researchers  directed  the  teachers'  attention 
toward  the  conceptualization  held  by  students  who  perceive  speed  as  a  distance.  The  fourtli  teacher 
responded  by  stating  that  she  saw  chunks  as  rate,  involving  distance  and  time,  instead  of  just  distance. 
This  response  indicated  that  she  understood  how  her  view  differed  from  the  spced-as-distance  view.  Tlic 
other  three  teachers  did  not  appear  to  comprehend  the  significance  of  her  statement. 
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At  this  point  the  teachers  viewed  Thompson's  videotape  described  earlier  in  this  paper  of  a 
teacher  interviewing  a  sixth-  grade  student  whose  conception  was  of  speed  as  a  length.  After 
successfully  solving  the  quesdon  requiring  her  to  determine  iJie  speed  at  which  the  rabbii  must  nin  over 
and  back  in  order  to  complete  Uie  200-foot  trip  in  8  seconds,  the  student  in  Uie  vidcotai)c  was  unable  to 
determine  the  spied  at  which  the  rabbit  might  complete  the  same  trip  in  7  seconds.  TTic  teacher  in  the 
videotape,  who  did  not  understand  the  student's  conception  of  rate,  was  at  a  loss  as  to  how  to  assist  the 
student.  We  asked  the  four  teachers  to  consider  the  following  questions  while  watching  the  videotape: 

1)  What  docs  the  student  understand  and  what  does  she  not  undcrstai\d? 

2)  Wliy  was  the  subject  so  confusing  to  her? 

3)  What  WM  the  teacher  doing  that  contributed  to  Uie  student's  confusion. 

After  viewing  this  videotape,  we  immediately  watched  anoUicr  videotape  of  Thompson  himself  working 
with  the  same  student.  Thompson,  realizing  that  Uie  student  possessed  u  conception  of  speed  as  a 
distance,  provided  the  student  with  a  sequence  of  ULsks  designed  to  orient  her  toward  developing  the 
hudal  undersunding  of  speed  as  a  ratio.  He  accomplished  liiis  by  first  drawing  a  distance  segment 
labeled  523  feet  and  Uien  asking  the  student  to  answer  questions  directed  toward  understanding  how  the 
distance  might  be  partitioned  into  a  different  number  of  segments.  After  Uic  student  seemed  to 
understand  that,  for  example,  dividing  the  length  up  Into  5  sections  would  result  in  each  section  being 
die  same  length  (523  +  5),  he  intioduccd  another  segment  labeled  tirrie.  After  asking  a  series  of 
questions,  Uie  sa'4ent  was  able  to  see  that  parudoning  the  time  segment  into  5  sections  must  be 
accompanied  by  partitioning  the  distance  segment  into  5  sccdons,  whereby  each  section  of  distance 
523+5  would  be  run  in  1/5  seconds.  The  student  was  then  asked  to  solve  a  problem  similar  to  that  which 
had  caused  her  so  much  trouble  llie  previous  day,  except  for  Uiis  new  problem  she  was  asked  to 
detennine  the  speed  at  which  the  rabbit  must  run  in  order  to  go  over  100  feet  in  7  seconds.  She  solved 
diis  by  drawing  two  segments,  one  labeled  distance  and  the  other  labeled  rime,  and  dividing  both 
segments  into  7  equal  sections.  It  was  then  very  clear  to  her  Uiat  Uic  speed  at  which  the  rabbit  must  run 
would  be  100/7  feet  (in  one  second).  Notice  Uiat  although  Uic  student  had  developed  Uie  initial  concept 
of  speed  as  a  rate,  distance  was  still  predominant.  At  this  point  we  ended  die  videotape  and  discussed 
what  we  had  seen. 

The  teachers  had  difficulties  undersfanding  the  student's  conception  of  the  problem.  The 
researchers  tried  explaining  to  the  teachers  how  the  student's  conceptualiztttion  of  speed  as  a  distance 
evolved  into  an  iniUal  conceptualization  of  speed  as  a  rate,  but  die  teachers  did  not  seem  to  follow  the 
expluiiation.  The  comments  of  two  of  the  teachers  indicated  that  they  diemsel  ves  possessed  die  spced- 
as-distance  conceptualization,  and  tliereforc  could  not  understand  how  more  advanced  views  of  nite 
could  be  built  upon  this  view.  As  a  result,  die  significance  of  what  Thompson  was  able  to  accomplish 
with  diis  student  seemed  lost  on  dicsc  two  teachers. 

After  this  group  discussion  the  teachers  took  the  content  test  which  included  the  following  two 
rate  problems: 
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19)  A  biker  rides  at  a  speed  of  20  kro/hr  for  half  and  hour  and  then  Jogs  ai  a  speed  of 

15  kro/hr  for  half  on  hour.  What  is  her  average  speed? 

20)  A  biker  rides  at  a  speed  of  20  kin/hr  for  a  few  km,  and  then  uims  around  and 

walks  home  (same  route)  at  a  speed  of  5  km/hr.  Vk'hat  is  his  average  speed? 
The  following  seminar  was  devoted  to  discussing  the  teachers'  responses  on  the  test.  A  substantial 
amount  of  time  was  spent  discussing  tlir  iwo  rate  questions.  Teacher  I  had  not  responded  to  cither  of 
the  two  questions  and  teacher  2, 3,  and  4  correcUy  answered  #19.  None  of  the  three  teachers  who 
responded  to  question  #20  answered  it  cc  nrcctly.  Two  responded  12.5,  and  the  third  resjwndcd  that  she 
could  not  say. 

Three  of  the  four  teachers  did  not  understand  i\ow  tirnc  played  a  role  in  problem  #20.  Teacher  2 
began  by  showing  how  she  had  divided  the  sum  of  20  and  5  by  2,  resulting  in  12  1/2.  Teacher  3 
commented  that  he'd  done  the  same,  adding,  "Wc  don't  know  the  number  of  kUomcters  so  oiUy  the 
speed  is  important,  not  tl\c  distance."  It  was  pointed  out  that  in  problem  #19.  the  runner  spent  the  same 
amount  of  lime  running  the  two  rates,  whereas  in  the  problem  #20.  the  runner  spent  foui-  times  as  long 
mnning  at  one  rate  than  tl\e  other.  The  teachers  then  began  to  conceptualize  the  problem  as  total 
distance  divided  by  total  time,  resulting  in  the  correct  answer  8.  However,  they  were  still  not  seeing  rate 
as  the  proportional  accumulation  of  distance  with  respect  to  time.  This  session  ended  with  the  teachers 
still  confused  about  problem  #20. 

During  our  next  meeting,  at  which  only  three  of  tiie  four  teachers  were  present  (teacher  I  was 
absent),  wc  discussed  two  rate  problems  involving  different  contexts.  Tire  problems  follow: 

1)  Tom  brouRhl  hi.s  class  to  a  movie.  He  bought  30  chocolate  bars  at  80  cents  a  bur 
and  30  taffy  bars  at  50  cents  a  bar.  What  was  tiic  average  cost  per  candy  bar? 

2)  Sue  brought  some  friends  to  a  movie.  She  spent  $48.00  on  food,  half  of  it  on  hot 
dogs  and  tiie  otiier  half  on  popcorn.  If  tiie  hot  dogs  cost  $4.00  each  and  tiic 
popcorn  cost  $2.00  each,  what  was  ti\e  average  cost  per  item  of  food? 

There  was  immediate  concern  about  problem  #2.  Why  would  anyone  ever  want  to  determine  the 

average  cost  of  different  items.  The  discussion  revolved  around  this  issue  until  one  of  ti\e  faculty 

proposed  the  following  "real  life"  problem: 

Suppose  some  parents  and  children  go  to  a  movie,  but  not  all  of  tlie  parents  of  all  of 
the  children  attend.  Altogctl\cr$48  is  spent  on  tickets,  with  half  being  spent  on  adult 
tickets  costing  $4  apiece  and  half  being  spent  on  children's  tickets  costing  $2  apiece. 
It  is  decided  that  everyone  will  pay  tiie  same  amount  for  each  ticket  How  tnuch 
should  parents  not  attending  send  with  each  child  to  pay  for  his  or  her  ticket? 
Even  after  a  lengtiiy  discussion  of  tiiis  problem,  two  of  the  tiircc  teachers  had  difficulty  seeing  how  tltis 
problem  was  similar  to  problem  #20  from  tlie  content  test. 

The  last  exposure  to  rate  problems  witii  tiie  teachers  occurred  dunng  an  "assignment"  (we  use 
this  term  loosely,  because  our  sessions  with  tiie  teachers  were  informal  and  tiiey  never  really  had  any 
homework)  given  to  tiie  teachers  toward  tiie  end  of  the  semester  during  which  time  we  asked  tiie 
teachers  to  reflect  on  what  tiiey  had  learned-  Altiiough  this  assignment  primarily  focused  on  the  impact 
tiicy  felt  tiie  sessions  had  had  on  tiiem.  we  included  the  following  two  rate  problcias: 
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1)  A  stotc  owner  niixej  1 2    of  pciuiuts  wcrtli  $4,00  /  leg  v  ith  12  k/ji  of  cashews  worth  $9,00  / 
kg.  At  what  pri  r.  shall  she  sell  thi:  mixture? 

2)  A  stove  owner  r.  \ci  [7.  kg  of  pcwuuj  v/o.  th  $'^.00  /  kg  with  8  kg  of  cashews  worth  $9.00  / 
kg.  At  what  pr"  .ts » vill  $nc  sell  thj  mixiu  ^7 

All  four  of  the  tcuchcrs  cc  <  ct  y  wlvcd  both  problcivs.  Teacher  *.  found  the  arithmetic  mean  on  the  first 

and  a  weighted  nvcragc  oi  -  i.^  joio/id  (12/20  x  $4  +  J  '20  x  $9).  Teacher  2  explained  that  she  went  back 

and  tried  to  find  an  analoi  ais  j:.  obl;Di  we  had  pTcvio\ij]'i>  solved.  Although  she  ai\$wcrcd  both 

correctly,  she  n?po:lcd  ili;:  ihesj  pjoblems  led  to  fcclli  g--  of  frustration  and  inrimidation,  and  she  was 

not  really  sure  what  she  hid.  done.  Teacher  3  reported ,  iinilar  doubts  aboMi  his  work.  He  solved  both 

the  these  problems  in  the  yanw  nann^ir  by  dctcrminlrij  the  total  cost  and  dividing  that  value  by  the  total 

weight.  Teacher  4  exprc:isc  d  ccj\fKlcncc  solving  tlie  two  problems.  She  solved  the  first  by  calculating 

the  arithnvitic  mcoji  of  4  in  J  9,  a*id  s  \  solved  the  S'icond  by  tnlnking  of  them  as  weighted  averages. 

She  explaini^d,  "In  my  th*  lught  pn)cs'.;$es  I  initially  vistialized  the  two  quantities  and  knew  that  my 

'answer*  would  be  closer  to  the  V4  atiount  and  iliought  about  what  was  rcaijonable  before  computing 

((12x4  +  8x9)  /  20J.  I  am  confident  '.u  my  result," 

Discussion 

Only  one  of  th5  fo,ir  teachers  ^  \  tliis  study  possessed  a  deep  conccptualiaiation  of  speed,  witlj  two 
of  tlie  oihw  three  teachers  conceiving  if  ;(pccd  as  a  distince  and  relying  upon  formal  symbolic 
manipulations  to  solve  problems.  During  tlio  di«:uss.lon  of  the  content  assessment,  which  occurrc<l  after 
the  teachers  had  already  worked  wirh  ai\d  discussed  ttie  mi(;roworld«  at  least  two  (and  perhaps  three)  of 
the  teachers  did  not  clearly  understand  tlie  constant  ratio  accumulation  of  distance  with  respect  to  time. 
Furthennore,  although  they  realized  the  problem  could  be  .wlvcd  using  weighted  averages,  they  did  not 
focus  on  the  fact  that  it  Is  the  tintw;  during  which  distant  accrued,  and  not  the  relative  rates,  that  must  be 
weighted. 

It  might  be  asked  why  do  we  need  to  bother  helping  the  teachers  rcconceptuailze  the  concept  of 
rate?  Hiompson  provides  one  answer  to  tliis  question: 

To  tell  smdents  that  speed  is  "distance  divided  by  time"  with  the  expectation  that  they 
comprehend  this  locution  as  having  soraetl\ii\g  to  do  witli  motion,  assumes  two  tilings:  (1)  ilicy 
already  have  conceived  of  motion  as  involving  two  distinct  quantities  -  distance  and  time,  and  (2) 
that  they  will  not  take  us  at  our  woixl,  but  instead  will  understand  our  utterance  as  meaning  tliat 
we  move  a  given  distance  in  a  given  amount  of  time  and  that  any  segment  of  the  total  distance 
will  rcquhc  a  proportional  segment  of  the  total  time.  In  short,  to  assume  students  will  have  any 
understanding  of  "distance  divided  by  time"  wc  must  as.sume  that  Uiey  already  possess  a  mature 
conception  of  speed  as  quantified  motion.  This  places  us  in  an  odd  position  of  teaching  to 
students  something  which  wc  must  assume  they  already  fully  undet"Stand  if  they  are  to  make 
sense  of  our  instruction.  (Tliompson,  in  press,  p.  37) 

Why  didn't  these  teachers  rcconceptuailze  the  complex  concept  of  rate?  We  will  focus  on  two 
related  reasons.  Fit^t,  we  believe  tliat  the  teachers  did  not  see  a  need.  Even  those  teachers  who  were 
awure  that  they  possessed  less  develoixd  notions  of  rate  were  eventually  able  to  solve  the  problems  tliat 
were  posed.  But  this  leads  to  the  second  reason  tliat  the  teachers  did  not  reconccptuallze  the  concept  of 
rale:  the  researchers  had  not  completely  rcconccptimlizcd  the  concept  themselves.  When  reviewing  the 
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transcripts  of  our  group  sessions,  it  became  clear  that  although  the  researchers  understood  the  students* 
misunderstanding,  our  attempts  to  orient  the  teachers  toward  the  students*  thinking  fell  short  for  two 
reasons:  Fir^t,  we  did  not  understand  our  teachers*  conceptualizations,  and  second,  even  as  we  began  to 
see  how  they  were  thinking,  our  own  conceptualization  of  the  development  of  the  concept  of  rate  was 
insufficient  for  devising  meaningful  tasks  through  which  we  might  have  helped  reorient  the  teachers* 
thinking.  Although  we  had  a  sense  during  the  study  that  something  interesting  was  occurring,  it  was 
only  when  we  sat  down  tc  think  through  this  paper  that  the  story  became  clear.  We  hope  that  this  new 
understanding  will  enable  us  to  be  more  successful  with  the  next  group  of  teachers. 

This  study  provides  a  microcosm  for  what  we  believe  must  take  place  in  order  for  a  deep  reform 
of  the  teaching  and  learning  of  mathematics  to  occur.  In  order  for  our  teachers  to  leam  to  listen  to  their 
students,  they  must  develop  a  deep  understanding  of  both  the  mathematical  concepts  as  well  as  how 
these  concepts  relate  to  the  students*  emerging  conceptions.  But  teacher  educators  can  not  facilitate  this 
process  until  they  have  done  likewise,  and  more  -  that  is,  teacher  educators  must  understand  the  content, 
the  students  perspectives,  the  teachers*  perspectives,  and  the  relationship  between  the  three. 
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NEW  FORMS  OF  ASSESSMENT 
BUT  DONT  FORGET  THE  PROBLEMS 


Marja  van  den  Heuvel-Panhulzen 
Freudenthal  institute,  University  of  Utrecht,  The  Netherlands 


Without  good  problems  It  Is  Impossible  to  Improve  assessment.  This  paper  addresses  the 
development  of  better  forms  of  assessment  from  the  view  of  the  problems.  It  focuses  on  the 
assessment  of  some  key  concepts  and  abilities  on  percentages.  A  series  of  problems  has  been 
developed  for  assessing  these.  The  problems,  which  are  rather  e  fferent  from  the  traditional  kind, 
have  been  tried  out  In  two  American  grade  7  classes.  A  report  is  given  on  the  results  collected  from 
these  probiems  and  some  recommendations  are  given  for  their  improvement 

1.  Introduction 

Assessment  Is  In  fashion'.  For  almost  one  hundred  years  now  assessment  has  been  a  matter  of 
great  concern  to  anyone  Involved  In  education.  It  was  the  ability  testing  of  Thorndike  that  brought 
assessment  Into  schools  at  the  turn  of  this  century  (see  Du  Bols.  1970).  Since  then  various  waves  of 
different  trends  In  assessment  have  swept  past,  and  are  still  appearing  (see,  among  others, 
Kilpatrick,  1992;  and  Ernest,  1991).  Again  recently  there  Is  strong  Increasing  interest  for 
assessment.  Voices  are  being  raised  everywhere  saying  that  assessment  must  change.  According 
to  Ernest  (1989)  the  Introduction  of  new  forms  of  assessment  is  one  of  the  key  areas  of  Innovation 
for  the  1990s.  The  general  reason  for  this  Interest  in  assessment  is  two-fold.  The  first  being  that  new 
Ideas  on  the  teaching  of  mathematics  have  emerged  that  require  new  forms  of  assessment.  It  has 
often  been  argued  that  Innovation  of  education  cannot  succ^d  without  now  forms  of  assessment 
(NCTM,  1989;  Romberg,  Zarlna  and  Williams.  1989).  The  second  reason  for  the  recent  Interest  in 
assessment  stems  from  the  need  of  policy  makers  to  have  a  wide  scale  overview  of  the  output  of 
education.  The  NAEP  in  the  USA  Is  an  example  of  this.  Assessments  like  these,  Intended  for 
measuring  the  quality  of  education,  are  considered  as  strongly  Influential.  Again  the  danger  lurks 
that  poor  test  Items  will  result  In  the  attenuation  of  education. 

Characteristic  for  recent  attempts  to  change  assessment  Is  that  most  of  the  attention  is  devoted  to 
both  the  formats  of  assessment  and  the  organizational  aspects  of  assessment.  As  alternatives  for 
class  administered  written  tests  consisting  of  multiple  choice  questions  or  short  answer  items  one 
pleads  for  a  variety  of  assessment  tooK  and  methods  such  as  portfolio,  performance  assessment, 
project  assessment,  group  asses*.  classroom  observations,  etcetra  (see  NCTM,  1989). 
Another  hot  Issue  Is  the  shift  from  st.  jized  tests  to  forms  of  assessment  for  which  the  teachers 
themselves  are  responsible  (see  Graue.  In  press).  Less  attention  is  however  paid  to  the  problems 
used  for  assessment.  And  these  are  precisely  the  most  crucial.  Without  good  problems  one  can 
forget  any  effort  to  achieve  better  fomis  of  assessment.  It  was  Freudenthal  who  stressed  time  and 
again  that  the  problems  we  offer  the  students  should  always  be  meaningful.  Later  this  was 
elaborated  more  explicitly  for  assessment  (De  Lange,  1987  and  1992;  Van  den  Heuvel-Panhulzen, 
1990;  Van  den  Heuvel-Panhulzen  and  Gravemeljer.  1991).  The  members  of  the  Freudenthal 
Institute  (formerly  the  lOWO  and  OW&OC)  are  not  the  only  ones  who  paid  attention  to  the  type  of 
problems.  Bell,  Burkhardt,  and  Swan  (1992)  and  Sullivan  and  Clarke  (1987)  did  the  same,  although 
the  latter^s  plea  for  good  questions  does  not  focus  specifically  on  assessment  but  rather  on  teaching 
in  general. 

This  paper  means  to  address  the  development  of  better  kinds  of  assessment  from  the  view  of  short 
task  problems  and  their  presentation.  In  consequence  It  will  not  deal  with  assessment  of 
mathematics  In  general,  but  with  the  assessment  of  a  specific  topic.  The  specific  topic  at  hand  is 
percentages.  A  short  overview  is  first  given  of  ways  to  Improve  the  quality  of  problems  designated 
for  assessment.  This  is  followed  by  examples  of  problems  dealing  with  percentages  to  serve  as 
Illustration.  Besides  some  background  information  about  the  development  of  the  problems  there  Is 
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also  a  report  about  the  Information  collected  from  these  problems  about  students'  understanding 
and  abilities.  Also  some  recommendations  are  given  for  Improvement  of  the  problems  at  Issue. 

2.  Improvement  of  assessment  by  Improvement  of  the  problems 

Both  the  fomnat  of  the  assessment  and  the  organization  of  the  assessment  are  Important  aspects  to 
take  Into  account  when  assessing.  The  goal  of  collaboration  in  mathematical  problem  solving,  for 
Instance,  cannot  bo  assessed  by  means  of  an  Individual  written  test.  Notwithstanding,  the  format 
and  organization  as  such  do  not  primarily  determine  the  quality  of  the  assessment.  What 
detennlnes  it  most  is  the  type  of  problem  that  Is  used.  In  other  words,  It  Is  not  the  short  tisk  written 
test  fomnat  as  such  that  maizes  this  method  of  assessment  unsuitable  for  a  new  approach  to 
teaching  mathematics,  for  instance  one  lll^e  realistic  mathematics  education.  In  Van  den  Heuvel- 
Panhulzen  (1990)  and  Van  den  Heuvel-  Panhuizen  and  Gravemeljer  (1991)  an  overview  Is  given, 
complete  with  examples,  of  what  qualities  short  tasl^  written  tests  and  the  corresponding  test  items 
should  Include  in  order  to  meet  the  requirements  of  realistic  mathematics  education:  a)  covering  the 
entire  mathematical  area  In  width  (all  chapters  of  the  subject)  and  in  depth  (problems  on  each  level: 
from  basic  sitllls  to  higher  order  reasoning);  b)  allowing  students  to  show  what  they  are  capable  of; 
c)  providing  for  a  maximum  of  information  on  students'  knowledge,  Insight  and  abilities,  Including 
their  strategies,  and  d)  easy  for  the  teacher  to  administer.  Several  steps  can  be  taken  to  Insure  that 
these  requirements  are  met:  asking  for  own  productions,  using  test  sheets  with  a  piece  of  scrap 
paper  drawn  on  it,  using  problems  with  more  than  one  correct  answer,  giving  choice-problems, 
giving  problems  with  auxiliary  problems,  and  varying  the  presentation  of  the  problems  (from  context 
to  bare  problems  and  vice  versa),  All  of  these  steps  can  reveal  a  great  deal  about  the  ability  of  the 
students.  According  to  one  of  the  basic  ideas  of  realistic  mathematics  education  (see  Treffers  and 
Goffree,  1985;  and  Treffers,  1987).  contexts  play  an  Important  role  In  the  construction  of  Items.  The 
use  of  contexts  serves  two  purposes.  Firstly,  the  use  of  contexts,  often  accompanied  by  a  pictorial 
presentation  of  the  problem,  allows  students  to  grasp  the  Intention  of  tho  problems  immediately, 
without  an  extensive  or  oral  explanation.  The  problems  often  relate  to  everyday-life  situations,  at 
least  situations  which  the  student  can  Imagine*.  Tho  latter  does  not  only  contribute  to  the 
accessibility  of  the  problems  but  also  towards  achieving  the  second  purpose,  one  that  Is  even  more 
important  than  the  first.  The  context  gives  students  more  latitude  to  display  what  they  are  capable  of. 
If  selected  property  the  context  can  serve  as  a  kind  of  model  or  can  give  the  students  a  context- 
connected  way  of  tackling  the  problem.  In  other  words,  the  context  provides  the  students  with 
solution  strategies.  Moreover,  built-in  stratifications  can  provide  the  possibility  of  solving  a  problem 
at  different  levels.  The  principles  mentioned  In  the  foregoing  and  the  related  steps  for  improvement 
of  assessment  problems  also  played  an  important  role  In  answering  the  question:  how  to  assess 
percentages? 

3.  Kow  to  assess  percentages 

Before  this  question  can  be  answered  three  other  questions  must  first  be  answered:  what 
capabilities  related  to  percentages  must  be  assessed,  at  what  stage  of  the  learning  process  are  the 
students,  and  what  Is  the  purpose  of  the  assessment?  All  of  these  questions.  In  particular  the  first 
two,  are  strongly  related  to  both  the  content  and  the  didactics  of  the  curriculum  that  Is  used.  In  this 
case  the  assessment  corresponds  with  a  unit  on  percentages  called  "Per  Sense"  (Initially  designed 
by  Van  den  Heuvel-Panhulzen  and  Streefland,  1992)  developed  for  the  Math  in  Context  Project  of 
the  National  Center  for  Research  In  Mathematical  Sciences  Education  of  the  University  of 
Wisconsin,  Madison.  This  is  a  NSF  funded  Middle  School  Project.  The  aim  of  the  project  Is  to 
improve  the  mathematics  curriculum  of  the  middle  school.  The  Freudenthal  Institute  of  the  University 
of  Utrecht  is  involved  in  this  project.  It  is  their  task  to  develop  draft  materials  for  the  project,  including 
student  books  and  teacher  guides.  The  'Per  Sense'  unit  Is  Intended  for  grade  5  students.  Its  goal  Is 
to  help  students  to  make  sense  of  percentages.  Because  dealing  with  the  contents  of  the  unit  would 
exceed  the  limits  of  this  paper,  attention  will  only  be  devoted  to  the  assessment  part.  The  unit 
contains  three  different  assessment  parts:  the  unit  starts  with  evoking  the  Informal  knowledge  of  the 
students  (see  Streefland  and  Van  den  Heuvel-Panhulzen,  1992)  a  summary  activity  at  the  end  of 
each  chapter  can  serve  as  an  Intermediate  assessment,  and  at  the  end  of  the  unit  there  is  a  final 
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assessment.  It  Is  this  final  assessment  that  Is  the  subject  of  this  paper.  Its  main  purpose  Is  to 
document  the  achievements  of  the  students  in  order  to  make  decisions  about  further  instruction.  The 
"Per  Sense"  test  (Van  den  Heuvel-Panhulzen,  1992)  that  was  developed  for  this  purpose  concerns 
several  goals.  Again  a  selection  Is  necessary  for  this  paper.  Attention  will  only  be  paid  to  a  few  key 
concepts  and  key  abilities  on  percentages.  An  exclusion  that  has  not  been  made  is  the  ail  too 
frequent  mistake  of  '«)aving  out  higher  order  Insight  goals.  The  examples  will  therefore  include 
computational  goals  as  well  as  higher  goals  conceming  understanding.  Taking  all  that  Into  account, 
instead  of  the  more  general  question  'How  to  assess  percentages?'  the  following  questions  will  be 
answered:  How  to  assess  whether 

-  the  students  understand  that  percentages  are  relative  numbers,  and  Itiat,  in  consequence,  a 
percentage  is  always  related  to  something,  and  that  one  cannot  compare  them  without  taking  into 
account  what  they  refer  to  (1),  and  that  a  percentage  Is  the  same  if  the  ratio  is  the  same  (2a)  and 
that  the  percentage  changes  if  the  point  of  reference  changes  (4); 

-  the  students  are  able  to  compute  the  part  of  a  whole  if  the  percentage  is  given  (2b)  and  to 
compa.e  different  parts  of  different  wholes  by  using  percents  (3). 

The  numbers  In  parentheses  refer  to  the  four  problems  (see  Figure  1 )  that  have  been  developed. 
They  are  discussed  in  the  following. 

4.  Four  problems  on  percentages  as  an  example 


1.  BEST  BUYS 


2.  BLACKCURRANT  JAM 


Rosy's  shop 

Lisa*s  shop 

^01 

discoeimt 
25% 

In  which  of  the  two  shops  you  can  get  the  best  buys? 
^E;^platn  your  answer.  


3.  OUT  ON  LOAN 


Seven's  Library 

loul  books:  6997 
out  on  loan:  28 13 


Mac  Roots'  Library 

total  books;  8876 
out  on  loan:  3122 


Which  of  the  two  libraries  has  the  bigger  part 
out  on  loan?  Use  pcrcenu  to  tx^\z\x\  your  answer. 
An  estimation  will  do. 


Bl-ACKCURRANT 
JAM 

<5«  I 


a.  Blaclcciirrant  jam  is  sold  in  largi;  .jid  small  pots. 
Someone  forgot  to  put  the  percentage  of  Nil 

on  the  small  poL  rUl  in  this  missing  information. 
Expla.n  you  strategy  for  finding  this  percentage. 

b.  How  many  grams  of  fruits  docs  each  pot  contain? 

The  large  one  contains   

The  small  one  contains   

Show  how  you  got  your  answers. 


4.  TWAX  BAR 


Instead  of  25%  e^^tra  to  the  small  bar.  a  discount  could 
have  been  offered  to  the  extended  bar.  What  percent  ^ 
of  discount  do  you  get  on  the  e;^lendcd  bar? 


Ftgure  1  Four  problems  for  assessing  percentages 
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To  assess  whether  students  understand  that  percents  are  relative  numbers,  and  that,  In 
consequence,  one  cannot  compare  them  just  like  that,  the  familiar  situation  of  a  sale  was  chosen. 
Two  shops  have  a  sale  on.  In  the  first  shop  one  can  get  a  discount  of  25%  and  in  the  other  a 
discount  of  40%.  Both  have  put  up  a  big  poster  in  the  shop  window.  The  manner  in  which  the  two 
shops  advertise  their  discount  suggests  that  the  two  shops  do  not  sell  wares  of  the  same  quality 
This  is  done  on  purpose  to  alert  students  to  consider  what  the  percents  refer  to  when  comparing 
them. 

The  contents  of  foodstuffs  was  one  of  the  topics  chosen  by  which  to  assess  whether  students 
understand  that  a  percentage  does  not  change  If  only  the  absolute  amount  or  numbers  change  and 
not  the  ratio.  One  problem  Is  about  a  quality  jam.  It  contains  60%  fruit.  The  jam  is  sold  in  large  and 
small  jars.  The  question  is,  are  the  students  aware  that  the  size  of  the  jar  does  not  matter  for  the 
percentage  of  fruit?  Or  In  other  words,  is  their  understanding  strong  enough  for  it  to  withstand  this 
visual  distracter.  The  same  jam  context  Is  used  to  assess  whether  the  students  can  compute  a  part 
of  a  whole  If  the  percentage  for  that  part  Is  known.  In  other  words,  can  they  compute  60%  of  450  g 
and  what  strategies  do  they  use  in  doing  so? 

Although  this  last  problem  gives  an  Indication  of  whether  students  can  do  computations  with 
percentages.  It  does  not  reveal  whether  students  can  apply  percentages  If  a  problem  situation  calls 
for  it.  The  'books  loaned  out'  problem  is  used  to  assess  this.  Here  students  must  compare  different 
parts  of  different  wholes.  This  library  context  has  been  chosen  because  of  the  bookshelves  one 
finds  there.  The  model  of  bookshelves  can  be  helpful  to  the  students  by  using  it  as  a  bar  on  which 
they  can  first  mark  the  numtwr  of  books  out  on  loan  and  then  convert  this  to  a  percentage. 
Another  situation  from  everyday  life  outside  school  has  been  chosen  to  assess  whether  students 
understand  that  the  percentage  changes  if  the  point  of  reference  changes.  Giving  parts  of 
something  for  free  is  a  common  advertising  gimmick.  A  small  candy  bar  plus  one  fourth  of  Its  length 
for  free  costs  as  much  as  a  large  candy  bar  minus  one  fifth  of  the  price.  Hence,  the  shaded  part 
refers  to  two  different  percentages.  Depending  on  the  chosen  point  of  reference  it  is  either  25%  or 
20%.  in  this  problem  the  pictorial  presentation  plays  an  even  more  important  role  than  in  the 
previous  problem.  It  Is  on  purpose  that  the  bar  is  given  a  name  of  four  letters  because  this  gives 
structure  to  the  bar  and  can  help  the  students  to  organize  the  problem. 

5.  The  try-out  of  the  "Per  Sense"  test 

The  'Per  Sense"  test  was  tried  out  in  two  grade  7  classes  of  a  school  near  Madison,^  The  two 
classes  can  be  classified  as  regular  classes.  In  total  they  consist  of  39  students.  The  test  was 
administered  at  the  end  of  May  1992.  The  class  did  the  'Per  Sense*  unit  before  the  test  was 
administered.  This  took  slightly  more  than  three  weeks.  Yet  the  resultc  cannot  be  considered  as  an 
output  of  this  unit.  The  conditions  under  which  the  unit  was  tried  out  were  less  than  ideal.  Because 
there  was  no  advance  teacher  training  and  the  teacher  guide  was  not  completed  on  time  the  unit 
was  not  tried  out  as  was  intended.  As  far  as  the  test  is  concerned.  It  was  the  first  time  that  a  test  such 
as  this  was  administered  in  these  classes.  The  students  were  used  to  tests  consisting  of  bare 
problems.  Problems  like  those  in  Table  1.  , 

6.  What  grade  7  students  know  about  percentages 


Items  on  percentages,  4th  NAEP  grade  7 

Concept  items               %  correct 

Calculation  items 

%  correct 

A,  Express  ,9  as  a  percent  30 

A.  4%  of  75 

32 

B.  Express  8%  as  a  decimal  30 

B.  76%  of  20  is  greater  than, 

37 

less  ihan»  or  equal  to  20? 

C,  30  is  what  percent  of  60? 

43 

D.  9  is  what  percent  of  225? 

20 

E.  12  is  15%  of  what  number'' 

22 

Table  1  Percen!ages  itoms  and  scores  4th  NAEP  grade  7  * 
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Before  coming  to  the  results  of  the  "Per  Sense'  problems,  first  a  <f"^J<'°''^^^^^"l°'^^^°"i 
problems  on  percentages  tell  us  about  the  students'  abilities.  As  Is  shown  '"/f^'f  J.'rt^ntlnll 
the  4th  NAEP  most  of  the  grade  7  students  in  the  USA  are  not  yet  very  proflclen  a  percentages. 
Sniy  When'  JJn^ms  colon  percentages  for  which  they  know  'ractlon^  sTa'^o^^SS)  Th'e 
somewhat  more  successful  (Kouba.  Brown,  Carpenter.  Undquist.  Silver. 

question,  however.  Is.  what  the  results  and  conclusions  would  be  If  other  problems  had  been  used 

instead?  In  a  way  this  question  Is  answered  In  the  next  section. 

7  What  can  the  "Per  Sense"  problem*  reveal  about  the  students'  abilities 

F  rs«y  mey  reveal  more  than  only  whether  or  not  students  were  capable  of  fmd,ng 'me' cm^^^ 
answer.  Elicited  by  the  problems,  students  frequently  gave  responses  which  do  not  aHow  one  to 
confine  oneself  to  me  criterion  of  correctness.  This  would  do  Injustice  to  the  richness  of  the  answers. 
Sad  of  the  criterion  of  correctness  It  Is  better  to  use  the  'Is  the  ^"^^'^^^^^""f 
Above  all  It  is  important  to  take  the  standpoint  of  the  student:  what  couW  ^^e  or  he  noean  by  the 
response,  what  cWn  his  or  her  reasoning  have  been?  Apart  from  the  ProWem  of  the  po  nt  of  cut  oft 
(whTt  IS  raasonable  and  what  Is  not)  the  responses  often  varied  so  much  hat  mo  e  than  two 
catego'es  are  needed.  Moreover,  categories  alone  will  not  suffice,  are  "^^^^^'^^ 
Therefore  each  category  Is  Illustrated  with  examples  of  students'  responses  The  categories  as  such 
were  determined  a  fX)stenori,  based  on  the  responses  of  the  39  grade  7  students  who  took  the  tost. 

Ana^S  of  me  rSonses  (shown  in  table  2  ')  show  that  at  least  half  of  the  students  (20  out  of  39) 
understood  that  one  cannot  compare  percentages  without  taking  Into  account  what  they  refer  ta 
The  other  half  compared  the  two  percentages  absolutely.  This  does  not  howeve  mean  hm  the 
latter  group  lacks  understanding  of  the  relativity  of  percentages.  To  be  sure  of  this  the  P  °b  em  can 
be  extended  with  an  additional  question.  A  question  that  serves  as  a  safety  net^  By  *ay  °'  his  extra- 
chance  question  one  can  pick  out  those  students  who  understand  the  relativity  of  percentages,  but 
still  nTpJ  extra  help  In  expressing  this,  in  this  case  the  safety  net  question  could  be:  Is  there  any 
possibility  that  your  best  buy  could  be  at  Lisa's?  If  yes,  give  an  example." 


BEST  BUYS 

Answering  categories 

N 

Examples 

a.  Taking  into  account  the  onginaJ  price 

15 

.  "It  depends  on  the  original  price  of  the  objects  ihcy  arc  selling" 
.  "Both.  I  mean  how  much  docs  the  items  cost,  nobody  knows' 
.  "Lisa's,  because  if  you  buy  something  that's  already  been  used, 
you  will  have  to  fix  it  up  or  ..." 

b.  Taking  the  same  price  as  an  example 

3 

.  ••Rosy's  if  something  at  both  stores  was  S30.75.  At  Rosy's  it 
would  be  S12.33.  at  Lisa's  it  would  be  $28.95" 

c.  Taking  the  same  price  as  an  example; 

2 

.  "Lisa's,  because  for  example  a  shirt  cost  $50: 40%=$20  and 
25%=$12^0;  with  Lisa's  deal  you're  paymg  less 

d.  Comparing  the  percentages  absolutely 

18 

•  "Rosy's,  40%  is  better  than  25%" 

•  "Rosy's,  because  it  is  closer  to  one  hundred  percent,  so  there 

would  be  more  off 

c.  No  answer 

1 

Table  2  The  responses  to  problem  1 .  Best  buys 


oXI^/f  ofthe'^studem^  out  of  39)  knew  that  the  percentage  of  fruit  is  the  same  in  the  two  |ars 
(see  table  3  This  does  not  however  mean  that  the  students  have  no  insight  at  all  In  this  aspect  o 
percemaLs  It  might  also  be  the  case  that  their  understanding  Is  still  unstable  and  cannot  yet 
S^thstand  the  visual  distracter  of  the  problem.  To  check  whether  the  latter  Is  the  case  this  problem 
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also  needs  a  safety  net  question.  The  question  that  could  be  asked  next  Is:  "Let's  take  a  look  at  the 
taste  of  the  jam  in  the  two  jars.  Will  they  taste  the  same  or  not"?  


BLACKCURRAKT  JAM  (a) 

Answering  categories  N 

Examples 

a.  Correct  answer  (60%)  4 
explanation  indicates  insight  in 
*samc  ratio,  same  percentage' 

-  "They  arc  the  same,  except  one  is  at  a  smaller  scale,  both  pots 

contain  6/10  of  fruits" 
.  "Big  sot  60?^-,  littk  got  60%" 

b-  Correct  answer  (60%)  1 
without  reasonable  explanation 

-  "Guessed" 

c.  Incorrect  answer  (30%)  25 
'halving  g-halving  %'  explanation 

-  "You  look  at  the  bigger  bottle  and  its  half  g,  so  you  take  half  of  the  %" 

-  "225  is  1/2  of  450,  so  30%  is  1./2  of  60%" 

-  "450  dcvidc  by  2  is  225,  so  you  divide  60  by  2  and  you  get  30 

d.  Incorrect  answer  (30%)  5 
other  or  no  (3)  explanation 

-  45(H60=7.5  and  225+7.5=30* 

c.  Incorrect  answer  (others)  3 

-25%:  "Both  divided  by  9,  got  my  percent"  ^^r. 
'  22%:  Tirst  subtracted  the  grams  to  get  the  difference  (450-2/3=:MJ>, 
then  22  by  10,  and  put  a  decimal,  is  22%" 

f.  No  answer  1 

BLACKCURRANT  JAM  (b) 

a.  Correct  answer  (270  g)  5 
based  on  a  standard  strategy 

.  450  X  ,60  =  270.00 

-  "0/450  =  60/100;  270/450  =  60/100" 

b.  Correct  answer  (270  g)  1 
based  on  an  informal  strategy 

-  "10%  of  450  is  45;  45  x  6  ("from  60%">  =  270" 

c.  Correct  answer  (270  g)  3 
no  information  about  strategy 

d.  Resonable  answer  2 
based  on  a  standard  strategy 

-  275:450x  0.60  =  275.00 

c.  Resonable  answer  4 
based  on  an  infonnal  strategy 

-  263:  Bar.  approximated  60%  by  repeated  halving  ^ 

-  200 :"4 50+2=225  and  you  have  to  take  a  Utile  more  away  to  make  60% 

f.  Resonable  answer  1 
no  infonnadon  about  strategy 

-250 

g.  Incorrect  answer  (450  g)             1 2 
not  able  to  work  with  percentages 
or  no  infomiation  about  strategy  (1) 

-  "It  says  on  the  bottle" 

-  Bar  divided  in  parts  of  15% 

.  450  +  225  =  2; "  1/2  of  60%  is  30%" 

h.  Incorrect  answer  (others)            1 0 
not  able  to  work  with  percentages 
or  no  information  about  strategy  (3) 

-  390: 450  -  60  =  390 

-  7.5:60  +  450=  7.5 

-13.3  or  13: -60/450  x?/100'' 

i.  No  answer  I 

Table  3  The  responses  to  problem  2a  and  2b.  Blackcurrant  jam 


Tne  second  question  about  tho  blackcurrant  jam  is.  what  is  60%  of  450  g?  About  40%  of  the 
students  (16  out  of  39)  gave  a  reasonable  answer.  Of  those  whose  answers  are  reasonable  and 
strategies  are  obvious,  almost  half  used  a  rather  informal  Indirect  strategy.  Contrary  to  them  there 
was  also  a  large  group  who  did  computations  which  make  no  sense.  It  seems  as  if  they  were  trying 
lo  remember  what  the  procedure  was  exactly  instead  of  using  common  sense. 


ERLC 


843 


1-182 


Problem  3.  Out  on  loan 

Although  estimation  problems  are  not  very  common  In" school,  quite  a  few  students  were  able  to 
solve  this  problem.  Some  60%  of  the  students  (24  out  of  39)  arrived  at  the  correct  answer  and 
another  20%  who  failed  to  get  the  right  answer  did  at  least  show  that  they  are  capable  of  working 
with  percentages  to  some  degree.  Only  20%  of  the  students  failed  entirely.  Most  of  these  again  did 
impressive  computations  which  made  no  sense. 


OUT  ON  LOAN 

Answering  categories 

N 

Examples 

a.  Correct  answer  (Seven's) 
estimation  with  rounded  off  numbers 

12 

-  7000,  3000, 45%;  9000,  3000,  33  Ih 

-  7000*-300ft=l/2,  50%;  and  900O*-300O«=l/3. 30% 

b.  Correct  answer  (Seven's) 

estimation  t>y  meins  of  bar  or  line 

2 

-  Number  line,  repeated  halving  to  fuid  the  percentage 

c.  Correct  answer  (Seven's) 
other  strategies,  or 
no  information  about  strategy  (2) 

9 

-  "S  has  40%  out  an  R  has  34%  out** 

-  The  numbers  on  loan  have  been  doubled 

•  The  numbers  not  on  loan  have  been  comnuted 

-  "Because  R  has  8876  total  and  S  has  6997.  When  S 

loans  out  books  it  hardly  has  any  left  R  still  luis  a  big  selection" 

d.  Incorrect  answer  (both  (3)  or 
Mac  Rcx)ls'(3)).  but  strategy  mdicatcs 
able  to  worlc  with  percentages 
to  a  ccnain  degree 

8 

-  "They  both  have  the  same  amount  out  on  loan" 

-  Number  linc,N>th  40%  out  on  loan 

-  "R  has  about  3  j%  of  his  books  out  on  loan" 

-  "He  has  about  33%,  S  has  30%" 

-  The  percentage  not  on  loan  has  been  computed 

c.  Incorrect  answer  (Mac  Root's) 
not  able  to  work  with  percentages,  or 
no  infonnaiion  about  strategy  (2) 

7 

-  6997+2813=9810;  8876+3122=11998;  "98%  for  S  and  1 19%  for 

R;R  has  a  greater  %" 
•  6997-2813=4184;  8877-3122=5754;  "4l84/5759=?/l0O;  R  has  a 

bigger  percent,  about  73%" 

f.  No  answer 

1 

Table  4  The  responses  to  problem  3.  Out  on  k?an 


Problem  4.  Twax  bar 

This  problem  was  the  most  difficult  one  of  the  series.  Only  20%  of  the  students  (7  out  of  39) 
succeeded  in  solving  this  problem.  More  often  than  not  their  answers  contained  excellent 
explanations  such  as:  "Without  the  25%  extra,  each  part  (meaning  bar)  Is  divided  Into  4ths.  But  If 
you  have  1/4  more,  it  becomes  so  that  each  part  (meaning  bar)  Into  5ths.  So  if  you  divide  100  by  5. 
you  get  20.  So  20%  is  the  discount."  Obviously  some  used  the  picture  to  solve  the  problem  (see 
figure  2).  Others  drew  a  bar  or  a  number  line  to  find  the  discount. 


Figure  2  Example  of  making  use  ot  the  ptetur*  Figures  The  Improved  Twax  problem 


These  explanations  and  drawings  could  be  first-class  teaching  materials  for  teaching  others  who 
are  not  as  advanced.  Among  the  students  who  were  unable  to  solve  the  problem  there  were  at  least 
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three  who  did  not  understand  the  question.  This  was  probably  due  to  the  wording  of  the  problem. 
The  presentation  of  the  problem  can  be  improved  by  placing  the  two  manners  of  advertising  next  to 
each  other  (see  figure  3). 

0.  Concluding  remarks 

The  "Per  Sense"  problems  turned  out  to  be  most  suitable  to  document  the  achievements  of  the 
students.  They  can  be  very  helpful  for  making  decisions  about  further  instruction.  As  was  illustrated 
by  the  last  problem,  they  even  yielded  good  teaching  materials.  Therefore  written  tests  as  such  are 
not  all  that  bad.  It  depends  on  which  problems  are  used.  Different  kinds  of  problems  will  evoke 
different  results.  You  will  get  what  you  deserve.  The  richer  and  more  open  the  problems,  the  more 
they  will  reveal  about  the  students'  abilities.  A  consequence  Is  however  that  the  responses  may  be 
more  difficult  to  interpret  than  those  to  closed  and  bare  problems.  It  Is  better  to  confine  oneself  to  a 
few  good  problems.  In  the  end  they  will  reveal  more  than  a  large  number  that  are  easy  to  grade. 

Notts 

1  .No  such  luck  lor  those  doing  research  on  this  topic.  It  could  be  considered  as  jumping  on  the  bandwagon. 
2.ln  Dutch,  instead  ol  1o  imagine'  the  word  to  realize'  is  used.  Because  offering  students  the  means  to  imagine 

oneself  in  the  problem  situation  is  a  key  aspect  of  the  new  Dutch  approach  to  mathematics  education,  this 

approach  is  called  'Realistic  Mathematics  Education". 

3.  Actually  the  test  was  administered  to  three  classes.  The  third  class  was  a  special  class  with  tow  attainers.  Their 
scores  are  not  included  in  the  results  described  in  section  7  of  this  paper. 

4.  The  rtoms  and  scores  are  derived  from  V.  Kouba.  C.  Brown,  T.  Carpenter,  M.  Llndquist,  E.  Silver,  and 
J.SwaHord  (1988).  At  this  moment  I  do  not  have  the  5th  NAEP  items  and  results  at  my  disposal. 

5.  The  dotted  line  indicates  the  possible  cut  off  between  reasonable  and  not  reasonabto  answers. 
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Construction  and  Coordination  of  Units: 
Young  Children's  Fraction  Knowledge 


Tad  Watanabe 
Towson  State  University 
Towson,  Maryland,  U.S.A. 


This  article  presenis  a  theoretical  analysis  of  relaiionships 
between  children whole  number  and  fraaion  concepts.  Three 
different  interpretations  of  fractions  -  part-whole,  operator,  and 
quotient  -  were  analyzed  with  the  focus  on  children's  notions  of 
units.  It  is  suggested  that  children's  schemes  to  coordinate  units 
are  closely  related  to  their  construction  of  fraction 
interpretations  and  further  research  with  this  focus  may  be 
JruitfUl. 


Introduction 

Children's  understanding  of  fractions  has  long  been  a  focus  of  mathematics  education 
researchers.  Fraction  concepts,  and  understanding  of  rational  numbers  in  general,  seems  to 
be  one  of  the  first  major  shifts  in  children's  mathematical  world.  In  the  past  two  decades, 
much  has  been  learned  about  children's  notions  of  fractional  quantities.  Investigators 
involved  in  research  projects  such  as  the  Rational  Number  Project  have  contributed  much  to 
our  efforts  to  make  sense  of  tins  issue. 

In  the  meantime,  the  mathematics  education  community  has  also  experienced  a  shift  in 
the  way  it  conceives  knowledge  and  learning.  With  a  wider  acceptance  of  the  constructivist 
epistemology,  knowledge  is  no  longer  viewed  as  an  entity  to  be  conveyed  to  tlie  learners. 
Rather,  learning  is  perceived  as  the  act  of  accommodation  to  one's  knowledge  structure 
motivated  by  perturbations. 

If  we  take  the  constructivist's  view  thai  knowledge  comes  from  within  an  individual, 
then  it  is  natural  to  ask,  "what  are  the  roots  of  fraction  concepts?"  It  is  often  assumed  that 
one  possible  such  root  is  children's  whole  number  concepts.  This  assumption  has  been,  and 
should  be,  challenged  (Confrey,  1990).  However,  the  discussion  of  the  viability  of  this 
assumption  is  much  beyond  the  focus  of  this  paper.  Rather,  I  would  like  to  accept  this 
assumption  and  I17  to  analyze  relationships  between  children's  whole  number  and  fraction 
concepts,  with  a  specific  focus  on  children's  notion  of  units.  (I  believe  that  Confrey  would 
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agree  that  children's  whole  number  concepts  do  play  a  role  in  their  construction  of  fractions; 
however,  she  argues  that  the  whole  number  concept  alone  is  not  sufficient  to  construct  a  true 
mulitiplicative  structure,  of  which  fractions  arc  a  part  of.) 

Before  I  begin,  I  would  like  to  stress  that  the  analysis  presented  here  is  not  that  of 
mathematics  o/ children  (Steffc,  1988).  In  fact,  it  ir,  not  even  an  analysis  of  mathematics /or 
children,  rather,  it  is  an  analysis  of  mathematics  of  tlie  author.  However,  it  is  presented  with 
a  hope  that  there  may  be  sufficient  fit  to  make  this  analysis  provocative. 

Notion  of  Units 

Steffe  et  aJ.  (1983)  investigated  young  children's  counting,  and  their  findings  suggest 
that  construction  of  units  is  one  of  the  most  fundamental  processes  in  children's  construction 
of  whole  number  concepts.  Furthermore,  their  analysis  revealed  that  children's  unit  concepts 
play  significant  roles  in  their  construction  of  arithmetic  operations  (Steffe  and  Cobb,  1988), 
and  place  value  concepts  (Cobb  and  WTieaUcy,  1988;  Steffe  and  Cobb,  1988),  More 
recently,  Whcatley  and  Reynolds  (1991)  found  that  a  focus  on  children's  units  was  fruitful  in 
their  investigation  of  children's  tiling  activities.  Thus,  it  appears  reasonable  to  conclude  that 
the  notion  of  unit  plays  a  fundamental  role  in  children's  construction  of  mathematical 
knowledge.  For  this  analysis,  I  will  use  the  following  definition  of  units:  a  unit  is  an 
indMdual's  mental  construction  with  which  s/he  can  petform  a  certain  mental  operation 
repeatedly.  It  should  be  noted  that  a  unit  is  not  simply  a  unified  whole,  but  it  must  be  an 
object  (for  the  individuJiJ)  to  operate  with. 

In  young  children's  construction  of  whole  numbers,  the  unit  of  one  plays  the  most 
fundamental  role.  It  is  a  building  block  all  other  numbers  are  made  of.  Furthermore, 
children  construct  different  units,  which  refiecl  their  cognitive  sophistication  (Steffe  et  al., 
1983).  However,  as  children  continue  to  develop  their  number  world,  they  start  constructing 
more  complex  units,  such  as  the  unit  of  ten.  As  the  children's  notions  of  units  expand,  so  do 
their  needs  to  coordinate  those  units.  My  earlier  analysis  of  second  grade  children's  problem 
solving  activities  showed  that  there  are  four  types  of  schemes  to  coordinate  two  units:  one-as- 
one,  one-as-many,  many-as-one,  and  maiiy-as-many  (Watanabc,  1991).  These  schemes  were 
then  hypothesized  as  the  bases  for  three  levels  of  cognitive  sopliistication.  In  Level  One,  a 
child's  coordination  scheme  is  limited  to  one-as-one.  In  Level  Two,  a  child  also  uses  one-as- 
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many  and/or  many-as-one.  Finally  when  a  child  has  constructed  the  many-as-many  scheme, 
s/hc  is  said  to  have  reached  Level  Tliree. 

Tliese  three  levels  of  sophistication  were  found  to  correlate  with  the  children's  notions 
of  ten  as  unit  as  described  by  Steffe  and  Cobb  (1988)  and  Cobb  and  Wheatley  (1988). 
Furtliermorc,  there  were  evidences  that  seem  to  indicate  that  these  unit  coordination  schemes 
may  also  be  related  to  the  children's  notion  of  tlic  fraction  1/2,  using  Bigelow  et  al.'s  model 
of  children's  understanding  of  fractions.  The  model  proposed  by  Bigelow  et  al.'s  include 
three  levels,  qualitative,  quantitative,  and  abstract.  Only  the  child  with  the  many-as-many 
scheme  was  judged  to  have  reached  the  abstract  level  while  the  child  in  Level  One  had  the 
qualitative  understanding  of  1/2.  This  model  was  used  for  the  analysis  mainly  because  the 
ages  of  the  participants  were  comparable.  However,  much  of  the  existing  rcscaich  base  for 
children's  fraction  concepts  involve  children  from  tlie  middle  grades,  and  in  the  remainder  of 
the  paper,  I  would  like  to  discuss  how  this  notion  of  unit  coordination  may  relate  to  the 
models  of  fraction  concepts  presented  in  those  investigations. 

Several  researchers  have  analyzed  fraction  concepts  and  proposed  lists  of  different 
subconstrucls/intcrprctations  of  fractions  (e.g.,  Bchr  et  al.,  1983;  Kieren,  1980).  Although 
there  are  some  minor  differences,  .nost  seem  to  agree  that  there  arc  four  major  ideas  related 
to  fractions:  1)  part-whole,  2)  multiplicative  relationship  (i.e.,  r?.tio/rate/proportion),  3) 
operation,  and  4)  quotient.  The  multiplicative  relationship  is  an  important  research  focus  in 
itself.  Furthermore,  it  appears  inaccurate  to  describe  the  relationship  between  fraction 
concepts  and  ratio/rate/proportion  as  one  being  a  Jtt^onstruct  of  the  other.  The 
multiplicative  relationship  between  two  quantities  is  often  expressed  as  a  fraction,  but  what  it 
signifies  is  a  relationship,  not  a  quantity.  Although  an  analysis  of  this  notion  witli  the  focus 
on  units  and  unit  coordination  schemes  may  be  fruitful,  it  is  far  more  complicated  than  what 
can  be  included  in  this  paper.  Therefore,  in  this  analysis  only  the  other  three  interpretations 
will  be  analyzed. 

Steffe  and  Cobb  (1988)  describes  the  part-whole  operation  as  a  part  of  a  child's 
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construction  of  whole  numbers.  One  of  the  important  ideas  is  that  a  child's  number  sequence 
must  become  inclusive,  i.e.,  a  number,  say  7,  includes  all  previous  numbers.  A  simple 
diagram  may  look  like  this: 

Therefore,  the  number  3  is  embedded  in  the  number  7.  This  notion  of  cmbcddedncss  is 
important  in  order  for  a  child  to  construct  a  fraction  as  a  part  of  a  whole.  In  a  typical  region 
model  of  the  fraction  3/7,  the  three  shaded  regions  must  be  counted  both  as  the  number  of 
parts  in  the  fractional  quantity  and  the  number  of  parts  in  the  whole. 

However,  this  embedding  alone  is  not  sufficient  to  construct  fractions  because  3  in  7, 
or  3  out  of  7,  does  not  signify  a  single  numerical  value.  As  a  result,  it  is  impossible  to 
compare  the  magnitudes  of  two  fractions,  for  example  3/7  and  4/9,  with  this  embedding 
alone.  In  order  for  a  fraction  to  have  a  numerical  value,  a  child  must  construct  units  for 
fractions,  i.e.,  3/7  must  be  three  "sevenths."  Construction  of  this  unit,  a  seventh,  seems  tc 
involve  sophisticated  relationships  between  two  units,  the  unit  of  one  (whole)  and  the  unit 
that  describes  the  number  of  partitions  (parts).  The  relationship  between  these  two  units 
seems  to  require  a  complex  coordination  between  them. 

Although  the  unit  of  one  may  be  consideied  as  consisting  of  s<;ven  units  of  a  seventh 
like  the  unit  of  ten  consists  of  ten  ones,  the  construction  of  this  unit  of  a  seventh  is 
qualitatively  different  from  that  of  ten  as  a  unit.  Construction  of  ten  as  a  unit  is  through  the 
integration  operation  (Steffe  and  Cobb,  1988).  The  process  is  a  building-up  process. 
Therefore,  ten  can  be  thought  of  as  a  unit  o/ units.  On  the  other  hand,  construction  of  the 
unit  of  a  seventh  involves  decomposition  of  the  unit  of  one.  Thus,  the  unit  of  a  seventh  is  a 
unit  for  a  unit  (one).  This  is  where  an  apparent  paradox  occurs.  The  unit  of  one  must  be 
decomposed  to  a  specified  multiplicity;  however,  construction  of  the  unit  (seventh)  that  gives 
rise  to  the  multiplicity  (seven)  is  the  result  of  the  construction.  Tlius,  tlie  result  of  the 
construction  is  needed  in  the  process.  Confrey's  (1990)  notion  of  splitting  appears  to  play  a 
significant  role  in  this  construction  process;  however,  it  docs  not  address  this  paradox.  My 
current  conjecture  is  that  the  nature  of  relationship  between  these  units  is  metaphorical 
(Lakoff  and  Johnson,  1980).  The  individual,  then,  metaphorically  extends  one  specific 
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characteristic  of  the  muUiplicily,  that  is,  it  is  composed  of  units,  onto  the  unit  of  one.  This 
conjecture  needs  much  more  careful  analysis  and  refinement. 

Operation 

Bchr  et  al.  (1990)  describes  two  ways  this  fraction  as  an  operator  idea  may  be 
realized.  For  example,  the  fracUon  3/4  can  be  thought  of  as  a  sequence  of  3'for-l  (3/1)  and 
l-for-4  (1/4)  exchanges  (or  vice  versa).  This  is  equivalent  to  interpreting  a  fraction,  p/q,  as 
the  sequence  of  mulUplying  by  p  then  dividing  by  q  (or  dividing  by  q  then  multiplying  by  p). 
On  the  other  hand,  the  fraction  3/4  can  be  thought  of  as  a  direct  3-for-4  exchange.  As  you 
am  sec,  both  of  these  arc  based  on  exchange/substitution  idea. 

Although  this  interpretation  of  fractions  does  not  assign  numerical  value  to  a  fraction, 
it  is  still  possible  to  compare  fractions  quantitatively.  Since  the  effect  of  operation  is 
independent  of  the  numbers  to  which  the  operations  are  applied,  one  can  compare  two 
fractions  (operators)  by  simply  applying  the  operations  to  the  same  numb<jr  and  comparing 
the  resulting  numbers.  For  example,  3/4  applie<l  to  8  gives  6,  but  1/2  applied  to  8  is  4;  thus. 
3/4  is  "greater"  than  1/2. 

When  a  fraction  is  perceived  as  an  operator,  the  unit  of  the  numerator  and  the  unit  of 
denominator  ai-c  the  same.  In  other  words,  the  operator  3/4  signifies  the  exchange  of  three  of 
a  unit  with  four  of  the  same  unit.  Tlte  exchange  relationships  fraction  operators  signify 
appear  to  closely  resemble  tlie  unit  coordination  schemes.  In  Behr  et  al.*s  discussion  that  the 
fraction  operators  witli  cither  the  numerator  or  the  denominator  of  1  (such  as  3/1  or  1/4)  are 
more  primitive  than  the  operators  where  both  the  numerator  and  the  denominator  are  numbers 
other  than  1,  for  example,  3/4.  Similarly,  it  was  found  that  the  unit  coordination  schemes  of 
one-as-many  and  many-as-one  were  more  basic  than  the  many-as-many  scheme. 

In  my  previous  analysis,  I  suggested  that  a  further  investigation  between  the  one-as- 
many  and  many-as-onc  schemes  was  needed.  Behr  et  al.'s  assertion  that  the  order  in  which 
3-for-l  and  l-for-4  operations  arc  applied  results  in  different  complexities  appears  to  support 
my  .suggestion.  Furthermore,  I  have  also  suggested  that  it  is  necessary  to  subdivide  the 
many-as-many  scheme  into  x-as-x  and  x-as-y  schemes.  In  the  operator  interpretation  of 
fracHons,  is  there  any  cognitive  difference  between  3/3  and  3/4?  What  about  Uie  notion  of 
"equivalence?"  Is  there  any  cognitive  difference  between  l-as-2  and  2-as-4?  How  about  the 
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operators  3/4  and  6/8?  These  questions  must  be  ^eftjlly  investigated. 

The  quotient  interpretation  of  fractions  says  that  the  fraction  p/q  indicates  the  result  of 
p  divided  by  q  where  both  p  and  q  arc  whole  numbers.  Since  both  p  and  q  are  numbers,  the 
result  also  has  numerical  significance.  However,  since  the  division  operation  is  not  closed 
with  the  set  of  whole  numbers,  construction  of  numerical  meanings  from  this  interpretation  is 
not  straight  forward. 

Although  this  interpretation  involves  an  arithmetic  operation  of  division,  unlike  the 
operator  interpretation,  the  focus  is  on  the  result  of  the  operation,  not  tlie  operation  itself. 
Furthermore,  a  fraction  from  this  uterpretotion  is  the  result  of  a  specific  division  situation; 
thus,  this  interpretation  seems  to  be  lesr  .^bstract  and  more  context  bound  than  the  operator 
interpretation.  One  of  the  common  context  in  which  this  interpretation  may  arise  is  the 
experience  of  sharing.  For  example,  when  3  pizzas  arc  shared  equally  by  4  people, 
dctennining  the  amount  of  pizza  each  person  eats  can  be  signified  as  3/4,  or  3  pizzas  divided 
by  4  people.  (This  brings  up  the  issue  of  different  measure  fields,  but  the  analysis  of  this 
issue  is  beyond  the  scope  of  this  brief  article.) 

In  my  research  with  four  second  graders,  there  were  two  different  strategies  for  this 
type  of  setting.  (Tlie  task  was  to  share  3  clay  "cakes"  fairly  among  4  people.)  The  child  who 
had  only  constructed  the  one-as-one  scheme  randomly  sliced  the  clay  cakes  without  much 
regard  to  the  equivalence  of  the  sizes  of  the  pieces.  For  him,  the  most  important  factor  was 
that  everyone  gets  the  Mme  number  of  pieces.  The  two  children  who  had  constructed  both 
Uic  one-as-many  and  the  many-as-onc  schemes  sliced  each  of  the  tlirce  cakes  into  four  equal 
parts  and  gave  one  to  each  person.  Finally,  the  child  who  had  constructed  the  many-as-many 
scheme  sliced  the  first  two  cakes  into  halves  and  the  last  cake  into  fourths. 

On  Uie  surface,  neither  one  of  the  successful  straiicgics  reflect  the  interpretation  of  3 
divided  by  4.  The  strategy  employed  by  Level  Two  children  indicated  (l/4)+(l/4)+(l/4), 
while  Uie  last  child's  action  shows  (2/4)+(l/4).  However,  I  believe  that  the  last  child's 
action  of  sharing  2  cakes  among  4  people  reflects  the  division  interpretation  (2  divided  by  4). 
It  is  hypothesized  that  when  the  child  share  2  cakes  among  4  people,  she  first  united  the  two 
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cakes  into  a  whole,  which,  in  turn,  was  divided  into  four  parts.  (Here,  again,  is  the  paradox  I 
have  discussed  earlier  co<r.cs  in.)  I  believe  that  she  was  able  to  do  this  because  she  was  able 
to  coordinate  2  and  4.  On  the  other  hand,  the  other  two  children  who  divided  each  cake  into 
four  parts,  could  not  take  the  three,  or  two,  cakes  as  a  whole  to  be  coordinated  with  four. 
Thus,  it  appears  that  the  coordination  scheme  of  many-as-many  is  needed  to  construct 
numerical  meanings  of  fractions  interpreted  as  quotients. 

Concluding  Remarks 

The  brief  analysis  presented  here  is  meant  to  be  a  beginning  for  a  much  more  careful 
analysis.  However,  I  believe  that  children's  notion  of  units  and  their  schemes  to  coordinate 
units  are  important  factors  as  they  construct  meanings  of  fractions.  Although  there  may  be 
other  factors  influencing  children's  construction  of  fraction  concepts,  such  as  Confrey's 
splitting  notion,  a  focus  on  children's  unit  concepts  should  be  one  of  the  main  foci  in  future 
research. 
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CULTURAL  CONFLICTS  IN  MATHEMATICS  LEARNING: 
DEVELOPING  A  RESEARCH  AGENDA  FOR  LINKING 
COGNITIVE  AND  AFFECTIVE  ISSUES 

AlaB  J.  Bishnp 
Faculty  of  Education 
Monash  University 
ABSTRACT 

In  trying  to  link  cognitive  and  affective  aspects  of  mathematics  learning, 
the  idea  of  *cxiltural  conflicts'  appears  to  have  much  merit.  Developing 
from  the  recent  research  on  ethnomathematics,  it  offers  a  focus  for  a 
research  agenda  which  could  probe  issues  of  great  significance  in  many 
countries.  In  this  paper  a  framework  for  developing  such  a  research 
agenda  is  presented. 

Introduction  and  background 

Up  to  ten  years  ago,  Mathematics  was  generally  assumed  to  be  culture-free 
and  value-free  knowledge,  explanations  of  'failure'  and  ^difficulty'  in  relation 
to  school  mathematics  were  sought  fiilhfir  in  terms  of  the  learners'  cognitive 
attributes  or  in  terms  of  the  quality  of  the  teaching  they  received;  there  were 
several  attempts  to  make  mathematics  teaching  more  affectively  satisfactory  to 
the  learners,  with  few  long  term  benefits,  and  'social'  and  'cultural'  issues  in 
mathematics  education  research  were  rarely  considered. 

Within  the  last  ten  yean,  there  has  been  an  increasing  move  to  make 
piathematics  accessible  to  all  learners,  there  has  been  an  increasing 
questioning  of  the  relevance  of  ex-colonial  models  of  education  in  developing 
countries,  and  in  countries  with  indigenous  ^minorities':  the  social  dimension 
has  come  into  greater  prominence  in  research  in  mathematics  education  and 
the  cultural  nature  of  mathematical  knowledge  has  become  clearer  to  many 
mathematics  educators. 

However,  within  current  educational  practices  we  also  have  to  recognise  that 
efforts  to  develop  multi-cultural  mathematics  education  have  produced  violent 
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hostility  in  many  education  quarters,  many  schools,  and  teachers,  claim  "we 
don*t  have  that  problem  in  our  schoor,  and  *real*  mathematics  is  felt  to  have 
*povverful'  connotations  within  many  educational  systems. 

In  addition,  many  learners  continue  to  find  mathematics  difficult,  threatening, 
anxiety-provoidng,  boring,  meaningless  etc.  Therefore  it  seems  that  some 
fresh  thinidng  is  required,  in  order  to  develop  some  fresh  avenues  for 
research.  The  area  of  cultural  conflicts  appears  to  have  great  potential, 
particularly  for  linking  the  cognitive  and  affective  asf)ects  of  learning 
mathematics. 

rultural  conflicts 

Three  important  research  directions  are  being  shaped  by  the  recent  work  on 
etimomathematics,  with  the  following  foci: 

a)  mathematical  knowledge  in  traditional  societies  (Anthropology)  e.g.  Ascher 
(1991),  Zaslavsky  (1973),  Gerdes  (1985),  Harris  (1991),  Pinxten  (1987). 

b)  mathematical  developments  in  non-Western  cultures  (History)  e.g.  Ronan 
(1981),  Joseph  (1991),  Gerdes  (1991). 

c)  the  mathematical  knowledge  of  different  groups  in  society  (Social 
psychology)  e.g.  Uve  (1984),  Saxe  (1990),  de  Abreu  (1988),  Carraher 
(1985). 

Underlying  all  this  work  is  the  fundamental  epistemological  question  of:  is 
there  one  mathematics  appearing  in  different  manifestations  and 
symbolisations,  or  are  there  different  mathematics  being  practised  which  have 
certain  similarities?  However  from  an  educational  perspective  the  concerns 
are  generally  focussed  by  the  implications  of  the  differences  between  cultures, 
and  with  the  cultural  conflicts  causecfi  by  different  conceptions  of  mat  lematics. 

School  mathematics  is  tending  towards  a  universal  fonn,  for  various  reasons, 
and  is  often  therefore  wrongly  assumed  to  be  culture-free  and  value-free. 
Particular  social  groups  for  whom  conflict  with,  and  alienation  from,  this 


ERIC 


855 


school  mathematics  has  been  documented  are: 

-  ethnic  minority  children  in  Westernised  societies 

-  second  language  learners 

-  indigenous  ^minorities'  in  Westernised  societies 

-  girls  in  many  societies 

-  Western  *colomal'  students 

-  fundamental  religious  groups,  often  of  a  non-Christian  nature 

-  children  from  lower-class  and  lower-caste  families 

-  physically  disadvantaged  learners 

-  rural  letmers,  particularly  in  Third  World  communities 

The  documented  conflicts  vary  but  concern  some  or  all  of  the  following: 

-  language 

-  geometrical  concepts 

- '  calculation  procedures 

-  symbolic  representations 

-  logical  reasoning 

-  attitudes,  goals,  and  cognitive  preferences 

-  values  and  beliefs 

In  the  face  of  such  documentation,  it  is  very  unclear  what  the  teaching  and 
learning  task  should  be.  The  established  theoretical  constructs  of  mathematics 
education,  developed  through  a  research  history  which  has  failed  to  recognise 
cultural  conflicts,  are  at  best  misleading  and  at  worst  irrelevant  and 
obstructive.  To  separate  ^cognitive'  from  'affective'  issues  seems 
counterproductive,  and  the  task  of  exploring  the  implications  of  cultural 
conflict  seems  to  require  some  fresh  thinking. 

One  way  to  make  a  start  on  this  is  to  search  for  similarities  between  situations 
of  conflict,  and  between  the  similar  experiences  of  different  alienated  groups. 
Hitherto  mathematics  educators  have  been  reluctant  to  do  that,  with  their 
research  focussing  on,  and  remaining  within,  the  problem-space  of  any  one 
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group  (for  example,  ethnic  minority  students,  girls,  or  second  language 
learners).  Not  only  have  mathematics  educators  not  looked  across  different 
groups  mthin  their  field,  they  have  failed  to  look  across  at  similar  conflict 
situations  experienced  in  history  education,  TESOL  education  or  religious 
education,  to  name  but  three  areas.  Therefore,  it  is  helpful,  I  believe,  to  begin 
to  recognise  and  analyse  similarities  between  the  responses  of  educators  to 
those  different  situations  of  conflict.  The  following  table  represents  an 
attempt  to  do  this: 


Approaches  to  culture 
ooflrUct 

AMuntptionc 

Qnicuiuai 

TeAchini 

Laagwage 

Cdturc-frcc 
Traditioncl  view 

No  culture  oonnict 

Tr*d«tioAaJ 
Caooakal 

No  particular 
nKxHTtcttkn 

OfHcial 

AuimiUtioa 

OiikJ'i  culture 
(houkJ  be  uKful  M 
eximp4es 

Soflie  chUd'i 
culturaJ  contcxu 
induced 

Carifif  approacfa 
perhaps  with  aoaie 
pupils  in  (roups 

OfTiciaJ.  pfws 
rekvaat 
oontrsM  aad 

for  Mcuad 

lsa|sufe 

kamers 

AcoommcxUtion 

Chikl'f  culture 
ihoukJ  iofluOHx 
educiuon 

Curnoilum 
restructured  due 
to  cbikt's  culttse 

Teaching  style 
reodined  m 
preferred  by 
chikJren 

Child's  booe 

aooepled  is 
class,  plia 
offkial 
Unfuafc 

support 

Amalfamatxin 

Culture'i  idulu 
ihoukJ  share 
iifnincanUy  in 
educatiofl 

CurTkuium  jotnUy 
orpDited  by 
teachcn  and 
community 

Shared  or  team 
teachuif 

Bi-Uafud.  b(. 

cuhursl 

teaching 

Appropnatiofl 

Culturc't 

community  shouk) 
lake  over  etturauoa 

Cunkulum 
orftiiiaed  wfvolly 

by  community 

TcachLti  entirely 
by  community's 
adults 

Teachiasia 
home 

coma:unlty's 

preferred 

lan|au|e. 

ERIC 


857 


1-206 


A  Pnssihlft  Rpfiftarrh  Agenda 

Various  research  questions  are  now  raised  by  this  kind  of  analysis,  and  here  I 
will  refer  to  just  three  areas  of  questions,  which  relate  to  the  three  levels  of 
curriculum:  intended,  implemented,  attained.  This  structuring  has  been  chosen 
to  expose  the  three  significant  levels  of  cultural  conflict  recognition,  and  thus 
potential  resolution. 

1.  R^gr-^rdiny  the  mathematical  knowledge  as  rcpreseatfd  in  the  Intepded 
curriculum. 

Here  we  are  becoming  more  aware  of  the  need  to  consider  three  very 
different  educational  structures,  and  among  the  potential  research  questions, 
the  following  seem  the  most  promising: 

a)  Formal  mathematics  education 

What  theories  could  influence  the  'culturalising*  of  the  formal  mathematics 
curriculum? 

What  values  are  developed  within  the  current  school  mathematics 
curriculum?  What  other  values  can  be  emphasised? 
What  criteria  should  be  used  to  evaluate  an  appropriate  intended 
mathematics  curriculum  in  a  culturally  pluralistic  society? 

b)  N0"-ff>"^^l  mnthftmatics  education 

What  roles  are  non-school  alternatives  fulfilling  in  relation  to  cultural 
conflicts? 

Are  these  alternatives  on  the  increase? 

Is  an  increase  a  measure  of  the  communities'  satisfaction,  or  their 
dissatisfaction,  with  formal  mathematics  education? 

c)  Mnrmal  maThp'"i;>tics  education 

In  what  sense  are  informal  societal  and  community  influences  on 
mathematics  learners  educational? 
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2.  Regarding  implementing  a  mathematical  knowledge  environment  in  schools 
and  cla5;srooms 

Here  there  are  three  main  research  avenues  which  in  my  view  are  worth 
exploring  further: 

a)  Implementing  a  culture-blind  intended  mathematics  niniculum 

To  what  extent  can  a  culture-blind  intended  mathematics  curriculum  be 
made  less  of  an  obstacle  to  learning  in  the  classroom? 
Can  mathematical  learning  activities  be  usefully  charaaerised  as  more-or- 
less  *opcn'  in  relation  to  their  cultural  framing? 

b)  The  mathematics  teacher  as  social  anthropologist 

What  outside-school  mathematical  knowledge  do  teachers  recognise  as 
legitimate  inside  the  classroom? 

What  knowledge  about  the  learners'  cultures  can  help  mathematics  teachers 
with  their  classroom  decision- making? 

How  do  teachers  recognise  cultural  conflict  in  their  classrooms? 

c)  Multi-cultural  mathematics  classrooms 

What  teaching  strategies  do  mathematics  teachers  adopt  in  if  they  recognise 
their  classrooms  as  being  multicultural? 

What  values  exist  in  the  knowledge  environment  created  by  mathematics 
teachers  in  their  classrooms? 

3.  Regarding  the  mathematical  knowledge  attained  by  the  learners 

What  outside-school  mathematical  knowledge  do  learners  recognise  as 
legitimate  inside  the  classroom? 

What  cultural  conflicts  are  actually  experienced  by  mathematics  learners 
and  how  do  they  cope  with  them? 

How  does  the  'cultural  distance'  of  their  home  mathematical  culture  from 
the  school  mathematical  culture  relate  to  the  quality  of  their  mathematical 
learning  in  classrooms? 

How  docs  bi-culturaJ  mathematical  learning  differ  from  bi-lingual 
mathematical  learning? 
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Finally,  what  are  the  implications  of  all  these  questions  for  determining  the 
appropriateness  of  any  mathematical  assessment  procedures? 
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Linking  the  Cognitive  and  the  Affective:  a  Comparison  of 
Models  for  Research 

Jeff  Evans      and     Anna  Tsatsaroni 
Middlesex  University  University  of  East  London 
Enfield,  UK  Dagenhara,  UK 

We  consider  four  different  types  of  model  for  relating  the  affective  and  the  cognitive 
in  the  study  of  mathematical  performance  and  problem  solving.  The  models  arc:  (A) 
models  with  a  "macro"  perspective,  aiming  to  explain  individual  differences  in 
performance  scores  or  participation;  (B)  "micro"  models  focusing  on  an  individual's 
problem  solving  episodes;  (C)  micro  models,  drawing  on  psychoanalytic  insights; 
and  (D)  models,informcd  both  by  psychoanalytic  and  post-structuralist  ideas.  We 
compare  them  in  terms  of:  theorisation  of  the  effective  and  the  cognitive, 
methodology  (how  both  of  the  latter  arc  explained),  metliods  used  to  study  the 
relationship,  and  recommendations  for  practice  and  pedagogy. 

The  importance  of  affective  factors  in  the  learning  of  mathematics  is  reasserted 
periodically.  This  occurred  in  the  1970s,  given  the  need  to  study  barriers  to  females' 
participation  and  performance  in  maths  (e.g.  Fcnnema  and  Sherman,  1976),  and  also 
barriers  to  "second  chances"  for  university  students  and  adults  generally  (e.g.  Richardson 
and  Suinn,  1972).  More  recently,  the  need  to  account  for  blocks  in  mathematical  problem 
solving  episodes  has  seemed  to  require  a  different  level  of  analysis,  e.g  McLeod  and 
Adams  (1989).  Other  researchers,  such  as  Walkerdine  (1988)  and  Taylor  (1989),  have 
sought  to  harness  psychoanalytic  and/or  poststructuralist  ideas. 

A.  Mncro  "differential"  nKxleh 

These  models  aim  to  explain  individual  differences  in  performance  scores,  participation 
(taking  maths  courses),  etc.  using  measures  of  affect  such  as  "attitudes  towards 
mathematics"  (e.g.  Fcnnema  and  Sherman  1976).  Affect  in  this  approach  tends  to  be 
represented,  not  by  "hot"  emotion,  but  by  "cool"  attitudes;  in  fact,  tlicrc  is  a  tendency  hero 
to  see  as  characteristics  both  the  cognitive  ("performance  levels",  "skills",  if  not  innate 
abilities)  and  the  affective  ("personality",  "traits",  as  in  trait  anxiety). 

In  the  "differential"  models,  exemplified  by  Fennema's  (1989)  generic  model  (sec 
Fig.l),  the  links  arc  produced  by  what  are  seen  as  "causal"  relationships.  The  "external", 
the  social,  the  cultural,  gpcialiscs  the  individual,  so  that  values  and  affect  are 
"internalised";  affect  in  turn  influences  cognitive  outcomes  in  the  individual.  In  these 
studies  within  educational  psychology,  the  process  of  socialisation  is,  to  a  greater  or 
lesser  extent,  bracketed  as  largely  the  province  of  sociology,  anthropology  or  social 
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psychology  -  whereas  the  causal  links  assumed  between  cognitions  and  affect  are 
considered  accessible  to  analysis  using  correlations  and  statistical  modelling ^ 


Fig.  1  Fenncma's  generic  model 


In  these  models,  affect  is  seen  as  having  an  influence  on  cognitive  outcomes, 
causal  and  (presumably)  one-way.  The  ultimate  explanation  for  both  comes  from  social 
influences  -  outside  the  individual  -  which  have  effects  on  affect  through  belief*},  etc.  In 
Fenncma's  model,  social  factors  also  have  effects  on  cognitive  outcomes  through 
"mediating  learning  activities "2  .Affect  is  measured  by  scores  on  attitude  scales  or  ("trait") 
anxiety  scales  such  as  the  MARS  (Richardson  and  Suinn,  1972);  outcomes  by  number  of 
matlis  exams  passed,  scores  on  standardised  tests,  etc.  The  recommendations  for 
pedagogy  which  follow  include:  removal  of  the  causes  of  problems,  s.g.  maths  anxiety 
programmes;  or  compensatory  programmes  for  disadvantaged  groups,  e.g.  "remedial 
maths". 

There  are  advantages  and  disadvantages  in  using  this  type  of  model.  First,  it  can 
be  made  comprehensive  by  including  the  affective  factors  of  intcrtst,  and  a  range  of  social 
and  cultural  variables,  as  well.  Second,  the  outcome  variables  are  those  of  interest  to 
teachers,  parents  and  policy  makers,  viz.  differences  in  maths  performance,  maths 
course-taking,  etc.  (perhaps  gender-related,  see  Fennema,  1989).  On  the  other  hand,  the 
comprehensiveness  of  the  model  may  lead  to  over-complexity.  Moreover,  the  nature  and 
operation  of  the  many  social  "influences"  is  unclear,  e.g  in  the  attempt  to  include  the 
social  through  taking  account  of  "socializers"  aspirations,  expectations,  etc.  and  the 
students'  iKrccption  of  these.  That  is,  the  cultural  transmission  referred  to  in  these  models 
is  not  at  all  straightforward;  for  example,  children  do  not  apply  their  parents'  (or 
teachers')  values  independently  of  the  context  (Mandler,  1989b). 


1  Another  example  is  the  "academic  choice"  model  which  uses  an  "expectancy-value" 
approach,  so  called  because  the  "perception  of  task  value"  and  "expectancies  of 
success"  are  seen  as  operating  together  to  produce  the  probability  of  choosing  to  do 
another  maths  course  (or  tliat  of  other  achievement  behaviours).  Some  argue  that  this 
approach  allows  us  to  subsume  most  of  the  "affective"  factors  previously  discussed, 
under  "expectancy"  (confidence,  perceived  difficulty,  attributions)  or  under  "value" 
(enjoyment,  perceived  usefulness  of  mathematics)  (Chipmaii  and  Wilson,  1985, 
pp.294.95). 

2  These  include  thinking  independently  about  problem  solving  in  maths,  choosing  to  do 
it,  persisting  at  it,  achieving  succcss.(Fenn'5ma,  1989). 
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B.  MicrQ"cQgnitlve-cQnstmcdvist"  models 

Wc  can  distinguish  "macro"  approaches  such  as  ihc  differential  models  from  "micro" 
approaches;  the  latter  focus  on  the  process  of  an  individual  attempting  a  particular  task  or 
problem,  as  follows: 

(i)  a  discrepancy  (or  interruption)  between  the  student's  expectations  and  die  demands  of 
ongoin  J  activity  leads  to  visceral  axxHisal; 

(ii)  the  psysiological  aixjusal,  on  the  one  hand,  and  the  person's  evaluation  of  the 
situation,  on  the  other,  lead  to  tlic  "construction"  of  emotion;  and 

(iii)  emotion  may  lead  to  a  reduction  in  the  conscious  capacity  available  for  problem- 
solving.  (Mandlcr,  1989a;  McLcod,  1989a).  Here  emotion  is  more  "hot",  more  intense, 
than  affect  in  model  A  above. 

Since  emotion  is  "constni(ct)ed"  as  a  result  of  the  cognitive  evaluation  of  a 
physiological  arousal,  the  links  between  the  cognitive  and  the  affective  are  produced  by 
assimilating  affect  to  some  extent  under  the  cognitive  umbrella.  These  nwdels  do  not 
necessarily  assume  a  one-way  causality,  of  the  form  "(negative)  affect  is  debilitating  for 
thinking";  for  example,  Cobb  et.  al.  (1989)  illustrate  a  freedom  from  such  an  assumption. 

Although  questionnaire  measures  arc  perhaps  appropriate  for  the  measurement  of 
repeated  emotional  reactions  to  u  category  of  (say  mathematical)  tasks,  more  process- 
sensidve  methods  arc  seen  as  necessary  for  describing  reactions  which  arc  not  yet  so 
automatised  (McLeod,  1989b).  Thus,  the  mtlhfidi  used  here  are:  (i)  description  of 
particular  episodes  of  mathematical  problem-solving;  and  (ii)  "cross-subject" 
comparisons,  e.g  Mcleod  and  Metzger  (1989),  who  compared  problem-solving  "experts" 
and  "novices". 

Recommendations  for  practice:  The  problem-solver  needs  to  learn  how  to 
"manage  emotions",  e.g.  Mcleod  and  Metzger  (1989).  Also,  the  teacher  can  show  the 
pupils  how  to  construe  their  own  (or  others')  actions,  as  a  basis  for  emotional  acts,,  e.g. 
Cobb  et  al.  (1989).  The  rationality  required  for  maths  might  be  intersubjcctivcly 
constituted  on  the  basis  of  emotional  acts  which  bind  the  pupil  to  the  subject  of  maths  (or 
her/his  classmates  and  teacher).  In  this  account,  the  rational  human  subject  remains  a 
basic  presupposition,  and  the  affective  is  appropriated  by  the  cognitive. 

The  advantages  of  this  model  are  its  relative  parsimony,  and  the  relative  clarity  of 
the  operation  of  its  effects.  On  the  other  hand,  it  is  focusscd  purely  at  the  individual  level 
or  at  tlie  intersubjective^.  level  whose  starting  point  is  a  prc-fonned  individual  subject. 


3  See  Cobb,  Yackel  and  Wood  (1989)  which  discuss  the  mutual  dependence  of 
enwtional  acts,  bcliei'and  social  norms. 
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Both  models  A  and  B  display  an  hierarchical  opposition  between  cognitive  and  affective. 
In  A,  the  affective  is  put  forward  as  an  influence  on,  an  explanation  of,  the  outcomes  of 
interest,  performance,  participation,  which  are  basically  cognitive.  In  B,  affect  may 
"inic_fere  with"  clear  thinking,  again  devaluing  the  affect  Both  niodel;^  are  "icognitivist"^. 
A  lakes  account  of  the  social  as  separate  variables,  i.e.  it  is  dependent  on  a  society  vs. 
individual  split.  With  B,  it  is  difficult  to  take  account  of  the  social  at  ail  Neither  A  nor  B 
fully  take  account  of  the  particuUiity  of  the  subject's  hisioiy. 

r.  Micro  models,  infonned  bv  psychoanalytic  appioaches 

A  number  of  researchers  have  studied  affect  around  mathematics,  using  psychoanalytic 
approaches  e.g  Nimicr  (1978),  Legauli  (1987)5.  These  approaches  start  from  the 
Freudian  position  that  affect  can  be  thought  of  as  a  "charge"  attached  to  particular  ideas. 
Ideas  with  strong  negative  charges,  e.g.  anxiety,  or  which  mobilise  intrapsychic  conflict, 
tend  to  meet  defenses,  and  to  be  repressed  into  the  unconscious.  Therefore,  much  thought 
and  activity  takes  place  outside  of  conscious  awareness;  everyday  life  is  mediated  by 
unconscious  images,  thoughts  and  fantasies  -  which  sometimes  appear  as  jokes,  slips, 
dreams,  etc.  These  unconscious  meanings  are  linked  to  complex  webs  of  meaning.  The 
affective  charge  can  move  from  one  idea  to  another  along  chains  of  associations  by 
displacement,  and  can  build  up  on  one  particular  idea  through  condensation.  Thus  any 
product  of  mental  activity,  including  interview  talk,  may,  upon  deeper  investigation, 
reveal  hidden  aggression,  suppressed  anxiety,  forbidden  desire,  and  defences  against 
these  wishes.  (Hunt,  1989) 

For  example,  Nimicr  (1978)  shows  how  a  student's  "setting  myself  again;;*" 
algebra,  though  she  was  "excited"  by  geometry,  might  be  explained  by  anxiety  cjisplaccd 
from  the  sounds  of  her  parents'  arguments  in  the  next  room,  that  kept  her  awake  when 
she  was  young,  to  the  "purring"  sound  of  the  algebra  teacher's  voice,  that  "got  on  u.y 
nerves"  (p.  169;  Evans'  translation). 

Here  the  affective  is  apparently  privileged;  it  provides  the  charge  for  ideas,  it 
"powers"  thinking  (Buxton,  1981),  However,  anxiety  apparently  relating  to  maths  may 
result  from  anxiety  displaced  onto  mathematics,  as  in  the  above  example. 


^  For  a  critical  reading  of  cognitivism  and  the  problems  inherent  in  any  attempt  to  move 
beyond  it,  e.g.  to  challenge  liierarchical  oppositions,  see  Tsatsaroni  (1991 ). 

^  Buxton's  (1981)  model  is  basically  B,  though  he  acknowledges  the  possibilities  in 
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The  methods  used  for  model  C  include  clinical/scmi-staictured  interviews,  but 
also  questionnaires  including  open-ended  questions  (Niniier,  1978),  They  can  be  treated 
as  case  studies,  or  used  in  cross-subject  comparisons;  see  Legault's  (1987)  comparison  of 
schoolgirls  "strong"  and  "weak"  in  maths.  As  indicators*  we  must  no:  consider  only 
expressions  of  anxiety,  but  a^so  what  arc  likely  defences  against  anxiety,  i.e.  gNhibitinR  of 
it.  Indicators  of  defences  against  anxiety  (or  other  conflict  in  the  psyche),  include 
Freudian  slips,  denial,  "behaving  strangely",  impatience,  ditsams  and  fantasies. 

Recommendations  for  practice  are  difficult  xo  formulate  clearly.  But  they  include 
the  teacher's  being  aware  of  multiple  (and  suppressed)  meanings  of  ideas  used  in 
supposedly  making  maths  meaningful,  e,g  "shopping  with  mother"  {Adda,  1986). 

Many  of  the  conclusions  drawn  from  using  models  A  and  B  describe  the 
relationship  between  cognitive  and  affective  in  terms  of  affect  "supporting"  cognition,  or 
"interfering  with"  it.  This  would  be  in  line  with  modernist  discourses  which  produce 
subjectivity,  i.e.  the  identity  of  a  rational  unic^uc  self,  only  by  marking  its  difference  from 
the  affective  as  the  "other"  of  the  cognitive.  Now,  in  tlie  psychoanaiytically  informed 
view  of  the  affective  in  terms  of  charges  attached  to  (or  infusing)  ideas,  and  as  related 
thus  to  the  cognitive,  the  affective  is  not  entirely  "other"  to  cogniti.on.  Moreover,  in 
psychoanalysis,  affect  can  be  displaced  onto  idt-as  different  from  those  to  which  it  was 
originally  attached.  This  means  that,  though  affect  is  not  entirely  "other"  to  cognition, 
neither  is  it  completely  "at  one  with"  cognition. 

Thus,  the  advantage  of  model  C  is  the  depth  possible  in  the  treatment  of  affect. 
However,  opening  up  the  problematic  of  affect  has  as  its  effect  the  conceptualisation  of 
the  field  of  irtathematics  knowledge  as  an  open  system  with  an  inability  to  distinguish 
neatly  between  its  cognitive  structure  and  the  social  context  (sec  below). 

n.  A  y<;ychQanalvric  approach,  informed  bv  post-structuralism 

The  work  of  some  post-structuralists  radicalises  model  C  by  questioning  some  of  its 
assumptions.  Walkerdine  (1988,  1990)  has  shown  the  need  to  understand  thinking  in 
terms  of  s.  :;ial  difference  and  deprivation,  as  well  as  in  terms  of  pleasure,  anxiety  and 
defences,  likely  to  be  seen  in  model  C  as  related  to  early  family  dynamics.  Taylor  (1989) 
has  argued  for  the  importance  of  socially  available  discourses  and  dreams  in 
undei-standing  both  mathematical"  problem  solving  and  motivations  such  as  career 
hopes. 

These  rescprchers  develop  the  basic  psychoanalytic  approach  by  emphasising 
signification.  Rather  than  considering  the  movement  of  the  affective  charge  to  take  place 
along  chains  of  associations,  they  adopt  the  (Lacanian)  vtiw  that  affect  can  be  displaced 
along  chains  of  signification,  where  the  linking  of  signifiers  to  produce  meaning  may  be 
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determined,  or  contingent  and  based  on  contiguity.  Thus,  they  draw  on  theories  of 
signification  to  analyse  the  elements  and  structures  of  discursive  practices,  in  particular 
signifier/  signified  relations  and  devicrs  such  as  metaphor  (linked  with  condensation)  and 
metonymy  (linked  with  displacement);  see  Henriqucs  ct  al.  (1984,  Scc.3).  This  aUows  the 
analysis  of  meanings,  both  at  a  general  level  and  for  particula;  subjects;  it  thus  provides 
the  basis  for  study  of  how  subjects  are  examining  and  thinking  about  specific  problems  to 
be  solved,  and  of  the  emotions  they  feel.  At  the  general  level,  studies  of  how  specific 
discursive  practices  have  their  effects  in  education  are  done;  sec  e.g.  Walkerdine  (1984) 
on  "child-centred  pedagogy"  .And  for  particular  subjects,  serai- structured  interviews  are 
used,  with  either  a  problem  solving,  or  a  clinical  /  life-history  focus  -  or  botli  (Taylor, 
1989;  Evans,  1991,  1993). 

In  this  work,  the  context  of  cognition  is  constituted  by  the  discursive  practice(s)  in 
which  the  subject  is  positioned.  It  is  necessary  to  specify  the  practice(s)  within  which  the 
subject  is  addressing  the  problem.  Evans  (1993)  has  attempted  to  produce  a  synthesis  of 
previous  answers  to  the  problem,  that  would  avoid  tendencies  to  overemphasise  either  the 
determination  of  human  action  -  as  in  some  of  Foucault's  work,  or  alternatively  its  freely 
chosen  character.  His  approach  involves  describing  the  positioning  of  a  subject 
confronting  a  problem  as  a  "resultant"  of  the  practice(s)  in  which  all  subjects  in  that 
situation  are  positioned,  and  the  pi-actice(s)  which  the  particular  subject  callSJlfi.  His 
analysis  of  a  set  of  interviews  with  adult  students  (e.g  Evans,  1988,  1991)  shows  that  it 
is  often  (though  not  always)  possible  to  describe  a  particular  subject's  positioning  in  a 
particular  simation  -  and  to  understand  their  thinking  and  emotions  in  this  context 

Thus,  for  example,  one  episode  from  the  case  of  "Ellen*'  (Evans,  1991)  can  be 
reformulated  for  the  analysis  here.  When  asked  to  calculate  a  15%  tip  for  a  meal  she  has 
chosen  from  a  restaurant  menu,  she  hesitates,  then  makes  a  "slip"  (dividing  by  15,  rather 
than  multiplying).  In  response  to  a  "contexting  question"  about  how  often  she  docs  this 
sort  of  calculation,  she  admits  that  she  doesn't  usually  pay,  but  nevertheless,  she 
habitually  adds  up  the  cost  of  her  meal  -  since  she  doesn't  "want  to  be  an  expense".  It  is 
possible  to  read  "expense"  as  a  signifier  on  which  meanings  are  ggndcnscd:  it  would 
signify  for  Ellen  both  the  cost  of,  say,  her  meal  obtained  by  summing  the  individual 
dishes,  and.  her  being  a  burden  within  a  relationship  -  and  these  two  ideas  are 
pietaphoricallv  linkrd  in  her  history.  Also,  in  this  episode,  the  anxiety,  guilt,  pain  of 
being  an  expense  would  be  displaced  onto  the  idea  of  the  co.;t  of  her  meal  including  any 
tip,  and  these  two  ideas  arc  metonvmicailv  linked  through  the  idea  of  summing.  Her 
response  may  look  like  "maths  anxiety".  But,  because  of  her  mulriple  positioning,  the 
signifier  "expense"  is  located  at  the  intersection  of  two  (at  least)  discourses,  and  this 
linkage  allows  the  strong  feelings  around  her  relationship  and  eating  out,  to  be  displaced 
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onto  the  calculation  problem  -  which  at  first  seemed  so  obviously  to  be  simply 

For  inoihcr  problrm  [reading  a  graph  of  changes  in  tlic  gold  price],  "Fiona" 
seems  to  make  two  errors  or  "slips",  especially  given  her  assertion  that  "My  father's  a 
stockbroker,  so  I  do  understand  a  little  about  opening  and  closing  [prices]".  Her  answers 
to  the  coDtexting  questions  show  that  this  problem  has  called  up  family  discourses 
charged  with  disappointment  and  anger  around  her  relationship  with  her  father,  and 
anxiety  about  his  work.  When  asked  to  describe  her  father's  work,  Fiona  responds  as 
follows: 


This  is  a  chain  of  signifiers  particular  to  her  own  "history  of  desire".  A  chain 
which  describes  the  activities  that  make  up  her  father's  work,  and  the  way  the  father  is 
perceived  to  treat  other  members  of  the  family,  especially  her.  These  activities  and 
relationships  arc  constructed  by  available  discourses.  Further,  in  these  discourses  there 
are  echoes  of  a  corrupt  capitalism,  and  of  popular  discourses  about  maths.  At  tliis  point  of 
condensation,  there  is  again  -  as  with  Ellen  -  an  intersection  of  discourses,  of  which  the 
word  "cakulating*"  speaks. 

In  these  examples,  the  term  "mathematics"  shows  up  in  unexpected  ways,  and 
what  seem  to  be  temis  of  mathematics  arc  sometimes  shared,  at  intcRcctions  with  other 
discourses.  The  consequences  are  that  what  appears  to  be  "mathematical"  activity,  or 
"maths  anxiety",  may  be  read  quite  differently. 

Concluding  Remark 


In  our  analysis  we  refer  to  a  set  of  intersecting  discourses  which  produce  a  heterogeneous 
chain  of  signifiers.  The  term  intersection  is  provisional  because  the  present  paper  has 
considered  only  two  moves  concerning  the  cognitive  /  affective  relationship.  The  first  two 
arc  on  a  methodological  level  -  from  causation  to  interpretation  -  and  on  a  theoretical  level 
-  >n  terms  of  conceptualising  tlie  cognitive  /  affective  relationship.  These  need  to  be 
complcnncnted  by  a  third.  In  models  A  and  B,  the  canon  of  rationality,  which  sees 
mathematics  as  rule-governed,  guarantees  the  unity  of  the  mathematical  field  and  its  pre- 
constituted  quality.  It  thereby  asserts  the  existence  (and  unity)  of  a  rational,  cognitive, 
human  subject.  That  is,  these  models  are  linked  with  an  "absolutist"  philosophy  of 
mathematics  (cf.  Ernest,  1991). 

With  model  C,  this  unity  can  no  longer  be  guaranteed:  as  Freud  himself  once 
remarked,  the  "discovery"  of  the  qualities  oi'the  affective  was  the  last  blow,  namely  to  the 


•'capitalist,...corrupt,...business-like,...mathcmatical,... 
calculating,...devious....unemotional..." 
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psychological  subject,  that  scientific  research  dcalllo  "the  universal  narcissism  of  men"  A 
This,  however,  means  that  Freud  presupposes  an  affgytivf  ordtx  in  the  way  that 
mathematics  constitutes  itself  as  a  field  -  and  in  the  way  thai  the  student  relates  to  the 
subject  of  maths.  The  implications  of  this  last  point  for  understanding  the  field  of 
mathematics  have  not  yet  been  fully  considered  in  our  version  of  model  D.Wc  need  to 
direct  our  attention  to  a  view  of  the  way  in  which  the  specificity  of  mathematics  is 
produced  and  delimited.  Different  answers  to  this  question  will  email  different  positions 
on  the  question  of  "le  boundary  between  the  cognitive  and  the  affective. 
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INCONSISTENCY  IN  LEVELS  OF  INTERACTION 
-  mCROSCOPIC  ANALYSIS  OF  MATHEMATICS  LESSON  IN  JAPAN- 

Koichi  Kumagai 
Joctsu  University  of  Education 

Abstract 

The  ftim  of  this  rcietrch  is  to  discuss  the  construction  of  inicrtction  between  « 
tetcher  tnd  students  in  mtthemttics  lesson  in  Jtptn.  Thirty-six  mtthemttics  lessons 
in  fifth  grtdc  were  observed  and  recorded  with  two  video  ctmerM  and  Interviews 
were  conducted  with  a  teacher  and  H  students.  Then  the  data  are  transcribed  and 
analyzed  from  both  the  viewpoint  of  cohected  action  and  of  an  individual 
participant.  As  a  result,  we  identified  three  levels  of  interactions,  1. basic  level, 
2. mathematical  knowledge  level,  and  mathematical  rationale  level.  And  we  proposed 
model  of  interaction  which  is  called  Kumagai  model  in  terms  of  the  level  of 
interaction.  According  to  this  model,  interaction  in  mathematics  lesson  has 
inconsistency  in  deep,  even  though  it  has  consistency  in  surface. 


In  Japan  there  are  40  students  to  a  teacher  in  a  mathematics  classroonrt 
So  we  con  find  various  ideas  in  students*  solution  and  thinking.  But,  some 
researchers  suggested  that  Japanese  mathematics  lesson  has  an  introduction, 
conclusions,  and  a  consistent  theme,  that  is  mathematically  emphasized 
theme  (Becl<er  et.  al  ,  1 990;  Kumagai,  I  988;  Stigler,  1968,1991).  For  example 
at  the  beginning  of  the  lesson,  a  teacher  pose  a  problem,  "250004-800"  ,  How 
do  you  calculate?",  on  the  board.  And  then  students  solve  this  problem  and  a 
new  problem  ,  "Why  do  we  delete  the  sanne  number  of  zeros?",  is  formulated 
through  interaction  between  a  teacher  and  students.  And  they  discuss 
floiutions  of  the  new  problem.  And  at  last  the  teacher  and  students  share  a 
solution  of  the  new  problem,  mathematical  rationale  for  procedures.  At  the 
end  of  lesson,  the  teacher  summarize  their  discussion 

The  aim  of  this  research  is  to  discuss  the  construction  of  ir.teraction 
between  a  teacher  and  students  In  mathematics  lesson  as  we  described  above 
We  will  analyze  interaction  between  a  teacher  and  students  from  the 
viewpoint  of  social  interactions 
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Method 


We  observed  and  recorded  thirty-six  mothemotics  lessons  in  fifth  grade 
with  two  video  cnmeroa  from  the  beginning  of  the  school  year,  from  1  I  th  In 
April  to  3rd  in  July  And  Interviews  ore  conducted  with  the  teacher  (28th  In 
June)  tnd  6  students  (7th  In  May). 

Keac/f&r.  lhe  teacher  Mr.  Yama.G.  has  experienced  elementary  school  teacher 
In  14  years. 

Stuchnts,  There  are  thirty-six  students  (15  boys  and  21  girls)  In  a  classroom, 
nineties  of  them  (8  boys  and  1  1  girls)  have  never  experienced  Yama.G.'s 
teaching.  Particularly  two  of  them  came  from  other  schoola.  And  the  teacher 
has  been  teaching  mathematics  other  17  students  (7  boys  and  10  girls)  for 
two  years  We  distinguish  these  two  group  of  students.  One  group  R  consists 
of  pupils  who  have  studied  under  the  teacher  Yama.G.  And  the  other  group  N 
consists  of  pupils  who  have  not  studied  under  the  teacher  Yama.G. 
Cc/jte/jtSjlhe  teaching  content  follows  the  course  of  study  In  Japan.  For 
example,  In  fifth  grade,  it  contains  numeration  system  of  the  whole  r  mber 
and  the  decimal  fraction,  multiplication  and  division  with  decimal  fractions. 
Pataj^e  transcribed  and  analyzed  the  following  data 

-transcription  of  verbal  interaction  by  the  teacher  and  students 

-transcription  of  blackboards 

-transcription  of  interview  with  the  teacher  and  students, 
-whether  a  student  belong  to  group  R  or  group  N 


To  Investigate  the  Interaction,  we  focused  on  Interactions  In  a  problem 
formulating  activity  from  the  view  point  of  implicit  rules  (Bbuersf eld,  1 980; 
Cobb,1992,  Lampert,1990,  Volgt,  1  985, 1  989).  At  first  we  analyzed  the 
leacher'3  Interventions  and  identified  three  types  of  interventions.  Two  of 
them  changed  as  time  went  on  The  first  type  of  intervention  could  be 
observed  only  in  the  beginning  of  two  weeks.  And  the  second  one  had  been 
observed  in  the  beginning  of  one  month.  And  the  third  one  was  observed 
through  all  observation  periods  From  students  point  of  view,  most  of 
students  met  the  teacher's  expectations  correspond  to  the  first  and  the 


Three  levels  of  interaction 
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second  type  of  Interventions.  Particularly,  new  students  who  belong  to  group 
N  could  come  up  to  the  teacher's  expectation  with  two  types  of  Interventions 
But  students  could  not  easily  Interact  with  the  teacher  according  to  the  third 
type  of  Intervention. 

We  found  three  levels  of  Interaction,  that  its  basic  level,  mathematical 
knowledge  level,  and  mathematlcol  rationale  level,  In  a  mothematlcs  lesson. 
(Kumagal.  1991). 

Level.  1    Basic  level    A  teacher  expects  students  to  pose  problems 
actively.  In  particular,  and  fn  general  participate  Interaction  with  others  and 
0  teacher  Students  are  obliged  to  pose  questions,  problems,  explonottons, 
opinions,  and  so  on  actively.  The  teacher  is  under  the  obligation  that  he  must 
accept  pupils  rctlve  expressions    And,  In  general,  this  level  of  Interaction 
includes  classroom  managements 

Level. 2   Mathematical  knowledge  level    A  teacher  expects  students  to 
pose  questions  or  problems  with  mathematical  knowledge.  Students  are 
obliged  to  pose  questions  and  problems  with  mathematical  knowledge  they 
have  learned  A  teacher  must  accept  students'  questions  and  problems  based 
on  matl'.ematlcal  knowledge.  And  a  teacher  attempts  to  develop  these 
questions  to  mathematically  valued. 

For  example,  students  classify  two  or  more  solutions  and  identify  the 
differences  of  them,  whether  they  have  already  learned  or  not.  And  students 
Identify  the  differences  of  them  as  problems. 

Level. 3   hothematical  rationale  level    A  teacher  expects  students  to 
pose  mathematically  valued  questions  and  problems.  Students  must  pose 
mathematically  valued  questions  and  problems  that  Is  suitable  for  the 
situation  in  Interaction.  A  teacher  is  obliged  to  accept  mathematically  valued 
questions  and  problems  posed  by  students. 

We  can  identify  three  levels  of  Interaction  according  to  three  levels  of 
implicit  rules,  in  particular,  problem  formulating  process. 

In  consistency  in  levels  of  interaction 
Inconsistency  in  level  of  interaction  from  the  view  point  of 
coll e c ted  process 
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Explicit  fnconststency   In  some  problem  formulating  altuollon,  most  of  the 
students  interact  according  to  the  third  level  of  interaction,  and  a  few 
according  to  the  second  level.  But  in  other  problem  formulating  situation  (for 
example,  It  was  observed  30th  In  April),  some  students  interact  according  to 
the  second  level,  and  others  do  In  the  first  level.  And  a  few  students  interact 
with  the  teacher  In  the  third  level.  Wlien  we  closely  analyze  this  situation, 
the  teacher's  intervention  observed  In  this  situation  Is  different  from 
interventions  in  other  situations.  The  teacher  did  not  follow  the  typical 
sequence  of  interventions,  requesting  various  solutions,  comparing  these 
solutions,  and  posing  questions  and  formulating  a  problem.  He  intervened  In 
an  open  way  in  this  situation. 

We  could  observe  like  this  inconsistency  in  levels  of  interaction  in 
problem  formulating  situations  evidently. 

/mpficit  inconsistency  In  the  first  situation  in  one  lesson  (observed  t7th  In 
April),  students  and  the  teacher  formulated  a  problem,  "Why  do  we  delete  the 
same  number  of  zeros?"  When  we  analyzed  only  this  situation,  it  seemed  that 
they  Interacted  in  the  third  level. 

But  when  we  cont»ider  the  other  situation  following  the  first  situation  in 
this  lesson,  there  is  some  question  whether  the  interaction  in  the  first 
situation  occur  in  the  second  or  the  third.  In  the  following  situation, 
students  explained  the  procedures  of  division  or  of  deleting  the  same  number 
of  zeros  They  did  not  mentioned  about  rationale  for  procedures.  The  teacher 
explained  that  students'  explanation  Is  not  a  proper  reason  for  deleting  the 
same  number  of  zeros  From  this  observation,  we  can  Identify  that  interaction 
in  the  first  situation  did  not  occur  according  to  implicit  rule  on  the  third 
level  but  In  the  second  level 

In  the  first  •Ituation,  the  teacher  Intended  to  interact  with  students  In 
the  third  level  But  students  interact  with  the  teacher  in  the  second  level  It 
seems  that  there  Is  inconsistency  In  levels  of  Interaction  between  the 
teacher  and  students  But  It  is  difficult  to  identify  like  this  Inconsistency  In 
only  one  situation  for  the  teacher  and  observers. 

I ncoraistenc y_tn_ I evel  of  interaction  from  the  view  pojnt__gJLth.g 
individual  students 
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We  have  mentioned  before,  there  are  various  Inconsistency  In  levels  of 
Interaction  To  closely  analyze  these  Inconsistency,  we  will  attempt  to 
prepare  another  perspective,  that  Is  individual  student's  perspective. 
We  focused  on  three  students,  Sal,T.(gr.R)  Toku.N.Cgr  R)  ,  and  Furu.Y.Cgr.N) 
Type  A     Furu,Y(gr  N)  can  Interact  with  others  in  the  second  level  If  others 
are  In  the  second  level  But,  through  the  all  periods  we  observed,  Furu,Y. 
Interacted  with  others  In  the  second  level  even  If  the  teacher  exp^)cted  to 
interact  In  the  third  level  and  some  other  students  Intcrnctod  In  the  third 
level  For  exomple,  when  the  teacher  expected  to  discuss  the  reason  for 
validity  of  procedures  of  calculation,  ahe  sold  'Because  the  r*)5ult  of 
calculation,  answer.  Is  correct,  the  procedure  of  calculation  Is  valid" 
There  are  some  students  who  Interact  with  othe'^s  same  as  Furu.Y.  does. 
He/she  interact  with  other  In  second  level  in  every  situations.  We  represent 
such  Interaction  as  follows  (Flg.l). 


Type  B     Toku.N.Cgr  R)  Interact  with  others  In  various  level.  He  does  not 
necesaarlly  meet  with  the  teacher's  expectation.  Even  In  one  situation 
(observed  30th  In  April),  he  Interacted  In  various  levels,  the  first,  the  second 
or  the  third  But  the  teacher  expects  explicitly,  for  example  with  a  typical 
sequence  of  Interventions,  Toku,N.  can  meet  with  the  expected  level 
He/she,  like  Toku,N.  Interact  with  others  In  various  level.  In  some  situations, 
they  meet  the  teacher's  expectation  and  can  Interact  with  others  In  the  third 
level  In  other  situations,  they  can  not  Interact  with  others  In  the  third  level. 
We  represent  like  this  interaction  by  the  following  model  (Fig, 2) 


Level. 1 


Fi3l 


Level. 1 


Eioi 
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fypeC     SalJ.(grR)  con  inlerocl  with  others  according  to  the  teacher's 
expeclollon  Somelimes,  he  lakes  an  opportunity  of  Initiating  the  third 
level's  Interaction  and  the  teacher  and  other  students  follow  hini  (for 
example,  It  was  observed  27th  In  April) 

There  are  students,  Hke  Sal  J.,  who  can  meet  the  teachers*  expectation 
tn  every  situotlon.  Sometimes  they  can  lead  appropriately  the  mathematlca 
lesson  We  represent  such  Interaction  as  follows  (Flg.3). 
LoV9i.3 


lev&1.2 
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We  can  find  three  types  of  Interaction  between  a  teacher  and  students 
from  the  view  point  of  Inconsistency 

Model  of  interaction  in  mttthcmnticn  cloanroom 

As  we  described  before,  a  teacher  expected  to  Interact  with  students  In 
van  our)  level  We  suppose  that  a  teacher  expected  to  Interact  with  students 
ot  first  in  thff  second  level,  then  In  the  third  level  and  at  last,  In  the  third 
level  And  some  of  students  (a)/belong  to  type  A,  (c)/belong  to  type  C, 
(b)/belong  to  typo  B  participate  interaction  directly  In  each  situation  In  this 
order  At  first,  a  student  (a)  can  Interact  with  others  in  the  second  level.  And 
when  the  teacher  expected  to  Interact  In  the  third  level  In  the  following 
situations,  students  (c)  and  (b)  can  meet  the  expectation  We  modeled  such 
Interaction  as  fellows  (Fig  4)  We  named  this  Kumngai  model  of  interaction 
typo  S (KMIS) 


L.3 

|--»  (T)(c)  — >  (Tl(b)  — ► 

L.I 

When  we  tocus  on  Individual  students,  we  will  present  an  alternative 
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model  of  Intfrocllon  Thf>  onalyais,  from  the  view  point  of  individual 
students,  suggests  that  there  Is  some  differences  of  levels  of  Interaction 
between  the  teacher  and  students  and  between  students.  When  the  teacher 
expect  to  Interact  In  the  third  level,  some  students  ,for  example  type  A,  can 
not  meet  with  the  teacher's  expectation  and  they  c'<»ntlnue  to  Interact  In  the 
second  level  We  con  discuss  In  the  same  way  for  students  type  a  and  typ^j  C. 

Many  inconsistencies  in  levels  occur  between  a  teacher  end  atudents 
Some  of  them  can  be  observed  In  various  situations  easily,  but  others  can  not. 
Because,  In  a  mathematics  lesson,  all  students  do  not  have  opportunities  to 
participate  verbal  Interaction  directly,  express  their  Idea,  solutions,  and  so 
on  Out  a  leacher  and  students  interacted  every  moments. 

We  present  a  model  of  Interaction  In  a  mathematics  lesson  from  the 
viewpoint  of  Iniiivldijal  atudents,  we  coll  thia  Kumagal  mode)  of  interaction 
type  D  (KMID)  (Pig  5) 


According  to  model  of  Interaction  type  S,  It  seems  that  there  Is  no 
inconsistency  m  level  between  o  teacher  and  students  But  according  to  model 
type  0,  we  find  inconsistencies  between  a  teacher  and  students  ,  and  students 
and  students  These  model  represent  surface  and  deep  phase  of  Interaction  in 
mathemallcs  classroom 
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Conclusions 


We  proposed  the  model  of  Interaction  type  S  and  type  D  in  a  mathematics 
lesson  in  Japan    According  to  this  model,  interaction  in  mathematics  lesson 
has  inconsistency  in  deep,  even  though  it  has  ccnsifltency  in  9urfoce.  From  the 
viewpoint  of  interaction  level,  these  inconsistency  in  deep  is  the  character 
of  interaction  in  mathematics  lesson. 

We  need  to  pay  attentions  to  learning  of  an  individual  student.  If  a 
student  interacts  in  the  second  level  on  every  situations,  whether  he/she 
learn  mathematics  as  sets  of  procedures  or  not  Because  he/she  explain 
procedures  of  solution,  do  not  explain  rationales,  and  can  interact  smoothly  , 
he  /she  believes  that  explanation  without  mathematical  rationale  is  valid 
explanation. 
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A    STUDY    OF    EVALUATION    IN    RELATION  TO 
MATHEMATICAL    PROBLEM  SOLVING 

Sakaeiachl  Junior  High  School .Sapporo  YUTAKA  ABE 

Hokkaido  University  of  Educatlon.IwaiUawa    HASAKI  ISODA 
Horonobc  Junior  High  School, Horonobe  FUKIYASHU  TAKEHANA 

Students  exhibit  a  variety  of  reactions  when  presented  with  natheiatlcal  probleos. 
We  realiie  that  these  are  affective  reactions. 

In  recent  years,  there  have  been  a  nuiber  of  studies  .ade  on  the  relation  between 
affect  and  •atheiatlcal  problei  solving. 

On  the  basis  of  the  study  .ade  by  HcLeod  (1989.  1992)  ,  we  want  to  pursue  an  enquiry 
Into  the  evaluation  of  affect  as  it  should  be  taken  into  account  in  the  latheiatics 
teaching  in  Japan. 

In  our  study  we  lUlt  affective  doiain  to  '■belief  and  "eiotion'  .  In  analyzing  the 
,alhe.atics  classroo.  instruction  situation,  wc  have  United  the  question  of  "attitude 
to  thai  of  the  UpartUl  observer.  We  have  .ade  that  li.itation  because,  in  Japanese, 
"attitude"   [taldo]  presu.es  a  third  personsubject  ;  and  also  because  the  affective 
response  of  the  student  manifests  Itself  by  physical  and  verbal  expression. 

In  an  analysis  of  a  classroo.  situation,  we  note  that  the  changes  in  an  individual 
student's  facial  expression  and  his  words  and  gestures  show  clearly  when  something  is 
at  variance  with  his  own  understanding.  Thus  we  saw  that,  in  large  part,  the  student  s 
words  and  gestures  and  strongly  Influenced  by  his  confidence  in  his  relationship  with 
those  around  hin,  i.e.  by  social  context. 
We  feel  that  this  should  be  the  object  of  further  study. 
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CONSISTENT  THINKING  IN  THE  PRIMARY  SCHOOL 

Albrecht  Ab*le 
Paedagogisthp  Hochschule  Heidelberg 

Teachers  of  primary  school  classes  frequently  perceive  that  the  children  are  qualified  to  think  logically,  if 
the  process  of  solving  the  tiisk  or  of  doing  the  CAltulation  is  ba^ed  on  their  persona]  experience  of  own 
actions.  The  items  which  are  used  in  a  consistent  argumentation  can  be  avsigned  to  the  following  categories 
(cf.  [2]) 


1. 

facts 

11.  to  ixbstract 

2, 

conclusions 

i2.  agreemcats 

3. 

evaluations  (opinions,  norms) 

13. 

refuscls,  opposition 

4. 

combination  of  arguments 

M. 

dovbts 

5. 

explanations,  supplements 

15. 

attacks 

6. 

restrictions 

16. 

to  insist 

7. 

conditions 

17. 

to  compromise 

8, 

hypotheses,  suppositions 

18. 

r^pc-tions 

9. 

examples 

19. 

challenges 

10. 

proposals  to  act 

20. 

questions 

The  pupils'  competence  of  using  arguments  and  of  logical  thinking  will  be  promoted  with  the  increasing 
age  of  the  children,  and  the  question  is,  how  to  deccribe  this  development  of  the  pupils'  cognitive  abilities. 
Using  some  former  results  (cf.  [I])  we  taught  the  same  problem  to  pupils  of  three  different  classes:  a  second, 
a  third  and  a  fourth  class.  We  took  a  problem  which  is  not  a  part  of  the  official  curriculum,  therefore  the 
progress  in  learning  arithmetical  skills  could  not  influence  the  result  of  the  childrens  work. 
Analysing  the  pupils'  process  of  solving  the  problem  one  may  observe  several  details  concerning  the  de- 
velopment of  using  arguments,  for  instance:  the  decreasing  number  of  suppositions  corresponds  with  an 
increasing  number  of  explanations  from  the  second  class  up  to  the  fourth  class. 
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CROSS-CULTURAL  STUDY  ON  TEACHERS'  ACTIVITIES  IN 
MATHEMATICS  LESSONS  AT  ELEMENTARY  SCHOOLS 

Shizuko  Aaaiwa.   Shinshu  University.  Nagano.  Jean;  Haji«e  Yoshida. 
Miyazaki  University,  Miyazaki.  Japan 

Teachers*  activities  in  Asiericon  and  Japanese  Batheiiatics  lessons 
concerning  sa«e  lesson  units  were  compared  in  terns  of  the  linkage  of 
teachers'  and  children's  activities.     He  considered  the  contraction  of 
three  activities:  initiative  teachers'  activities,  children's  responses 
and  subsequent  teachers'  activities,  as  a  linkage. 

Through  the  analyses  of  video-taped  lessons,  which  were  collected  by 
the  Joint  project  of  US  and  Japan,   the  'differences  of  the  teachers' 
activities  between  two  countries  were  uade  clear. 

American  teachers  gave  the  children  nuch  aore  questions  and 
instructions  than  Japanese  ones.     As  for  the  linkage.  American  teachers' 
initiative  activities  were  alaost  the  "ask  with  the  siaple  questions" 
requiring  yes.   no.   or  siiple  answers,   and  their  activities  after  the 
children's  responses  were  "evaluate  the  children's  respons es  (r igh t  or 
wrong)"  and  "reconfira  children's  responses".     Japanese  teachers  also 
showed  nany  "simple  questions"  but  they  gave  more  "process  questions" 
requiring  children  to  answer  their  thinking  processes  than  American  ones. 
Japanese  teachers'  activities  after  the  children's  responses  were  "ask 
with  the  simple  questions",   "reconfirm  children's  responses"  and  "explain". 
In  addition,  we  found  the  tendency  of  Japanese  teachers'  asking  again 
"process  questions"  after  the  initiative  "process  questions'*. 

American  teachers  gave  the  children  so  many  easy  "simple  questions", 
and  gave  the  evaluation  and  re-conformance  after  children's  responses. 
On  the  other  hand.  Japanese  teachers  much  more  intended  to  draw  out 
children's  ideas  about  their  thinking  processes  than  American  teachers, 
and  after  ths  children's  responses,  they  performed  activities  mentioned 
above  to  make  children  examine  and  clarify  their  thinking  processes  with 
the  whole  members  of  the  class- 
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FOCUSING  ON  SPECIFIC  FACTORS  OCCURING  IN  CLASSROOM  SITUATION  THAT  LEADS  THE 
TEACHER  TO  CHANGE  HIS  PRACTICE  AND  MAKE  HIM  MODIFV  HIS  ORIGINAL  PLAN 


The  work  presented  here  come  from  a  study  carried  out  by  a  team  of  researchers  from  different 
disciplines,  who  set  out  to  build  up  methodological  and  iheoriiical  implements  that  could  help  describe  and 
explain  math  teachers*  practice  in  classroom  situation.  Thus,  the  classroom  is  no  longer  a  place  in  which 
theories  arc  applied  but  becomes  a  place  for  the  researchers  to  work  out  theoritical  tools. 


What  comes  into  account  when  teachers  design  their  course  planning  is  their  beliefs  of  their  discipline, 
the  type  of  mathematics  they  have  to  teach  and  other  phenomenon  such  as  the  conditions  under  which 
knowledge  is  u-ansmitted  and  learning  is  acquired  by  their  students.  This  preplanning  activity  can  be  seen 
as  a  whole  complex  field  that  we  could  analyse  in  terms  of  macrodecisions.  When  these  "macrodecisions" 
are  implemented,  gaps  between  course  planning  and  its  application  in  classroom  situations  come  out  We'U 
analyse  these  gaps  in  terms  of  "microdccisions".  These  "microdecisions"  are  triggered  off  by  different 
factors  some  totally  indepcndant  from  the  learning  situation  and  others  lightly  linked  to  it. 

We  wish  to  focus  more  specifically  on  the  processes  at  work  when  the  teacher  takes  the  decision  to 
alter  his  original  plan  when  it  occurs  that  the  practice  in  classroom  situation  differs  from  what  was  previously 
planned.  We  wish  to  underscore  the  nature  of  these  situations,  the  specific  factors  coming  into  play,  the 
change  they  entail  and  how  these  new  situations  are  handled. 

Case  Study 

The  observation  was  carried  out  in  three  different  forms  of  the  same  age  group  14-15  years' old  who 
were  taught  the  notion  of  square  toot. 

During  the  observation  we  focused  on  the  following  elements  of  the  classroom  situation  such  os : 

-  the  Ipiguagc  used  by  the  different  actors  and  specially  the  teacher 

-  the  prc-teaching  lasks  and  the  tools  used 

-  the  students* reactions  and  the  teacher's  answers 

-the  contents  relevance  i.e.  what  students  have  to  learn ' 

-  the  students 'production 

In  the  presentation  of  our  study  we'll  trv  to  underscore 

-  the  different  types  of  factors  occuring  in  classroom  situations  that  lead  teachers  to  alter  their  original  plan 

-  the  different  types  of  situations  in  which  these  factors  come  into  play 

-  the  p' »sence  of  rcccuring  elements  in  tlie  observed  teachers'practice 

-  llie  relations  existing  between  the  math  teacher's  *<microdecisions»  in  his  classroom  and  his  beliefs  of  the 
notion  he  inu^oduces  and  between  his  students' response  and  the  institutional  constraints. 

Research  category  :  Teachers'  beliefs  and  attitudes  (Secondary  level,  E,  N) 


Claude  Comiti.  Dcnise  Grenier,  J.F.  Bonneville,  G.  Lapierre 
Equipes  DidaTech  et  EFM,  University  Joseph  Fouriei,  Grenoble 
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The  role  and  function  of  a  hierarchical 
classification  of  quadrilaterals 


Michael  de  yilliers. 


Faculty  of  Education,  University  of  Durban  -WestvUle,  South  Africc 

This  paper  argues  that  some  students'  problems  with  a  hierarchical 
classification  of  quadrilaterals  is  not  that  of  a  lack  of  relational  or  logical 
understanding,  but  rather  of  a  lack  of  functional  understanding  (De 
Villiers,  1987).  The  viewpoint  is  taken  that  a  partitioning  of  quadrilaterals 
is  not  mathematically  wrong,  but  simply  less  useful  than  structuring  them 
hierarchically.  A  theoretical  analysis  is  therefore  made  in  this  paper  of  the 
role  and  function  of  a  hierarchical  classification,  and  why  in  this  case  it  is 
preferable  to  a  partition  classification.  A  distinction  with  examples  is  also 
made  between  two  different  types  of  classifications,  namely,  a  pnori  and  a 
posteriori  classification. 

Lastly  it  is  argued  from  a  constructivist  viewpoint  that  students  should  be 
allowed  to  formulate,  compare  and  choose  their  own  definitions  and 
classifications,  even  if  they  are  partitional.  By  now  specifically  discussing 
and  comparing  the  relative  merits  of  a  hierarchical  classification  with  a 
partitional  one,  students  will  eventually  realize  the  advantage  of  the 
former,  and  make  a  voluntary  transition  towards  it  (De  Villiers,  1990). 
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GRAPHIC  REPRESENTATION  OF  REAL-LIFE  SPACE: 
FRENCH  AND  JAPANESE  CULTURAL  ENVIRONMENTS 

Bemadettc  DENVS 

LR.E.Mv  University  Paris  VII  -  DidaTedi,  IMAG-LSD2,  University  Grenoble  I-  FRANCE 
1.  Statement  of  the  problem 

Study  of  the  developmen;  of  the  mastery  of  space  occupies  a  privileged  position  as  it 
Involves  direct  intei action  of  children  with  their  material,  physical  and  social 
environment.  This  requires  the  use  of  cultural  codes. 

Psychologists  have  been  very  interested  in  the  origins  of  spatial  concepts  of  young 
children.  But  much  of  their  work  has  been  outside  of  the  school  system. 
In  France,  this  topic  is  listed  as  an  objective  in  the  early  grades  of  elementary  school,  but 
after  the  age  of  8  years,  linking  between  space  and  its  representations  are  not  teaching 
objectives.  After  this  age,  students  are  taught  only  changing  from  one  graphic 
representation  to  another  (scale  drawings)  and  using  the  reading  of  a  map  for 
geographical  purposes. 

The  systematisation  of  this  knowledge  has  been  largely  haphazard  (M-G.  Pficheux). 

And  the  reading  and  use  of  maps  remains  a  source  of  difficulty  even  for  a  number  of 

adults. 

Z  Experiment.  Interest  in  use  of  French  and  Japanese  environments 

Tlie  idea  of  presenting  students  with  a  real  problem  relating  real  space  and  its 
corresponding  representation  has  been. used  by  geographers  and  also  by  several 
mathematics  education  researchers,  Ren6  Berthelot  and  Marie-H6l^;ne  Salin  in  French 
frameworks  and  by  Grecia  Galvez  in  urban  areas  in  Mexico. 

In  this  experiment,  children's  representation  of  space  while  ti*avelling  between  home  and 
school  Is  a  means  to  study  the  manner  in  whioh  the  children  structure  their  space.  This  is 
the  only  example  of  school  learning  in  which  certain  kinds  of  geometric  knowledge  can 
be  implemented  implicitely  or  explicitely  and  in  which  the  urban  macrospace  can  occur,  a 
space  on  which  one  cannot  only  use  local  control. 

This  activity  has  been  proposed  for  both  French  and  Japanese  elementary  school  students 
in  the  context  of  Franco-Japanese  cooperative  research. 

Analysis  of  student  productions  will  permit  identification  of  geometric  acquisitions  on 
which  one  can  later  build  specific  learning:  treatment  of  graphic  representation,  reference 
points,  encoding. 

Is  the  use  of  two  environments,  as  different  as  Japan  and  France,  a  means  for  identifying 
effects  of  a  teaching  system  and  of  socio-cultural  learning  ? 
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TESTING  THE  LIMIT  CONCEPT  WITH  A  CLOZE  PROCEDURE 


The  close  procedure  (W.L. Taylor)  ii  iwcd  in  language  ability  teiti  of  itudenti.  A  cloxe 
unit  li  an  attempt  to  reproduce  accurately  a  part  deleted  from  a  text  by  deciding  from  th« 
context  that  remaiiu,  what  the  xnliilBtg  part  hai  to  be.  The  method  wai  u«ed  in  a  mid  term 
teit  to  check  undwritanding  of  llmita  of  function!  of  h  real  variable.  The  test  group  conaiited 
of  39  first  year  undergraduate  students  majoring  in  mathematics,  physics  or  computer  science 
who  had  been  introduced  for  several  weeks  to  the  formal  theory  of  limits,  including  the  (e,5) 
defmition.  The  students  were  given  an  incomplete  proof  of  a  limit  argiimfJit;  the  method 
had  been  changed  such  that  not  only  missing  parti  of  a  proof  had  to  be  filled  out,  but  also 
false  statements  had  been  inserted  which  they  had  to  detect  and  correct,  with  a  total  of  Id 
problematic  spots  in  a  one  page  text.  Only  structural  elements  had  been  omitted  or  changed, 
not  purely  lexical  ones  (in  that  respect  the  design  of  the  test  was  different  from  ^^hat  Is  usual 
in  langtiage  teaching  where  ommlsfionj  are  systematic^  e.g.  after  every  five  words). 

FVom  the  answers  resulted  a  subdivision  of  the  problems  (cloxe  units)  In  three  groups. 
A  first  group  might  be  qualified  as  "easy"  (more  than  80%  answers  were  correct)  and  was 
mainly  related  to  memorisation;  answers  could  bo  derived  from  exercises  the  students  had 
been  v/orking  on  (e.g.  that  any  e  >  0  in  all  circumstances)  .  A  second  group  consisted 
of  "more  difficult"  problems  (from  &B%  to  70%  correct  answers)  and  was  related  to  insight 
into  the  mutual  relationship  between  parts  of  the  limit  definition  (such  as  if  a;  -♦  +oo  then 
a;  >  M  >  0  for  arbitrarily  large  Af ).  A  third  group  of  doze  units  was  "very  difficult"  (less 
than  4&%  correct  answers).  The  hard  problems  sesmed  to  be  due  to  two  different  causes,  (i) 
Conceptued  obstacles:  the  problems  required  the  ability  to  formulate  properly  the  problem, 
to  translate  It  into  verbal  and  into  formtaUsed  statements,  and  (ii)  SklUs:  it  became  clear 
that  too  many  students  were  unable  to  manipulate  formulas  involving  inequalities  and  (even 
worse)  involving  absolute  values. 

It  is  clear  that  the  procedure  allowed  for  cognitive  testhig.  However  the  question  in  how  far 
wo  test  understanding  versus  perception  remains  undecided.  Both  factors  must  be  involved 
in  the  process,  but  It  is  likely  that  at  times  a  student  inserts  the  right  correction  because 
he/she  was  reminded  of  what  was  done  in  previous  classroom  sessions,  and  that  was  a  hint 
to  diange  or  complete  the  text  at  hand. 


Gontran  ERVYIiCK  (K.U.Leuven,  Belgium) 
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LEARNING  MATHEMAITCS  FOR  LEARNING  TO  TEACH:  ANALYSIS  GP  AN 
EXPBRIENCB 


Garda,  M.;  Escudcro,  I.;  Llinarcs,  S.  &  Sanchez,  V. 
Dept.  de  Didactica'CienciM  (Matemitiais),  E.U.  Profcorado  EGB 
Avd<.  Ciudad  Jardfn,  22,  41005  SevilU.  Eip&na 


ConccptiuUizing  the  process  of  learning  to  teach  tnath  u  cognitive  apprenticeship  (LUimres, 
Sanchez,  Garcia,  Bsaidero,  1992)  implies  defining  new  e  'aracteriitics  in  relation  to  content,  structure 
and  work  methods  in  teacher  education  programs 

From  this  perspective,  pedagogical  pcrfommnce  must  be  generated  to  allow  the  Prospective 
Elementary  Teachers  (PTs)  to:  (i)  awilyze  their  epiitcmological  beliefs  about  the  nature  of 
mathematicM  knowledge/ understandings  the  teaching  of  mathematics,  the  way  through  learning  is 
produced,  the  role  of  the  teacher,  the  pattern  of  the  math  class,  etc.;  (ii)  increase  their  understanding 
of  the  different  domains  of  knowledge  base  for  teaching  (knowledge  of  and  about  mathematics  and 
knowledge  of  pedagogical  content)  and  (iii)  reinforce  ways  of  developing  his/her  pedagogical 
reasoning  (usage  of  the  knowledge  in  a  teaching  situation). 

This  paper  presents  the  characteristics  and  first  results  of  the  pedagogical  experience  developed 
in  the  Primary  Teachers  Education  program  at  the  Universidad  de  SeviUa.  Specifically  the  objectives 
of  the  modules  of  this  part  of  the  education  program  which  includes: 

(a)  analyze,  and  if  it  is  necessary  modify,  the  PTs'  conception  of  the  previously  mentioned  points  in 
(i). 

(b)  increase  the  understanding  the  Pi's  have  of  the  different  characteristics  of  the  activities  that 
generate  mathematical  knowledge  (notion  of  proof,  guess/conjecture,  ratification,  hypothesis,  etc.) 

The  activity  in  the  working  modules  was  articulated  around:  (1)  problem  solving  activities  in  small 
groups,  (2)  debates  in  large  groups  where  procedures,  results,  etc.  obtained  in  the  small  groups 
were/are  shared,  (3)  written  diary  of  the  work  carried  out  by  the  group,  (4)  session  to  analyze  the 
process  followed  in  relation  to  the  learning,  the  features  of  teaching,  the  role  of  the  teacher,  the 
nature  of  mathematic  knowledge,  what  it  means  to  know  mathematics,  etc. 

The  information  coming  from  the  observations  of  the  work  in  class,  the  questionnaires  used, 
interviews,  and  the  documents  produced  in  the  work  groups.  The  analysis  of  tins  data  corpus  allow 
the  characterization  of  the  nature  of  the  changes  in  the  conceptions,  the  generation  of  pedagogical 
dilemmas,  etc.  o**  the  Prs.  The  results  should  allow  the  refining  of  the  initial  theoretic  outline. 
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rORMATION  OF  AN  OPEN  COGNITIVE  ATmtJDE 


B.fi.fifflf'"anV  SJ,  UN.  Dcmldov**,  M  A  KhnWln»fi***. JJ.  Wolfcn|«uf,  I.E.  Male 


Our  experience  tells  u»  {hit  the  procew  of  cducitioo  bccomeft  more  ttlrictivc  wlien  «  »twdciU  cin  choo«c  a 
style  of  cogniitkKi  in  accordince  with  his  actual  abilities.  How  to  teach  a  child  the  ability  to  choose?  One  of  the 
answers  U  as  follows  -  axi  open  cognitive  attitude  should  be  developed.  We  shall  suggw*  the  conditkKU  which,  in  our 
opinion*  should  be  taken  Into  consideration  by  a  teacher  wishinf  to  achieve  this  purpose. 

h  DcwIofrfH  tte  "b'Uty  to  awUyx  om  phoioMtMW  ta  diffcrait  ways.  We  shall  offer  the  followinc  simple 
example. 

It  is  neccGsary  to  solve  a  quadratic  equation.  This  necciislty  arose  for  the  first  time,  the  method  of  soMng  such 
cquaHon5  had  not  been  discussed  before.  This  situation  cin  be  anatyicd  by  at  least  two  or  three  methods.  One  of 
them,  a  consumer's  method,  consists  in  finding  the  Uifonnatlon  about  solving  the  equations  similar  to  the  pvcn  one  in 
reference  books.  Another,  a  rcseachcr^s  method,  consists  in  looking  for  the  answer  to  the  question  Ms  it  possible  to 
rearrange  the  equation  so  that  the  well-known  technique  of  the  t)!^  0^  «  m  might  be  used?'  The  third  method  may 
he  bringing  this  equation  to  the  form  (r  -  fl)(¥  -  b)  -  0. 

II.  Dcslf»li«  awch  altuatloNS  In  education  due  to  which  a  stNdcnt  dlKovera  the  exlstcMc  of  various*  sMMtlmes 
cvtn  oppoilte  vtewt  om  the  mimc  proWen^.  Developing  respect  for  vjch  views,  for  somebody  else'a  opinion. 

We  arrange  studying  various  branches  of  mathematics  In  such  a  way  that  a  student  might  kx)k  at  the  problems 
through  the  eyes  of  a  physicist,  biologist,  chemist,  and  even  )i  businessman.  Note  that  for  developing  the  ability  to 
take  into  consideration  different  views  on  the  same  problem  not  a  single  opportunity  for  solving  probtems  by  different 
methods  should  be  missed. 

We  shall  cite  again  tlw  problem  of  solving  a  quadratic  equation.  A  student  can  be  'led'  to  the  for.Tiula  of  its 
solution  In  a  variety  of  ways:  someone  will  start  to  separate  out  the  squared  binomial,  someone  will  utwrth  In 
historical  books  the  method  of  multiplying  the  tvro  parts  of  tlw  equation  «^  +  +  c  -  0  by  4i,  someone  will  bring 
the  equallofi  «^  +  6x  +  c  -  0  to  the  form  jc^  +  p<  +  ^  -  0  and  tl»en  use  the  substitution  4c  -  .y  -    someone  will 

prefer  geometry  and  will  start  investigating  the  area  of  respective  figures. 

III.  OrgaMiilftc  cdHCAtloM  im  suck  a  way  that  a  stttdMl  Mlglit  Icam  abo«it  the  exl8tc»cc  of  dtfTcrcst  atyfes  of 
cOffiiltJon,  Might  be  abte  to  comUnc  Ihem  and  cvttttualty  work  out  his  m  ttyk. 

When  introducing  notions  and  organizing  work  aimed  at  mastering  them  we  try  to  select  such  material  and  use 
those  students*  suggestions  whidi  may  present  a  situation  in  different  ways,  k)gical,  isual,  practical,  In  the  form  of  a 
play,  and  so  on.  If  a  teacher*s  activity  in  this  direction  is  a  success  not  only  the  emotional  background  of  educatign  but 
also  the  quality  of  learning  will  improve. 
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PROFESSIONAL  INVESTMENT  OR  DISCOURAGEMENT 
DILEMMAS  OF  A  SECONDARY  SCHOOL  MATHEMATICS  TEACHER^ 


Henrique  Manuel  (^MlMrMS 
Joao  Pedro  da  Ponte 
Universidufie  de  Lisboa 

Among  Portuguese  teachers,  there  is  a  widespread  movement  of  sympathy  regarding 
new  odentations  for  mathematics  education.  These  orientations  have  been  promoted  by  the 
Association  of  Teachers  of  MakhemaHcs  and  teaclier  training  instilutions  and  got  general 
recognlHon  in  the  new  maUiematics  curriculum  that  is  now  being  generalized  in  schools. 
Many  teachers  that  support  such  orientations,  are  invon/ed  in  some  sort  of  innovative 
activities.  In  this  study  wc  tried  to  identify  which  were  Vhc  reasons  that  led  them  to  get 
involved  in  such  activities  and  how  they  felt  going  about  t'.icm. 

Lulsa  is  a  secondary  school  mathematics  teacher,  hi  her  present  school  she  Joined  other 
teachers  with  similar  interests,  concerns  and  vit'ws  regarding  the  teaching  of  mathematics. 
Just  a  few  months  after  she  arrived  to  Ihc  school,  l.u(sa  was  sleeted  head  of  mathematics  by 
her  peer  colleagues.  We  interviewed  Lulsa  and  talked  with  her  several  times.  We  were  ahie 
to  figure  out  some  of  the  dilemmas  and  contraoictions  with  which  she  carrie?  her 
professional  activities: 

1)  Participation  in  innovative  activities.  She  likes  to  be  Involved  in  projects  v/ith  other 
colleagues  but  she  feels  tired  because  of  ail  the  difficulties  that  need  to  be  fa^ed  (lack  of 
conditions  in  the  school,  lack  of  support  of  the  school  administration,  hostility  of  most  of  the 
mathematics  teachers,  lack  of  time,  and  familiar  responsibilities). 

2)  aassroom  practice.  She  would  like  to  make  her  classes  "In  a  different  way",  but  she 
has  trouble  in  creating  the  adequate  climate  and  managing  the  extensive  curriculum. 

3)  Views  of  mathematics.  She  indicated  that  her  involvement  with  this  discipline  is 
based  in  her  liking  to  solve  problems  and  facing  challenges  but  she  does  not  appear  to  be 
much  involved  in  mathematical  activities  other  than  the  necessary  for  her  regular  teaching 
duties. 

In  this  presentation  we  provide  data  concerning  Luisa's  conceptions  and  professional 
activities,  sketching  some  tentative  hypotheses  regarding  her  dilemmas  and  contradictions 
as  a  mathematics  teacher. 

1  This  paper  reports  research  made  by  the  Project  DIG  (Dynamics  of  Curriculum  Innovation 
and  Development  Processes),  supported  by  JNICT  under  contract  No.  PCTS/P/ ETC/ 12-90. 
Besides  tile  authors,  members  of  this  project  include  Paula  Canavarro,  Leonor  Cunha  Ual 
and  Albano  Sllva. 
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Ixivcls  of  composite  unit  In  single  addition 

Yasuhlsa  Illrai 
Faculty  of  Education,  Okayama  University 


The  puriK)S0  of  the  study  is  to  Identify  what  levels  of  composite  units  arc  formed  for 
the  first  graders  In  single  addition  and  to  discuss  how  the  tools  (  concrete  ob|ect$,  fingers, 
or  mental  calculaUon)  and  the  strategics  relate  to  the  composite  units.  In  this  study  the 
composite  levels  with  respect  to  the  strategies  with  concrete  objects  and  fingers  are  nialnly 
discussed.  Steife  and  Cobb(1988)  used  three  concepts  :  counting  tyiH^,  iiuegratiou 
ojKTation.  and  strategies,  for  describing  the  children's  development  in  solving  addition 
and  subtraction  problems.  In  this  study,  the  concept  of  "composite  unit"  Is  applied  to  the 
ca«»  of  single  addition  by  assuming  that  the  composite  levels  of  the  1st  addend  and  the  2nd 
addehd  cure  not  always  the  same. 

Through  the  clinical  Interview  to  the  first  graders,  with  respi'ct  to  the  levels  of 
composite  unit  .  the  following  levels  were  Identified  for  the  1st  addend, 
(ta)  NONHXlSTliNT  llA'ia. :  Comiwslte  unit  Is  missing, 
(lb)  VlSIBUi  I.bVtL  ;  A  collection  o!  visible  objects  makes  a  composite  unit, 
(ic)  liRASAKl.li  liiVlil. :  A  collection  of  erased  objects  makes  a  composite  unit. 
( Id)  ARSTRA(rr  1.1VI-L  :  A  colk^tlon  of  abstract,  units  makes  a  com|wslte  unit. 

For  the  ^nd  addend,  the  following  levels  were  Idenllfled  : 
ila)  NONHXISTI'NT  M'VHL  :  Composite  unit  is  missing. 

(2b)  CONCRirrii  l.liVW. :  A  collection  of  concrete  objtrts  makes  a  comiwslte  unit. 
(2c)  FINGHR  PATTliKN  l.iiVliL  :  A  linger  pattern  or  a  colle<.*tlon  of  fingers  makes  a 
composite  unit. 

(2d)  SPATIAl.  PA'rrKRN  LliVM. :  A  collwllon  of  invisible  objtrts  in  space  makes  a  comiwslte 
unit. 

(2e)  ABSTRACT  LhVlil. :  A  collection  ol"  abstract  umts  makes  a  composite  unit. 

By  applying  Steffo's  concept  of  composite  unit  to  the  analysis  of  the  children's 
solutUm  pnx'esses,  wv  have  the  following  findings: 

(1)  Children's  composite  levels  of  the  1st  iind  the  2nd  addends  have  a  relationship  with 
their  strategies. 

(2)  I'or  some  children  who  use  the  concrete  objects,  a  collection  of  visible  objeits  makes  a 
composite,  but  for  some  children  the  composite  Is  missing. 

For  the  chlkh-en's  ways  of  using  fmgers,  however,  there  also  seems  to  some 
Influences  of  their  cultural  experiences.  So  more  Information  from  that  view  will  be 
more  helpful  for  interpretation. 
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UNGUAGE  MODES  IN  MATHEMATICS  CLASSROOM  DISCOURSE: 
A  WINDOW  ON  CULTURE 
Uwrle  Hunter.  Kochl  University,  KochlJaprJin 

Ideas  come  from  what  we  see,  hear,  feel,  taste,  smell,  and  klncsihesize,  and 
from  our  processing  of  these:  what  we  Imagine,  Intuit,  project,  and  Infer  from 
what  we  sense.  Surely  It  Is  the  things  we  have  not  heard  l>efore  that  constitute 
fertile  Input:  what  then  constitutes  fertility?  New  Ideas,  new  situations,  new 
cognitive  conHlcts,  and  new  language.  Hxpllcltly  supplying  language  to  thi; 
mathematics  learner  creates  potential,  creates  awaveness  of  language,  creates 
awareness  of  mathematical  knowledge,  method  and  strategics. 

The  rationale  for  language-based  teaching  In  mathematics  is  putting  thi? 
focus  on  the  active  language  modes  of  mathematical  behavior,  such  x\\ 
describing,  comparing,  categorizing,  choosing,  and  justifying,  rather  than  on  Umi 
medium,  mathematical  behaviors  which  are  largely  non-verbal  (but  noi: 
language-free),  such  as  Interpreting  a  problem,  transforming,  and  solving,  yet 
maintaining  the  same  conceptual/procedural  compr^ncnt.  Would  this  not: 
enhance  metacognltlve  skill  as  well  as  language  skill? 

Consider  four  gross  modes  of  oral  language  used  In  solving/teaching  the 
solution  of  a  given  problem: 

explalnliiK"  concept luil/prococluriil  liifoirnutlori,  viow  dl  prublom,  stratony  rhoico 
hclp-se«king*  uttorancc  refleTtx  co nccp tural/proccdur ill /mciacoK native  nvcd 
coaching-  agenda  negotiation,  support  for  student  search  for  c/p/m  data 
collaborating-  solution-seeking,  eptchanglng  progress  data,  discussing  metacognltlon. 
Eiich  of  these  modes  calls  for  specific  language  (vocabulary  and  discourse 
patterns),   in  the  mature  (adtilt)  world  of  mathematics,  a  proof  will  be 
streamlined,  elegant.  But  does  this  represent  or  even  suggest  the  thought  that 
generated  the  proof?  Teacher  utterance  needs  to  be  evocative,  fertile  Input  for 
the  student.  Student  utterance,  especially  help-seeking  utterance,  ought  to 
evoke  an  impression  of  student  mind-state. 

The  foctis  of  this  presentation,  the  Macintosh  HyperCard  stacks  Lail^iiii^iS 
Modes  In  Mathematics  and  Math  Ung_UiM^eJ^,u.n(:tl_oti^  are  ux)\s  for  exploring 
the  above  language  issues.  Ever  narrower  classifications  of  utterance 
eventually  lead  to  concrete  discourse  elements.  This  Is  of  Importance  In 
analyzing  tlie  roles  and  responsibilities  of  both  teacher  and  learner.  Once 
refined,  such  a  tool  may  be  of  use  In  cross-cultural  conlparlson  of  language  use 
in  mathematics  teaching/learning. 
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A  STUDY  ON  A  TREATMENTS  ABOUT  MATHEMATICAL  PROBLEM  POSING 
Toshikazu  Ikeda,    Yokohaia  National  University,  Japan 


It  is  often  said  that  it  Is  iisportant  for  students  to  acquire 
creative  ability.    So  the  luportance  to  enable  students  to  develop  their 
ability  to  find  out  lore  adequate  questions  in  a  situation  and  derive 
probleis  froi  thei  will  be  increased.    There  are  soie  alteipts  which  treat 
the  activities  of  problei  posing  ( S in izu  :  1935  ,  Brown  and  Walter:1983, 
Takeuchl  and  Sawada:l984  ,  Hashitioto  and  Sawada :  1  984) ,  but  I  think  it 
should  be  treated  with  various  approaches.    The  alis  of  this  paper  is  to 
propose  various  approaches  which  will  contribute  the  suiaarlzation  of 
thei. 

(1)  The  approach  to  derive  problens  froia  a  given  situation. 
It  used  to  be  done  after  the  world  war  I    in  Japan. 

I  don't  treat  here. 

(2)  The  approach  to  derive  problems  by  using  soiie  coaponents  of 
a  problei. 

exl.  Derive  probleis  by  using  a  circle(or  string). 
ex2.  Derive  prcbleas  by  using  a  right  triangle. 
ex3.  Derive  probleas  by  using  a  cube. 

(3)  The  approach  to  derive  new  problens  by  changing  parts  of  the 
given  problei. 

It  is  faniliar  with  Japanese  present  eleaentary  textbooks.    1  don  t 
treat  here. 

(4)  The  approach  to  derive  problens  by  using  solving  aethods  or 
solutions.    This  approach  allows  the  treatments  which  are  done  both 
after  solving  a  given  problem  and  froi  the  beginning  of  the  cUssrooti 
teaching.  „  „ 

exl.  Derive  problens  such  that  we  can  solve  it  with  the  foraula  . 
6x2!  After  solving  a  given  problei.  a  teacher  asks  the  following 

question.    Derive  problens  that  we  can  solve  by  using  the  linear 

equation  with  two  variables. 
ex3.  Derive  probleas  that  we  can  solve  by  using  the  Pythagorean  theorem. 

While  students  aight  derive  problems  with  passive  activities  for  the 
first  time,  but  we  will  be  able  to  expect  then  to  be  able  to  derive 
probleas  with  positive  activities  by  repeating  these  approaches. 

It  has  a  problea  that  we  have  to  examine  the  difficulties  between 
..hese  approches  for  students,  and  also  consider  the  methods  of  evaluating 
the  probleas. 

[Reference]    „ 

Brown  i  Walter:  The  Art  of  Problea  Posing.  The  Franklin  Institute  Press. 

Hashiaoto  i  Sawada:  Research  on  the  Mathematics  Teaching  by  Developmental 
Treatment  of  Mathematical  Problems,  pp. 309-313.  Proceedings  of 
ICMI-JSMB  Regional  Conference  on  Mathematical  Education,  JSHE,  1984 

Shimizu:  Arithmetic  education  which  core  is  problea  posing,  Kenbunkan, 
1935  (in  J  apanese)  1  \ 

Takeuchi  I  Sawada:  Froa  probleas  to  probleas.  Touyoukan.  1984(in  Japanese) 
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THE  CHANGES  OF  CHILDREN'S  NUMBER-COGNiTION  IN  THE  LEARNING/TEACHING  PfmSS 

Tadato  Kotagi  r  i 
University  of  the  Ryukyus 

We  have  the  over-thirty-year  experience  of  teaching  the  numbers  and  cal- 
culations based  on  the  Su ido-Method. ( 1 5<2)  The  result  is  so  successful  thai  we  can 
believe  strongly  that  All  school-age  children,  without  an  exception,  are  able  to 
understand  the  basic  Ideas  about  the  numbers  and  calculations.  This  empirical  fact 
is  supported  by  the  logical  analysis  about  the  teaching  materials  and  contents.  But, 
generally  speaking,  psychological  processes  are  not  necessarily  the  same  as  logical 
ones.  So,  the  interest  of  this  research  is  In  the  psychological  processes  or  the 
cognitive  changes  that  occur  there  and  that  are  needed  to  learn  more. 

The  observation  was  done    for  the  Canadian  and  Japanese  children  who  had 
serious  difficulties  in  learning  elementary  mathematics.    For  example,      a  Grade  5 
child    miscounted    the  one**digit  additions  like  6-^7    although    he  knew  the  way  of 
making  an  answer  by  using  fingers.  And  he  told  that  he  could' t  calculate  23-^32.  But 
after  three  months,    he  understood  the  meaning  ot  multi-digit  additions  and  became 
able  to  make  correct  answers  for  them  and  to  explain  them  by    drawing  pictures. 

As  the  Suido-Hethod  is  materialized  by  the  "Tiles",  the 
concern  was  the  cognition  about  them.  They  have  the  characteris- 
tics as  shown  in  the  diagram  A  and  6.  The  tiles  are  semi-concrete 
or  semi-abstract  and  work  like  a  ladder  from  the  concrete  to  the 
abstract.  The  image  such  as  the  tiles  is  called  the  "Schema." 

The  result  confirmed  that  the  A  and  B  were  valid  to  ap- 
preciate the  levels  of  the  developmental  cognition  of  children. 


Abstract 
T 

Semi -Concrete 
(Semi-Abstract) 
T 

Concrete 
-  A- 


The  children  accepted  the  tiles  as  concrete  things,  operated  them,  and  drew  them  as 
models.  At  the  beginning,  the  children    drew    the  single  five  ones    although  they 
operated  one  chunk  five.  This  level  should  be  distinguished  from  the  cognition  of 
schemas.  Because  the  images  of  tiles  didn't  work  when  the  actual  or  picturec  tiles 
disappeared.  The  process  from  tna  models'  to  the  schemas*  was  revealed  by  observing 
what  kind  of  tiles  the  children  liked  to  operate/draw  and  how  they  operated/drew 
the  tiles.  At  the  level  of  the  schemas',    they  became  able  to  think  in  the  various 
ways  by  operating  the  images  of  tiles.  The  cognitive  level  of  symbols    was  distin- 
ruished  from  the  one  of  schemas.  Because  there  was  a  phase  where  a  child  could  op- 
erate the  schemas,  but  couldn't  operate  the  symbols.  Eventually  the  children  became 
able  to  operate  the  symbols  as  if  the    symbols  were  concrete. 


Notes:  (1)  H. Toyama  and 

K. Gi  nbayashi :  Su ido- 


World  of  Con-     World  of     World  of     World  of 
Crete  Things      Models       Schemas  Mathematics 


Hoshiki  Nyumon  Vol. 1,2.  Kokudo-Sha,  1971. 
(2)  The  members  of  the  Asociation  of  mathematical   I nst ruct i on(AM I )  have  been 
doing  the  study  and  practice. 
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ON  ROLES  OF  INNER  REPRESENTATIONS 
IN  MATHEMATICAL  PROBLEM  SOLVING 


Takahiro  KUNIOKA 


Hyogo  University  of  Teacher  Education,  Japan 


The  purpose  of  this  study  is  to  make  clear  the  mental  mechanism  of  understanding 
through  observing  one's  mathematical  problem  solving  activities.  When  one  solves  a 
problem,  the  person  have  to  make  some  representation  (sometimes  inner  representation) 
which  is  the  model  of  the  original  problem  situation  in  some  sense.  So  I  think  that  we 
can  explain  one's  understanding  in  problem  solving  by  identifying  what  kinds  of 
representation  are  employed. 

!  made  some  problems  sets  which  have  a  same  mathematical  structure  and 
different  superficial  contexts,  and  made  the  investigation  using  these  problems.  For 
example,  one  of  the  problem  i\cts  is  following. 

[1]  TVo  baseball  players  A  and  B  took  part  in  both  tournaments  in 
spring  and  summer.  Th^e  batting  average  of  A  is  more  than  that  of  B  in  each 
tournament.  Then  is  it  possible  that  the  total  average  of  B  is  more  than  that 
of  A  ?  Answer  by  Yes  or  No. 

[2]  Each  of  two  racing  cars  A  and  B  has  a  low  gear  and  a  top  gnar 
respectively  The  speed  of  A  in  each  gear  is  more  than  that  of  B.  Then  is  it 
possible  that  B  wins  the  race.  Answer  by  Yes  or  No. 

Analyzing  the  results  of  my  investigation,  I  found  three  characteristics  of 
occurring  representations  in  mathematical  problem  solving. 

i)  When  it  is  difficult  to  make  the  useful  representations  for  given  problems,  some  familiar 

and  similar  representation  is  used  as  a  substitute  for  that. 

ii)  When  the  suitable  representation  for  given  problems  already  exists  in  ones  knowledge, 

that  is  used  just  as  it  is  in  ^he  problem  solving  process. 

iii)  When  the  more  general  representation  exists  in  ones  knowledge,  in  spite  of  the 

existence  of  the  simple  and  useful  representation  peculiar  to  a  given  problem,  the 
general  one  is  ready  to  be  used. 
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INTUITIVE  PROBABILITY  CONCEPTS  IN  SOUTH  AFRICAN  ADOLESCENTS 
P.  E.  Laridon  and  M.  J,  Glencross 
Universities  of  the  Witwatersrand  and  Transkei 
Probability    has    not    been    a    formal    part    of    any    South  African 
curriculum    until    relatively    recently.     In    1992    a    syllabus  was 
introduced  which  required  that  probability  be  taught   to  pupils   in  ) 
grade  9  (14  -  15  years  of  age  normally)  ,  Research  in  progress  uses 
questionnaires    adapted     from    Green     (1982)     to     investigate  the 
understanding     of     probability     amongst      these     pupils     in  the 
Witwatersrand    and    Transkei    areas    of   South   Africa.    In    order  to 
ascertain  differences  that  may  exist   between  rural,    township  and 
urban  school   pupils   in  their  naive  understanding  of  the  concepts 
involved,  schools  from  such  areas  were  included  in  the  sample  even 
though  some  of  these  schools  might  not  have  adopted  the  new  syllabus. 

The  questionnaire  has.  to  date,  been  applied  in  14  volunteer 
urban  schools  in  the  Witwatersrand  area.  The  questionnaires  are  due 
to  be  applied  in  township  and  rural  schools  in  the  near  future. 
Analysis  of  data  from  the  870  pupils  who  have  taken  ^he  questionnaire 
thus  far.  indicates  that  their  level  of  understanding  is  on  a  par 
with  that  of  pupils  from  the  same  age  group  in  the  United  Kingdom  who 
were  involved  in  Green's  (1982,  1988)  research.  Performance  of  the 
360  pupils  who  took  the  questionnaire  again  after  tuition  is  not 
significantly  better  although  the  reasons  given  for  responses  are 
generally  more  accurate. 

Further  data  and  analysis  on  the  performance  of  township  and 
rural    pupils    will     be    presented.     Discussion    will     relate  the 
understanding  and  misconceptions  evinced  to  the  experiences  of  the 
pupils  concerned  (Piaget  &  Inhelder,  1975). 
REFERENCES 

Green,  D  R  (1982)  Probability  concepts  in  school  pupils  aged  11  -  16 
years .  (Unpublished  Ph  D  Thesis ,  Loughborough  University  of 
Technology. ) 

Green,  DR  (1988)  Children's  understanding  of  randomness:  a  survey  of 
1  600  children  aged  7  -  11 .  (In  the  Proceedings  of  the  2nd 
International  Conference  on  Teaching  Statistics,  Sheffield 
University,  England, ) 

Piaget,  J  and  Inhelder,  B  (1975)  The  origin  of  the  idea  of  chance  In 
children.  Routledge  &  Kegan  Paul. 

(This  project  is  funded  by  the  Centre  for  Science  Development.) 
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Consider  the  Particular  Case 


Robert  W.  Lawler 


Purdue  University 


The  analysis  of  particular  problems  for  the  application  and 
illumination  of  principles  has  long  been  a  central  activity 
in  the  physical  sciences.     The  attempt  to  take  guidance  for 
the  human  sciences  from  the  physical  sciences  has  often  been 
unconvincing  and  subject  to  criticism.     Instead  of  borrowing 
notions  from  the  physical  sciences,   I  reflect  here     on  the 
process  of  problem  solving  in  a  particular  case  and  from  that 
process  abstract  objectives,  methods,  and  values  which  can 
help  us  identify  and  solve  :)ur  own  problems  and  judge  the 
value  of  those  solutions.     My  aim  is  not  to  develop  a  single, 
universal  method  from  this  example.     I  present  an  analysis  of 
how  we  can  proceed  to  conclusions  of  interest  that  we  can 
have  confidence  in.     I  begin  with  a  focus  on  the  importance 
of  analyzing  particular  cases.     I  make  use  of  a  particularly 
illuminating  description  by  Richard  Feynman  of  a  complex 
physical  effect  in  quantum  electrodynamics  '  as  a  concrete 
example  of  a  specific  form  of  analysis.     I  use  that  worked 
example  to  illuminate  the  meaning  of  computational  models  of 
learning  I  have  constructed.     I  believe  that  this  comparison 
is  useful  in  understanding  relatiohships  between  details  of 
particular  cases  and  epistemological  analyses  based  on 
computational  modeling. 


*     This  presentation  will  focus  on  themes  from  a  chapter 
"On  the  Merits  of  the  Particular  Case"  to  appear  in  Caaa 
Studioa  and  Computing,   Robert  Lawler  &  Kathleen  Carley, 
(forthcoming;    1993,  Ablex) . 

1  My  primary  source  for  the  physics  of  this  comparison  is  a 
series  of  popular  lectures  by  Richard  Feynman,  published  in 
QED:  The  Strange  Theory  of  Light  and  Matter,  (Princetons- 
Princeton  University  Press,    198S)  . 
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INNOVATION  IN  PRACTICE:  THE  DIFHCUtT  WAY  OF  BEING  A  TEACHER^ 

Leonor  Cunha  Leal 
Escola  Superior  de  Bducaqao  de  Setubal 

JoSo  Pedro  da  Ponte 
Universidade  de  lisboa 

In  the  last  few  years,  interest  by  new  teaching  approaches  led  Portuguese 
mathematics  teachers  to  develop  innovative  experiences  in  schools.  The  project  DIC  was 
designed  to  study  these  experiences,  figuring  the  most  important  forces  behind  them, 
analyzing  their  inner  dynamics,  scope,  successes,  failures,  and  possible  implications.  This 
paper  focus  in  the  concerns  of  Beatriz,  a  mathematics  teacher  that  is  the  leader  of  several 
activities  at  her  school.  In  special,  she  was  involved  in  an  extended  experience  of  using 
the  graphic  calculator  with  10th  and  11th  grade  classes  and  in  the  creation  of  a  "Game 
Room"  for  the  school. 

She  completed  a  mathematics  methods  course  in  a  teacher  education  program 
sressing  ideas  such  as  applications  of  mathematics,  problem  solving,  use  of  calculators, 
group  work,  etc.  Coming  to  this  school,  Beatriz  was  not  well  accepted  by  most  of  the 
mathematics  teachers,  just  getting  the  sympathy  of  a  few  of  them.  In  spite  of  her  small 
teaching  experience,  she  was  appointed  as  the  supervisor  of  successive  groups  of  student 
teachers.  She  hoped  that  her  interests  and  concerns  would  be  shared  by  these  student 
teachers  and  that  at  least  some  of  them  would  remain  afterwards  at  the  school,  enlarging 
the  innovative  group.  We  discuss  what  we  feel  to  be  some  of  her  major  tensions  and 
personal  struggles  regarding  her  participation  in  these  activities.  For  example: 

a)  Beatriz  does  not  want  to  recognize  her  special  role  in  the  group.  She  prefers  to 
regard  herself  as  one  like  the  others,  although  for  her  colleagues  she  is  the 
unquestionable  leader.  On  one  hand  she  enjoys  being  part  of  a  group  and  on  the  other 
hand  she  privileges  her  personal  autonomy. 

b)  What  effort  to  put  in  innovative  activities  in  the  mathematics  classroom  and  in 
school  activities?  How  to  balance  them  is  a  problem  she  did  not  solved  yet. 

c)  She  defines  herself  as  being  more  oriented  towards  action  than  towards  reflection, 
but  the  fact  is  that  too  much  action  and  little  reflection  is  driving  the  group  towards  dead 
ends  and  increasing  inner  conflicts. 


1  The  research  reported  in  this  paper  was  made  by  the  Project  DIC  (Dynamics  of 
Curriculum  Innovation  and  Development  Processes),  supported  by  JNICT  under 
contract  No.  PCTS/P/ETC/12-90.  Besides  the  authors,  members  of  this  project  include 
Henrique  Manuel  GuimarSes,  Paula  Canavarro,  and  Albano  Silva. 
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Conceptual    Analysis   of   a    Mathematical    Modelling  Episode 


Some  of  the  recent  new  directions  for  Mathematics  Education 
point  out  the  importance  of  making  mathematical  knowledge 
meaningful  to  students,  namely  through  the  introduction  of 
modelling  activities  and  real  life  problems  in  the  classroom. 
However,  we  found  that  very  little  is  known  about  the  nature  of 
difficulties  involved  in  such  activities.  Moreover^  there  are  many 
questions  to  be  answered  concerning  the  nature  of  the  cognitive 
processes  that  take  place  in  mathematical  modelling  activities. 

We  had  the  opportunity  to  collect  data  regarding  some  of  these 
issues  during  an  experience  developed  in  a  10th  grade  class  where 
mathematical  modelling  and  applications  was  a  major  orientation. 
The  problems  introduced  were  related  with  the  study  of  Functions 
and  Analytical  Geometry. 

One  of  the  situations  presented  was  the  "paper  roll"  problem. 
Students  were  asked  to  create  a  mathematical  model  to  relate  the 
length  and  diameters  (inside  and  outside)  of  the  roll  and  to  explore 
it  in  order  to  get  some  results  such  as  the  length  of  paper  existing  in 
a  given  roll.  The  students  worked  in  this  activity  during  a  two  hours 
session^  in  a  regular  classroom  environment  where  the  students  had 
the  possibility  to  use  an  electronic  spreadsheet.  One  group  of  four 
students  was  videotaped  and  observed  by  one  of  the  members  of 
the  project  team.  Students  also  presented  a  written  report  on  their 
work. 

In  this  short  presentation  we  will  focus  on  the  analysis  of  an 
episode  which  we  believe  is  a  good  example  for  examining  some 
questions  under  investigation. 


^  This  paper  presents  pari  of  Ihe  results  of  an  on-going  projeel  (MEM  - 
Modcla^ao  no  Ensino  da  Malemdlica)  funded  by  JNICT  and  HE.  Besides 
Ihe  authors,  other  members  of  the  project  team  are  Jo3o  Pontc,  Manuel 
Saraiva,  Graciosa  Veloso  and  Paulo  Abrantes. 


1,  Universidade  de  Lisboa 


Susana  Caneira»  Universidade  Nova  de  Lisboa 
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A  COMPARISON  OF  THE  UNDERSTANDING  OF  BffULTIPUCATION 
AMONG  ENQU8H  AND  PORTUGUESE  CHILDREN 

Peter  BRYANT^  ,  Lulsa  MORGADO^  .  Terezixiha  NUNES^ 


Parallel  studies  are  currently  being  carried  out  in  Oxford,  England, 
and  Coimbra,  Portugal,  on  7-9  year  olds'  understanding  of  mulUpllcaUon. 
BriUsh  children's  school  experience  with  mulUpllcaUon  is  mostly  focused  on 
problem  solving  and  raaiUpulaUves  arc  often  used.  Little  or  no  attenUon  is 
given  to  memorizing  mulUpllcaUon  tables  at  this  age  level  and  no  teaching  of 
the  written  algorithm  was  observed..  Portuguese  children  receive  much 
drilling  in  mulUpllcatlon  tables  and  the  written  algorithm  both  as 
computaUon  exercises  and  word  problem;  Uttie  emphasis  is  given  to  the  use 
of  manipulaUves.  We  expected  that  these  different  pracUces  would  affect 
children's  imderstandlng  of  mulUpllcaUon. 

Method.  Four  word  problems  and  four  computaUon  exercises  were 
used.  The  word  problems  varied  In  type  (one-to-many  correspondence, 
repeated  grouping,  area,  and  comblnaUon).  used  small  numbers,  and  could 
be  solved  with  the  support  of  manipulaUves  (miniatures  of  the  objects).  Two 
tesUng  condlUons  were  examined,  one  In  which  the  children  received 
enough  manipulaUves  to  represent  the  situation  and  find  an  empirical 
soluUon  through  counting,  and  a  second  condiUon  in  which  only  a  sample 
of  materials  was  available  so  that  partial  representaUon  of  the  problem  was 
possible  but  an  intellectual  soluUon  was  required.  The  computation 
exercises  Involved  larger  numbers  and  aimed  at  exploring  children's 
understanding  of  commutaUvlty  and  distribuUvlty, 

Rciultt.  CondiUon  of  testing  affected  the  type  of  strategy  used  by 
children  (more  empirical  soluUons  were  observed  when  enough  materials 
were  given)  but  not  rate  of  correct  responses  among  the  older  children  and 
affected  both  dependent  variables  among  younger  children.  Problem  t>pe 
affected  both  children's  ability  to  use  the  materials  to  model  the  problem 
and  rate  of  correct  responses. 

The  same  order  of  difficulty  across  problem  types  was  found  among 
English  and  Portuguese  children  and  no  significant  differences  emerged  In 
their  abihty  to  correctly  represent  the  problem  situation  with  the 
manipulaUves.  However,  Portuguese  children  were  more  apt  at  calculaUng. 
English  and  Portuguese  children  also  differed  In  their  problem  solving 
strategies:  English  children  frequenUy  Indicated  that  two  of  the  problems 
could  be  solved  either  by  addiUon  or  by  mulUpllcaUon  whereas  Portuguese 
children  also  displayed  their  undrestandlng  of  the  relaUonshlp  between 
addlUon  and  mulUpllcaUon  though  a  higher  percentage  of  recognlUon  of  the 
property  of  distribuUvlty  In  the  computaUon  exercises  altiiough  they  were, 
once  again,  weaker  In  computaUon  skills. 


1  Univcrsily  of  Oxford 

2  Univcrsily  of  Coimbra;  presenting  author. 
^  University  of  Ixxxion 
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COKCERMING  THE  CHARACTERISTICS  OF  PROBLEM  SOLVING 
BY  STUDENTS   IH   SCHOOL  FOR  THE  DEAF 

Kooc  NISHIMOTO 
University   of  Tsukuba  School    for   the  Deaf 
Ui  Doru   YOSH  IDA 
The  Center   of   School    Education  University  of  Tsultaba 

It  is  noticable  that  whenever  considering  the  idea  of  "a  good  teaching 
in  nathcaatics"  .there  is  a  tendency  to  consider  unconsciously  Juch  a 
class  only  in  relation  to  normal. healthy  children.  However,  were  this 
idea  considered  in  relation  to  all  students,  then  it  would  be  apparent 
that  such  classes  for  both  noraal. healthy  and  handicapped  children  would 
need  to  be  conieaplated.  In  accordance  with  this  critical  difference  and 
with  the  results  obtained  last  year  (froa  an  analysis  of  the  problem 
solving  characteristics  of  both  n o r a  a  1  .  h e a  1  t h y  children  and  handicapped 
childrenwhen  given  the  same  iatheaatical  problems),  an  analysis  was  is  a  d  e 
of  the  characteristics  of  problem  solving  by  two  different  classes  in 
different  grades  of  a  school  for  the  deaf.  One  class  was  given  the 
problea   last    year,    the   other    this  year. 

The  problen  was  lo  join  twenty  distinct  houses  by  a  direct 
telephone  line,  with  only  one  line  connecting  any  two  houses, 
and  then  to  calculate  how  many  separate  lines  were  necessary 
to  ensure  that  all  the  houses  were  connected  by  the  telephone 
line. 

As  a  result  of  analysing  the  solutions  presented  by  the  students,  the 
following   two    points   were   apparent    as   their    general  characteristics. 

1)  Many   students   drew    twenty   detailed  houses. 

2)  All  students  drew  all  twenty  of  the  houses,  compared  to  norual. 
healthy  students  who  generally  drew  two  or  three  houses  only 
and    then   represented    the   remainder    by  dots  only. 

These  two  characteristics  suggest  that  it  is  difficult  for  students 
with  hearing  i  ■  e  d  i  ■  e  n  t  s  or  disabilities  to  a  c  (j  o  I  r  c  or  develop  an 
ability   for  abstraction. 


fiPST  COPY  AVAILABLE 
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THOUGHTS  ABOUT  ALGEBRA:  TEACHERS*  REFLECTIONS  AS  LEARNERS 
AND  AS  TEACHEIUS 

Barbara  J.  Pence 
San  Jos6  State  University 

This  presentation  examines  tho  thoughts  of  six  elementary  and  middle  school  teachers  as  they 
study  a  semester  of  algebra.  In  addition,  student  interviews  designed  and  administered  by  the  teacher 
will  be  discussed  and  related  to  the  reflections  of  the  teacher  fls  «  learner. 

The  information  in  this  paper  is  based  upon  data  collected  from  six  teachers  who  took  the  algebra 
course  as  one  course  in  a  program  of  seven  math  courses  and  three  educatic  ^  courses  dcsigJied  to  lead  to 
an  Elomont^n-y  Mathematics  Specialist  Credential.  The  students  of  this  class  consisted  of  three  middle 
school  mathematics  teachers,  one  fourth  grade  teacher,  one  second  grade  student  teacher  and  one  student 
who  was  in  her  graduate  year  preparing  to  bo  an  elementary  school  teacher.  The  alg(«bru  course  wfts  not 
a  traditional  course.  Rather,  the  focus  was  on  functions  and  the  investigation  of  families  of  functions. 
Each  function  was  introduced  through  an  applied  situation  and  the  family  of  functions  were  studied  as 
needed  in  developing  th«  mathemntical  model  of  the  applied  situation.  The  text  for  the  course  wao 
entitled  Computer- Intensive  Algebra  by  I'^ey  and  Heid.  Through  out  the  course  technology  was  assumed 
and  used  as  an  exploratory  tool  which  encouraged  investigations  to  move  across  n  variety  of 
represen  ational  forms  including  manipulatives.  pictures,  tables,  graphs,  and  symbols.  Students 
worked  in  groups  and  presented  the  results  of  their  explorations  in  wr  tt«n  papers  and  oral  reporU.  11ms 
both  the  content  and  the  classroom  environment  violated  perception  of  what  "Algebra"  should  be. 


rnal 

10 


Weekly,  during  the  course,  the  teachers  shared  their  beliofs  as  they  responded  to  weekly  jou 
questions.  In  some  cases,  the  teachers  were  also  asked  to  interview  their  own  students  and  relate  th 
reaction  of  their  students  to  the  same  question.  Teacher  perceptions  of  olgebra,  variables,  functions,  and 
modelling  were  traced  across  the  16  week  semester  through  responses  to  more  than  30  journal  items. 

A  final  project  required  that  each  teacher  interview  ii*  least  one  student.  Of  interest  is  the 
contrast  between  the  teachers  beliefs  as  they  Plaved  out  in  class  and  the  interviews  they  developed.  It  is 
the  combination  of  questions,  probes  and  interpretations  of  the  responses  of  their  own  students  which 
befjins  to  examine  linkages  between  the  knowledge  gained  and  beliefs  challenged  in  the  college  algebra 
class  and  the  mathematics  expectations  held  for  their  own  classrooms. 
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A  PROJECT  TO  LINK  THE  ARITHMETIC  OPERATIONS  AND  THEIR  USES 
Larry  Sowdcr 
San  Diego  State  University,  California,  U.S.A. 

Perhaps  the  main  justification  for  including  the  arithmetic  operations  (addition,  subtraction, 
multiplication,  division)  in  the  required  curriculum  is  the  need  for  an  Informed  citizen  to  function  in  the 
many  quantitative  simations  encountered  in  everyday  life.  Calculating  skills  arc  empty  skills  if  they  cannot 
be  applied  Yet,  children's  performance  on  the  ax>st  common  school  form  of  applications  of  arithmetic- 
the  typical  "story"  problem-is  dismaying  when  any  degree  of  complexity  is  introduced  (e.g.,  multiple 
stepst  extra  infonmation).  Indeed,  recent  intermational  work  has  suggested  that  even  a  fairly  good 
performance  on  one-step  story  problems  may  be  tainted  by  the  comnxm  use  of  ad  JiQc  methods  wliich  have 
only  Umited  applicability  (e.g.,  Greer  &  Mangan,  1986;  Sowdcr,  1988).  Although  some  of  these 
strategics  may  give  success  on  many  one-step  story  problems  witli  whole  numbers,  tlieir  use  wiUi 
multistcp  problems  or  problems  involving  fractions  or  decimals  is  unlikely  to  give  correct  solutions. 
Furthermore,  Uiesc  immature  strategies  provide  a  weak  background  for  approaching  algebra  siory 
problems. 

In  this  project,  a  tc^im  of  experienced  teachers  and  a  university  mathematics  educator  developed 
materials  to  give  a  greater  emphasis  to  uses  of  the  openitions.  Nine  classes  of  seventh  or  eighth  graders  in 
two  schools  were  involved  in  die  tryout,  five  using  Uie  materials  and  four  not.  One  of  two  forms  of  a 
pretest  was  given  early  in  the  school  year  to  each  student,  with  the  same  form  given  in  May.  In  addition, 
two  students  from  each  class  were  selected  and  interviewed  The  test  results  and  the  interviews  were 
somewhat  riisappointing  in  that  the  users  of  the  project  materials  did  not  clearly  ouuhine  the  control 
students.  Some  students  had  responded  to  the  thrust  of  Uic  materials,  but  others  seemed  to  continue  to  use 
the  immature  strategies.  The  tryout  teachers  were  surprised  since  their  perceptions  were  that  the  material 
was  "understood"  when  their  classes  studied  it  Old  habits  arc  apparently  diffiaili  to  change;  rati ler  than  to 
try  to  com^ct  bad  habits  in  middle  school,  a  likely  nwrt  sensible  approach  is  to  emphasize  uses  of  the 
operations  from  the  early  grades  on. 

References 

Greer,  B.,  &  Mangiui,  C.  (1986).  Choice  of  operations;  From  lO-yearolds  to  student  teachers. 

ProceecUngsof the temhinternasionat conference, PME,  London,  .  ,„  ,    ,  ^ 

Sowdcr,  L.  (1988).  Children's  solutions  of  story  probK  ms.  Journal  of  Mathemaucal  Behavior,  7, 227- 
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The  project  described  above  was  supported  by  the  National  Science  Foundation  (MDR-8850566).  Tlie 
opinions  arc  those  of  the  author,  the  Foundation  docs  not  necessarily  endorse  any  assertions  In  this  rcpon. 
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Directed  and  negative  nuMbert^  concrete  or  formal? 

L.Strecri«Rd»  Frcudenthal  Iniititute 
Utreckt*  Tkt  Nctherlandi 

IfUroduction 

Directed  numbem  ixfer  to  values  of  magnUudcs  or  quantities  ( temperature, 
above  and  below  water  level,  posMsslon  and  debt,  and  ao  on ).  while  negative 
numbers  referto  formal  nothemaciaU  cooatiucta;  luch  numbers  are  appliixl  as 
by-products  or  constnicts  to  support  the  execution  of  algebraic  operations  ( cf. 
Fischbein.  1987).Sevefal  famous  mathematicians  got  in  conflict  with  thcae  two 
manifestations  of  negative  numbers  as  the  history  of  mathematics  ahows.(  cf. 
Glaesen  1981). 

Hankcl  settled  the  conflict  definitely  in  1 867  by  means  of  his  priiKiple  of 
permanence.  This  principle  in^Ued: 

•  the  definition  of  negative  numben  as  fonnal  maihematical  constt\tcts,  having 
tlKsir  own  operational  structure  obeying  laws  like  the  distributive  law  of 
multiplication  over  addition;  and 

-  the  search  by  malhematiciajis  for  concrete  models  to  represent  multiplication 
(and  division)  was  ceased  definitely  then. 

Mathematics  programs  for  sccofidi«*y  education  i^ill  reflect  this  historical 
struggle  albeit  more  often  tiian  not  unintentionally.  On  the  one  hand  they  show 
forced  attempts  to  moke  the  operations  with  negative  numbers  concrete  by 

having  riden  negative  trains  backwards,  or  guardu  (cf .  Chulvers,  1 985). 

On  the  other  hand  tliey  reveal  the  avoidance  of  any  connection  with  concrete 
magnitudes  or  quantities  (cf.  Liebeck,  1990). 

My  oral  presentation  v/ill  deal  with  a  teaching  experiment  in  which  both  learning 
strands  aie  taken  into  account: 
Concrete  magnitudes  or  quantities 

Changes  in  occupation  of  buses  ai  busstops  serve  as  a  context  for  a  number  • 
pair  approach.The  numbers  of  change  at  the  stops  can  also  be  negative. 
Remark:  Water  level  in  locks  and  (average)  temperature  will  follow  later. 
Formal  constructs 

Colums  subtraction  from  left  to  right  ( method  of  shortages ). 
Tbc  undertyijig  priclple  is  tliat  of  plausibility,  that  means: 

-  meeting  I  lankcl's  permanence  prirtclple  by  tppcnling  on  abilities  und  skUls 

\i)  the  learners  that  will  enable  them  to  solve  the  problems  botli  via  the  detour  of  n 
matliemaiical  framework  they  know  already  and  writhin  the  negative  numbers, 
tl)us  making  plausible  the  rules  and  Uws  to  be  met  by  the  negative  numbers. 

Chulven,  P.,  A  coniiiient  model  fov  optnXkjM  ott  directed  numben,  Mathemctici  in  School  U.l.lQSS 
Huchbein.  R.  Intuition  in  SckAce  Mtd  M«th«rmtici.  Kluwcr.  Dordracht,  1987  (ch.8  The  Pt«ctK«lity  of 
Intuitive  Meutlni^,  Antlyii*  of  tn  txtmpit:  The  N«§idve  Numben,.  97  -  103) 
OUcMT.  0.,  npiii^moiogie  de*  ito^nbro*  reUtlfi.  KtchtrchM  en  Did«ctique  des  rm(h«(Ti(n*tic)ue«  2  (3). 
1981.  303  •  346. 

Liebeck.  P..  Scores  ajxi  forfciu.  An  intuitive  modd  for  Uitcffer  trithnxtic.  ESM  21. 1990..  221  •  239 
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CROSS-CULTURAL  STUDY  OK  TEACHERS'  INTERVENTION  IN  TERHS  OF  INTERACTION 
BETWEEN  TEACHERS  AND  STUDENTS 

HajiMg  Yoshida  Shizuko  A«alHa 

Nlyazakl  UDivarslty     Shlnshu  Unlvor2;lty 

Tho  concern  of  tho  present  study  iis  differences  on  toachinc  behavior 
in  the  both  countries.  Sticler  et  al  (1987)  sucj;«8ted  that  typical 
teaching     behaviors  in  the  both  coutries  also  differed  each  other. 
However^  they  did  not  indicate  concrete  fieure  in  tartis  of  Reasureable 
behaviors.  Thorefore»  this  research  intends  to  clarify  differences  on 
teaching  behavior  in  latheiatics  classer. 

Hethod 

Participants .    In  Japan,  lessons  of  7  classes  of  2nd  rrade  were 
filled.  In  the  US*  lessons  of  6  classes  Mtire  filRed.  Their  lessons  vere 
all  a  unit  of  subtraction  in  the  second  Krade. 

Siibje_ctj.Ht^     A  subject  natter  introduced  in  those  classes  wat, 
subtraction  with  borrorinc.  In  Japan,  subtraction  of  3  dicits  was 
taucht,  and  in  US  subtraction  of  2  dicits  taught. 

Pr 0 to c D 1  A n«i  1  y a cs .  All  lessons  were  written  up  as  protocol.  Activities 
uhlch  followed  after  incorrect  responses  in  children  were  classified 
into  one  of  the  followinit  category.  (l)Evaluato  student's  responses  in 
tcris  of  correct  or  incorrect  ones  (2) reconfirm  student's  responses,  (3) 
ask  question  which  require  student's  short  answer,  (4)a8k  qestlon  which 
require  children'  thinKlnc  process,  (&)explaini  (6)indicate  soiethlni; 
to  students,  (7)doslKnate  student,  (8)inntruct,  or  (9)scold.  Further, 
we  set  teachers'  activities  as  followinel  (l)activlties  which  teacher 
elicited  pre-existinc  knowledco  froi  students, (2) teachers  activities 
which  lot  students  indicate  siiilar  ideas  or  coaparo  differenct  ideas, 
(3)teachers  activites  which  let  students  do  coKion  activities  in  class. 
Results  and  Discussion 

Japanese  students  showed  very  few  incorrect  answers  in  classes. 
However, tho  US  students  indicated  nore  errors  than  Japanese  ones.  The 
US  teachers  tended  to  evaluate  student's  response  or  ask  question  which 
require  short  answer. 

Total  frequencies  of  this  activity  on  elecitinc  pro*exi«tinj  were  17 
in  the  US  and  33  in  Japan .Japanese  teachers  clearly  elicited  student's 
pre'existinR  knowledte  in  th«ir  classes.  This  night  5» «est  that 
Japanese  teachers  tended  to  relate  current  lessons  with  the  pre- 
existine  knowlodge. 

Total  frequencies  in  coiparinK  and  indicating  behaviors  wore  3  in  tho 
US  and  10  in  Japan. The  US  teachers  did  not  conpare  aionc  ideas  or 
indicate  siailar  or  dissimilar  ideas  compared  to  Japanese  teacher. 

This  research  is  a  part  of  Joint  research  with  Jii  Stiller  of  UCLA 
and  Giyoo  Hatano  of  Dokyo  University. 
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^PROBLEM  SOLVINGj  TEACHING,  ASSESSING  AND  TEACHER  EDUCATION 

Ana  RcxJrigues,  Escola  Superior  dc  Educagao  dc  Bragan9a,  Portugal 

Ant6nio  Borralho.  Univcrsidade  dc  6vora,  Portugal 

Domingos  Fcrnandcs,  Univcrsidadc  dc  Avciro,  Portugal 

Gertrudes  Amaro,  Escola  Superior  dc  Educa^^o  dc  Castclo  Branco,  Portugal 

Isabel  Cabrita,  Univcrsidadc  dc  Avciro 

Helena  Fcrnandcs,  Escola  Superior  dc  Educa95o  dc  Bragan9a 

1.  MAIN  GOALS 

•  Developing  and  analyzing  heuristic  methods  of  instruction  in  mathematical  problem  solving, 
particulaiy  through  the  utilization  of  problem-solving  strategics , 

•  Developing  and  investigating  assessment  methods  and  techniques,  coding  schemes  and  rubric  scales 

which  take  into  account  the  complexity  of  mathematical  problem  solving  and,  particulary,  processes 
involved  when  students  are  attacking  the  solution  to  a  problem. 

•  Developing  and  investigating  materials  which  arc  designed  for  education  of  mathematics  teachers 
under  a  problem-solving  perspective. 

•  Analysing  effects  of  programs  of  instruction  which  emphasize  problem  solving  on  teacher^s 
attitudes,  conceptions  and  pedagogical  skills,  anct  on  elementary  and  secondary  student^s  attitudes, 
conceptions  and  performances. 

2.  PARTICIPANTS 

•  About  120  pre-service  teachers  who  are  in  their  junior  or  senior  year. 

•  About  140  in-ser/ice  teachers  from  five  distinct  regions  of  de  country. 

•  About  700  elementary  and  secondary  students  of  a  sample  of  24  teachers. 

3.  GENERAL  PROCEDURES 

•First  Year  -  Teaching  step:  heuristc  methods  of  instruction  in  mathematical  problem  solving  will 
be  investigated  in  the  preservice  mathematics  teachers  context;  materials  will  be  developed  to  be 
used  in  the  education  of  in-service  teachers. 

•  Second  Year  -  Assessment  step:  assessment  models  and  techniques  will  be  investigated  in  the 
preservice  mathematics  teachers  context;  materials  will  be  developed  to  be  used  in  the  education  of 
in-service  teachers. 

•  Third  Year  -  In-aervice  Teacher  Education/Teaching/Assessing  Step:  effects  of  the 
previously  developed  materials  on  mathematics  inservice  teachers*  attitudes,  conceptions  and 
pedagogical  skills  will  be  investigated;  also,  the  atittudes,  conceptions,  processes  and  performances 
of  the  students  of  those  teachers  will  be  analyzed. 

4.  METHODS  AND  INSTRUMENTATION 

•  Qualitative  methods  will  be  used  to  analyze  teachers*  and  students*  conceptions,  attitudes,  and 
processes. 

•  Quantitative  methods  will  be  used  to  compare  students*  means  on  problem-solving  tests. 

•  Instruments:  observation  grids,  interview  protocols,  checklists,  coding  schemes,  rubric  scales,  and 
mathematical  problem-solving  tests. 


'This  project  Is  supported  by  JNICT  (Junta  Nacional  de  !nvestiga<;ao  Cientlfica) 
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TEACHER  PERCEPTIONS  OF  MATHEMATICS  AND  PEDAGOGY 


CHARLES  STURT  UNIVERSITY.  BATHURST,  AUSTRALIA 

Thompson  (1984)  drew  spocitic  attention  to  the  role  for  pedagogy  that  teachers'  conceptions  of  r^athematics 
might  play,  but  argued  that  this  had  "largely  been  ignored"  (p.l05)  In  the  literature.  Further,  Chacko  (1982) 
identifiod  teacher  attitudes  as  the  most  Important  predictors  of  affective  outcomes,  whilst  Shaughnessy  et  al 
(1983)  found  that  teacher  related  variables  had  the  strongesi  relationship  with  both  achievement  and  attitude, 
especially  In  the  early  secondary  years.  Lerman  (1981)  pteced  perceptions  of  mathematics  within  movements 
described  as  •quasi-empirical"  (problem-solving  based,  with  heuristic  progression)  arxJ  "EucMean"  ( knowle<*ge- 
centred  and  foundation-based).  Both  perspectives  have  been  incorporated  in  curriculum  material  recently 
introduced  for  the  beginning  years  of  mathematics  Instruction  In  NSW,  an  Australian  state.  Of  interest,  then,  in 
an  exploratory  study,  was  whether  teachers  could  accommodate  both  transmissivo  and  process-oriented  views. 

An  exploratory  factor-analytic  study  piloted  a  thirty  item  instrument  with  five-point  Likert  scale  to  incorporate 
philosophical  statements  from  the  NSW  "Statement  of  Principles"  underpinning  Syllabus  documentation.  A  four 
factor  solution  with  items  loading  >  0.45  and  Interpretable  sub-scales  yielded  factors  tentatively  described  as: 

*  the  product-purpose  of  mathematics  teaching; 
the  process-purpose  of  mathematics  teaching; 

*  the  nature  of  mathematics;  and 
the  value  ascribed  to  mathematics. 

Refinement  of  the  instrument  and  further  field  testing  suggested  a  necessity  tr^  identify  the  factors  according  to  a 
frame  of  reference  incorporating  pedagogical  considerations  such  as  conservative  transmission,  higher  order 
aspects  of  learning,  the  rationale  for  the  inclusion  of  mathematics  and  its  value  in  the  curriculum. 
Teachers  of  first  year  secondary  students  exhibited  greater  Instructional  conservatism  in  response  patterns 
than  other  teachers  and  less  orientation  towards  problem  solving.  Further  instrument  refinement  is  still  to  be 
undertaken,  with  International  responses  vital  to  confirm  the  postulated  factors. 

REFERENCES 
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Lerman,  8.(1961).  Problem -solving  or  knowledge-centred;  the  influence  of  philosophy  on  mathematics 
teaching.  tntemationalJourna} of Ma^matica} Educa^n,  Sclenc$Si  Technology,  14(1),  59-66. 
Shaughnessy,J.,Haadyna,T.,  &Sauglinessy,J.M.  (1963).  Relations  of  student,  teacher  and  learning 
environmental  variabies  to  attitude  toward  mathematics  School  Science  &  Mathematics,  83, 21-37. 
Thompson,  A.G.  (1984).  The  relationship  of  teachers'  conceptions  of  mathematics  and  teaching  to  In 
structionalpractce.  Education^  Studies  in  Mathematics,  15(2),  105-127. 
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PKOPORTION,\L  REASONING  OF  liLEMENTARY  SCHOOL  CHILDREN 


Nobuyuki  Fujiraura 


Kyoto  University,   Kyoto,  Japan 


Proportional   reasoning  involves  both  qualitative  and  quantitative  methods 
of  thoughts     According  to  Piagetian  theories,  quantitative  proportionality 
scheaa  does  not  appear  until  adolescence  (Irihelder  &  Plaget,    185S).     On  the 
contrary,   Tourn ia i re ( 1988 )   focused  on  children's  quantitative  reasoning, 
and  shovwjd  that  elementary  scliool  children  had  some  understanding  of  the 
concept  of  proportion. 

This  Gtudy  cxanincd  the  relationship  ixJtween  qualitative  and  quantitative 
proportional   reasoning  of  eleoentary  school  children.     Two  ratio  types, 
velocity  and  thickness,   were  chosen.     In  the  qualitative  reasoning  task, 
children  were  asked  to  determine  the  direction  in  which  the  numerator  of 
the  ratio  would  change  (decrease,   stay  the  same,  or  increase  in  value), 
when  the  denominator  of  the  ratio  changed  and  the  ratio  was  constant. 
In  the  quantitative  reasoning  task,   children  were  given  three  components  of 
two  equal   ratios  and  were  asked  to  solve  for  the  fourth  component.  These 
tasks  were  individually  administered  to  thirty  third-grade,  twenty-nine 
fourth-grade,   and  thirty  fifth-grade  pupllt:.     None  of  the  classes  had 
received  instruction  on  proportions  before  this  study. 

The  results  were  as  follows: 

1.  Qualitative  reasoning  pre<;edcd  quantitative  one  for  each  ratio  type, 
and  success  rate  on  quantitative  reasoning  task  increaesed  with  age. 

2.  Children's  ability  to  reason  qualitatively  appeared  to  have  a  strong 
impact  on  their  performance  on  quantitative  reasoning  task. 

3.  Different  ratio  typ*;G,    velocity  nnd  thickness,   showed  an  effect  only 
on  qualitative  reasoning  of  third  graders. 

References 
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WHEN  REFERENTS  WERE  USED.  BETWEENESS  PROBLEMS  IN 
RATIONAL  LINE.    A  CASE  STUDY. 

Joaquim  Qim^nez.  Didactics  on  Mathematics. 
Rovira-  VlrgiM  Dntversity.  Tarragooa.  Spain. 

Background. 

Recent  ideas  about  building  knowledge  of  students  (Kieren  &  PIrie  1992) 
presented  a  lino  of  understanding  as  a  dynamic  process:  knowing,  imafle  making... 
thiough  to  inventising.  Our  last  empirical  results  on  rattonal  number  knowledge 
with  10-11  years  ok!  students  focusing  on  density  preconcepttons  (Qimdnez  1991) 
found  a  lot  of  archimedian  answers  before  infinity  observations  according  to 
Kieren-Pirie's  perspectives  in  number  line  situations  which  could  be  understood 
according  to  this  scheme.  On  the  other  hand,  many  students  didn't  have  an  Intuitio- 
nal knowledge  of  density  because  their  lack  of  referents.  What  will  happens  when 
powerful  referents  appeared  (as  number  line  in  Stroefland  1991)7 

Case  study  presentation.  Aim  of  the  study  and  methodology. 
Because  of  this  reasons,  we  decided  to  explore  some  young  students  (10-11  years 
old)  having  number  line  referents  facing  density  tasks.  Emmanuel  (10  years  old) 
was  in  5th  grade  class  In  a  regular  school  in  Jerusalem  (year  1991-1992)  and  have 
a  middle  level  In  the  classroom.  Many  situations,  referents  and  meanings  of 
fractions  In  the  topic  were  used  in  the  learning  process:  number  line  context, 
equivalence,  complement  to  1,  ordering  rules  of  fractions,  segment  border  points 
as  fractions,  distances  Introduced  on  a  metric  way...  But  he  never  was  asked  to 
find  distances  In  fraction  neighbors  to  see  if  a  fraction  Is  greater  than  other. 
The  aim  of  this  exploratory  study  was  to  find  what  happens  when  some 
betweenness  tasks  were  asked  to  this  student.  In  order  to  clarify  the  links  of 
knowledge  trying  to  solve  some  density  tasks.  The  basic  Interview  tasks  were:  (a) 
finding  intermediate  points,  (b)  middle  point  observations,  (c)  missing  points 
dividing  a  segment  in  ratto-nal  line,  (d)  density  questtons  about  how  many  fracttons 
between  two  given  ones. 

Some  observations  and  conclusions. 

Observing  the  answers  of  Emmanuel  (10  years  old),  we  found  that  the 
internalization  of  symbolic  algorithmic  knowledge  of  equivalence  and  number  line 
sense,  appeared  as  a  powerful  elements  to  have  a  middle  point  strategy,  and 
subsequently  an  intuitional  knowledge  of  the  density  property.  But  the  evenness 
stage  in  the  process  act  as  a  distractor  to  made  relevant  his  knowledge  in  a  more 
wide  sense.  The  student  needed  to  reformulate  their  Image  about  equivalence  in 
number  line  to  solve  an  odd  sharing  betweenness  problem  because  of  anchorage 
halving  ideas.  Better  strategies  did  not  appeared  because  he  need  to  relate 
different  meanings  of  fractions  In  number  line:  points  and  distances. 
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RESULTS  OF  EXAMINATION 
USING  VAN  HIELE  THEORY 
-JAPANESE  CASE- 

Yoshihiro  Hashimoto  Osaka  Kyoiku  University 
Masaai  I  soda  Hokkaido  Education  University 
Yasuyuki  I  ijina  Aichi  Education  University 
Nobushiro  Nohda  University  of  Tsukuba 
Nancy  C.  Whitman  University  of  Hawaii  at  Manoa 

This  study  is  part  of  our  larger  study  entitled 
"Coaparison  of  Japan  and  Hawaii  Geometry  Curriculum, 
Instruction  and  Students  Using  the  van  Hiele  Theory  and 
the  National  Council  of  Teachers  of  Mathematics  (NCTM) 
Standard*'    (see  "The  Attained  Geometry  Curriculum  in 
Japan  and  Hawaii  relative  to  the  van  Hiele  Level  Theory'' 
(by  N-C-Whitman  et  al.)  in  "RESEACH  REPORTS"  )  . 

I  n  this  report,  results  of  8  items  in  the  examination  of 
Japanese  pupiles  and  students  (4,7,9,11  grade)    are  further 
analyzed  and  discussed  by  using  the  cross  total  from  the 
following  viewpoints, 

1.  Understanding  of  generality  of  figures  (triangle  and 
quadrilateral)  —  the  1  level 

2.  *The  inclusion  relation  of  triangle  and  quadrilateral' 
and  *a  statement  and  its  convers'  —  the  2  level 

3.  Proof-writing  ability  and  understanding  of  inclusion 
relation  —  the  3  level 

4» Results  of  re -examination  of  7  grade  students  after  one 
year 
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THE  SEVEN  TOOLS  OF  THE  GEOMETRIC  ORIGAMI 
{raKUY?  ^Q^^  Honda 

Teacher  of  Mathematics  at  official  secondary 
Bchool:EESG  Brasilio  Machado  -  Sao  Paulo, Brazil .  Retired 
AssiBtint  ProfsBor  of  the  Institute  of  Mathematics  and 
Statistics  of  the  University  of  Sao  Paulo  -  Sao  Paulo, 
Brasil. 

I  call  "TOOL"  the  way  for  obtaining,  by  ORIGAMI,  the 
cube  and  each  face  of  polyhedrons.  They  are:  the  Oabe  (C)  ; 
the  Triangle  (T)  ;  the  Square  (S)  ;  the  Pentagon  (P)  ;  the 
Hexagon  (H)  ;  the  Octogon  (0)  ;  and  the  Decagon  (D)  . 

They  are  tools,  because  laaking  them  and  linking  them, 
one  to  others,  to  form  plane  figures  and  polyhedrons  is  a 
way  for: 

1.  Developping  manual  hability; 

2.  Visualizing  spatial  forms;  ,  *. 

3.  Understanding  geometric  facts,  like  the  concepts  of 
convex,  stellated,  regular  or  semi-regular  polyhedrons. 

4  Studying  the  facts  and  theorems  of  Geometry. 

5  Planning  ludical  activities  for  class  room. 

6.  Constructing  beautiful  and  criative  structures. 

7.  Calculate  areas  and  volumes.  ^ 

8.  Other  applications  to  be  found,  as  related  to 
Cristallography,  for  instance. 

Triangles  and  Squares  apt  to  be  linked  one  to  others 
are  largely  known  and  presented  in  ORIGAMI  boo'-.s. 

I  have  been  searching  for  a  way  to  make  Pentagons , 
Hexagons,  Octogons  and  Decagons  as  efficient  and  easily  as 
possible  in  this  task,  I  used  my  experience  in  teaching 
^^omet^'at  the  Institute  os  "-th-atics  and  Statist^^^^^^  of 
the  University  of  Sao  Paulo,  from  which  I  retired  as 
Assistant  Professor  in  1987.  *.««„*.v, 

I  shall  present  my  work  in  a  poster,  to  the  Seventeenth 
Conference  of  the  PHE  at  Tsukuba. 

My  system  is  based  in  two  facts: 

I.  ORIGAMI  is  an  approximated  process. 

(Folding  paper  has  precision  of  0.5mm,  at  Dest) . 

II.  ORIGAMI  is  a  linear  process.  .  , ,  ^ 

(We    link    points    to    obtain    straight    lines;  the 
intersection  uf  straight  lines  gives  us  a  point) . 

If  the  way  presented   in   other   ORIGAMI   books  to  make 
polygons  is  to  be  compared  to  a  road,  I  want  to  call  my  way 
a  short  cut;    it  is  suitable   for  children  and  persons  not 
specialized  in  ORIGAMI. 
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Activities  which  can  be  introduced  by  use  of  Geomeirtc  Constructor 


Yasuyuki  Iljlia  (Aichi  University  of  Education,  Japan) 


1.  Outline  of  the  sot t^ire  Geometric  Constructor. 

Geometric  Constructor  is  a  software  which  allows  the  user  to  invetigate 
geoictry.  (cf.  Geoietric  Supposer,  CABRI  geoietry).  Hain  functions  are 
construction,  defonatlon,  zooi  in/out,  leasureient,  locus.  Ver.  1  vas  developed 
in  1989  by  author,  and  the  newest  version  is  4. IB.  Over  100  schools  in  Japan 
use  this  soflMire. 


2.  Activities  which  can  be  Introduced  by  use  of  Geometric  Constructor 

froa  the  analysis  of  problems  in  junior  high  school  textbooks  and  analysis 
of  undergraduate  student's  investigations  about  thei,  following  activities  are 
identified  which  can  be  introduced  by  use  of  the  software; 

(1)  Problea  laking  by  observation,and  testing  of  it, 

(2)  Finding  of  invariants  or  functionality, 

(3)  Finding  of  correspondence  of  soie  conditions, 

(4)  Generalization,  specialization,  finding  of  boundary  of  therot, 

(5)  Finding  of  lipossibil ity  or  outstanding  case  (lonster), 

(6)  New  approach  to  problci  of  construction, 

(7)  Finding  the  locus  as  trace  of  so«e  geo«etrlcal  object, 

(8)  Making  transformation  by  construction  and  use  of  it. 


3.  In  Junior  High  School  Classroois 

In  1992-1993,  the  author  observed  over  10  classrooi  activities,  in  which 
this  software  was  used,  to  tost  above  activites  can  be  done  by  junior  high 
school  students. 

For  exaiple,  to  test  (5),  following  problei  was  shown  to  8  graders; 
PROBLEM  r 

There  Is  quadrilateral  ABCD.  For  each  ar.gle,  v  H 

■ake  angle  bisector.  And  naie  each  cross  point  of 
bisectors,  E,F,C,H,  No**,  if  we  defoni  ABCD,  then 
EFGH  is  also  defonicd.  Think  ablout  it. 

Teacher  sho«i*ed  the«  how  to  investigate  and  sui  B 
up  the  result  in  table.  After  20  lin.  investiga 
tion.  the  results  was  discussed.  "EFGH  cannot 
becoie  rhoabus  or  parol  lei ograi"  was  found.  Next,  they  thought  proofs  about 
their  results,  and  finally,  they  proofed  above  proposition  about  iiposslbl lity. 


■  V-  - 
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PROBLEMS  IN  TEACHING  MATHEMATICS  AT  KOSEN 
(  NATIONAL  COLLEGES  OP  TECHNOLOGY) 

Yuji  Kajikawa 
Yonago  National  College  of  Technology 

Semon  Uehara 
Fujitsu  Co, Ltd, 


Through  four  years'  teaching  of  Mathematics  at  the  Yonago  Nation 
-al  College  of  Technology,  I  have  to  some  extent  shaped  my  ideas 
concerning  some  related  problems.  This  is  the  problem  related  to 
the  essence  of  teaching  mathematics  at  Koaen.  Then  I  have  tried  to 
send  out  questionnaire  among  students  in  the  first  and  third  grades 
on  the  mathematics  lessons  at  Kosen.  In  view  of  those  results  I 
will  propose  some  new  ideas  how  to  rearrange  the  curriculum  of 
mathematics  in  our  school.  In  short,  this  outline  proposes  to  use 
a  form  of  education  based  on  both  the  level  of  achievement  and  the 
normal  homeroom  lessons  at  the  same  time.  In  other  words,  two 
different  types  of  education  are  combined  into  one  form,  in  which 
they  complement  each  other.  By  actually  using  this  idea,  I  hope 
that  mathematics  education  in  our  school  will  improve  much  and 
become  much  mors  beneficial  to  our  students. 


1.  J,  Sato  and  others  "  Teaching  mathematics  based  on  achievement 
levels"  Education  in  Kosen  Num,  13  February  1990  pp  73-79 

2,  Hiroshi  Fujita  and  others  "Probability  and  Statistics  eiisy  to 
understand  Sigma  Best  Buneido" 

3  Shigeru  I  shihara*'Di  f  f  erential  Equation"  Monograph  Volume  20 
Kagakushinkosha 
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HOW  DO  WE  MOnnVATE  A  SFUDENT  TO  LEARN  MATHEMATICS? 
Rr.rrdfman*.  SJ.  Grlnshpon**,  UN.  Df  midova*.  MA.  KholodnaU***.  N.B.  Lobancnko* 

•  Tomsk  Suic  Pedagogical  Institule,  Tomsk,  Rusai* 
Tomsk  Slate  Umversity,  Tomsk,  Russia 
Kiev  State  Univcraity,  Ukrftirtc 

A  student's  mood  and  consequently  the  efficiency  of  his  work  (kpcnd  on  hii  motivation  and  how  ckiar  and 
attractive  the  purposes  of  education  are  to  him.  That  is  why  writing  books  for  the  diUdren  from  10  to  15  years  of  age 
we  give  special  attention  to  the  motivation  of  one  or  o^hcr  activity.  Here  we  shall  tr7  to  demonstrate  several  types  of 
motivation  which  wc  use  when  organizing  education. 

-  Creating  such  situations  in  whfch  a  student  realizes  the  insufficiency  of  his  previous  practical  or  study 
experience  for  the  solutioo  of  some  problem.  For  further  progress  he  needs  new  mathematical  knowledge, 

-  Students  formulating  independently  a  purpose  which  becomes  the  incentive  of  their  activity  for  a  long  period 
of  lime.  All  activities  are  subjected  to  this  purpose. 

For  example,  instead  of  offering  a  problem  of  finding  a  divisibility  sign  of  a  number  4nd  a  problem  of 
factorization  and  asking  them  to  do  these  problems  one  after  another  at  the  very  beginning  of  studying  the  theme  we 
"suggest"  to  a  stiKlent  the  problem  of  finding  all  natural  divisors  of  a  given  natural  number.  Some  characters'  lives 
depend  on  the  solution  of  this  problem.  Every  activity  (fmding  divisibUity  signs,  a  method  of  finding  divisors)  arc 
subjected  to  the  solution  of  this  problem. 

Unusual  way  of  presenting  study  material. 

Our  books,  among  other  things,  are  based  on  dialogue  using  different  literary  genres  introducing  into  the  text 
different  games  ami  paradoxical  situations. 

-  Offering  such  assignments  that  students  have  to  compare  their  methods  and  results  vnth  each  other. 

For  this  purpose  students  are  asked  to  become  reviewers,  find  mistakes,  continue  reasoning,  deny  the  given 
reasoning,  and  so  on. 

~  Setting  indefinite  problems. 

We  often  put  students  in  such  a  situation  hi  whidi  they  must  formulate  a  problem  themselves.  Depending  on 
their  imagination  students  invent  not  one  but  several  problems,  perhaps  a  class  of  problems  or  form  their  o>^'n 
understanding  of  the  given  problem. 

-  Discussing  with  students  the  ways  of  controlling  the  results  of  their  activity  or  its  separate  stages. 

-  Ciiving  a  student  some  knowledge  about  knowledge  and  some  knowledge  about  his  abilities. 

Through  special  games  and  talks  with  a  psychologist,  througli  special  a$slgnments  we  tell  a  student  how 
knowledge  is  structured  and  about  cognition  of  the  world. 

We  have  given  only  several  ways  of  motivation.  We  are  sure  that  a  student's  activity  becomes  most  effective 
and  efficient  only  when  he  together  with  us  sets  the  goals,  plans  cduation  and  the  ways  of  controlling  it,  sees  the 
prospects  and  his  place  in  education. 
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TITLE  MoViL— Teaching  Mathematical  Concepts 
Through  Moving  Visual  Language 

AUTHORCS)    Ichiro  Kobayashi,  Katsuhiko  Sato,  Shigeiu 
Tsuyuki,  Akira  Horiuchi 

INSTITUTION  Kawaijuku  Educational  Institute 

ABSTRACT  OR  DESCRIPTION  Over  the  past  five  years,  we 
have  tested  and  developed  over  250  user-friendly 
computer  programs  that  allow  teachers  to  demonstrate 
basic  mathematical  concepts  through  moving  graphic 
images,  and  these  have  been  used  successfully  in  teaching 
over  15,000  high  school  pupils  and  students  preparing 
for  university  entrance  examinations.  In  surveys,  85%  of 
our  students  have  said  the  classes  are  more  effective  and 
more  enjoyable  than  those  not  using  computers. 

Samples  of  the  Moving  Visual  Language  software 
(MoViL)  that  we  wish  to  demonstrate  on  video  have 
been  designed  for  use  in  conventional  classrooms 
equipped  with  display  nx)nitors  and  a  personal  computer 
operated  by  the  teacher.  They  feature  computer 
simulations  of  semi-concrete  objects,  or  schema,  to 
promote  an  intuitive  and  structural  understanding  of 
such  concepts  as  pemiuiation  integration,  the  addition 
theorem  and  the  conservation  of  area.  One  example  will 
be  a  program  of  conservation  of  angle  by  similar 
magnification  and  reduction  developed  after  ICME-6. 

Wc  will  show  how,  with  MoViL,  students  can  follow 
the  gradual  deformation,  magnification  and  movement  of 
figures,  in  both  forward  and  reverse  motion,  and, 
learning  to  transform  images  in  their  own  minds,  can 
come  to  understand  the  components  of  these  processes  as 
parts  of  continuous  flows.  We  will  also  discuss  MoViL's 
pedagogical  potential,  and  the  way  its  moving  figures 
form  elements  of  a  new  CAl  language. 
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CONCRETE  CONTEXTS  FOR  ABSTRACTING  ANGLfc  TONCEPTS 
Michael  C.  Mitchelmore 
Macquarie  University,  Australia 

Previous  studies  of  children's  angle  concepts  (reviewed  In  Mitchelmore,  1939)  have 
almost  exclusively  investigated  abstract  diagrams  of  angles.  Researchers  have  used  conaete 
analogies  to  "explain"  the  diagrams,  assuming  Uiat  they  were  tapping  a  general  concept. 

Recent  research  suggests  that  such  an  approach  has  serious  Umltations.  Children 
develop  mathematicivl  concepts  by  abstracting  the  common  features  of  various  slhiations  and 
learning  to  Ignore  the  specifics  (Skemp,  1971).  This  is  not  a  once  and  for  all  process;  as  more 
and  more  dissimilar  sihiations  are  reen  to  contain  the  same  conunon  elements,  the  concept 
becomes  more  and  more  general  (Mitchehnore,  1992).  Hence,  slhialions  which  a 
mathematician  would  regard  as  equivalent  may  be  seen  by  children  as  completely  different, 
Until  they  acquire  a  general  concept  of  angle,  children  are  tied  to  the  specifics  of  each  situation 
or  class  of  situations  and  It  must  be  uncertain  what,  if  anytiiing,  an  "abstract"  diagram  might 
represent. 

A  more  fruitful  Une  of  research  would  seem  to  be  to  investigate  how  children  go  about 
gradually  abstracting  the  angle  concept.  What  concrete  angle  slhiations  do  young  children 
understand?  Which  situations  do  they  most  easily  recognise  as  being  similar?  What  angle 
subconcepts  develop,  and  in  what  order?  How  are  these  subconcepts  eventually  unified  Into 
one  concept?  Children's  drawings  of  angle  situations  might  indicate  what  common  feahires 
they  have  abstracted  and  what  they  Ignore;  another  Indicator  might  be  tiie  type  of  abstract 
physical  model  (e.g.  hinged  rods)  they  can  use  to  represent  particular  slhiations. 

Such  a  program  of  research  is  cm-rentiy  being  planned.  The  poster  wlU  present  the  first 
step:  a  tentative  classification  of  concrete  angle  contexts  on  ti\e  basis  of  tiielr  physical  and 
functional  similarities.  The  hypoti>esls  Is  that  children  abstract  the  common  angle  aspects  of 
slhiations  within  each  category  before  they  see  tiie  similarity  between  slhiations  In  different 
categories.  Concrete  and  abstract  physical  models  Intended  for  use  In  vaUdating  the 
classification,  and  a  longer  background  paper,  will  also  be  available  at  the  poster  session. 


REFERENCES 

Mitchelmore,  M.C.  (1989)  The  development  of  children's  concepts  of  angle.  Paper  read  at  tiie  13th 
International  Conference  on  Uie  Psychology  of  Mathematics  Education,  Paris. 

Mitchelmore,  M.C.  (1992)  Abstraction  and  generalisation  are  critical  to  conceptual  change.  Paper 
presented  to  Working  Group  on  the  Formation  of  Elementary  Matliematical  Concepts  at 
the  Primary  Level,  Seventh  International  Congress  on  Mathematical  Education,  Quebec. 

Skemp,  R.  (1971)  The  psychology  of  learning  mathematics.  Harmondsworth:  Penguin. 
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THE  UNDERSTANDING  OF  THE  DISTRIBUTIVE  LAW 


PA  AIKHEE  MQK 


Department  of  Curriculum  Studkt 
Univenity  of  Hons  Kong 


A  form  one  dftM  of  39  itudenU  was  cboMn  trom  a  secoddnry  school.  The  school 
mttthcmaUoi  score  of  the  ttudenti  rtnged  tttm  19%  to  19%  find  the  dm  average  waa 
55%.  They  took  a  written  tftt  and  their  retulU  were  analyzed.  Four  itudenti  were 
choaen  to  do  written  Teat  II  and  Interviewed. 

U  waji  found  that  moat  leudenu  remembered  the  dLitritibutive  law  aa  a  patteni 
of  diatributlon  after  removing  the  bradcet,  c^(a4b)sc*a4c*b,  and  hence  generalize  its 
appHcaHon  regardleai  what  the  operations  *  and  ♦  are.  Their  generalization  might  be 
caused  by  different  factors.  The  list  bdow  gives  the  phenomenon  observed  In  the 
Interviews: 

1.  Familiarity  with  the  pattern  '^G*(a4b)=c*a4c*b'*  by  rote  memoHiation  and  giving 
a  wrong  generaiizatton  •  many  mistattes  like  c-«-(a4b)»oi-a4G^b  were  made  In  the 
written  teat  were  due  to  Incorrect  generalization  from  this  pattern* 

2.  Rote  learning  and  failure  to  genet  itize  to  the  case  ax(b>c)xazb*axc. 

3.  Giving  an  anawcr  by  quoting  a  rule.  Even  though  students  apply  the  rule  in  an 
appropriate  situationt  they  may  not  be  ftM^  to  expSain  why  they  do  it 

4.  IiKomptete  view  of  the  role  of  letter  such  as  a  letter  ts  representing  a  particular 
unknown  rsther  than  a  generalized  number. 

5.  Some  ad  hoc  rules  are  used  but  the  rules  are  not  consistently  applied. 
Pfftryiy^; 

Booth  L.  It  1984.  Algebra:  Children's  Strategies  and  Errors 

Johnson  D.C.  eds.  1989.  Children's  Mathematical  Frameworks  8-13:  A  Study  of 
Classroom  Teaching. 

Kuchemann  D.  1981.  "Algebra*'  In  Children's  Understanding  of  Mathematics:  1146, 
K.M.Hart  eds. 
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CONCEPTS  OF  EXEMPLARY  PRACTICE  VERSUS  CONSTRUCTIVISM 


Mathematics  is  commonly  tiiought  of  as  a  body  of  knowiedge  and  skills  which 
teachers  are  oxpectod  to  transmit  to  the  next  generation.  Those  Ideas  seem  to  bo 
supported  by  the  majority  of  respondents  to  a  survey  of  132  mathematics  educators  and 
teachers  which  was  aimed  at  identifying  elements  of  'quality'  teaching.  This  poster 
raises  th«  question  of  whether  such  beliefs  can  be  compatible  with  constructivlst  notions 
of  mathematics  education,  if  mathematics  Is  learner's  activity"  (Wheatiey,  1991).  we 
clearly  need  to  confront  the  view  of  pedagogy  which  keeps  the  teacher  and  traditional 
mathematics  at  the  centre  of  curriculum  planning. 

This  poster  describes  the  methodology  used  In  data  collection  and  analysis  then 
presents  the  survey  results  under  the  subheadings  Teaching  environment,  Lesson  aims, 
Content,  Presentation,  Class  activ'ties.  Questions,  Aids.  Assessment  and  Closure.  It 
concludes  by  noting  the  tensions  between  common  beliefs  about  mathematics 
education  and  constructivlst  epistomoiogy.  it  then  raises  the  need  to  research  ways  of 

•  conveying  through  everyday  classroom  practice  a  beilof  that  Individuals  create  social 

mathematics  and  also  interpret  it; 

•  supporting  the  creation  of  communities  of  understanding  (Johnson,  19fl7)  'mat  are 

based  on  individual  experiences  •  rather  than  further  refining  how  to  teach  "given" 
concepts; 

•  using  interpersonal  processes  to  turn  subjective  mathematical  knowledge  into 

acceptable  objective  knowiedge  (Ernest,  1991)  v/ithout  destroying  the  notion  of 
autonomous  learning;  and  of 

•  creating  processes  for  the  negotiation  of  learning  goals,  with  a  recognition  that  students 

actively  set  and  pursue  these  by  selectively  Interacting  with  communications  from 
others. 

Rotdronc«s 

Ernest,  P.  {)99)).  The  philosophy  of  mathematics  education.  London:  Falmer. 

Johnson,  D.  W.  (1987).  The  body  in  the  mind:  The  bodily  basis  of  meaning,  imagination 

and  reason.  Chicago:  University  of  Chicago  Press. 
Wheatiey.  G.  H.  (1991).  Constructivlst  perspectives  on  science  and  mathematics 

learning.  Science  Education,  75(1),  9-21. 


Judy  Mousley 
Deakin  University 
Geeiong,  Australia 


Peter  Sullivan 

Australian  Catholic  University 
Christ  Campus,  Australia 
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Conies  and  Sundials 

Ros  H.M.,  Fabrc|i;i\t  J.     Uiiivcrsitat  Politt-f  nira  do  C*ataluiiyii- 

Inluition  is  very  important  in  inatlu-matifs.  This  is  <in  nupiricjil  science 
at  the;  beginning  and  it  is  notcssary  lo  consider  tho  connection  with  real 
cxpfricnco,  For  students,  this  iispoct  is  more  attractive  than  tin.*  formal 
construction  and  wc  think  it  is  very  interesting  to  use  intuition  mixed  with 
problem  solving.  Teach ing  through  problem  solving  is  nov;  i\  pr(?redMrr  used 
in  participative  educAtion.  Wc  propose  to  present  this  idea  in  a  specific 
situation.  We  want  to  introduce  conies  lo  students  by  hM)king  for  an  example 
in  the  real  world.  If  students  observe  a  sundial  they  eim  see  the  hour  lines 
and  curves  for  the  equinoxes  and  solsticies.  propose  that  a  group  works 
with  sundiuls. 

The  Sun  an  apijarent  nu)vemeiit  around  the  rotational  axis  of  the 
Ivvrth,  Basically  a  Kundial  is  a  giujinon  {in  accordance  with  the  rotrtlional 
axis  of  the  Karth)  and  a  platie  (iti  accordance  with  either  I  lie  P^pialor,  the 
horizon  or  the  vertical).  We  can  consider  the  surface  deter  mined  by  u  ray  of 
sunlight  which  leaves  the  Snn  and  reaclu^i  the  end  of  the  gnomon.  When  I  he 
Sun  follows  a  circunference  this  ray  generates  a  coue.  Th(»  sec  I  ions  produced 
by  the  sundial  phim?  over  the  cone  are:  circumferences  (or  the  e(pwUorial 
dial,  or  hyperboliis  and  stright  liiu's  for  the  horizontal  and  verli<'al  dials.  At 
the  end,  we  would  like  the  titildents  to  discover  the  dilferent  section  curves 
{eirt'uniferences,  ellipses,  hyperbolas,  straight  lines  and  parabolas).  The  |)ro- 
puaal  is  the  following.  The  teacher  presents  {20  /ni mites)  the  problem  with 
the  necessary  informalioti  about  the  apparent  movement  of  the  Sun  ancl  sun- 
dial?. It  is  very  easy  to  go  to  the  chussroom  with  a  pocket  sundial  or  with 
aoice  pictures  of  wall  sundials.  And  iinally,  the  teacher  will  ask  some  sj)ecilic 
questions  to  the  students.  For  example,  why  does  the  '*nd  of  the  /gnomon 
follow  n  curve?,  what  kind  of  curves  are  there?  ...  The  teacher  or  a  student 
will  be  the  secretary  for  the  session.  While  the  others  are  working  (hour 
lon|^),  be  or  she  will  write  up  the  most  im|)ortant  steps  in  the  process.  If  it 
is  necessary  at  the  end  the  teaclier  can  complete  the  results. 
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THE  DEVELOPMENT  OF  A  TOOL  FOR  EXPLORATORY  LEARNING  OF 
THE  GRAPH  OF  y«Ailii<Bx+C)+D 

Akihiko  Siieki 
Kanazawa  Institute  of  Technology 

An  apparatus  for  exploratory  learning  of  the  function  i/=Asin(Bx+C)+D 
was  developed.  It  offers  a  learning  environment  where  students  can  explore 
directly,  by  hands-on  experience,  graphs  of  the  sine  function. 

The  apparatus  is  composed  of  two  disks,  two  pens,  and  a  printer,  and 
draws  the  graph  y-sinx  and  y=Asin(Bx+C)+D.  The  student  sets  the  radius, 
the  rotation  speed,  the  initial  phase  angle,  and  the  vertical  location  of  the 
lower  disk  to  draw  the  graph  y=Asin(Bx+C)+D,  and  compare  it  with  the 
graph  of  the  upper  disk. 

The  benefits  of  the  apparatus  are  as  follows : 

(1)  It  encourages  students  to  freely  explore,  so  they  can  experience  the 
visible  embodiment  of  the  concept. 

(2)  It  helps  students  make  hypotheses  about  the  effects  they  see  and  test 
them. 

(3)  It  helps  students  integrate  the  concretely  experienced  concept  of 
transformation  in  graphs  of  the  sine  function  with  the  mathematical 
concepts  of  a  linear  change  (x ,  y)  ->  (ax+h ,  by+k). 

The  future  plan  is  to  connect  the  apparatus  to  a  computer.  The  computer 
can  monitor  students'  exploration  activity  and  encourage  them  to  explore 
aspects  they  may  have  overlooked.  And,  with  the  aid  of  the  computer, 
students  may  be  offered  hints  or  suggestions  for  acquiring  the  correct 
concept. 

I  Manipulatiag  the  Tool  \ 
y  =  Asin(Bx+C)+D 

(A)  AMPLFTUDE : 
radius  of  Ihc  lower  disk 

(B)  PBRIOD : 
rotation  speed  of  the 
lower  disk 

(C)  PHASE  SHIFT: 
initial  phase  angle  of  tlie 
lower  disk 

(D)  VERTICAL  SHIFT: 
veitical  location  of  the 
lower  disk 


*  E-ma*l  :  saeki@cai.kanazawa-it.ac.jp 
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MODELLING  IN  THE  MATHEMATICS  CLASSROOM  i 


Manuel  Joaquim  Saraiva 
Universidade  da  Beira  Interior 

Joao  Pedro  da  Ponte 
Universidade  de  Lisboa 


To  know  mathematics  does  not  automatically  imply  that  one  is  able  to  apply  it  to  a 
real  life  situation.  This  puts  a  hard  request  upon  mathematics  education,  since  the 
world  is  more  and  more  mathematized.  Mathematical  concepts,  language  and  ideas 
permeate  our  social  life  and  many  professional  activities.  In  fact,  it  is  not  possible  to 
conceive  modem  societies  without  the  applications  of  mathematics. 

Modelling  is  the  most  important  process  that  enables  us  to  connect  mathematics 
and  the  real  world.  From  a  real  life  situation  we  make  an  interpretation  of  it  and  we 
formulate  a  problem  in  mathematical  terms,  which  we  U7  then  to  solve  by  all  sorts  of 
mathematical  methods.  Then,  the  solutions  eventually  found  are  contrasted  and 
discussed  in  accordance  with  the  initial  situation.  This  cycle  may  be  repeated  the 
number  of  times  necessary  so  that  we  get  a  satisfactory  outcome. 

However,  neither  students  or  teachers  are  used  to  this  kind  of  work. 

Many  questions  are  then  in  need  of  investigation,  including  the  difficulties  and 
psychological  processes  used  by  the  students  working  in  modelling  problems.  The 
study  of  such  issues,  in  the  framework  of  a  classroom  experiment  with  10th  grade 
students,  is  the  object  of  Projecto  MEM  (Modelling  in  Mathematics  Education), 
currently  in  progress  in  Portugal. 

This  poster  reports  some  preliminary  results  obtained  in  these  issues. 


i  This  poster  reports  research  made  by  the  Project  MEM  (Modelling  in  Mathematics 
Education),  supported  by  the  Instituto  de  Inova^ao  Educacional.  Besides  the  authors, 
members  of  this  project  also  include  Joao  Filipe  Matos,  Graciosa  Veloso,  Susana 
Carrcira  e  Paulo  Abrantcs. 
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ABSTRACTION  AND  GENERALISATION  IN  CALCULUS 

Paul  White 
Australian  Catholic  University,  Australia 


Relationships  between  pieces  of  knowledge  characterise  conceptual  knowledge 
(Hiebert,  1986).  The  degree  of  abstractness  of  a  relationship  can  vary  in  that  a 
relationship  is  more  abstract  if  it  generalises  more  situations.  Investigation  of  the 
word  "abstract"  shows  that  it  can  also  mean  removed  from  any  concrete  context. 
Hence,  manipulating  mathematical  symbols  can  be  abstract,  not  because  the 
mathematical  objects  are  seen  as  generalisations  of  various  situations,  but  because  the 
objects  are  apart  from  any  context  other  than  tht-^t  of  the  symbols  themselves. 

The  poster  will  highlight  a  selection  of  the  results  from  a  completed  doctoral 
study  (White,  1992).  (Other  aspects  of  the  thesis  were  reported  in  White  and 
Mitchelmore  (1992).)  The  study  analysed  responses  to  items  involving  rates  of  change 
and  derivative  during  an  introductory  tertiary  calculus  course  which  focused  on 
derivative  as  instantaneous  rate  of  change,  and  employed  a  'method  based  on 
examining  graphs  of  physical  situations.  The  items  were  structured  in  four  versions 
{a,  b,  c,  d)  so  that  the  expected  correct  response  for  each  version  was  basically  the  same. 
The  difference  between  the  versions  was  that  each  version  successively  required  less 
symbolisation.  Hence,  (a)  required  symbolising  all  rates  to  an  appropriate  derivative, 
whereas  (d)  had  all  information  presented  in  symbolic  form. 

The  results  to  be  presented  in  the  poster  point  to  the  critical  role  in  learning 
calculus  of  a  concept  of  a  variable  which  has  been  abstracted  by  generalising  a  wide 
range  of  contexts.  A  concept  of  a  variable  which  is  abstract  only  in  the  sense  that  it 
involves  manipulating  mathematical  objects  apart  from  any  concrete  context  is  totally 
inadequate. 


Hiebert,  ).  (Ed.)  (1986)  Cottceptunl  ami  procedural  knoxuled^c:  the  case  of  mathematics 

Hillsdale,  New  Jersey:  Erlbaum. 
White,  P.  (1992)  Conceptual  kttoxoledi^e   in   rates  of  chan^^e  and  derivative. 

(unpublished)  PhD  Thesis.  Macquarie  University. 
While,  P.  &  Mitchelmore,  M.  (1992)  Abstract  thinking  in  rates  of  change  and 

derivative.  Proceedings  of  the  15*^  annual  conference  of  the  Mathematics 

Education  Research  Group  of  Australasia. 
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THE  DEVELOPMENT  OF  META-  AND  EPISTEMIC  COGNITIVE  CUES  TO  ASSIST 
UNDERPREPARED  UNIVERSITY  STUDENTS  IN  SOLVING  DISGUISED  CALCULUS 
OPTIMIZATION  PROBLEMS  (DCOP'S) 

A  P  CRAIG  &  P  A  WINTER 
DEPARTMENTS  OF  PSYCHOLOGY/MATHEMATICS  AND  APPLIED  MATHEMATICS, 
UNIVERSITY  OF  NATAL,  DURBAN,   SOUTH  AFRICA 


THE  PROBLEM:  Many  students  who  are  underprepared  for  university 
have  great  difficulty  in  solving  dcop's  so  that  there  is  a  need  for 
the  development  of  learning/teaching  strategies  to  assist  them. 


CONSTRAINTS 

INTRINSIC 

EXTRINSIC 

THEORETICAL 
UNDERPINNINGS 

Piaget*s  equilibration, 
Pascual-Leone  &  Goodman's 
(1979 )  TCO  (need  to  boost 
executive,  operative  and 
figurative  schemes) ,  Kit- 
chener»s  (1983)   levels  of 
cognitive  processing 
(first  level,  meta-  and 
epistemic  cognition) . 

Vygotsky's  Zone  of 
Proximal  Development 

(  UilG    XiGGCL    £Or^  all 

trinsic  mediator) . 

EMPIRICAL 
INVESTIGAT- 
ION 

Analysis  of  students' (40 
students  of  the  Engineer- 
ing Bridging  Unit)  attem- 
pts to  solve  dcop's. 

Analysis  of  the  dcop 
section  of  first  year 
ca Iculus  text  books  — 
formulation  of  standard 
teach  steps. 

FINDINGS 

Students  have  problems 
with  the  two  languages 
(the  mathematical  and 
the  natural)  embedded 
within  dcop's  and  over- 
learned  rules  interfere 
with  their  dcop  solving. 

Text  books' standard  teach 
steps  inadequate  to 
assist  students  solving 
dcop ' s . 

REQUIREMENTS 

Revised  teach  steps  to 
allow  for  the  strength- 
ening of  executive,  op- 
erative and  figurative 
schemes  to  allow  for 
successful  equilibration 
(metacognition) . 

Students  provided  with 
revised  teach  steps  and 
conceptual  glossary  con- 
taining words/concepts 
occuring  in  dcop's  (Craig 
&  Winter  1992)  making  ex- 
plicit the  epistemic  nat- 
ure of  dcop's  and  dislod- 
ging over learnt  rules. 

(1)  Craig,  A. P.  &  Winter,  P. A.  (1992).  The  cognitive  and 
epistemological  constraints  on  praxis:  the  teaching-learning  dialectic 
in  mathematics.  Perspectives  in  education, 13 (IK pp. 4  5-67 . 

(2)  Kitchener,  K.S.(1983).  Cognition  ,  metacognition  and  epistemic 
cognition.  Human  development. 26, pp. 222-2 32. 

(3)  Pascual-Leone,  J.  &  Goodman,  D.  (1979)  .  Intelligence  and 
experience:  a  neo  -Piagetian  approach.  Instructional  sciencet 8, pp. 301- 
367. 
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HENTAL  SmCTUKE  ASALYSIS  APPLYING  FVZZY  mORY 
  Oo  You  Like  Mathetitics  ?   

Hajlie  Yaiashlta.  Waseda  University.  TOKyo  169.  JAPAN 

Abstract 


It  should  be  lore  practical  to  represent  our  lental  structure  applying 
the  fuzzy  theory  rather  than  the  crisp  logic. 

We  would  propose  a  new  analysis  lethod  of  the  Ilked/dlEllkcd  structre 
aiong  the  school  subjects  by  applying  the  fuzzy  clusterings  and  orderlngs, 
which  Is  based  on  the  sliple  questlonnalr  data  as  shown  In  figure  I. 

Here,  Y  leans  'yes'  and  N  does  'no',  and  the  students  could  lark  thler 
degree  how  they  like  It  or  not. 

The  author  would  discuss  the  approximate  analysis  lethod  of  the  tental 
structure  and  show  Its  practical  effectiveness  with  a  case  study  as  shown 
in  figure  2. 

Here,  the  nuibers  of  the  subject  are  ;  (D  is  English,  (D  Is  Hatheiatics, 
(D  is  Japanese,  (3)  Is  Physics,  ®  is  Social  Study  and  ©  Is  Music,  and  Q 
liplles  the  very  similarly  degreod  subjects. 


Fig. 1  Questlonnalrs 


Fig. 2  Hental  Graph 


[REFERENCE] 

H.Yaiashlta,  et  al  :  Concept  Structure  Analysis  Applying  Fuzzy  Graph,  InlM 
Conference  on  Fuzzy  Logic  and  Neural  Networks  11  08-  3.  1992. 
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